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Abstract

The first Zagreb index My and the second Zagreb index My belong
to the class of degree-based topological indices which are defined for
a simple connected graph G with vertex set V. = {vy,va, -+, vn} as
M(G) =>"",d? and M>(G) = 2 vy, didy, where d; is the degree
of vertex v; and v; ~ v; represents the adjacency of vertices v; and
v; in G. The eccentric connectivity index (ECI) is a distance based
topological index, denoted by &°, is defined as £6(G) = Y1, eid;,
where g; is the eccentricity of v; in G. The aim of this paper is to
derive the inequalities between ECI and the Zagreb indices. Moreover,
we establish the inequalities between some variants of ECI and the

Zagreb indices.
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1. Introduction

All the graphs concerned in this paper are finite, undirected and sim-
ple. Let G be a graph with vertex set V' = {vj,v9, -+, v,} and edge
set £ = E(G), where n = |V| and m = |E| are known as order and
size of G, respectively. The minimum number of edges lying in the paths
connecting the vertices v; and v; is known as distance between them and
is represented by d(i,j). If d(i,j) = 1, then we write v; ~ v;. The ec-
centricity €; of vertex v; € V is defined as ¢; = max,,ev{d(i,j)}. Then,
the radius r and the diameter d of G is defined as r = min,,cy{e;} and
d = max,,cyv{ei}, respectively. Assume that the sequence of vertex ec-
centricities (e1,€9,-+-,&,) satisfies d = g1 > g3 > -+ > g, =1 > 0.
If this sequence is constant, i.e., g, = r = d, for every vertex v; in G,
then G is named as a self-centered graph. For a given vertex wv;, let
N(v;) = {v; € V | d(i,j) = 1}, then the degree d; of vertex v;, is defined as
d; = |N(v;)|. Also, the minimum degree ¢ and maximum degree A of G is
defined as 6 = min,,cy{d;} and A = max,,cv{d;}, respectively. We assume
that the sequence (dy,dsa,--,dy) satisfies A =d; >dy > -+ > d, =0 > 0.
If this sequence is constant, i.e., d; = 6 = A, for every vertex v; in G,
then G is termed a regular graph. Further, for a given vertex v;, we de-
fine S; = ZWVUJ_ d;. It is easy to observe that 62 = ming,ev{S;} and
A2 = maxvieV{S:L}.

Graph theory has contributed to the development of chemistry by pro-
viding a variety of valuable mathematical tools, like as topological indices
[28]. Molecular structures of molecules and chemical compounds are usu-
ally modeled by graphs. A unique number that is calculated from the
parameters of a graph, is declared a topological index (TI) if it correlates
with some molecular property of the corresponding molecule/chemical com-
pound. TIs are the conclusive results of a mathematical and logical pro-
cedure that converts the chemical phenomena hidden inside a molecule’s
symbolic representation into a useful number, and they have been shown
to be useful in modelling a variety of physicochemical properties in various
QSAR and QSPR studies. [8, 27].

Topological indices are generally classified into three types: degree-
based indices [4, 16, 20|, distance-based indices [3, 24] and spectrum-based
indices [17, 22, 23]. The Zagreb indices (ZIs) are among the oldest, best
known and most studied vertex degrees-based topological indices which
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were put forward in [14]. Later, they were enhanced in [15] and utilized in
the modeling of structure-property relationship [27]. The first and second
Zagreb indices M;(G) (i = 1,2) of G are respectively defined as:

Mi(G) =) di and My(G)= > did;.
=1 Vi~Uj

Eccentricity-based topological indices (ETIs) relate to the class of distance-
based topological indices which can be defined in three ways, as follows:

n

(1.1) ETL(G) =) F(e,d;),
i=1

(1.2) ETIQ(G) = iH(Q,Sﬁ),
i=1

and

(1.3) ETI3(G) = iZ(ei)
i=1

where F';, H and Z are suitably selected functions and the sum runs over
all vertices of G.

Sharma et al. [26] proposed a classical ETI, named as eccentric connectivity
index (ECI), denoted as £¢, and is defined by taking the function F' = ¢;d;
in 1.1. From the following fact: For every function 6 : [1,00) — R, we have

n

> (0(vi) +0(vy) = dif(vi),

V;~U; =1

we can write ECI as follows:

E(G) =) eadi= Y (s +¢)).

i=1 V;~Uj

ECT has been successfully utilized to build a variety of mathematical models
for the prediction of biological activities of diverse nature [13, 24, 25]. An-
other version of ECI was proposed by Gupta et al. [12], named as connective
eccentric index (CEI), represented by £, and is formulated by choosing
the function F = % in 1.1. A modified version of ECI was proposed in
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[1], called the modified eccentric connectivity index (MECI) which is rep-
resented by &, and is defined by setting the function H = ¢;5; in 1.2. The
Ediz eccentric connectivity index (EECI) was put forward in [10]. This in-
dex is symbolized by (¢ and is defined by selecting the function H = % in
1.2. Another version of ECI based on vertex eccentricities was presenteczl in
[11], called the total eccentricity index (TEI). This index is represented by
¢ and is defined by taking the function Z = ¢; in 1.3. Similar to this index,
Dankelmann et al. [5] proposed the average eccentricity index (AEI) which
is symbolized by avec and is defined by selecting the function Z = %ai in
1.3.

Das and Trinajsti¢ [6] studied the comparison between ECI and ZIs. They
investigated that for a tree T' with A < 4, £4(T') > M;(T), i = 1,2. Further,
they proved that for a graph G with A <4 and d > 7, £(G) > Mi(G).
Recently, the inequalities between some ETIs and some degree-based topo-
logical indices (other than the ZIs), have been put forward in [19]. In this
paper, we derive the inequalities between some ETIs such as ECI, CEI,
MECI, and EECI and the ZIs.

2. Some known inequalities

We will review some analytic inequalities for real number sequences before
moving on to the rest of the paper.
The following result may be found in [2].

Theorem 1. Let p; and g; be sequences of positive real numbers, then for
real constants p, q, P, and ), we have

(2.1)

nipiq@‘—ipiiqi <7(n)(P—-p)(Q—q)

where p < p; < P and ¢ < ¢; < Q, for each i, 1 < i < n, and 7(n) =
n|g (1 — 4 [%D Further, equality attains if and only if py = py = -+ =
pnand g1 =gz =+ = gn.

We find the following Diaz—Metcalf inequality in [9].

Lemma 1. Let a; and b; be real numbers for which t and T are real con-
stants such that ta; < b; < Ta; holds for each i (1 <1i <mn). Then

(2.2) DU HTS af < (E+T)Y  aibs,
=1 1=1 =1
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where equality is attained if and only if b; = ta; or b; = Ta;.
The following generalized Diaz-Metcalf’s inequality can be found in [18].

Theorem 2. Let p and q be real numbers with the condition 0 < ¢ < p <
1, p+q =1 and let wg, a; and b, be real numbers for which t and T are
real constants such that tay < by < Tay holds for each k (1 < k < m).
Then

m n m
(2.3) P Z wibi + tT Z quiai < (qt + pT) Z wragby
k=1 k=1 k=1

and equality is attained if and only if by = tay, or by = Tay.

In [21], we find the following Radon’s inequality.

Lemma 2. Ifa; > 0 and b; > 0 (1 < i < n) are real numbers, then for real
number p > 0,

2.4 PR Z<= T
=1 ‘

with equality is attained if and only if‘g—ll = Z—; =...= zﬁ;.

3. Relations between some ETIs and the first Zagreb index

In this section, we derive the relation of each ECI, CEI, MECI, and EECI
with the first Zagreb index.

Theorem 3. Let G be a connected graph having the defined parameters
n, m,d, A, r and d. Then

(3.1) £(G) < % 2m(G) +7(n)(A = 6)(d —7)]

where 7 (n) = n [§] (1 —-1 (%]) and equality is attained if and only if G
is a self-centered regular graph.
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Proof. We choose p; =d;, ¢; =¢;,,p=96, P=A, ¢g=r, and Q = d, for
which
0<d; <A and r<g <d

for each i (1 <i <mn). Then, inequality (2.1) becomes
n n n
nZdi& - Zdizei <7(n)(A—=906)(d—r),
i=1 i=1 =1

where 7 (n) =n [§] (1 —-1 (%D

Since ) di = 2m. So, we have

i=1
né’(G) —2m((G) < 7(n)(A —6)(d—r)

and the required inequality (3.1) follows.

Equality attains in (2.1) if and only if p1 = p2 =--- =p, and ¢ = q2 =
-+ = ¢p. This means that equality attains in (3.1) if and only if d; = § = A
and €; = r = d, for every vertex v; € V. This is equivalent to G being a
self-centered regular graph. O
In [7], we find the following relation between the average eccentricity and
the first Zagreb index.

Theorem 4. Let G be a connected graph with the defined parameters n
and m. Then

(3.2) avec(G) < \/MI(G) + n® — 4mn

with equality is attained if and only if G =2 K,, or G is isomorphic to a
unique (n — 2)-regular graph.

Corollary 1. Let G be a connected graph having the defined parameters
n, m, 6, A, r and d. Then

n3—4mnn+M1(G) N T(:)(A—(S)(d—r)

33)  £(G) < 2m\/

where T (n) = n[%] (1 -4 [%]) and the equality attains if and only if
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Proof. The relation between TEI and AEI, for a connected graph G
with order n, as follows:

With this, (3.2) becomes

From (3.1) and (3.4), we get

n3—4mnn+M1(G) N T(:)(A—(S)(d—r)

£(G) < 2m\/

where 7 (n) =n [§] (1 —127).

Since every Complete graph K, is a regular self-centered graph, whereas
(n — 2)-regular graph may not be a self-centered graph. Therefore, from
(3.1) and (3.2), equality attains in (3.3) if and only if G = K. O

Theorem 5. Let G be a connected graph having the defined parameters
n, §, A, r and d. Then

_|_
~ Ad+0r | (¢(G))?
and equality attains if and only if G is a self-centered regular graph.

n3 T
(3.5) £(G) > — 20rd L >]

Proof. We take a; =d;, b; = é, t= Aidv and T = 5—174, for which

1 b; 1
< e
Ad ~ a; — Or
for each i (1 <4 <mn). Then, inequality (2.2) takes the form
n 1 n

1 5 1 1\ d
(3.6) 22t ags i (A_cﬁa_r) 2

i=1 i=1

For a; = 1, b; = ¢; and p = 2, the inequality (2.4) becomes

n 3
(3.7) an 1 <H 1>

(5=)
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From (3.6) and (3.7), it implies that

IN

<~§:11>3 1 Ad+ or
0 MG ( Ador >€C€(G)’

n? 1 Ad+0TY e
e @ = (T ) €@,

and the desired inequality (3.5) is achieved.

Equality holds in (2.2) if and only if b; = ta; or b; = T'a;, for 1 < i < n. This
implies that equality attains in (3.6) if and only if d;e; = Ad or d;e; = dr, for
every vertex v; € V, i.e., d;e; = ¢ = constant, for every vertex v; € V. Also,

equality attains in (2.4) if and only if % = ‘g—i == 3*. This means that
equality attains in (3.7) if and only if é = ¢y = constant, for every vertex
vy € V. Let v;,v; € V, then die; = dje; and i = % = ¢&; = ¢j. Then,

equality attain in (3.6) and (3.7) if and only if &; = €; = ¢3 = constant and
dic3 = djc3 = d; = dj. Finally, we conclude that equality attains in (3.5) if
and only if G is a self-centered regular graph. O The
following Corollary of Theorem 5 can be proved by the similar arguments,
presented in Corollary 1.

Corollary 2. Let G be a connected graph with the defined parameters n,
m, 0, A, r and d. Then

n?Aérd
n(n? —4m) + Mi(G)

1
ce >
&G 2 Ad + or

+M1(G)]

and equality attains if and only if G &£ K.

Theorem 6. Let G be a connected graph with the defined parameters n,
0, A, r and d. Then

(3-8) £(G) <

SE R

MiUG)C(G) +7(n) (A% = 6°) (d )],

where 7 (n) = n [§]

/N

1-4 [%1) and equality attains if and only if G is a
self-centered regular graph.
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Proof. We define p; = S;, ¢; =i, p=6%, P=A?% g=r,and Q = d,
for which
(52§S:L§A2 and r<g; <d

for each i (1 <i < n). Then, from inequality (2.1), we have

(390X S -8 > e < r(m) (42— 82) (@)
i=1 i=1 i=1

where 7 (n) =n [§] (1 —1 (%])
It is easy to observe that

(3.10) M, (G) = idf = ans
i=1 =1
From (3.9) and (3.10), we have
né&(G) — Mi(G)((G) < 7(n) (A% = 62) (d — 7).

and we obtain inequality (3.8).

Equality attains in (2.1) if and only if p; = pe = --- =p, and ¢ = ¢2 =
-+ = ¢p. This implies that equality attains in (3.8) if and only ifg; =r =d
and S; = 62 = A2, for every vertex v; € V. This is equivalent to G being a
self-centered graph and d; = § = A, for every vertex v; € V. Consequently,
equality attains in (3.8) if and only if G is a self-centered regular graph.
O

By the similar arguments presented in Corollary 1, the following corollary
of Theorem 6 can be proved.

Corollary 3. Let G be a connected graph G having the defined parame-
ters n, 6, A, r and d. Then

(G) +n® —4mn N 7(n)
n n

£(G) < M1<G>\/ - (4% =0%) (@=),

where 7(n) = n[§] (1 -4 [5]) and equality is attained if and only if

G=K,.

Theorem 7. Let G be a connected graph having the defined parameters
n, §, A, r and d. Then

. 1 n3 Mi(G)
(3.11) Ece(g) > A+ | (@) + 1n ] 7

where equality is attained if and only if G is a self-centered regular graph.
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Proof. We choose a; = S;, b; = %, t= A_12d= T = %, for which

for each i (1 <i < n). Then, inequality (2.2) becomes

312 S b st e (g )2
' e2 ' A2 &= T \AM T ) S

i=1 i=1

For a; = S;, b; = 1, and p = 1, inequality (2.4) becomes

(3.13) » 5t >

From (3.7) and (3.13), inequality (3.12) becomes

(é?)3+ 1 Q2502<<A”+5%>%ﬂex

no \?  A2dé%r (& A2d52r
<Z¥161) (i—l )

n’ 1 (Mi(G)? (A2 4%
(C(G))2 " AZdo?r n = ( A2d52r > ¢(G),

and we achieve the required inequality (3.11).

Equality attains in (2.2) if and only if b; = ta; or b; = Ta;, for 1 < k < n.
This means that equality holds in (3.12) if and only if S;e; = A2d or
Sie; = 8°%r, for every vertex v; € V, i.e., Sig; = ¢ = constant, for every
vertex v; € V. Let v;,v; € V, then Sie; = Sje;. Also, equality attains in

(2.4) if and only if %} = %;{ =... = %ff' This implies that equality attains
in (3.13) if and only if S; = ¢; = constant, for every vertex v; € V.

Thus, equality attains in (3.12) and (3.13) if and only if S; = ¢; and
cig; = c1€j = €; = €. We have already proved in Theorem 5 that equality
attains in (3.7) if and only if G is a self-centered graph. Finally, we conclude
that equality attains in (3.11) if and only if G is a self-centered regular
graph. O From the similar arguments given in Corollary 1, the following
Corollary of Theorem 7 can be proved.
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Corollary 4. Let G be a connected graph G having the defined parame-
ters n, m, §, A, r and d. Then

1 n? n M (G)
A%2d 4+ §%r | n3 —4mn + Mi(G) n ’

F¢(a) >
where equality attains if and only if G =2 K.

4. Relations between some ETIs and the second Zagreb index

In this section, we establish the following relations: between ECI and the
second Zagreb index, between CEI, MECI, and the second Zagreb index,
and between ECI, EECI, and the second Zagreb index.

Theorem 8. Let G be a connected graph having the defined parameters
6, A, r and d. Then

&(G) drd M>(G) d r
(4.1) AR gf(G) <2 <5—2 + F)

and equality attains if and only if G is a self-centered regular graph.

Proof. Let G be a connected graph with size m. For each edge ey,
incident to the vertices v; and vj, we define a, = d;d;, by, = €;+¢;, wi, =

1
didj7

t= AQ, and T = ggl, for which
2 b _csite A
AZ — ag didj - 52
for each k (1 < k <m), and by taking p = g = %, inequality (2.3) becomes

(42) > (gzjdgj ﬁggz > did <2r ig) > (eitey).

VU V;~U; Vi~Uj

Also, we define ar, = ¢; + ¢; and b, = d;d;. By taking p = 1, inequality
(2.4) becomes

2
> (eitegj)
N )

(4.3) Z didj] > S .

Vi~U;

V;~U;
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From (4.2) and (4.3), we have

2
(.5, @)
V;~U; 4rd d c
St a @) <2 (ﬁ +32) €16

VU

€(G)* , drd
My(G) | A2

Ms(G) <2 (5% + é) £(G)

and we obtain the required inequality (4.1).
Equality holds in (2.3) if and only if b; = ta; or b; = T'a; for 1 < i < n. This
implies that equality attains in (4.2) if and only if either 2rd;d; = A%(e;+¢;)

or 2dd;d; = §2(g; + ¢;) for every edge of G, i.e., E‘ffgj = ¢ = constant, for
€ite€; _

every edge of G. Also, equality attains in (4.3) if and only if —— c1 =
idj

constant, for every edge of G. Let v;,v; be vertices adjacent to vertex v,

. did; d;d d; i
that is v; ~ v; and v; ~ vy, then 5i+;j = 5i+<;t = Ehjgj = ai(-iktet‘ This
implies that equality attains in (4.2) and (4.3) if and only if dj = d; = ¢ =
constant and ﬁa = ;‘f&g =& +¢e;=¢+¢e = €j=¢. Hence, equality

attains in (4.1) if and only if G is a self-centered regular graph. O

Observation 1. Let G be a graph. From the definition of My(G), it is
easy to observe that

1& 1 &
(4.4) MyG)= Y didj=35>"di Y. dj=5) diSi
ey i=1  v;EN(v;) i=1

Theorem 9. Let G be a connected graph G having the defined parameters
n, §, A, r and d. Then

S Ad
— 2n (A3d? + §3r2)

(45)  Ma(G) [(€(G)) + A6 (rde™(G))]

and equality is attained if and only if G is a self-centered regular graph.

Proof. We take a; = %, b; =¢5;, t= TZA‘SQ, and T = #;Az, for which

7“252 bz‘ €Z2Sz d2A2
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for each i (1 <i < n). Then, from inequality (2.2), we have

n 2¢2 12A2 1 AN 2 252 2 A2 n
S (e5)? + = 5Ad5A Z(% g(% dA)ZdS

i=1 i=1 \Ci

From (4.4), we have

" d; A3d? + 5312
4 22 ( > < oMy (@) [ ALY
For a; = ¢;S;, b; = 1 and p = 1, inequality (2.4) becomes
2

n (2 EiSz'>
(4.7) (e = ~E

i=1 > 1

i=1

Also, for a; = %, b; = 1 and p = 1, inequality (2.4) becomes

n o \?2
(48) 3 (ﬁf > @

i=1 \Ci

From inequalities (4.6), (4.7) and (4.8), we have

(L) (£2)
NEL 2 P2@PASEL 2

7 1 < oMy(Q) (W) |
> 1 Z
i=1 =
2 ce
G | s EUG) ) (M)
n n AS

and here we obtain the desired inequality (4.5).

. 305

Equality attains in (2.3) if and only if b; = ta; or b; = TaZ for 1 <k <n.

This means that equality holds in (4.6) i % or i —
2g.
d2A , for every vertex v; € V, i.e., 6’&“_91 = ¢ = constant, for every vertex

v; E V Also, equality attains in (4 7) if and only if ;5; = ¢; = constant,
for every vertex v; € V. Further, equality attains in (4.8) if and only if

d;

=L = cg = constant, for every vertex v; € V. By combining ¢;S; = ¢
1
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and 4 = ¢9, we have S;d; = c3 = constant, for every vertex v; € V.
We clalm that G is a regular graph. For otherwise, d; # d;, for some
vertices v;,v; € V. Also, by the definition of S;, S; > d; for every vertex
v; € V. For d; # d;, we have S; > d; and S; > d;. This implies that
Sid; # S;d;, i.e. S;d; # constant. This contradicts to the given statement
that S;d; = c3 = constant, for every vertex v; € V. Hence, G is a regular

graph. So, d; = ¢4 = constant and S; = c2, for every vertex v; € V. Then,
25 2 2

= Cc= —T = ¢ = g; = ¢ = constant, for every vertex v; € V. Finally,
we conclude that equality attains in (4.5) if and only if G is a self-centered
regular graph. a

Theorem 10. Let G be a connected graph having the defined parameters
n, §, A, r and d. Then

(4.9) My(G) < 2i [ECC(G)§C(G) + %L)(Ad ~ o) (A% - 527«)]

where 7 (n) = n [§] (1 —1 [%1) and equality attains if and only if G is a
self-centered regular graph.

Proof. We define p; = 1_, ¢ = &idy, p = 62 , P = ATQ, q = rd, and
Q@ = dA, for which

52 A?

— <pi<— and 76 < ¢ <dA

d T
for each i (1 <i < mn). Then, inequality (2.1) takes the form

A2 52

nZdS Z Zezd <7(n <__E> (Ad — or)

where 7 (n) =n [§] (1 - (%D
From (4.4), it follows that

2mM>(G) — E¢e(G)E(G) < 7{ d) (A% - &%) (Ad - or)
and the desired inequality (4.9) follows.
Equality attains in (2.1) if and only if p; = po = -+ = p, and ¢1 =
g2 = -+ = qp. This implies that equality attains in (4.9) if and only
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. . 2 2 .
if % = % = AT and g;d; = rd = dA, for every vertex v; € V, ie.,
1

% = ¢ = constant and ¢;d; = ¢; = constant, for every vertex v; € V.
Bzy combining, we have S;d; = co = constant, for every vertex v; € V.
This implies that G is a regular graph, i.e., d; = ¢3 = constant. Also,
gd; = c1 = g;c3 = ¢1 = €; = ¢4 = constant, for every vertex v; € V.
Hence, we conclude that equality attains in (4.9) if and only if G is a

self-centered regular graph. O
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