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Abstract

The Fisher information matrix for Generalized skew-normal (GSN)
distribution is derived. The expressions for the elements of the ma-
trices require of integrals that are solved numerically using a suitable
software.
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1. Introduction

Consider the generalized skew-normal distribution (GSN) introduced by
Gómez et al. [4], whose pdf is given by

f(x) =

⎧⎨⎩
2
σ φ

³
z
1+β

´ h
β
1+β +

(1−β)
1+β Φ

³
λ z
1+β

´i
, if x < µ,

2
σ φ

³
z
1−β

´
Φ
³

λ z
1−β

´
, if x ≥ µ,

(1.1)

where z = (x − µ)/σ, µ ∈ R, σ > 0, λ ∈ R, β ∈ [0, 1), and φ(.) and Φ(.)
denote the pdf and cdf of the standardized normal distribution, respectively.
The main properties and the convenience of this model to fit asymmetric
data are discussed in Gómez et al. [4].

The main objective of this note is to calculate the Fisher information
matrix corresponding to (1.1), which plays an important role in the asymp-
totic variance of the maximum likelihood estimators [5] and is defined in
the following manner: Let X = (X1, . . . ,Xn) be a random sample, and let
f(X;θ) denote the probability density function for some model of the data,
which has parameter vector θ = (θ1, . . . , θp). Then the Fisher information
matrix In(θ) of sample size n is given by the p×p symmetric matrix whose
ij-th element is given by the covariance between first partial derivatives of
the log-likelihood,

In(θ)ij = Cov

"
∂ log f(X;θ)

∂θi
,
∂ log f(X;θ)

∂θj

#
.(1.2)

An alternative, but equivalent, definition for the Fisher information matrix
is based on the expected values of the second partial derivatives, and is
given by

In(θ)ij = −E
"
∂2 log f(X;θ)

∂θi∂θj

#
(1.3)

Strictly, this definition corresponds to the expected Fisher information. If
no expectation is taken we obtain a data-dependent quantity that is called
the observed Fisher information.

The rest of this note is organized as follows. The elements of the ex-
pected information matrix for the full location-scale GSN model are derived
in Section 2. Sections 3 analyze the special case of the sub-models skew-
normal and normal. For the normal case, the information matrix is singular,
and a reparametrization obtained by using the iterative approach proposed
by Rotnitzky et al. [7] is used to solve this problem, and a final discussion
is given in Section 4. The technical details are given in an appendix.
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2. Maximum likelihood estimation

This section is related to the asymptotic properties of the MLEs of the
location-scale GSN model. Specifically, the ingredients to compute the ex-
pected information matrix for the full location-scale GSN model are given.
Hence, the study is focused on the asymptotic behavior of the MLEs for
the particular skew-normal and normal models.

2.1. Likelihood score functions

Let X1, . . . ,Xn be a random sample drawn from the GSN(µ, σ, λ, β) distri-
bution. The log- likelihood function for θ = (µ, σ, λ, β)> is

Pn
i=1 l(θ,Xi),

where l(θ,X) is the log-likelihood for θ based on a single observation X,
that is,

l(θ;X) := log f(X; θ)

= log
³
2
σ

´
+ logφ

³
Z
1+β

´
IA(X) + logφ

³
Z
1−β

´
IA0(X)

+ log
h

β
1+β +

(1−β)
1+β Φ

³
λZ
1+β

´i
IA(X)+logΦ

³
λZ
1−β

´
IA0(X),

where Z = (X−µ)/σ, A = {X|X < µ}, A0 is the complement of set A and
IA is the indicator function of set A. The score function is

Pn
i=1 Sθ(θ,Xi),

where Sθ(θ,X) = ∂l(θ,X)/∂θ is the vector (Sµ, Sσ, Sλ, Sβ)
> with elements

Sµ =
h

Z
σ(1+β)2 −

λ(1−β)S(Z)
σ(1+β)

i
IA(X) +

h
Z

σ(1−β)2 −
λR(Z)
σ(1−β)

i
IA0(X),

Sσ = −1/σ +
h

Z2
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i
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h
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i
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(1−β)ZS(Z)

1+β IA(X) +
ZR(Z)
1−β IA0(X),

and
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and T (Z) =
n
1− Φ

³
λZ
1+β

´o
/
n
β + (1− β)Φ

³
λZ
1+β

´o
.

2.2. Fisher information matrix

By definition, the GSN-expected information matrix for θ can be computed

as (1.3). Thus, the elements Iθiθj = E
h
−∂2l(θ;X)

∂θi∂θj

i
of this matrix are shown

in the Appendix to be

Iµµ =
π(1+β)+4λβδ2+4β arctan(λ)

σ2(1−β)(1+β)2π + λ2(1−β)2
σ2(1+β)2 ρ0 +

λ2

σ2(1−β)2 η0,

Iµσ =
bδ(1+δ2)
σ2(1+β)

+ λ2(1−β)2
σ2(1+β)2

ρ1 +
λ2

σ2(1−β)2 η1,

Iµλ =
bδ(1−δ2)
σλ(1+β) −

λ(1−β)2
σ(1+β)2 ρ1 −

λ
σ(1−β)2 η1,

Iµβ =
b(β2δ−4βδ−4βδ3−δ−4β−4)

2σ(1+β)2(1−β) + λ2(1−β)2
σ(1+β)3 ρ1 − λ2

σ(1−β)3 η1 −
λ(1−β)
σ(1+β) κ0,

Iσσ =
2
σ2 +

λ2(1−β)2
σ2(1+β)2 ρ2 +

λ2

σ2(1−β)2 η2,

Iσλ = −λ(1−β)2
σ(1+β)2 ρ2 −

λ
σ(1−β)2 η2,

Iσβ =
δ2(β−4δ2−1)−4λ arctan(λ)

σ(1+β)λπ + λ2(1−β)2
σ(1+β)3 ρ2 − λ2

σ(1−β)3 η2 −
λ(1−β)
σ(1+β) κ1,

Iλλ =
(1−β)2
(1+β)2 ρ2 +

1
(1−β)2 η2,

Iλβ =
4δ4−(3+β)δ2
λ2(1+β)π − λ(1−β)2

(1+β)3 ρ2 +
λ

(1−β)3 η2 +
1−β
1+β κ1,

and

Iββ =
(1+β){πλ(5+β)+4βδ4(3−β)}+4δ2(1+2β−β2)+24βλ arctan(λ)

2πλ(1−β)(1+β)2

+λ2(1−β)2
(1+β)3 ρ2 +

λ2

(1−β)4 η2 −
λ(1−β)(2+β)
(1+β)2 κ1 + υ0
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where b =
p
2/π and δ = λ/

√
1 + λ2. The factors ρk, ηk, κk and υk are

defined in the Appendix.

3. Special Cases

When β = 0, with λ 6= 0, (1.1) reduces to the skew-normal (SN) pdf
introduced by Azzalini [1]. For this particular case, the elements of the
Fisher information matrix are

Iµµ =
1
σ2 +

λ2

σ2 a0, Iµσ =
bδ(1+δ2)

σ2 + λ2

σ2 a1, Iµλ =
bδ(1−δ2)

σλ − λ
σ a1,

Iµβ = − b(δ+4)
2σ + λ2

σ (ρ
∗
1 − η∗1)− λ

σ κ
∗
0, Iσσ =

2
σ2 +

λ2

σ2 a2, Iσλ = −λ
σ a2,

Iσβ = −δ2(4δ2+1)+4λ arctan(λ)
σλπ + λ2

σ (ρ
∗
2 − η∗2)− λ

σ κ
∗
1, Iλλ = a2,

Iλβ =
δ2(4δ2−3)

λ2π
−λ (ρ∗2−η∗2)+κ∗1, and Iββ =

5πλ+4δ2

2πλ +λ2 a2−2λκ∗1+υ∗0,

where ak = ESN

∙
Zk

n
φ(λZ)
Φ(λZ)

o2¸
. The coefficients ρ∗k, η

∗
k, κ

∗
k and υ∗k are

given in the Appendix.

Note the submatrix corresponding to the parameters µ, σ y λ coincides
with the result obtained by Azzalini [1]. Note also that when λ 6= 0, the
observed information matrix is non-singular, so that it can be used also to
estimate the asymptotic variances of the maximum likelihood estimators.

On the other hand, when β = 0 and λ = 0, (1) reduces to the normal
model. For this submodel, the Fisher information matrix is⎛⎜⎜⎜⎜⎜⎝

1
σ2 0

√
2

σ
√
π
− 2

√
2

σ
√
π

0 2
σ2 0 0√

2
σ
√
π

0 2
π − 4π

− 2
√
2

σ
√
π

0 − 4π 3

⎞⎟⎟⎟⎟⎟⎠ .

Note from this matrix that the column corresponding to the parameters
µ are λ are linearly depended, implying thus that it is a singular. This
irregularity is discussed by Azzalini [1] in the context of the SN model,
and posteriorly it is studied systematically by Chiogna [2]. DiCiccio and
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Monti [3] studying also this singularity in the context of skew-exponential
power distribution, and similar to Chiogna [2], they using the methodology
of Rotnitzky et al. [7] to obtain an appropriated reparametrization from
which is possible to calculate the asymptotic distribution of the maximum
likelihood estimator.

In the present case, this approach will also employed. For this, it is
assumes that the random sample becomes from a N(µ∗, σ∗) model, where
θ∗ = (µ∗, σ∗, 0, 0). Then, from the iterative procedure of Rotnitzky et al.
[7], the following reparametrization is obtained: θ̃ = θ̃(θ) = (µ̃, σ̃, λ, β),
where

µ̃ = µ+ σ∗ b λ, σ̃ = σ − 1
2
σ∗ b2 λ2

Observe that the parameter θ∗ remains unchanged under the new
parametrization. Finally, from the Theorem 3 in Rotnitzky et al. [7], it
follows that, under H0 : θ = θ∗, the random vector

h
n1/2(bµ− µ∗ + b σ∗bλ), n1/2(bσ − σ∗ − 1/2 b2σ∗ bλ2), n1/6bλ, n1/2 bβi

converge in distribution to (Z1, Z2, Z
1/3
3 , Z4), where (Z1, Z2, Z3, Z4) is a

normal random vector with mean zero and covariance matrix⎛⎜⎜⎜⎜⎜⎝
1
σ2 0 1

σ
2−π√
2π3

− 2
√
2

σ
√
π

0 2
σ2 0 0

1
σ
2−π√
2π3

0 5π2−28π+44
6π3

8π−20
3π2

− 2
√
2

σ
√
π

0 8π−20
3π2 3

⎞⎟⎟⎟⎟⎟⎠
−1

4. A final discussion

In this paper we study the singularity of the Fisher information matrix of
the generalized skew-normal model (GSN). This problem has been studied
in the context of skew-normal model and the same applies to the GSN
model, i.e. the information matrix for the generalized skew-normal model
is singular for β = λ = 0. Obtain a nonsingular matrix for the generalized
skew-normal model using the algorithm Rotnitzky et al. [7].
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5. Appendix

The second-order derivatives of l(θ;X) are

∂2l(θ;X)
∂µ2 = − 1

σ2

h
1

(1+β)2 +
λ3(1−β)
(1+β)3 Z S(Z) + λ2(1−β)2

(1+β)2 S2(Z)
i
IA(X)

− 1
σ2

h
1

(1−β)2 +
λ3

(1−β)3 Z R(Z) + λ2

(1−β)2 R
2(Z)

i
IA0(X),

∂2l(θ;X)
∂σ∂µ = − 1

σ2

h
2Z

(1+β)2 −
λ(1−β)
1+β S(Z) + λ3(1−β)

(1+β)3 Z2 S(Z) + λ2(1−β)2
(1+β)2 Z S2(Z)

i
IA(X)

− 1
σ2

h
2Z

(1−β)2 −
λ
1−β R(Z) +

λ3

(1−β)3 Z
2R(Z) + λ2

(1−β)2 Z R2(Z)
i
IA0(X),

∂2l(θ;X)
∂λ∂µ = − 1σ

h
1−β
1+β S(Z)−

λ2(1−β)
(1+β)3 Z2 S(Z)− λ(1−β)2

(1+β)2 Z S2(Z)
i
IA(X)

− 1
σ

h
1
1−β R(Z)−

λ2

(1−β)3 Z
2R(Z)− λ

(1−β)2 Z R2(Z)
i
IA0(X),

∂2l(θ;X)
∂β∂µ = − 1σ

h
2Z

(1+β)3 −
2λ

(1+β)2 S(Z)−
λ(1−β)
(1+β) S(Z)T (Z) +

λ3(1−β)
(1+β)4 Z2 S(Z)

+λ2(1−β)2
(1+β)3 Z S2(Z)

i
IA(X)

− 1
σ

h
− 2Z
(1−β)3 +

λ
(1−β)2 R(Z)−

λ3

(1−β)4 Z
2R(Z)− λ2

(1−β)3 Z R2(Z)
i
IA0(X),

∂2l(θ;X)
∂σ2 = 1

σ2 −
1
σ2

h
3Z2

(1+β)2 −
2λ(1−β)
1+β Z S(Z) + λ3(1−β)

(1+β)3 Z3 S(Z)

+λ2(1−β)2
(1+β)2 Z2 S2(Z)

i
IA(X)

− 1
σ2

h
3Z2

(1−β)2 −
2λ
1−β Z R(Z) + λ3

(1−β)3 Z
3R(Z) + λ2

(1−β)2 Z
2R2(Z)

i
IA0(X),

∂2l(θ;X)
∂λ∂σ = − 1σ

h
1−β
1+β Z S(Z)− λ2(1−β)

(1+β)3 Z3 S(Z)− λ(1−β)2
(1+β)2 Z2 S2(Z)

i
IA(X)

− 1
σ

h
1
1−β Z R(Z)− λ2

(1−β)3 Z
3R(Z)− λ

(1−β)2 Z
2R2(Z)

i
IA0(X),

∂2l(θ;X)
∂β∂σ = − 1σ

h
2Z2

(1+β)3 −
2λ

(1+β)2 Z S(Z)− λ(1−β)
(1+β) Z S(Z)T (Z) + λ3(1−β)

(1+β)4 Z3 S(Z)

+λ2(1−β)2
(1+β)3 Z2 S2(Z)

i
IA(X)

− 1σ
h
− 2Z2

(1−β)3 +
λ

(1−β)2 Z R(Z)− λ3

(1−β)4 Z
3R(Z)− λ2

(1−β)3 Z
2R2(Z)

i
IA0(X),
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∂2l(θ;X)
∂λ2 = −

h
λ(1−β)
(1+β)3 Z

3 S(Z) + (1−β)2
(1+β)2 Z

2 S2(Z)
i
IA(X)

−
h

λ
(1−β)3 Z

3R(Z) + 1
(1−β)2 Z

2R2(Z)
i
IA0(X),

∂2l(θ;X)
∂β∂λ = −

h
1−β
1+β Z S(Z)T (Z) + 2

(1+β)2 Z S(Z)− λ2(1−β)
(1+β)4 Z3 S(Z)

−λ(1−β)2
(1+β)3 Z2 S2(Z)

i
IA(X)

−
h
− 1
(1−β)2 Z R(Z) + λ2

(1−β)4 Z
3R(Z) + λ

(1−β)3 Z
2R2(Z)

i
IA0(X),

and

∂2l(θ;X)
∂β2 = −

h
− 1
(1+β)2 +

3Z2

(1+β)4 −
4λ

(1+β)3 Z S(Z) + λ3(1−β)
(1+β)4 Z3 S(Z)

+λ2(1−β)2
(1+β)3 Z2 S2(Z)− λ(1−β)(2+β)

(1+β)2 Z S(Z)T (Z) + T 2(Z)
i
IA(X)

−
h
3Z2

(1−β)4 −
2λ

(1−β)3 Z R(Z) + λ3

(1−β)5 Z
3R(Z) + λ2

(1−β)4 Z
2R2(Z)

i
IA0(X).

For the derivation of the Fisher information of (1.1), the following in-
tegrals need to be calculated, which can be done numerically by using the
software R [6]:

ρk = ρk(λ, β) =
2(−1)k
1 + β

Z ∞
0

tk φ2
³

λt
1+β

´
1− (1− β)Φ

³
λt
1+β

´ φµ t

1 + β

¶
dt,

ηk = ηk(λ, β) = 2
R∞
0

tk φ2
¡

λt
1−β

¢
Φ
¡

λt
1−β

¢ φ
³

t
1−β

´
dt,

κk = κk(λ, β) =
2(−1)k
1+β

R∞
0

tk φ
¡

λt
1+β

¢
1−(1−β)Φ

¡
λt
1+β

¢ φ ³ t
1+β

´
Φ
³

λt
1+β

´
dt,

and

υk = υk(λ, β) =
2(−1)k
1+β

R∞
0

tk Φ2
¡

λt
1+β

¢
1−(1−β)Φ

¡
λt
1+β

¢ φ ³ t
1+β

´
dt

where k = 0, 1, 2. Define also, ρ∗k = ρk(λ, 0), η
∗
k = ηk(λ, 0), κ

∗
k = κk(λ, 0) y

υ∗k = υk(λ, 0).



Information matrix for generalized skew-normal distributions 91

References

[1] Azzalini, A. A class of distributions which includes the normal ones.
Scandinavian Journal of Statistics. 12, pp. 171-178, (1985).

[2] Chiogna, M. A note on the asymptotic distribution of the maximum
likelihood estimator for the scalar skew-normal distribution. Statistical
Methods & Applications. 14, pp. 331-341, (2005).

[3] DiCiccio, T. J. and Monti, A. C. Inferential Aspects of the Skew Ex-
ponential Power Distribution. Journal of the American Statistical As-
sociation. 99(466), pp. 439-450, (2004).
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