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1. Introduction and Preliminaries

Let B,, be the open unit ball of C", n > 1, with respect to the euclidean
norm, i.e.

n
B, - { = (e1reeszm) € O 2B = 3 Janl? < 1}.
k=1

We simply write D for the unit disk in the complex plane. We denote
H(B,,, C%) the set of all analytic functions from B,, to C¢, and H*(B,,, C?%) =

{f € HB,, CY : |Iflleo < oo} the set of bounded analytic functions, where
|-l is the supremum norm. If d = 1 we denote H(B,,) for H(B,,, C') and

H>(B,,) for H*(B,,,C!). Let v : B,, — (0;00) be a positive continuous

and bounded function on B,, (weight function). A weight v is called typical

if it is radial. We shall consider weights of the form v(z) := v(|z|) for every

z € By, and satisfying lim,|_,;- v(2) = 0. In [13], W. Lusky studied the

corresponding function spaces on the open unit disc D of the complex plane

C and introduced a large class (B) of radial weight functions v. In [14], W.

Lusky and J. Taskinen have generalized the weight class (B) to the case of

several variables. Let ¢ € H(B,,, C?%), ¢ # 0, The linear operator

M,: H(B,,C% — H(B,,C%
f:(f1>"'afd) L SOf:(Slelw--aSOdfd)

is called a pointwise multiplication operator.

The study of pointwise multiplication operators between different spaces
of analytic functions have quite a long and rich history. Thus, many prop-
erties of multiplication operators have been investigated, see, e.g., [4, 5, 17].

Throughout the following, we will study multiplication operators that
act on the weighted Banach spaces of holomorphic vector-valued functions
given by

HX*(B,, C?) := {f € H(B,,C% : |fllo = sup v(2)[|f(2)]]2 < 00},
and

H}(By,C%) := {f € H(Bn, CY) : ||fllo = lim v (z)]f(2)]l2 = 0}

ll2:|
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endowed with the norm ||.||,. Spaces of this type appear in the study of
growth conditions of analytic functions and have been studied in various
articles, see, e.g., [8, 17]. The space H?(B,,C?) is a closed subspace of
H(B,, C%).

Let z € By, the evaluation function d§, : H°(B,) — C defined by
3.(f) = f(2) is linear and continuous (4, € (H°(B,,))’. Moreover, one can

S
show that |4,(f)| < % Also, §.(f) € (HY(B,))'".

(2

Let X be a locally convex Hausdorff space. The space of all continuous
linear operators on X by £(&X'). The weak topology of X will be denoted
by o(X,X’), where X’ is the topological dual space of X. If L(X) is en-
dowed with its strong operator topology (respectively with the topology of
uniform convergence on bounded sets of X') we denote L(X) (respectively

Ly(X)).

Given T' € L(X), we denote the Cesaro means of T' by
T = L iTk, n e N*.
"=
The following well-known equality can be checked easily

n—1

1, )
(1.1) ET = T[n] — T[nfl]a n € N¥,

where Tjg) = [ is the identity operator on X'

We say that the operator 7' is mean ergodic (respectively uniformly
o0

mean ergodic) if the sequence {T[n}} | converges in Ls(X) (respectively
n=

in £y(X)).

We say that the operator 1" is power bounded if there is C' > 0 such that

sup ||| < C.

neN
For more information on the ergodic theory, we refer the reader to the
monograph [9]. For other interesting articles related to this topic see
[5, 7, 10, 11, 12].
In [9, Ch II., Theorem 1.1.], U. Krengel characterized the mean ergodic
operators. In the present paper we will extend this result to the case of
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a d-tuple of commuting multioperators acting on a Banach space. Also,
[9, Ch II., Theorem 1.1.] will be extended to the d-tuple of commuting
multioperators case.

In [4], the authors characterized when the multiplication operator is Fred-
holm or is an isomorphism. In [5] J. Bonet and W. Ricker investigated
the connection between power boundedness, mean ergodicity, and uniform
mean ergodicity of multiplication operators acting on weighted spaces of
holomorphic functions on the complex unit disc. Also, they characterized
when multiplication operators are power bounded or (uniformly) mean
ergodic on these spaces. Multiplication operators on weighted spaces of
vector-valued functions have been studied, [17], vector-valued holomorphic
functions in [1], weighted spaces of vector-valued functions in [2, 3] and
weighted spaces of holomorphic functions of several variables in[14]. In the
present paper, our goal is to study when holomorphic multiplication oper-
ators on a weighted Banach space of holomorphic vector-valued functions
are power bounded, mean ergodic, or uniformly mean ergodic.

If now T = (Ty,T3,...,T;) € L(X)? is a commuting multioperator
(briefly, a c. m.) we also set
(1.2) T[Oé} = Tl[al]TQ[a2] .. 'Td[ad}v (e WS Zi, a > e,
where Zﬁ is the family of multi-indices of length d (i.e. d-tuples of non-
negative integers) and e := (1,1,...,1) € Z4. In other words, (1.2) defines

the averages associated with T

Given a d-tuple T' = (11, ...,Ty) of operators on a Hilbert space H, the
joint operator norm of T is defined in [6] as:

1
2

1
d 2
17| = sup (Z IITkl’H2> w e M, [zl =10 =
k=1

d
D T
k=1

Definition 1. [15] A c.m. T € L(X)? is said to be Cesaro quasi-bounded
if the sequences

(H o]

i#] )a1>1,---,a31>1,Otj+1>17---0td>1
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are bounded in L(X). If in addition the limit

lim T[a]

V—00

exists in the uniform (resp. strong) topology of L(X), then T is said to be
uniformly mean ergodic (resp. mean ergodic).

Acm T = (T1,Ts,...,Ty) € L£(X)? is said to be power bounded
multioperators if there exists a constant M such that

(1.3) || = ||tz g <
for each k = (ky, ko, ..., kq) € N¢
Remark 1. 1. If T1,T5,...,Ty are power bounded commuting opera-

tors, then T' = (T1, T, ..., T,;) is power bounded multioperators. The
converse is not true, in general. Indeed, if T1 = 0 and T5 is bounded
but not power bounded, then T' = (T1,T5) is, though, power bounded.

2. IfT=(,...,1,7T,I,...,I). Then T is power bounded multiopera-
tors if and only if T} is power bounded.

2. Main results

We will start this section by proving the following lemma which extend the
formula (1.1) to a commuting multioperator.

Lemma 1. Let T = (T1,Ts,...,Ty) € L(X)? be a c. m., then

Oéj—l

1, o
(2.1) — 177 =Ty —

Toot,
aj a;j [a—e;]

forall j =1,...,d, where
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Proof. Let j€{1,...,d} be fixed, then

a; —1 d a; —1
Ty = ~—Tlae;; = ]I Thar1 — = (HTk[akl)'Tj[aj_l]

A U \kA

d a; — 1
= H Tyjay) — Jaj (H Tk[%])

k=1 k#£j
1 & o
. Tk _ 7%
aj—1 <;§6 S )
— iT?‘J‘
aj J

d

Lemma 2. Let T = (Ty,T3,...,T;) € L(X)? be a c. m. such that
ker (I —T;) =0 for each j =1,...,d, and

iT‘?‘j
Oéj J

lim =0, forallj=1,...,d.

Then, the following assertions are equivalent
1. I —1Tj,) is surjective for some a € N¢;
2. I —Tj is surjective for all j = 1,...,d;

3. limg— 00 HTM H =0 (T is uniformly mean ergodic).

Proof. 3.= 1. Since lim,_ HTM H = 0, thus there exists & € N? such

that HT[Q]H < 1. Hence, I —T,) is an isomorphism and, in particular, it is
surjective.

1. = 2. Let y € X, then, by 1., there exists x € A such that (I — T[a]) T =
y. A simple computation using the mutual commutativity of T1,...,T;
shows that

Q

yz(f—T[al)l“:ﬁ(f—?})-Hi (a]ZlZTﬁ)
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and I — Tj is surjective for each j =1,...,d.

2. = 3. For each j = 1,...,d, we have I —Tj is injective by hypothesis
and it is onto by 2., and it is continuous. Applying the open mapping
theorem (I —T}) is continuous for each j =1,...,d. Let B the closed unit
ball of X, then E = H;-l:l (I - Tj)le is bounded. Thus, by using the
mutual commutativity of T1,...,T}, we get

[t = swpltioc] = sup| Tl 02 7

FASE) j=1

mMﬂHI(ﬂWH %lel Tt

= sup

{1201 H

)

IN

1l

).

where C' = sup,z ||z||. Therefore, by hypothesis, lim,— HTM H =0. O

< CH(

In the strong ergodic theorem [9, Ch II., Theorem 1.1.], U. Krengel
characterized the mean ergodic operators. In the following theorem, we will
extend this result to the case of a d-tuple of commuting multioperators.

Theorem 1. Let T = (11, Ty, ..., Ty) € L(X)? be a d-tuple of commuting
Cesaro bounded linear operators. For any x € X satistfyinglim,, .o O%TZO‘Z:E =
0 foralli=1,...,d, and any y € X the following assertions are equivalent

(i) Tiy=yforalli=1,...,d, andy € co{z, [[;cpr Tz, oy € N, A C {1,...,d}};
(i) y = lim, Tjo)z;
(ii)) y = w — Tioya;
(iv) y is a weak cluster point of the sequence (T[a]:v>.
Proof.  One can show that (i1) = (ii1) = (iv). For (i) = (i7), since
11,75, ...,Ty are commuting Cesaro bounded linear operators thus (T[a])
is a bounded sequence. Set M = sup,, HTMH For e > 0, (¢) implies that

there exists an operator S € co{[];ep T;", cs € N, A C {1,...,d}} such
that
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(2.2) ly — Sz < e.

For each k = (ki,...,kq) € N% each a = (a1,...,aq) € N and each
A C{1,...,d} we have

1 a;—1 L d 1 a;i—1
ki _ ki+
To) [T = Tz = [ (Mg [T = 22 T =11 — > =
i€A igA ieA Tt j=0 i=1 " j=0
Since limg, 00 aiZTlal =0foralli=1,...,d and a:ﬁj — 1. Hence,

for a large enough «, we get

< €.

k;
HTM [[(T)"z - Ty
ieA

As S is a convex combination of finitely many [[;cx 77" and the set
{z € X: ||z|| < €} is convex, thus there exists 8 = (B1,...,H4) € N? such
that

(2.3) HTMSJJ - T[a]xH <e€, forall a>f.

Since T;y = y for all ¢ = 1,...,d, hence Tj,)y =y for all . Thus, for
a > [ and by using (2.2) and (2.3), we obtain

(2.4)Hy — T[Q}$H < HTM(y — S.’L’)H <+ HTMSx — T[a]a:H < Me—+e.

(tv) = (¢) By Mazur’s theorem, any closed convex subset of X is also
weakly closed. The weak cluster point y of the sequence (TMJJ) of convex
combinations of z, [[;cp T7 'z, o € N, A C {1,...,d}. Therefore, y €
co{z, [Liea Tz, 0y e N, A C{1,...,d}}.

We will show that Ty =y for allt =1,...,d. Let h € X* be arbitrary and
let € > 0. By the above part of the Proof we have T;T|,z — Tjqjz — 0 as
n — oo for each ¢ = 1,...,d. Then, for large enough a € N, we get

(2.5) )(Eﬂa]x — T[a].’IJ, h>‘ < €.



Ergodicity of commuting multioperators and holomorphic ... 991

As y is a weak cluster point of the sequence (T[a]m>, there exist arbitrary
large values of « such that

(2.6)‘<y, h) — (T, h>\ <e¢ and ‘(y, Trh) — (T, Tjh)) <e

Using the estimates (2.5) and (2.6), one can see that

+ ’<T[a1fﬂ7 T h) — (y, T;‘h>] < 3e.

The result derive from the fact that € and h are arbitrary. a

We shall introduce some notations which we will use to extend [9, Ch
II., Theorem 1.3.] to the case of d-tuple of commuting multioperators (see
Theorem 2 below).

Ko = Xe(T) = {2 € X : lim Tjgy exists |

Clearly, if T; is Cesaro bounded for each : = 1,...,d, A}, is a closed linear
subspace of X. T is called mean ergodic if X = X}, Set

Fi=FT)={zxeX :Tix=z}, Ni={o-Twow:zecX}=(1-T)X
Fr=F(T7):={he X* . Trh=h}, N:=(I—TF)X*

Theorem 2. Let T = (T1,Ts,...,T;) € L(X)? be a d-tuple of commuting
Cesaro bounded linear operators, and assume that lim,, . Q%Tza’x =0
holds for allz € X and eachi =1,...,d. Then X, = cl (3° N;)®NF;. The
operator E assigning to x € Xpe the limit Ex := lim T,z is the projection
of Xy onto NF;. We have E = E> = T;FE = ET, for eachi=1,...,d. For
any z € X the following assertions are equivalent

(i) lim Ty 2 = 0;
(ii) (z,h) =0 for all h € NF};

(iii) z € cl (35 N;).
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Proof. One can show that F; and N; are linear subspaces. then, also
cl (3° N;) and NF; are linear subspaces. We start by verifying

cd (X N;)NNE; = {0}: For e > 0 and z € ¢l (3 N;) N (NF;) there exists u
such that ||z — 2% (u — Tju)|| < . Thus

d
‘ T (z — Z(u - T,u))

i=1
Now, by using T,z = z and Tjy S (u—Thu)) — 0, we get ||z]| < Me+e.
By the same technical, we find ¢l (3° N;) \NF* = {0}.
Let x € Xpe. Then, by Theorem 1, Ex € NF;. Thus z = x — Ex satisfies
(4)-
(1) = (1) Let h € NFY, then h =T, h for all o, thus

< Me.

(z,h) = <Z,T[’&]h> = <T[a]x,h> — 0.

(i) = (4i7) Assume that z ¢ cl (> N;), then there exist, by Hahn-
Banach theorem, h € X™* such that (z,h) # 0 and (y,h) = 0 for all
y € c (X N;). In particular, (u — Tyu,h) =0 for u € X and i = 1,...,d.
Hence (u,h —T;h) = 0 for all w and ¢ = 1,...,d. This implies h € NF},
which is a contradiction to (z,h) # 0.

We have proved X, C NE; @ cl (3 N;). It is clear that NF; C X, then
the opposite inclusion will follow from (i73) == (i): For any u € X’ we have
Tio)(u—Tyu) = o™ Hﬁ# Tia,) (v — T;*u) and this tends to 0,4 = 1,...,d.
Thus, all z € cl (30 N;) satisfy Tj,z — 0. But the set of z with this prop-
erty is closed because T; is Cesdro bounded for all ¢ = 1,...,d. As F is
the projection of NF; @ ¢l (3" N;) on NF; and the elements of NF; are fixed
under 7T} the identities E = E? = T,E are clear. E = ET; follows from
Ty (x — Tijz) — 0. O

In [12, Theorem 5.], H. P. Lotz proved that for a Grothendieck space
with the Dunford-Pettis property one can replace the strong by the uniform
operator topology. In the following theorem, we will extend this result to
the case of d-tuple of commuting multioperators by using many tools like
the Taylor spectrum, [16, Ch. IV., Definition 1.].

Theorem 3. Let X' be a Grothendieck space with the Dunford-Pettis
property, let T = (T1,Ts, ..., Ty) € L(X)? be Cesaro quasi-bounded with
lim,, oo HQ—IJTJ% ’ =0, forallj=1,...,d. Iffor every x € X, the sequence
(Tjo)w) is relatively weakly compact, then the means T}, of T' converge in
the uniform operator topology.
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Proof. By the strong ergodic theorem (Theorem 1), the sequence (T[a]>
converges in the strong operator topology to a projection £ with Tj,E =
E = ET, for all multi-index o € N¢. Let

1 ap—1 ‘
falz) = H - 2oy

=1 &k G2

then Tj,) = fo(T). Set S = (11 — E,...,Ty — E) and Sj4) = fa(S). Then

« T - F
sl _ 1T —El

Sia) = Tjo) — £ and lim 7
[le=1on @ Ilk=10%

«

0.

Since S|, tends to zero in the strong operator topology, it follows from [12,

Lemma 1.] that (i) of [12, Theorem 2| holds and that (S[’a]> = (fa (9)
tends to zero in the weak operator topology. Then, by applying the strong

/
(o

also (i) of [12, Theorem 2] holds and we deduce that limr (S[QO = 0.
Hence 1 ¢ o (S[a]> = 0 (fa(S)) for a multi-index « sufficiently large. Since

fa(e) = 1 for all & € N? thus, by the spectral mapping theorem, e ¢
o(S). Hence, by [16, Ch. IV., Definition 1.] (see also [18]), there exist
Ly,...,Lg € L(X) such that

ergodic theorem, (S ]> tends to zero in the strong operator topology. Thus

Xd:(I—Si)Li:I.

i=1
Thus
d d 1 d
S[a] = S[a] Z (I — SZ) L, = Z ; (I — Sia’) H S[ak]Li-
i=1 i=1 " ki

Therefore, the operator S|, converges in norm to zero, which of course

means that (T[a}) converges to E in the uniform operator topology. O

In the following, our aim is to study the holomorphic multiplication
operators and giving under which conditions these operators are power
bounded, mean ergodic, uniformly mean ergodic, respectively.
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Let My, = (My,, My,,...,M,,) € L(HZ(B,))? be a multioperator of

multiplication. It is known that the adjoint of M, is
t _ t t t
M. = (ML, ML, ME).

In the following, the multiplication operators M, = (M, M,, ..., My,)
on HX(B,,, C%) and HY(B,,, C%) will be denoted by Ty, = (T\p,, Tipys - - -, Tpy)
and Sy, = (S, S0, -, 54,), respectively, such that T, := Pi|H (Bn)
and S, = M‘Pi|H8(Bn)’ 1=1,...,d.

First, we need some auxiliary results. In case n = 1 the following two
Lemmas have been proved in [5]. We will show them here for n-tuple of
operators.

Lemma 3. Let ¢ = (1,02, ...,pq) € H(B,,C?). If
Ty = (Tpy, Ty, Typ,) € LIHZ (B, CY)), then p € H®(B,,,C?%). The
same holds if S, € L(H?(B,,, C?)).

Proof. We will use the adjoint operator. Let z = (z1,...,2,) € B,
fixed, then for each f € HS°(B,,), we have

(TL02), ) = (0, 0if) = i) [ (2) = (i(2)8:)(f),

for all = 1,...,d. Then we obtain TQf)i((Sz) = ¢i(2)0,, 1 =1,...,d. Since
T, is continuous, thus Tiw, is also continuous. Hence,

o1 (2)PN0:112 + - -+ lpa(2)PN0:12 = ler(2)8:]12 + - .. + [lpa(2)d:]?
ITL, (N7 + ... + 1T, (82)]1?
ITE P06 + - .- + 1T, 1711621,

A

hence, [lp(z)[l2 < [|T5]| for all 2 = (z1,...,2,) € By Therefore, ¢ €

H>®(B,,C% for alli=1,...,d.
By the same technical we prove that the result holds for S,,. a

Lemma 4. If ¢ = (¢1,¢2,...,0q) € H®(B,, C?), then
Ty = (Tpy, Ty, Tp,) € LIHP(B,,CY) and S, € L(HI(B,, C?)).
Moreover

1Tl = llelloo = [[Sp]l-
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Proof.  We will show that ||S,|| < [|T5]] < [|@llo < [|S4]]- It is easy to
show that

T, T,
1Sl =  sup  Medlo o Ml

ferdBn,cd) Iflle ™ rerpeBa.coy ISl

= 1T |l-

Then, ||S,|| < || T,||. Now, let us show that ||7,| < [|¢|/ecc. We have

[Toll = sup [Tofllo= sup [lofllv= sup sup v(z)le(z)f(2)]|
I fllo=1 [l £llv=1 I fllo=12€Bn
< sup |p(2)| sup sup v(z)|f(z)]
z€B, Ifllv=12€B,
= sup [p(z)| sup || fllv = [l¢lloo-
zebg, |f v=1

Thus, the continuity of the operators. Finally, we check the last in-
equality. Let z = (21,...,2n) € By, and using the adjoint operator Sfp
of S,, we have, by the same technical of the second part of the Proof of
[5, Lemma 2.1.], [|Sy,|| > |pi(z)| for every z = (21,...,2n5) € By. Thus,
1Sl > [[o(2)]l2 for every z = (21,...,2n) € By. Hence [lp[leo < [1S,],
which complete the proof. a

In the following, our main interest is to know the properties of iterated
operators.

Remark 2. From the Lemma 4 and the identities

(27) ng = TSZ;“ e T;Zd = T(p;nl e ngnd - Tgp;nl...(p;nd - T¢m>

and

(2.8) SZL = ngll . S(Zfid = Sapznl...gagld = Swm’

for every m = (mi,...,mq) € N% where ¢ = " ... and for

@i Z 0 we will use the notation ¢Q = 1. It follows that, for every m =
(ma,...,mg) € N% we have

d

IZZ0 = lle™lloo = TT lleilloe = 151
i=1
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For ¢ = (¢1,92,...,04) € H®(B,)%. It is easy to show that if there
exists ¢ € {1,...,d} such that ¢; = 0 then T, (respectively S,) is power
bounded even if the T, (respectively S,,) are not all power bounded opera-
tors. In the Proposition below, we will characterize the power boundedness
of multioperators of multiplication acting on H3°(B,,) and H(B,,).

Proposition 1. Let ¢ = (1,02, ...,pq) € H®(B,,)? such that ; # 0 for
each i =1,...,d. Then, the following assertions are equivalent

(1) ||pilloo <1 foreachi=1,...,d;
(2) T, € LIH(By))? is power bounded;
(3) S, € L(HY(By,))? is power bounded;
(4) T,, € L(H°(By,)) is power bounded for each i =1,...,d;

(5) S, € L(HY(B,,)) is power bounded for each i =1,...,d.

Proof. For (1) = (2) and (1) = (3), it suffice the using Remark 2. For
(1) & (4) < (5), by the same technical of the proof of [5, Proposition 2.3.].
Now, we will prove (2) = (1). Let i € {1,...,d} be arbitrary and let
m € N fixed. Consider s = (sy,...,84) € N? such that s; = 0 for j # i
and s; = m. then, by using Remark 2, we have

d
leil % =TT llesll% = llellse = 1731 < sup || T4
j=1 keNd

Since T}, is power bounded, supycna [|T5]| < oo, thus [|¢lle < 1 for each
i=1,....d.

A similar argument yields (3) = (1). O
Let ¢ = (01,99, -.,04) € H®(B,,C%. Then for each f € HX(B,)
and every a = (ag,...,aq) € N% we have
IONRS

(2.9) ((Tg,)[a}f) (2) (¢(2))* for each z € By,

— Td
e @i 5=

where,
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(a) d o

(2.10) @)k =] §<wi<z>>k.

(k)=(1) i=1 k=1

Moreover, if @;(z) # 1 for all i = 1,...,d, we obtain

(2.11) ((Tcp)[a]f) (2) = szzl %ﬂz) ?:1 %, for each

z€ By \ker(1—¢;),i=1,...,d.

It is well known that mean ergodicity does not imply power boundedness
in general [7, §6]. But, it does for multiplication operators in weighted
spaces of holomorphic functions, d = 1 in our notations, see [5]. In this
paper we prove that this result holds for multioperators of multiplication
acting on H>°(B,,) and HY(B,,).

Proposition 2. Let ¢ = (o1, 92,...,04) € H®(B,, C%). If

T, € L(HX (B, C%)) (respectively S, € L(H)(B,,, C%))) is mean ergodic,
then T, (respectively S,) is power bounded.

Proof.  Since T, is mean ergodic. Thus, by Lemma 1, we have
1 .
lim —757 = 0.
Qj

Hence, for the constant function 1 we have

Qj

=0.

v

1 .
Oz]‘ 4,0]

lim ‘

Let z = (z1,...,2n) € By, be fixed, The inequality

1 i(2))
_Sojaj > U(Z) ((Pj(z))
Qj . Qg
imply
()Y
@
in C. Evidently, [p;(z)| < 1, then [|¢j]lcc < 1 for each j = 1,...,d. by
using Proposition 1, T}, is power bounded. O

For the operator S, the converse of Proposition 2 holds.
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Proposition 3. Let ¢ = (p1,02,...,04) € H®(B,,C%. Then Sy €
L (HS(Bn, Cd)) is mean ergodic if and only if S, is power bounded if and
only if ||illeoc < 1 for eachi =1,... d.

Proof. In view of Propositions 1 and 2 it suffices to show that ||¢;|lcc <1
for each 7 = 1,...,d implies mean ergodicity of S,.
First, suppose that there exists zp € B, such that |;(z9)| = 1 for each
i =1,...,d. Then, by the Maximum Principle, for each ¢ = 1,...,d there
exists w; € C such that |w;| = 1 and ¢;(2) = w; for all z € B,,. Then,
S<p = (wll,wgl,...,wdl).
If wi=1for each ¢ =1,...,d, then (S¢)[a] = (I,1,...,1) for each o € N¢
and

lim H(SSD)M - IH ~ 0.

If there exists A C {1,2,...,d} such that w; # 1 for all ¢ € A, then, by
using formula (2.11), we obtain

for each o € N¢. Thus
(5] -0

In each case we find that S, is (uniformly) mean ergodic.

Second, If |¢i(z)| < 1 for each ¢ = 1,...,d and all z € B,,. By the same
technical of the second part of the proof of [5, Proposition 2.5.], we get
that lima, oo (Sp;)},, = 0 in Ly (HY(B,,)) which mean that S, is mean
ergodic for each 7 =1,...,d. Therefore, S, is mean ergodic. a

In [5, Proposition 2.6.], J. Bonet characterized uniformly ergodic multi-
plication operator acting on a weighted space of holomorphic functions. In
the following we will extend this result to d-tuple of multiplication opera-
tors acting on H)(B,,). It is easy to show that if there exists i € {1,...,d}
such that ¢; = 0, then S, is uniformly ergodic.

Proposition 4. Let ¢ = (¢1, 92, ...,¢4) € H®(B,, C%) such that p; # 0
foreachi=1,...,d. Then S, € L(H2(B,, CY)) is uniformly ergodic if and
only if ||pi|lec < 1 for each i =1,...,d and either

1. there exists A C {1,2,...,d} and w = (wy,...,wq) € C¢ with |w;| =
1 for all i € A such that p(z) = w for all z € By, or
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2 1—9) t=((1-p1) Y., (1—pq)7t) € H®(B,, C%).

Proof.  Assume that ||p;|lcc < 1 for each ¢ = 1,...,d. If ¢ satisfies 1.,
then, by the proof of the Proposition 3, S, is uniformly ergodic.

Now suppose that [|@;||co < 1 for each i = 1,...,d and ¢ satisfies 2.. Then
there exists € > 0 such that |1 —p;(2)| > eforall z € B, and alli =1,...,d.
Hence, by applying formula (2.11), for each f € H?(B,,), each z € B,, and
each a € N?, we get

loi2)] 11— i(2)%] 29 F(2)] 14 lleilloo
(Soha7) 0] = 1o [ 0 B AU e

Then, by taking suprema over f € H(B,) and z € B,,, we obtain

d d ,
| (Se)i| < %1:[1 H@a&

thus

Jm[[(S) g =0
Therefore, S, is uniformly ergodic.

For the converse, assume that S, is uniformly ergodic. Thus, by applying

Proposition 3, ||¢illcc < 1 for each ¢ = 1,...,d. Suppose that 1. does not

hold. Then, by the Maximum Principle, |p;(z)| < 1 for each i = 1,...,d

and all z € B,,. By the second part of the proof, we have the pointwise

limit

lim (S%.)[ai] =0foralli=1,...,d.

Q; —00

It is routine to show that ker(I — S,,) = ker(S1—,,) = {0} for each i =
1,...,d. By Proposition 1, S,, is power bounded. Thus

1
lim H—Sg? =0foralli=1,...,d.
o 7t

a—00

Applying Lemma 2, S, is uniformly ergodic if and only if I — S, = Si_,
is an isomorphism for each i = 1,...,d. Therefore, by [4, Lemma 2.3.],
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%%EH“’(Bn) foreachi=1,...,d. O

The previous results show that results were the same for T, and S,.
However, the last result showed some differences, which are confirmed in
the next proposition which improves the one operator case [5, Proposition

2.8..

Proposition 5. Let ¢ = (¢1, 92, ...,¢4) € H®(B,, C%) such that p; # 0
and ||pi|lcc < 1 for each i = 1,...,d. Then, the following assertions are
equivalent

(1) T, € LIHP (B, C%)) is mean ergodic;
(2) T, € L(H (B, C%)) is uniformly mean ergodic;
(3) Either

i. there exists A C {1,2,...,d} and w = (w1, ..., wy) € C? with
|wi| =1 for all i € A such that ¢(z) = w for all z € By, or

ii. (1—¢) t=(1-p1) Y., (1—pa)7t) € H2(B,, CY).

Proof. (2) & (3) Is proved by the same technical as S, in Proposition
4.

(2) = (1) By definition.

(1) = (2) By proposition 2, T;, is power bounded. Then by Proposition 1,
T,, is power bounded for each ¢ = 1...d, thus

1
lim [|—T%||=0foralli=1,...,d.
a; ¥

; —00

By Lusky [14, Theorem 1.1], H;°(B,,) is isomorphic to the Banach space
¢ which is Grothendieck space with the Dunford-Pettis property, see [11,

p.121]. Fix f € H(B,). Since {(Tgo)[a]} is convergent in L3(HX(By)),

the sequence {(Tw)[a] f} is relatively o (HSO(Bn), (Hgo(Bn))')-compact.
Then, by Theorem 3, T, is uniformly mean ergodic. O
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