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Abstract

A list A = {1, A, ..., A\n} of complex numbers is said to be real-
izable if it is the spectrum of a monnegative matriz. A is said to be
universally realizable (UR ) if it is realizable for each possible Jordan
canonical form allowed by A. In this paper, using companion matrices
and applying a procedure by Smigoc, we provide sufficient conditions
for the universal realizability of left half-plane spectra, that is, spectra
A=\, .., ) with A\ >0, ReX; < 0,4 =2,...,n. Itis also
shown how the effect of adding a megative real number to a not UR
left half-plane list of complex numbers, makes the new list UR, and a
family of left half-plane lists that are UR is characterized.

AMS classification: 15418, 15420, 15A29.
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1. Introduction

A list A = {\, A2, ..., A} of complex numbers is said to be realizable if
it is the spectrum of an n-by-n nonnegative matrix A, and A is said to
be a realizing matriz for A. The problem of the realizability of spectra is
called nonnegative inverse eigenvalue problem (NIEP). From the Perron-
Frobenius Theorem we know that if A = {A\1, \a,..., A} is the spectrum
of an n-by-n nonnegative matrix A, then the leading eigenvalue of A equals
to the spectral radius of A, p(A) =: max |A;| . This eigenvalue is called the

Perron eigenvalue, and we shall assume in this paper, that p(A) = A;.

A matrix is said to have constant row sums, if each one of its rows
sums up to the same constant «. The set of all matrices with constant row
sums equal to «, is denoted by CS,. Then, any matrix A € CS, has the
eigenvector e/ = [1,1,...,1], corresponding to the eigenvalue .. The real
matrices with constant row sums are important because it is known that the
problem of finding a nonnegative matrix with spectrum A = {A1,..., Ay},
is equivalent to the problem of finding a nonnegative matrix in CS), with
spectrum A (see [4]). We denote by eg, the n-dimensional vector, with 1
in the k' position and zeros elsewhere. If A = {\1,...,\,}, then si(A) =

n
> A keN.
=1

Since a list of complex numbers is always the spectrum of some matrix
(a diagonal matrix for instance) we shall use the word spectrum or list
interchangeably. A list A = {A1, A2,..., A} of complex numbers, is said
to be diagonalizably realizable (DR), if there is a diagonalizable realizing
matrix for A. The list A is said to be universally realizable (UR), if it is
realizable for each possible Jordan canonical form (JCF) allowed by A. The
problem of the universal realizability of spectra, is called universal realiz-
ability problem (URP). The URP contains the NIEP, and both problems
are equivalent if the given numbers A1, Ao, ..., A\, are distinct. In terms of
n, both problems remain unsolved for n > 5. It is clear that if A is YR, then
A must be DR. The first known results on the URP are due to Minc [8, 9].
In terms of the URP, Minc [8] showed that if a list A = {1, \a,..., A\n}
of complex numbers is the spectrum of a diagonalizable positive matrix,
then A is UR. The positivity condition is necessary for Minc’s proof, and
the question set by Minc himself, whether the result holds for nonnega-
tive realizations was open for almost 40 years. Recently, two extensions
of Minc’s result have been obtained in [2, 5]. In [2], Collao et al. showed
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that a nonnegative matrix A € CS,,, with a positive column, is similar to
a positive matrix. Note that if A is nonnegative with a positive row and
AT has a positive eigenvector, then AT is also similar to a positive ma-
trix. Besides, if A is diagonalizably realizable by a matrix A € CSy, having
a positive column, then A is YR. In [5], Johnson et al. introduced the
concept of ODP matrices, that is, nonnegative matrices with all positive
off-diagonal entries (zero diagonal entries are permitted) and proved that
if A is diagonalizably ODP realizable, then A is 4R. Note that both ex-
tensions contain, as a particular case, Minc’s result in [8]. Both extensions
allow us to significantly increase the set of spectra that can be proved to
be UR. In particular, the extension in [5] allows to show, for instance,
that certain spectra A = {A1,..., A\p} with s;(A) = 0 are YR, which is not
possible from Minc’s result. In particular, we shall use the extension in [2]
to generate some of our results.

In [1, 10] the authors proved, respectively, that lists of complex numbers
A ={\1,...,\n}, of Suleimanova type, that is,

A1 >0, ReX; <0, |[ReN| > Im N, i =2,3,...,n,

and of Smigoc type, that is,
A1 >0, Re) <0, V3|Re)| > [ImAi|, i=2,3,...,n,

n
are realizable if and only if Z A; > 0, while in [11, 3] the authors proved,
i=1
respectively, that both lists, Suleimanova type and Smigoc type, are UR if
n

and only if they are realizable if and only if Z A > 0.
i=1

Outline of the paper: The paper is organized as follows: In Section
2, we present the mathematical tools that will be used to generate our
results. In Section 3, we study the URP for a left half-plane list and we
give sufficient conditions for it to be UR. In Section 4, we discuss the
effect of adding a negative real number —c to a left half-plane list A =
{\,—a=£bi,...,—a=+xbi}, which is not UR (or even not realizable), or we
do not know whether it is, and we show how A U {—c} becomes UR. We
also characterize a family of left half-plane lists that are YR. In Section
5, we show that the merge of two lists diagonalizably realizable I'; € C'S)y,
and I'; € CS ), is UR. Examples are shown to illustrate the results.
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2. Preliminaries

Throughout this paper we use the following results: The first one, by
Smigoc [10], gives a procedure that we call Smigoc’s glue technique, to
obtain from two matrices A and B of size n-by-n and m-by-m, respec-
tively, a new (n +m — 1)-by-(n + m — 1) matrix C, preserving in certain
way, the corresponding Jordan forms of A and B. The second one, by Laf-
fey and Smigoc [7], is one of the most important results on the NIEP. It
completely solves the NIEP for left half-plane spectra, that is, lists with
A1 >0, Re); <0,7=2,...,n. Moreover, we also use Lemma 5 in [7].

Theorem 2.1. [10] Suppose B is an m-by-m matrix with a JCF' that con-
tains at least one 1-by-1 Jordan block corresponding to the eigenvalue c:

c 0
w-[o 5]
Let t and s, respectively, be the left and the right eigenvectors of B

associated with the 1-by-1 Jordan block in the above canonical form. Fur-
thermore, we normalize vectors t and s so that t's = 1. Let J(A) be a JOF

for the n-by-n matrix
. Al a

where A is an (n — 1)-by-(n — 1) matrix and a and b are vectors in C"1.
Then the matrix

o Al atT
C‘[st B ]

has JCF

J(A) 0
J(C):[ 0 I(B)]

Theorem 2.2. [7] Let A = {A\1,\a,..., Ay} be a list of complex numbers

with A1 > |A\;| and Re\; < 0,4 =2,...,n. Then A is realizable if and only
if

s1=s51(A) >0, s2=s2(A) >0, s% < nss.
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Lemma 2.1. [7] Let t be a nonnegative real number and let Ay, A3, ..., Ay
be complex numbers with real parts less than or equal to zero, such that
the list {\2, A3,..., \n} is closed under complex conjugation. Set p = 2t —
Ay — -+ — A\, and

(21) f(z)=(z—p) ﬁ(a: —\j) = 2" — 2ta" " 4 boa™ 2 4+ by
j=2

Then by < 0 implies bj <0 for j = 3,4,...,n.

3. Companion matrices and the Smigoc’s glue.

We say that a list A = {1, \2,..., Ay} of complex numbers is on the left
half-plane if Ay > 0, Re); < 0, ¢ = 2,3,...,n. In this section we give
sufficient conditions for a realizable left half-plane list of complex numbers
to be UR. Of course, it is our interest to consider lists of complex numbers
containing elements out of realizability region of lists of Smigoc type. Our
strategy consists in decomposing the given list A = {A1, A2,..., Ay} into
sublists

A, = {/\kl,)\kg,...,)\kpk}, AM1=M, E=1,2,...,t,

with auxiliary lists

Iy = {s1(Tr=1), Mt Ae2s -5 Akp )y E=2,,...,1,

each one of them being the spectrum of a nonnegative companion matrix
Ay, in such a way that it be possible to apply Smigoc’s glue technique to
the matrices Ag, to obtain an n-by-n nonnegative matrix with spectrum A
for each possible JCF allowed by A. In the case s1(A) > 0, with \; # 0,
1 =2,...,n, we may choose, if they exist, sublists I'y being the spectrum of
a diagonalizable nonnegative companion matrix A with a positive column.
Then, after Smigoc’s glue, we obtain a diagonalizable nonnegative n-by-n
matrix A with spectrum A and a positive column. Thus, A is similar to
a diagonalizable positive matrix, and then, from the extension in [2], A is
UR. Next we have the following corollary from Theorem 2.1:
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Corollary 3.1. Let A = {A1, \2,..., Ay} be a realizable left half-plane list
of complex numbers. Suppose that for each JCF J allowed by A, there
exists a decomposition of A as

A = AUAU---UA;, where

Ak = {)\kb)\kﬁa”’ 7)\kpk}7 k= 1727" Sty )‘11 = >\17

with auxiliary lists

I = Ay,
Iy = {s1(Th=1), M1, A2 s M} B =2,...,8,

being the spectrum of a nonnegative companion matrix Ay with JCF J(Ay)
being a submatrix of J, k =1,2,...,t.
Then A is universally realizable.

Proof. Let

[ Jm ()‘1)
Jn2 (/\2)

Jnt()‘t) ]

be a JCF allowed by A. Since each matrix Ag, k = 1,2,...,t, is nonnegative
companion with JCF

J(Ag) = - , 1<pgs<t

being a submatrix of J, then, from Smigoc’s glue applied to matrices Ay,
we obtain an n-by-n nonnegative matrix with spectrum A and JCF J. As
J is any JCF allowed by A, then A is UR. a
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The following example illustrates Corollary 3.1:

Example 3.1. Consider the list

A ={10,—1,—1,—1+3i,—1 + 3i, -1 + 34},

and suppose we want to construct a realizing matrix for A, with JCF

J =diag{J1(10), Jo(—1), Jo(—1+37), Ji(—1+£3i)}.
Then we take

Iy = {10,—1+3i,—1+ 3}
Iy = {6,—1,—1,—1+3i}

with companion realizing matrices

0 0 0 0 1000 00 0 0 60

1 0 0 0 300 1 0 0 0 122
Ai;=]101 00 20 |,A=|010 0 68 |,

001 0 16 0010 9

0001 6 0001 2

respectively. The left and the right eigenvectors of Ag, tI and s, are re-
spectively,

R 1 3 18 108 648
242 T421 T421 1421 1421
o= 1002 15 4 1],
Then, the Smigoc’s glue of A with Ay is
"0 0 0 (O 00 3000 18000 108000 648000 T
1421 1421 1421 121 193]
1 0 0 0o 20 3900 5400 3 - 00 194400
121 491 1l 1434 121
001 0 = 48 288 1728 10368
1421 1421 1421 1421 1421
A= 0 0 0 10 O 0 0 0 60
0 00 22 1 0 0 0 122
000 1 0 1 0 0 68
000 4 0 0 1 0 9
000 1 0 0 0 1 2 ]

with the desired JCF J.
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Remark 3.1. From the result of Laffey and Smigoc [7] it is known when
a realization by a companion matrix is possible. However, since companion
matrices have Jordan forms with blocks of maximum size, to obtain a di-
agonalizable realizing companion matrix with spectrum A, the list A must
have distinct eigenvalues.

The following result is well known and useful.

Lemma 3.1. Let A be a diagonalizable irreducible nonnegative matrix
with spectrum A = {A1,...,\,} and a positive row or column. Then A is
similar to a diagonalizable nonnegative matrix B € CS),, with the same
positive row or column.

Proof. If A is irreducible nonnegative, it has a positive eigenvector
x' = [x1,...,2,). Then if D = dig{x1,...,x,}, the matrix
-1 Zj
B=D""AD = [—ai,j] S CS)\l
T
is nonnegative with the same positive row or column. O

Now, suppose all lists I'y, in Corollary 3.1, can be taken as the spectrum
of a diagonalizable nonnegative companion matrix A with a positive col-
umn (the last one). Then, since the glue of matrices Ay gives an n-by-n
diagonalizable irreducible nonnegative matrix A with a positive column and
spectrum A, A is similar to a diagonalizable positive matrix with spectrum
A and therefore A is UR. This is what the next result shows.

Corollary 3.2. Let A = {A1,ho, ..., \n}, A #0,i=2,...,n, s1(A) >0,
be a realizable left half-plane list of complex numbers. If there is a decom-
position of A as in Corollary 3.1, with all lists T'y, being the spectrum of a
diagonalizable nonnegative companion matrix Ay, with a positive column,
then A is universally realizable.

Proof. Let Ty and I's, be the spectrum, respectively, of matrices A;
and A, which are diagonalizable nonnegative companion with a positive
column (the last one). Then A; and As are irreducible. In particular, As
has a positive eigenvector s and, since Ag is also irreducible, As has also a
positive left eigenvector t7 with t”s = 1. Now, let

_ |4 a
Al_[bT 31(1“1)]'
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Since the last column of A; is positive, the vector a is also positive and

at” is a positive submatrix. Therefore, the glue of A; with A,
Al atT
2= l sb! Ay |’

is a diagonalizable nonnegative matrix with its last column being positive.
Note that C5 is also irreducible. Thus Cy has a positive eigenvector, and
then it is similar to a nonnegative matrix with constant row sums and with
its last column being positive. Then, Smigoc’s glue applied to Cy with As
gives a matrix C3 diagonalizable nonnegative with a positive column, and so
on, until we obtain an n-by-n diagonalizable irreducible nonnegative matrix
A with a positive column and spectrum A. Therefore, from the extension
in [2] A isUR. a

The following example illustrates Corollary 3.2

Example 3.2. Consider the list

A = {23,-2,—2,—1+5i,—1+5i,—1 4 5i,—2 + 7i, -2 + 73}, with
Iy = {23,—145i}, I'y={21,-2,—1+5i,—2 + 7i},
I's = {13,-2,—145i,—2+7i}.

The diagonalizable companion matrices

0 0 0 0 0 57876 ]
. 1 000 0 35002
4 - (1)8529087142_01000 6266
01 o1 00100 1695 [’
i 000710 69
L0000 1 13
70 0 0 0 0 35828 ]
1 000 0 20618
4 — |0 1000 3194
00100 903
00010 5
00001 5 |
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realize lists T'1,Ty and I's, respectively. Smigoc’s glue technique applied
to matrices Ay, As and As gives a 13-by-13 diagonalizable irreducible non-
negative matrix with a positive column and spectrum A. Therefore, from
extension in [2], A is UR.

4. The effect of adding a negative real number to a not UR
list

In this section we show how to add a negative real number —c to a list of
complex numbers

A={\ —-axbi,...,—axbi}, N\ a,b>0, with s;(A) >0,

(n—1) complex numbers

which is not YR or we do not know whether it is, to make

Ae={\ —c,—a L bi,...,—a=+bi}
(n—2) complex numbers
UR. For instance, the list Ay = {6,—1 4+ 3i,—1 £ 3i} is realizable, but
we do not know whether it is UR, while Ay = {17,—3 £+ 9i, —3 £ 93} is

not realizable. However, both lists become UR if we add an appropriate
negative real number —c to each of them.

Example 4.1. Consider

AC:{%,—3,—2152‘,...,—215@‘}.

8 complex numbers

Suppose we want to obtain a nonnegative matrix with JCF

J— dz’ag{Jl(g), J1(=3), Ja(—2 + 5), (Ja(—2 — 5i)}.

Then,

77
45
Ty = {7, —3,-245i, -2+ 5i}.
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If A1, Ay are companion realizing matrices for I'y and I's, respectively,
then from Lemma 2.1, by( A1) = 80, ba(Az) = % guarantee that Ay and As
are nonnegative. Next, the glue of A1 with Ay gives a nonnegative matrix
with JCF' J.

Theorem 4.1. Let A = {\,—a=+bi,...,—a £ bi}, fixed A\ > 0, a,b > 0, be
a list of complex numbers with si;(A) > 0.
If

_ 2 | 2
(2n —11)a* +b <

4.1 A
(1) DALY

and there is a real number ¢ > 0 such that

2a(na — \) + b* — 7a?
A—(n—2)a

(4.2) <c<A—(n-—2)a,

then

Ae={\, —c,—atbi,...,—a+bi}

(n—2) complex numbers

becomes universally realizable.

Proof. Consider the diagonalizable decomposition A, = Ay UA U--- U
2

A1 = {)\, —aibi},
Ay = {—atbi}, k=2,...,
Ans2 = {—c,—a=£bi}.

n—4
2 )

We take the auxiliary sub-lists

Fl = Al = {)\,—aibi}
Iy, = {A—2a,—a+tbi}
{\ —4a, —a £ bi}
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Pnoa = '{)\—(n—6)a,—aibz'},
= {A—(n—4)a,—c,—a =+ bi},

M

’1
w

l\J

where I'n—4 and I'n_2 are the spectrum of the diagonalizable companion
2 2

matrices
0 0 (a®2+b*)(A—(n—6)a)
Ana=|1 0 2a\—a%2n—11) — b
’ 0 1 A—(n—4)a
and
000 (a? +b*) (A — (n —4)a)c
1 00 (a®2+0®)(A— (n—4)a)+ (7a® — b% + 2a)\ — 2a%n)c
A"_—2 = 2 )
p 0 10 (A= (n—2)a)c+ (7a® — b? + 2a) — 2a°n)
0 01 A—(n—2)a—c
respectively. Observe that sublists I" n6;. .. ,I'2, "1 have the same pair of

complex numbers that the list I'n—4, but with a bigger Perron eigenvalue.
Then, if I'»—4 is diagonalizably COIZIlpaIliOD realizable, I'n—6,...,I'2,I'] also
are. Thus, from Lemma 2.1 we only need to consider the entries in position
(2,3) in AnT—él and in position (3,4) in AnT—Z. From (4.1) and (4.2) these en-
tries are nonnegative and therefore An§4 and An2 2 are diagonalizable com-

panion realizing matrices. Thus, after applying 252 times Smigoc’s glue to
the matrices A1,..., An_2, we obtain an n-by-n dlagonahzable nonnegative
matrix A with spectruni A.. Thus A, is DR.

To obtain an n-by-n nonnegative matrix A with spectrum A, and with
a non-diagonal JCF J, we take A, = Aj U--- U A; with auxiliary lists T'y
being the spectrum of a companion matrix Az with JCF as a submatrix
of J. Next we need to prove that all Ay are nonnegative. To do this, we
compute bg(Ay) from the formula in (2.1) for each matrix Ay with spectrum
Iy, K =1,...,t, with I't containing —c in the decomposition of A.. From
(4.1) and (4.2) ba(Ag) >0, k =1,...,t. Therefore the glue of matrices Ay,
gives an n-by-n nonnegative matrix A with the desired JCF J. a
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Example 4.2. i) A = {6, —143i, —1+3i} is realizable by the companion
matrix

000 0 600
1 00 0 140
c=|010 0 104 |,
0010 0
0001 2

with a non-diagonal JCF. We do not know whether A has a diagonalizable
realization. Then, consider the list
Ac={6,—c,—1 =+ 3i,—1 % 3i}.
Condition (4.1) is satisfied and from (4.2) we have 1 < ¢ < 2. Then for
c =1, we have that
Iy ={6,—1+3i}, To={4,—1,—-1+3i}

are the spectrum of diagonalizable nonnegative companion matrices

L
A1: 1 0 2 ,andA2: 5
01 4 010 0

0 01 1

respectively. Then, from Smigoc’s glue we obtain a diagonalizable non-
negative matrix with spectrum A.. It is clear that, from the characteristic
polynomial associated to A., A, has also a companion realization,

600
740
244
104 |~
2
1

Az =

OO = O OO
O RO O OO
O oo oo

[=Nelelell =)
S oo~ OO

with a JCF with blocks of maximun size.

i1) Consider the list A = {17, -3 £ 97, —3 4+ 9i}. Since s;1(A) = 5 and
s2(A) = 1, from Theorem 2.2 A is not realizable. From condition (4.2),
2—54 < ¢ < 5. Then for ¢ =5,
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Ao = {17, -5, -3 £ 9i, -3 £ 9i}

is UR. Observe that there are only two Jordan forms allowed by A.. We
take

Iy = {17,-3 + 9i} and 'y = {11, 5, -3 + 9}

which are the spectrum of the diagonalizable nonnegative companion ma-

trices
0 0 1530 (1) 8 8 4897500
Ai=11 0 12 , Ay =
01 11 010 1
0 01

The glue of Smigoc gives rise to a diagonalizable nonnegative matrix
with spectrum A.. From the characteristic polynomial associated to A.

p(z = 25 — 132% — 253223 — 2322022 — 189 000z — 688 500,

we obtain a nonnegative companion matrix with spectrum A. and non-
diagonal JCF. Therefore, A, is UR.

Observe that in Theorem 4.1, in spite that s;(A) > 0, if s1(A) is small
enough, there may be lists A, that are not YR or we cannot to prove they
are from our procedure. However, we may compute a Perron eigenvalue A,
which guarantees that for a family of lists A, with ¢ > 0 and n > 6, A, will
be UR. Then, the following result characterizes a family of left half-plane
lists, which are UR.

Corollary 4.1. The left half-plane lists of the family

1
Ae={5-((2n - 7a? +b?), —c, —a £ bi,...,—a £ bi },

(n—2) complex numbers

with 0 < V3a < b, 0 < ¢ < b253“2, are universally realizable.
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Proof. It is clear that for A = 5= ((2n — 7)a® + b?) , conditions (4.1) and
(4.2) in Theorem 4.1 are satisfied. Moreover, from 0 < v/3a < b, we have

/\—(n—2)a:%>0. O

Then, from Corollary 4.1 some families of left half-plane lists that are
UR are:

i)A. = {2”53a, —c,—a £ 2ai,...,—a+£2ai },with 0 <c< 3§

(n—2)complex numbers

ii) Ae = {(n+1)a,—c,—a+3ai,...,—a+x3ai}, with 0<c<3a

(n—2) complex numbers

i) Ae = {#2a,—c,—a+4ai,...,—a+4ai}, with 0<c< Ha

(n—2) complex numbers

) )
) A, = {8”§3a,—c,—a:|:§ai,...,—a:|:Eai 1, With0<c§%a,

(n—2)complex numbers

and so on.

Observe that in Corollary 4.1, if ¢ is strictly less than its upper bound,
then A., as we have seen, can be realized by a diagonalizable matrix with
its last column being positive. Then, from the extension in [2], A, is UR.

Remark 4.1. In this section, for a list of the form
A={\—-axbi,...,—a+bi}, \,a,b> 0, with s1(A) > 0, we have given an
(n—2)complex numbers

answer to the question: can a spectrum be modified so that it becomes UR?.
We think it is interesting to study whether the answer can be extended to
more general spectra, although this may become a more technical situation.
We believe that such a result may be possible if we can decompose A into
sublists of the form A, = {\,—¢c,—a £ bi,..., —a + bi}.

5. The merge of spectra

Let Ty = {\,A2,..., Ay} and Ty = {ug, 2, - .., m} be lists of complex
numbers. In [6] the authors define the concept of the merge of the spectra
I'y with I'y as
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F:{)\l"‘/1/17)\2’-‘-7)\71’#27‘-'aﬂm}v

and prove that if 'y and I'y are diagonalizably ODP realizable, then the
merge 'y with I's, is also diagonalizably ODP realizable, and therefore from
the extension in [5], I' is UR. Here we set a similar result as follows:

Theorem 5.1. Let T'y = {A\, Ao, ..., A}, A1 > |Ni|, ¢ = 2,...,n, be the
spectrum of a diagonalizable nonnegative n-by-n matrix A € CSy, with a
positive column. Let I'o = {1, 2, ..., pom}s 1 > |pi| , 2 = 2,...,m, be the
spectrum of a diagonalizable nonnegative m-by-m matrix B € CS,,, with a
positive column. Then

F:{/\1—i—,ul,)\g,...,)\n,,ug,...,um}

is universally realizable..

Proof. Let A € CS,, be a diagonalizable nonnegative matrix with
spectrum I'y. Without loss of generality we assume that A has its last
column being positive. Then A is similar to a diagonalizable positive matrix
A If aq,...,a, are the diagonal entires of A’, then

’
A1:A’+e[0,0,...,u1]: [ 1 a ECS)\lJrM

b’ a, + 1

is diagonalizable positive with spectrum {A; + 1, Az, ..., Ay} and diagonal
entries a1, ae, ..., o, + p1. Let B € CSy,; be a diagonalizable nonnegative
matrix with spectrum I's. Without loss of generality we assume that B
has its last column being positive. Then B is similar to a diagonalizable
positive matrix B’ and

By = B + e[ay,0,...,0]

is diagonalizable positive with spectrum {u1 + o, 2, - - ., fbm }. Now, by ap-
plying the Smigoc’s glue to matrices A; and Bj, we obtain a diagonalizable
positive matrix C' with spectrum I'. Hence, I' is UR a

Theorem 5.1 is useful to decide, in many cases, about the universal
realizability of left half-plane list of complex numbers, as for instance:

Example 5.1. Is the list
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I'={30,—1,—5,—1+3i,—1+3i,—1+3i, -3+ 9i, -3 + 9i} UR?

Observe that from the results in Section 4,

Iy = {21,-5,—-3+9,-3+9i}.
Iy = {9,—1,—1+3i,—143i,—1+3i}

are the spectrum of a diagonalizable nonnegative matrix with constant
row sums and a positive column. Then, they are similar to diagonalizable
positive matrices and from Theorem 5.1, the merge I' is also the spectrum
of a diagonalizable positive matrix. Therefore, I' is UR.
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