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Abstract

A path uq, ug, ..., u, in a connected graph G such that for i, j with
Jj =i+ 3, there does not exist an edge u;u;, is called a monophonic-
triangular path or mt-path. The monophonic-triangular distance or
mt-distance dy:(u,v) from u to v is defined as the length of a longest
u — v mi-path in G. The mi-eccentricity em,:+(v) of a vertex v in
G is defined as the maximum mt-distance between v and other ver-
tices in G. The mt-radius rad,:(G) is defined as the minimum mit-
eccentricity among the vertices of G and the mt-diameter diam,:(Q)
is defined as the mazimum mit-eccentricity among the vertices of G.
It is shown that rad;,;(G) < diam,.(G) for every connected graph
G. Some realization and characterization results are given based on
mit-radius, mt-diameter, mt-center and mt-periphery of a connected
graph.
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1. Introduction

In this paper, a non-trivial simple finite undirected connected graph G with
vertex set V and edge set F is considered. Let p and g be the order and
size of G, respectively. We refer [1, 3| for basic definitions and results.
The distance between two vertices u and v in G is defined as the minimum
length of a u — v path in G and it is denoted by d(u,v). It is known that
the distance d is a metric on V.

The eccentricity e(v) of a vertex v in a connected graph G is defined
as the distance between v and a vertex farthest from v in G. The radius
rad(G) is defined as the minimum eccentricity among the vertices of G
and the diameter diam(G) is defined as the maximum eccentricity among
the vertices of G. If e(v) = rad(G), then v is a central verter and if
e(v) = diam(G), then v is a peripheral vertex. The center C(G) of G is
the subgraph induced by the central vertices of G and periphery P(G) of
G is the subgraph induced by the peripheral vertices of G.

In 2005, Chartrand et al. [2] introduded a new distance viz. detour
distance based on a longest path joining any two vertices in a connected
graph. The detour distance between two vertices u and v in G is defined
as the maximum length of a u — v path in G and it is denoted by D(u,v).
A longest u — v path is called a u — v detour. It is also known that the
detour distance D is a metric on V. The detour eccentricity ep(v) of a
vertex v in a connected graph G is defined as the maximum detour dis-
tance between u and other vertices in G. The detour radius radp(G) is
defined as the minimum detour eccentricity among the vertices of G and
the detour diameter diamp(QG) is defined as the maximum detour eccen-
tricity among the vertices of G. If ep(v) = radp(G), then v is a detour
central vertex and if ep(v) = diamp(G), then v is a detour peripheral
vertex. The detour center Cp(G) of G is defined as the subgraph in-
duced by the detour central vertices of G and detour periphery Pp(G) of
G is defined as the subgraph induced by the detour peripheral vertices of G.

A chord of a path P is an edge joining two non-adjacent vertices of P.
A chordless path is called a monophonic path. In 2012, Santhakumaran
et al. [5] introduced a new distance based on a longest monophonic path
joining any two vertices in a connected graph and further investigated in
[6]. The monophonic distance between any two vertices u and v in G
is defined as the maximum length of a © — v monophonic path in G and
it is denoted by d,,(u,v). The usual distance and the detour distance
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are metrics on the vertex set of a connected graph, whereas the mono-
phonic distance is not a metric on the vertex set of a connected graph. The
monophonic eccentricity en,(v) of a vertex v in a connected graph G is de-
fined as the maximum monophonic distance between v and other vertices
in G. The monophonic radius rad,,(G) is defined as the minimum mono-
phonic eccentricity among the vertices of G and the monophonic diameter
diam,(G) is defined as the maximum monophonic eccentricity among the
vertices of G. If e, (v) = rad,,(G), then v is a monophonic central vertex
and if ey, (v) = diamy,(G), then v is a monophonic peripheral vertex. The
monophonic center Cp,(G) of G is defined as the subgraph induced by the
monophonic central vertices of G and monophonic periphery P,,(G) of G
is defined as the subgraph induced by the monophonic peripheral vertices
of G.

The concept of distance (usual distance) in graphs is a major component
in graph theory with its centrality and convexity concepts having numerous
applications to real life problems. There are several interesting applications
of these concepts to facility location in real life situations. The paths intro-
duced here are monophonic-triangular so that intervention by hackers or
rioters is not possible to the respective facilities provided. In fact, the two
major applications provided by this path with security and protection are
service facility and emergency facility in real life situations of a large city
network. Further, as monophonic-triangular paths are secured and longer
than geodesics, it is advantageous to more customers in providing protected
service of facility locations.

In this article, we introduce the monophonic-triangular distance in a
connected graph and based on this new distance, two new graph invari-
ants known as mt-radius and mi-diameter of a graph are introduced and
investigated. Also, the relation between mt-radius and mit-diameter with
(detour or monophonic) radius and (detour or monophonic) diameter are
given. Moreover, realization theorems for these graph parameters are pre-
sented. Throughout this article, G denotes a non-trivial simple connected
graph.

2. Monophonic-triangular Distance

Definition 2.1. A path uy,us, ..., u, in G such that for i, j with j > i+ 3,
there does not exist an edge w;uj, is called a monophonic-triangular path
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or mt-path. The monophonic-triangular distance or mt-distance dp(u,v)
from w to v is defined as the length of a longest u — v mt-path in G.

Example 2.2. Consider the graph G given in Figure 2.1. For the vertices
v1 and vy, Py : vi,vs,v7 IS a v1 — vy geodesic, P» : vy, vs5, V2, U3, Vg, Vg, U7 IS
a vy — vy detour, P3 : v1,v9,vs,v7 IS a longest v; — vy monophonic path,
Py : v1,v9,v3,v8,v7 Is a longest v — vy mit-path and so d(vi,v7) = 2,
D(v1,v7) = 6, dp(v1,v7) = 3, and dp,(v1,v7) = 4, respectively. Thus, the
mit-distance d,,; is different from the known distances such as d, D and d,,
in graphs.

g
L] i 1y 2
e e i'g
Figure 2.1: G

The usual distance d and the detour distance D are metrics on V,
and the monophonic distance d,, is not a metric on V. Now, it is seen
that the mit-distance d,,; is also not a metric on V. For the cycle C5 :
V1, V2, U3, Vg, U5, V1, dme(v1,v2) = 1, dpmi(ve,v3) = 1 and dpy(vi,v3) = 3.
Hence dyp(v1,v3) > dimt(v1,v2) + dpme(ve, v3) and so the triangle inequality
is not satisfied for the mit-distance.

Note A mt-path P is either a monophonic path or the subgraph induced by
P contains only triangles. Hence a monophonic path is obviously a mt-path
and the converse need not be true. For the graph G given in Figure 2.1,
Py : v1,v9,v3,vs,v7 is a v1 — vy mi-path, but Py is not a v; — v7 monophonic
path.

The following result is trivial from the respective definitions.

Remark 2.3. For any two vertices x and y in a connected graph G of
order p, 0 < d(z,y) < dp(z,y) < dmu(z,y) < D(z,y) < p—1. The
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bounds in this chain inequalities are sharp. In any non-trivial connected
graph G, if x =y, then d(z,y) = dmn(x,y) = dnt(z,y) = D(z,y) = 0. In
a non-trivial path P on p vertices, if x and y are end vertices of P, then
d(z,y) = dn(z,y) = dmt(x,y) = D(x,y) = p — 1. Also, all the inequalities
in this chain are strict. For the graph G given in Figure 2.1, d(v1,v7) = 2,
dm(vl,w) =3, dmt(vl,w) =4, D(vl,w) =6,p=_8 and so 0 < d(’Ul,’U7) <
dm(v1,v7) < dpmt(v1,v7) < D(vi,v7) <p— 1.

Result 2.4. Let x and y be any two vertices in a connected graph G of
order p. Then

(2)dme(z,y) = 0 if and only if v = y.

(13)dmt(x,y) = 1 if and only if zy is either a cut edge or an edge in a
smallest cycle of order at least 4.

Result 2.5. For every pair of distinct vertices x and y in G, dy(x,y) = 2
if and only if G = K, (p > 3). For any two vertices x and y in G, d(x,y) =
dm(x,y) = dme(z,y) = D(x,y) if and only if G is a tree. It is possible,
however, that for a connected graph, which is not a tree, there exists a pair
of vertices x and y such that d(z,y) = dn(z,y) = dm(z,y) = D(x,y). For
example, if © and y are antipodal vertices in an even cycle Cop(n > 2),
d(.’E,y) = dm(x,y) = th(wvy) = D(.’L‘,y) =n.

Definition 2.6. Let G be a connected graph. The mt-eccentricity em:(v)
of a vertex v in G is ey (v) = max{dmn(v,x) : © € V}. The mt — radius,
radmt(G) of G is radmt(G) = min{em(v) : v € V'} and the mt — diameter,
diamp(G) of G is diamp,(G) = maz{em(v) : v € V}. A vertex y in G is
a mt — eccentric vertex of a vertex x in G if ey (x) = dpe(x,y).

Example 2.7. For the graph G given in Figure 2.1, the eccentricity, mono-
phonic eccentricity, mt-eccentricity, detour eccentricity and the set of all
mt-eccentric vertices of every vertex of G is given in Table 2.1.
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Table 2.1.
vertex v El ) | enelw) | eplv) | mi-eccentrie vertices

vy 2 4 5 7 {va, va}

Ch 2 3 4 T {ve}

vy 4 5 T {vq, w8}

vy 5 5 7 {vy,vg, 7}
g 3 4 T {va, vs}

Ne 4 5 iy {ma, g, mz}
vy 5 5 7 {va}

vg 2 4 5 7 {vg}

Note Since d(u,v) = dp(u,v) = dpmi(u,v) = D(u,v) for any two vertices
u and v in a tree T, it follows that rad(T) = rad,(T) = rad,.(T) =

radp(T) and diam(T') = diamy,(T) = diamu(T) = diamp(T).

Also,

since dp¢(u,v) = 2 for any two distinct vertices of a complete graph K,
radmt(Kp) = diampy(Kp) = 2. Also, Table 2.2 shows the mt-radius and
the mit-diameter of some standard graphs.

Table 2.2.
Graph & Wip1 | Kipa Kon F, Petersen
ipzd)|pz3)| (mnz2) graph
radm () 2 1 2 &3 4
diamy: (G) r—3 2 2 n—1 4

Since 0 < d(z,y) < dp(z,y) < dmt(z,y) < D(z,y) < p—1, the following

proposition is trivial.

Proposition 2.8. Let G be a connected graph. Then
(e(x) < em(z) < eme(z) < ep(x) for any vertex = in G.

(1))rad(G) < rady,(G) < radm:(G) < radp(G).

(1i1)diam(G) < diamp,(G) < diampy(G) < diamp(G).
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Theorem 2.9. For any two vertices x and y in G, dp,(z,y) < dpme(z,y) <
27 (2, y)-

Proof.  Since any monophonic path is a mt-path and d,:(z,y) is the
length of a longest mt-path, we have d,(z,y) < dmni(x,y). Now, claim that
dmt(x,y) < 2dy(x,y). If not, there is an = — y mt-path, say P, of length
I > 2dpy,(z,y). Then by the definition of mt-path, the induced subgraph
(V(P)) of P contains at most % triangles. Form a new path @ from P
by replacing the common edges of both P and the triangles in (V(P)) by
the remaining edge of the triangles in (V(P)). It is clear that @ is an
x — y monophonic path of length at least [ — é = % > dp(x,y), which is a
contradiction. Hence dy(z,y) < 2d,,(z,y). O

Theorem 2.10. (a) For integers a,b,c and d with 3 < a <b < ¢ < d and
¢ < 2b, there is a connected graph G such that rad(G) = a, rad,(G) = b,
radm,:(G) = ¢ and radp(G) = d.

(b) For integers a,b,c and d with 3 < a <b < ¢ <d and ¢ < 2b, there is a
connected graph G such that diam(G) = a, diam,(G) = b, diamp,.(G) = ¢
and diamp(G) = d.

Proof. (a) This part is proved by considering two cases.

Casel. b+1<c¢<2b—a+3.

Let Ry : x1,29,...,24_1 and Ry : :Ull,x;, e ,x;,l be two copies of the
path P,_; oforder a—1, let R3 : y1,¥2,...,Yp—aqr3 and Ry : 3/1: y’z, e ,y;)_a+3
be two copies of the path P,_,3 of order b —a+ 3, and let R5 be the com-
plete graph of order d — ¢ + 3 with V(R5) = {21,22,...,24—ct+3}. Let H
be the graph obtained from R, Ra, R3, R4 and Rs by (i) identifying the
vertices z; in Ry and y; in Rs; also identifying the vertices z4_.y3 in Ry
and yll in Ry, (ii) identifying the vertices yp_o+3 in R3 and x5 in R;; and
identifying the vertices y,,)_a 43 in R4 and J:,Q in Ry, and (7i7) joining each
vertex y; (2<i<b—a+2)in R3 and z; in Ry; and joining each vertex
(2<i<b—a+2)in Ry and z; in Ry. Let G be the graph obtalned from
H by adding 2(c — b — 1) new vertices uj, ug, ..., Ue_p— 1,u1,u2, . .,u; b
and joining each u; with the Vertlces 1, Yi and Yir1 (1 <i<c—b—1)and
joining each u; with the vertices zy,y; and y; 4 (1 <i <c—b—1). The
graph G is shown in Figure 2.3.

It is clear that
Py 29, 21,201,220, .., Ta—1; Pot 22,21,92, Y3, - -+ Yb—at25 T2, T35 - -y Ta—1;
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P3 29,2443, 21, U1, Y2, U2, Y3, U3, Y4y - + -y Ye—b—1, Ue—b—15 Ye—bs Ye—b+15
s Yb—a+2,22,T3, ...y Ta—1 and P4 ©R22,R3, R4y Rd—c+35 21, UL, Y2, U2, Y3, U3, Y4,
s Ye—b—1,Uc—b—1yYc—bs Ye—b+1y - - - s Yp—a+2, L2, L3y . . . ; Tg—1

are a 29 —Tq—1 geodesic, a longest 2o —x,_1 monophonic, a longest zo —x4—1
mit-path, and a zo — x,—1 detour path, respectively. Hence d(z2,2,-1) = a,
dm (22, Ta—1) = b, dimi(22,24—1) = ¢ and D(z2,x4—1) = d. Also, it is easily
verified that d(z2,t) < a, dm(22,t) < b, dmnt(22,t) < ¢, D(z2,t) < d for any
vertex t in G and so e(z22) = a, em(22) = b, emi(22) = ¢ and ep(z2) = d.
In a similar way we can verify that e(v) = a if v € V(R5); e(v) > a if
veV(G)—V(Rs), em(v) =bifv e V(Rs); em(v) > bifv e V(G)—V(Rs),
emt(v) = cif v € V(Rs); e(v) > cif v € V(G) — V(R5), ep(v) = d if
v € V(Rs); ep(v) > dif v e V(G) — V(Rs). It follows that rad(G) = a,
rad,(G) = b, rady,(G) = ¢ and radp(G) = d.

e ——
g Tg—2 Ta—1
o ot
o ¢
Td—c43 -tg I.—.“_j a1

Figure 2.3: G


Marisol Martínez
2-3



Monophonic-triangular distance in graphs 283

Case 2. 2b—a+4 <c¢<2b

Let G be the graph obtained from H by adding 2(c — b — 1) new ver-
tices U1, U9, .« . . s Ue—p—1, —u;,ué, .. ,ulcfbfl and (7) joining each u; (1 <7 <
b — a + 2) with the vertices z1,y; and y;11 (1 <7 <b—a+2), (i) joining
each u; (b—a+3 <i<c—>b—1) with the vertices x;_p1,_1 and z;_p i,
(b—a+3<i<c—b-—1), (i) joining each u; (1 < i < b—a+2)
with the vertices x7,7; and y;H (1 <i<b—-a+2), (iv) joining each
u; (b—a+3 < i< c—b-1) with the vertices $;7b+a71 and ngbJra
(b—a+3<i<c—b-1). The graph G is shown in Figure 2.4.

It is clear that
P 22,21, X1,X2; ..., Ta—1; P 22, %1,Y2, Y35 - - - s Yb—a+2, L2, L35 - - - s La—1;
P3 29,2443, 21, U1, Y2, U2, Y3, U3, Y4y « - -, Yb—a+25 Ub—a+2s T2, Ub—a+3; T3,
Up—a+45 L4y - -+ y Le—2b+a—2) Ue—b—15 Le—2b+a—15 Le—2b+ar Le—2b+a+1s - - -y La—1, and
Py 29,23,24, -y 2d—c 43, 21, U1, Y2, U2, Y3, U3, Yds - - - s Yb—at2, Ub—a+2, T2, Ub—a+3;
T3, Ub—a+4, T4+« -y Le—2b+a—25 Uc—b—1) Le—2b+a—1 Le—2b+as Le—2b+a+1y -+ -5 La—1
are a zo — Ty geodesic, a longest zo —x,_1 monophonic, a longest zo — 41
mit-path, and a z3 — x,—1 detour path, respectively. Hence d(z2,z,—1) = a,
dm (22, Ta—1) = b, dmi(22,2q—1) = ¢ and D(z2,x4—1) = d. Also, it is eas-
ily verified that d(ze,t) < a, dp(22,t) < b, dpmi(2z2,t) < ¢, D(29,t) < d
for any vertex t in G and so e(z2) = a, en(22) = b, emi(22) = ¢ and
ep(z2) = d. We can similarly verify that e(v) = a if v € V(R5); e(v) > a if
veV(G)—V(Rs), em(v) =bifv e V(Rs); epm(v) > bifv e V(G) -V (Rs),
emt(v) = cif v € V(Rs); emt(v) > cif v € V(G) — V(Rs), ep(v) = d if
v € V(Rs); ep(v) > dif v e V(G) — V(Rs). It follows that rad(G) = a,
radm (G) = b, radm:(G) = ¢ and radp(G) = d.



284 P. Titus, J. Ajitha Fancy and A. P. Santhakumaran

Yp_ata

Figure 2.4: G

(b) This part is proved by considering two cases.

Let Ry : x1,%2,...,%q—1 be apath of order a—1, let Ra : y1,¥2,- -, Yp—at3
be a path of order b — a + 3 and let R3 be the complete graph of order
d—c+ 3 with V(R3) = {z1,22,...,24—ct+3}. Let H be the graph obtained
from Rj, Ry and R3 by (i) identifying the vertices z; in Rz and y; in Ry;
(74) identifying the vertices yp_o13 in R2 and x2 in Rj; and (i4¢) joining
each vertex y; (2 <i<b—a+2)in Ry and z; in R;. Now, the graph G
is constructed as in the following two cases.

Casel. b+1<c¢<2b—a+3.

Let G be the graph obtained from H by adding ¢ — b — 1 new vertices
U1, U2, ..., Uep—1 and joining each u; (1 < i < c—b— 1) with the vertices
x1,y; and y;41 (1 <i<c—b—1). The graph G is shown in Figure 2.5.
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Yeab-1

) '.Ta ) :I‘\'l— 1
iowm
Ki_cy3
:.l.'ll— ('+3.

Figure 2.5: G

Case 2. 2b—a+4 <¢<2b.

Let G be the graph obtained from H by adding ¢ — b — 1 new vertices
UL, U2, ..., Ue—p—1 and joining each u; (1 <i < b— a+ 2) with the vertices
x1,y; and y;+1 (1 <4 < b—a+2) and joining each u; (b—a+3 <i < c¢—b—1)
with the vertices z;_p1q—1 and x;_p1q (b—a+3 <i < c—b—1). The graph
(G is shown in Figure 2.6.

In both cases, it is easily verified that e(v) = a if v € (V(R3) — {z1}) U
{zq-1}; e(v) < aif v € V(Ry) U (V(R1) — {za-1}), em(v) = b if v €
(V(R3) — {z1}) U{zq-1}; e(v) < bif v € V(R2) U (V(R1) — {za-1}),
emt(v) = cif v € (V(R3) — {z1}) U{xe-1}; em(v) < cif v € V(Ra) U
(V(R1)—{zq-1}),and ep(v) =difv € (V(R3)—{z1})U{za-1}; e(v) < dif
v € V(R2)U(V(R1)—{xa—1}). It follows that diam(G) = a, diamp,(G) = b,
diamp,:(G) = ¢ and diamp(G) = d. O
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Ky cya

¥d_cta

Figure 2.6: G

In any connected graph G, the radius and diameter are related by the
inequality rad(G) < diam(G) < 2rad(G), and the detour radius and detour
diameter are related by the inequality radp(G) < diamp(G) < 2radp(G).
But Santhakumaran et. al. [5] showed that this inequality is not true
in the case of monophonic distance. Similar to monophonic distance, this
inequality is not true in the case of mt-distance. For the graph G given in
Figure 2.7, it is clear that for any vertex v in G, 2 < e (v) < 5, epe(1) = 2
and ep(r2) = 5. It follows that rad,:(G) = 2 and diam,,+(G) = 5 and so
diamy(G) > 2rad,.(G).

T

Tg

Figure 2.7: G
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Ostrand [4] showed that every two positive integers ¢ and b with a <
b < 2a are realizable as the radius and diameter, respectively, of some
connected graph. Similarly, Chartrand et al. [2] showed that every two
positive integers a and b with a < b < 2a are realizable as the detour
radius and detour diameter, respectively, of some connected graph. Also,
Santhakumaran et al. [5] showed that every two positive integers a and
b with a < b are realizable as the monophonic radius and monophonic
diameter, respectively, of some connected graph. Now we have a realization
theorem for rad,:(G) < diam,.(G).

Theorem 2.11. For each pair a,b of positive integers with 2 < a < b,
there exists a connected graph G with rad,.(G) = a, diam,;(G) = b.

Proof. For a = b > 2, the cycle Cy42 has the desired property. For
2<a<blet C:x1,29,...,2p—qr3, 71 be a cycle of order b —a + 3 and let
P :y1,y2,...,ya—1 be a path of order a — 1. Let G be the graph obtained
from C' and P by joining the vertex y; of P with the vertices x; and xg of
C, and joining the vertex x; with every vertex ; (3 <i<b—a+2)in C.
The graph G is shown in Figure 2.8.

It is clear that dp(z1,Ya—1) = a and dp(2z1,2) < a for any vertex z in
G and s0 et (x1) = a. Similarly, it is clear that dp(Tp—a+3,Ya—1) = b and
At (Tp—qr3, ) < b for any vertex x in G and so e (Tp_qr3) = b. Also, it
is clear that a < ej(x) < b for any vertex x in G. Hence rad,;(G) = a
and diam,:(G) = b. O

o o Ha-2 Ya—1

Th_a|2

Figure 2.8: G
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3. Mt-center and Mi-periphery

Definition 3.1. A vertex v in a connected graph G is called a mt-central
vertex if emt(v) = radm,:(G) and the subgraph induced by the mt-central
vertices of G is the mt-center Cp(G) of G. A vertex v in a connected
graph G is called a mt-peripheral vertex if ep(v) = diamy,(G) and the
subgraph induced by the mit-peripheral vertices of G is the mt-periphery
Pmt(G) of G.

In [1], it is shown that every graph is the center of some connected graph
and Chartrand et al. [2] proved that every graph is the detour center of
some connected graph. Also, Santhakumaran et al. [6] proved that every
graph is the monophonic center of some connected graph. Now, we have a
similar theorem.

Theorem 3.2. Every graph is the mt-center of some connected graph.

Proof. Let G be a graph. We prove this theorem by considering two
cases.

Case 1. G = K,,.

Let H be the graph obtained from the graph G by adding the new edges
xy and uv, and joining every vertex of G with the vertices y and u. The
graph H is shown in Figure 3.1. It is clear that e,(z) = 2 if z € V(G),
emt(y) = eme(u) = 3 and ey () = eme(v) = 4. Hence V(G) is the set of all
mit-central vertices of H and so Cpe(H) = G.

B
e
B
=

Figure 3.1: H
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Case 2. G # K,,.

Let d = max {diam(G;) : G; is a component of G}. Let P; :
T1,%2,...,Zq+1 and P» : y1,Y2,...,Yq+1 be two copies of the path P of
order d 4+ 1. Let H be the graph obtained from G, P; and P» by joining
every vertex of G with z; in P; and y; in P,, and if G contains isolated ver-
tices, say 21, 22, . - - , 2k, then add two more vertices u and v, and join v with
the vertices 21, 2o, ..., 2 and x1, and join v with the vertices 21, 2o, ..., 2
and yp. It is clear that ep(z) = d+2if x € V(G) and epe(x) > d + 2 if
x € V(H)—V(G) in H. Hence V(G) is the set of all mt-central vertices of
H and so Cpt(H) = G. The graph in Figure 3.2 shows the construction of
the graph H when G = Ky U Py # Ks. a

—

oz . Ya Hd41

Figure 3.2: H

Now, we have the following observations for the mit-center of a graph
which are similar to ordinary center, detour center, and monophonic center
of a graph.

Observation 3.3. (i) The mt-center Cy,:(G) of every connected graph G
is a subgraph of some block of G.
(ii) The mt-center of every tree is isomorphic to Ky or Ko.

Definition 3.4. A connected graph G is mt-self centered if rad,;(G) =
diam(G).

Theorem 3.5. Every connected mt-self centered graph contains no cut-
vertex.
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Proof.  Since mt-center Cy¢(G) of any connected graph G is a subgraph
of some block of G, no cut-vertex lies in the center C,;(G) of G. Hence,
if G contains a cut-vertex, then G is not a mt-self centered graph. Thus,
every connected mt-self centered graph contains no cut-vertex.

Since 1 < ey (x) < p—1 for any vertex z € G, we have 1 < rad,,.(G)
p—1. The following theorem gives a characterisation result for rad,,:(G)
1 or 2 with some conditions.

I IA O

Theorem 3.6. Let G be a connected graph. Then

(1) G is mt-self centered graph with rad,:(G) =1 if and only if G = K.
(77) G is mt-self centered graph with rad,,.(G) = 2 if and only if G is either
K, (p>3) or Kp,p (m,n > 2).

Proof. (i) Let G be a mt-self centered graph with rad,:(G) = 1. If
G # Ko, then there exists a vertex, say x, in G such that e,,;(z) > 2. Since
radm:(G) = 1, there exists a vertex, say y, in G such that e;(y) = 1.
Hence e,¢(x) # emt(y) and so G is not a mt-self centered graph, which is
a contradiction.

Conversely, if G = Ko, then e, (z) = 1 for any vertex x in Ky and so
radm:(G) =1 and G is a mi-self centered graph.

(73) Let G be a mit-self centered graph with rad,+(G) = 2. Then by
Theorem 3.5, GG has no cut-vertices. If p = 3, then G = K3 has the desired
property. Now, let p > 4. If G = K,,, then G has the desired property. If
G # Kp, then we claim that G = Ky, ,, (m,n > 2). If there exists a vertex,
say z, in G with epe(z) > 3, then rad,+(G) > 3 or G is not a mt-self
centered graph with rad,,;(G) = 2, which is a contradiction. Similarly, if
there exists a vertex, say x, in G with ey (z) = 1, then rad,.(G) = 1,
which is a contradiction. Hence ey,;(z) = 2 for any vertex  in G. Let u be
a vertex in GG and let U be the set of all vertices of G with even distance
from w and let W = V(G)—U. Let u € U and w € W. If uw is not an edge
in G, then since G is connected with p > 4, there exists an u — w mt-path
with dp(u,w) > 3. Hence ep(u) > 3, which is a contradiction. Now we
claim that no two vertices in U are adjacent and also no two vertices in W
are adjacent in G. Let w1, us € U and ujus is an edge in G. Since G # K,
there exist two vertices  and y in G with zy not an edge in G. Then either
x,y €U or x,y € W. If z,y € U, then either x ¢ {u1,u2} or y ¢ {us,ua}.
If ¢ ¢ {uy,us}, then z,w;, ui,us is an z — ug mt-path, for some w; in W,
and so ep(x) = 3, which is a contradiction. Similarly, if y ¢ {u1,u2}, then
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Y, w4, U1, uz is an y — ug mi-path, for some w; in W, and so e (y) = 3,
which is a contradiction. If z,y € W, then z,u1,ue,y is an x — y mt-path
and so ept(x) = 3, which is a contradiction. Hence G = K, ,, with the
partite sets U and W. Since G has no cut-vertices, we have m and n are
at least 2. The converse is clear. a

Theorem 3.7. Let G be a connected graph of order p. Then rad,.(G) =
p — 1 if and only if G = K2 or Ks.

Proof.  Let rady,:(G) = p — 1. Then diamu+(G) = p —1 and so G is
a mi-self centered graph. By Theorem 3.5, G has no cut-vertex. If p = 2,
then G = K> has the desired property and if p = 3, then G = K3 has the
desired property. Now, let p > 4. Since G is a mit-self centered graph with
radm:(G) = p—1, epme(x) = p—1 for every vertex x in G. Let y be a vertex
in G with d¢(z,y) = p— 1, and let P be an z — y mt-path with length
dmt(x,y). Since every vertex of G lies on P and G has no cut-vertex, we
have zy is an edge in G. Hence PU{zy} is a hamiltonian cycle of length at
least 4 in G and so P is not an x —y mt-path in GG, which is a contradiction.
Hence G is either Ky or K3. Converse is clear. O

Theorem 3.8. Let G be a non-trivial connected graph. Then rad.(G) =
1 if and only if G is a star.

Proof. Let rad,:(G) = 1. Then there exists a vertex, say x, in G such
that e¢(x) = 1. If G is not a tree, then G contains a cycle, say C, of order
at least 3. If x is a vertex of C, then there exists a vertex y in C such that
dmi(z,y) > 2 and 80 e () > 2, which is a contradiction. Similarly, if x is
not a vertex in C, then there exists a vertex y in C such that dy,(z,y) > 2
and so ep(z) > 2, which is a contradiction. Hence G is a tree. If G is not
a star, then e, (z) > 2 for any vertex x in G and so rad,,:(G) > 2, which
is a contradiction. Hence G is a star. Converse is clear. O
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