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Abstract

For a graph G = (V, E), an edge irregular total k—labeling is a la-
beling of the vertices and edges of G with labels from the set {1,2, ..., k}
such that any two different edges have distinct weights. The sum of
the label of edge uv and the labels of vertices u and v determine the
weight of the edge uv. The smallest possible k for which the graph G
has an edge irregular total k—Ilabeling is called the total edge irrequ-
larity strength of G. We determine the exact value of the total edge
wrreqularity strength for some cycle related graphs.
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1. Introduction

Consider a simple undirected graph G = (V, E). An edge irregular total
labeling f : VUE—{1,2,...,k} of G was defined by Baca et al.[2] as the
labeling of vertices and edges of G in such a way that for any different edges
e and f, weights of e and f are distinct. The weight of an edge e = zy
is wt(zy) = f(z) + f(zy) + f(y). The minimum k for which the graph G
has an edge irregular total k labeling is called the total edge irregularity
strength of the graph G, tes(G).

The lower bound and upper bound of the total edge irregularity strength
of any graph is given by Baca et al. in [2] as:

Theorem 1.1. [2] Let G = (V,E) be a graph with vertex set V and a
non-empty edge set E. Then [|E|T+2} <tes(G)<|E]|.

Theorem 1.2. [2] For any graph G with maximum degree A = A(G),
tes(G)zmaz{[F52], [HGH}

2

The total edge irregularity strength of path P,, cycle C,,, star .S, wheel
W, and friendship graph F), were determined in [2] as: tes(P,) = tes(Cy) =
[2£2]; tes(Sn) = [2E2]; tes(Wy) = [2%E2]; and tes(F,) = [32].

The following conjecture that gives the exact value of total edge irregularity
strength of an arbitrary graph G was posed by Ivancé and Jendrol in [4].
They also proved the conjecture to be true for all trees.

Conjecture 1.3. [4] Let G be an arbitrary graph different from K. Then
tes(G) = maa:{(‘El%zL (%1}

Jendrol, Migkuf, and Soték in [5] found the exact value of total edge
irregularity strength of complete graphs and complete bipartite graphs as:
tes(Ks) = b; for n>6, tes(K,) = (%1; and tes(Kp,) = [222],
for n,m>2. Many other results on total edge irregularity strength can
be found in [1], [6], [7], [8]. In this paper, we determine the total edge
irregularity strength of the corona graph C,, ®mK7, double triangular snake
graph D(T,), biwheel Bs, and the graphs obtained by duplicating edges
and vertices of a cycle.

For the basic definitions of graph theory, we refer [3],[9].

Definition 1.4. The corona product of two graphs G and H, denoted by,
G®H, is a graph obtained by taking one copy of G (which has n vertices)
and n copies Hy, Hs, ..., H, of H and then joining the i*" vertex of G to
every vertex in H;.
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Definition 1.5. A triangular snake T, is obtained from a path wiws...Wp+1
by joining w; and w;+1 to a new vertex v; for 1 <i <n. A double triangu-
lar snake D(T,,) is obained from T,, by adding a new vertex u; for1 <i<mn
and edges u;w; and u;w;+1 for 1 <14 < n.

Definition 1.6. Biwheel is a graph obtained from an even cycle of length
2n such that odd numbered vertices are joined to a new vertex and even
numbered vertices are joined to another new vertex. It is denoted by Bo,.

Definition 1.7. Duplication of an edge e = uwv by a new vertex w in a
graph G produces a new graph G’ such that N(w) = {u,v}.

Definition 1.8. Duplication of a vertex v, by a new edge e = vi/v,,” in a
graph G produces a new graph G* such that N(v;) N N(v”) = vg.

2. Total Edge Irregularity Strength of some Cycle Related
Graphs.

Corona product C,, ® mK7 is the graph obtained by taking one copy of C),
and n copies of mK; and then joining each vertex of C), to the vertices of
mK7. In the following theorem we determine the exact value of the total
edge irregularity strength of corona product C, ® mKy, m > 1.

Theorem 2.1. Let C,, ® mK; be a corona graph with n > 3 and m > 1.

Then tes(C,, ® mK;) = ((rnﬂ#w

Proof.  The corona product C, ©® mK; is a graph with the vertex set
V(Cp ®@mKy) = {u;,v?;1 <i<n,1<j<m} and edge set

E(C, ®mKy) = {ujuip1;1 < i <n—1}U{uwd;1 <i<nl<j<
m} U {uyui}. The graph C,, ® mK; has (m + 1)n vertices and (m + 1)n
edges. The maximum degree of C,, ® mK;, A(C,, ® mK7) is m + 2. Then,

by Theorem 1.2, tes(Cy,, ©® mK;) > max {((m+§)n+2}, [137}. Therefore,
tes(Cp, ©® mKy) > ((m—%,w} To prove the equality, it is sufficient to
prove the existence of a total edge irregular (K%W} -labeling. Let
k= [(milnt2y,

Define total labeling f : V(C,, ® mK;) U E(C,, ® mK;) — {1,2,...,k} as
follows:
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For 1 <5 <m;

f(vij)_{l—i-(i—l‘)(%w; 1§1§(_%w

Case 1: When m is even.

5+ 1<i<[5]
) E=(FAn—i); [§] <i<mn, |[E|=0 (mod 3)
Jluwin) =3 p o yp_i—1;  [H<i<n |E|=1 (mod3)
E—(%+n—i+1); [5] <i<mn, |E|=2 (mod 3).
L%J, |E| =0 (mod 3)
flurmiurzipn) = 4 (315 |E| =1 (mod 3)
2] -1 |E| =2 (mod 3).

When n is even,

LIRSt |E| =0 (mod 3), |E|=1 (mod 3)
flunun) = { E? |E| =2 (mod 3).

M+ z 4 |E| =0 (mod 3), |E|=1 (mod 3)
f(unU1)_{ (%14-%; |E| =2 (mod 3).
For1 <j<m
i+j—1; 1<i<[3]
N E=(m—=j)—(n—1) -1 (5] <i<mn, |E|=0 (mod 3)
TORE) =0 (5~ (n - 8] <i<n, |B|=1(mod3)
k—(m—j)—(n—1i)—2; (5] <i<n, |E|=2 (mod3).
Case 2: When m is odd.
ﬁh( ] }?i<f%1 [E|=0( )
-2 Zl<i<n, |E|=0 (mod3
Fluiuisa) = k—L%J, [§1<z‘<n, IE| =1 (mod 3)
E—[%] -1 (5] <i<mn, |E|=2 (mod3).
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EiE |E| =0 (mod 3)
flupmquray) =4 5 |[E| =1 (mod 3)
5 -1 |E| =2 (mod 3).
When n is even,
51+ 1; |E|=0 (mod3), |E|=1 (mod 3)
() = { 5 |E| =2 (mod 3).
When n is odd,
Funuy) = L%J + 3] +1; |E| =0 (mod 3), |E|=1 (mod 3)
" %—i—[%}, |E| =2 (mod 3).
For1l <j<m
7 1<i<[%]
fluwd) = { FomEi=L (gl <i<n, |B[=0 (mod3)
v k—m+ j; (5] <i<n, |[E[=1 (mod 3)
k—m+j—2  [3]<i<n, |E|=2 (mod3).

Then the edge weight function wty : E(C,, ©mkKy) — {3,4, ..., |E| + 2}
is as follows:

. ._ - . . ﬂ .
wt(wvid) — (i=D(m+1)+7+2; l1<i< 3], 1<j<m
i(m+1) —(m—j)+2 [l <i<n, 1<j<m.

) (m+1)i+ 2 1 <i<[%]
why (uittiy) _{ (m+1)i+3 [ <i<n.

n
wtf(U[%]U(%+ﬂ) = [§-| (m + 1) + 2.

Wt (upty) = (%1(m+ 1)+ 3.

The edge weight function wty is bijective and hence f is an edge irregular

total k— labeling. Therefore, tes(Cy, ® mK;) < k.
g

Theorem 2.2. Let D(T,,) be a double triangular snake graph. Then for
n > 1, tes(D(T,,)) = [242].



58 Saranya A. S. and Santhosh Kumar K. R.

Proof.  Double triangular snake graph D(T,,) is a graph with vertex set
V(D(Tn) = {w;1 < i <n4+1} U {u;l <i <n}U{v;l <i<n}
and edge set E(D(T),)) = {wiwit1;1 < i < n} U {yw;;1 <7 < n} U
{vjwi;1 < i < n} U {uwir1;1 < i < n} U {vwi+1;1 < i < n}. The
graph D(T,) has 3n + 1 vertices and 5n edges. Then by Theorem (1.2),
tes(D(Ty,)) > [2%2]. To prove the equality, we find the existence of a total
edge irregular [2527- labeling. Let k = [2%2].

Define total labeling f : V(D(T,)) U E(D(T},)) — {1,2,...,k} as follows:

Case 1: Whenn =1,2.

For1l<i<n;

[y
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&
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+
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:‘.
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[\V]

Case 2: When n > 3.

N l<i<|g|+1
f(wz)_{k_n+i_1; LgJ+1<2i§n+1.
L[ 21 1<i<|3]
f(ul)—{k—z(n—i)—l; L%J<z‘§2n

[ 2i 1<i<|%]
f(”i)_{ k—2n—i); 2] <i<n.

31— 1; 1<
flwiwig1) = { 3i+2(n—k)+1; 15
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L 2 1<i<|3]
Flows) = f(uiwi) { 3n—2k+2: |3 +1<i<n
o 2i 1<i<|3]

fluiwipr) = flviwip) = { 3n—-2k+2i+2  [g]+1<i<n

Fori=|%|+ 1 and n is even;
) — (%W‘i‘l; n =0 (mod 3),n =1 (mod 3)
flwiwin) = { 2 n =2 (mod 3).
For i = {%J + 1 and n is odd;

IE n=0 (mod 3),n =1 (mod 3)

k
fwiwig1) = { (%}; n =2 (mod 3).

Fori=|%] 41 and n is even;

) — o) [E1+2—1; n =0 (mod 3),n =1 (mod 3)
(i) = Juei) = { iy n n =2 (mod 3).

k 2| —-1; n=0 (mo n=1 (mo
flogw;) = f(ujw;) = { L% i L%J L; 0 (mod 3), 1 (mod 3)
2 D)

1515 n =2 (mod 3).
Then the edge weight function wty : E(D(T},)) — {3,4,....,|E| + 2} is
as follows:
wtp(uw;) =5 —2; 1<i<n.
wtp(viw;) =5i—1; 1<i<n.
wtp(wjwi41) =54, 1<i<n
wtf(uiwiﬂ) =H+ 1; 1 < 1 <n.
wtf(viwiﬂ) =H1+ 2; 1 < 1 <n.

The edge weight function wty is bijective and hence f is a edge irregular
total k— labeling. Therefore, tes(D(T,,)) < k. O

Theorem 2.3. Let By, be a biwheel. Then for n > 2, tes(Ba,) = [#42].
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Proof.  Biwheel By, is a graph with vertex set V(Ba,) = {u;;1 < i <
2n} U {vy,va} and edge set E(Bay) = {ujuit1;1 < @ < 2n} U {ugpui} U
{vius; i is odd} U {vau;;i is even}. The graph Bay has 2n + 2 vertices and
4n edges. Then by Theorem (1.2), tes(Bay) > [4"7*21 Let k = [4"7*21
Then tes(Bay,) > k. To prove the equality, we find the existence of a total
edge irregular k—Ilabeling.

Define total labeling f : V(Bay) U E(Ba,) — {1,2,...,k} as follows:

f(ui)—{L%J“; ‘ 1<i<n

| E—n+ 5] n<i<2n.

flur) =1, f(vg) = k.

at 1<i<n
) k=15 n<i<2nandn =0 (mod 3)
Fluiuig) = k=241, n<i<2npandn=1 (mod 3)
E—[5]—1; n <i<2n and n =2 (mod 3).

B {% : n =0 (mod 3) and n =1 (mod 3)
f(UnUnJrl) - { % _ 17 n=2 (mOd 3)

L IESE n =0 (mod 3) and n =1 (mod 3)
fluzpur) = { k. n =2 (mod 3).
For 1 <i<mnandiisodd, f(viu;) = 1.
For n < i < 2n and ¢ is odd,

N — 15 ]; n=0 (mod 3) and n =1 (mod 3)
floyu;) = { §2_ . ey

For1 <i<mn and? is even,

§J+1; n =0 (mod 3) and n =1 (mod 3)

f(vaui) = { : n =2 (mod 3).

Forn <i<2n and 1 is even,

x>

k—1; n =0 (mod 3)
floou;) =< k; n =1 (mod 3)
k—2; n =2 (mod 3).

Then the edge weight function wty : E(Ba,) — {3,4,...,|E| + 2} is as
follows:



On the total edge irreqularity strength of certain classes of cycle ... 61

For 1 <i<n and i is odd; wts(viu;) = [ 4] + 3.

For 1 <i<mn; wtp(uiuit) =i+ [5]+2.

Forn <i < 2n and i is odd; wty(viu;) = [5] +n+ 2.
Wt f(UnUng1) = 2n + 2.

wt f(ugpur) = 2n + 3.

For 1 <i<n and i is even; wts(vau;) = | %] +2n + 3.
For n < i < 2n; wty(uuip1) =i+ [ 5] +3.
For n < i < 2n and i is even; wty(viu;) = [5] + 3n + 2.

The edge weight function wty is bijective and hence f is a edge irregular
total k— labeling. Therefore, tes(Bay,) < k. O

Theorem 2.4. Let C,,’ be the graph obtained by duplicating each edge by
a vertex in a cycle Cy,. Then tes(C,') =n + 1.

Proof.  Let {uy,us,...,uy} be the vertices of the cycle Cy, and {v1,va, ..., v }
be the added vertices to obtain C,’. Then E(C)') = {uu; +1;1 < i <
n} U {upug } U{uivi; 1 <i<n}U{uipvi;1 <i<n}U{ujo,}.

The graph C,, has 3n edges and 2n vertices. By Theorem 1.2, tes(C,’) >
[3”—;21 = n+1. To prove the equality, we define a total edge irregular n+1—
labeling. Define total labeling f : V(C,') U E(C,') — {1,2,...,n+ 1} as
follows:

f(vz')Z{l; o

i+1;,  1<i<n.

R A 1<i<[5]
n_ 1. n is even
J— f— 2 !
flunur) = f(uavn) = { B n is odd.
1; i=1
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2: i=1
fuiv1vi) = ¢ 4 1 <i<[g]
i+2  [2]<i<n

Then the edge weight function wty : E(Cy') — {3,4,...,|E| + 2} is as
follows:
wt(ugvy) = 3.
For 1 <i < [§]; wty(uv;) = 3i.
For [5] <i < n; wip(uv;) = 3i + 2.
For 1 <i < [§]; wty(uuirr) = 3i + 1.
For [4] <i < mn; wty(ujuigpr) = 3i + 3.
’lUtf('LLQ'Ul) = 5.

wty(unur) = 3],
wtp(uivy) =3[ 5] +1.
For 1 <i < [§]; wty(uir1vi) = 3i+ 2.

For [ 1§z<n wtf(uir1v;) = 3i + 4.

The edge weight function wty is bijective and hence f is a edge irregular
total k— labeling. Therefore, tes(C)') < k. O

Theorem 2.5. Let C),* be the graph obtained by duplicating each vertex
by an edge in a cycle C,. Then tes(C,*) = (%1

Proof.  Let{ui,us,...,u,} be the vertices of the cycle C,, and {v1, va, ..., v2n }
be the added vertices to obtain C),*. Then E(C,*) = {ujuj+1;1 < i <
n}U{upur fU{uvei—1; 1 < i < npU{uve; 1 < i <npU{vei—qv2i;1 <i < n}.
The graph C,,* has 4n edges and 3n vertices. By Theorem 1.2, tes(C),*) >
(4227 Let k = [4%t2]. To prove the equality, we prove the existence
of a total edge irregular k— labeling. Define total labeling f : V(C,*) U
E(Cy") —{1,2,...,k} as follows:

Case 1: When n is even.

For1<i<m; f(voi—1) =i and f(vy;) =k —n+i.
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(i) n=0 (mod 3) and n =1 (mod 3).

1; 1<i<g
= Bl i3
fluguirr) = k—1; 5 <i<mnandn=0 (mod 3)
k: 5 <i<nandn=1 (mod 3).
k
fupur) = LiJ
1: 1<i<2
fuivai—1) { L%JWLL L<i<n
El-n 1<i<s
Fluva) =4 k—1; 5 <i<mnandn=0 (mod 3)
k; 2 <i<nandn=1 (mod 3)
k. 1<i<2
) N ) — 2
f(v2i-1v2:) {@JFQ, L<i<n
(ii)) n = 2 (mod 3).
1; 1<i<g
fluguizr) = & =3
k—2; 5 <i<n
flunur) = 5 =1
1 1<e<
o _ ) — 7 =2
f(ujvai—1) { %; T<i<n
fluwm)={ 275 15153
UVA) =\ ko2, 2 oi<n.
k ; n
21, 1< <%
f(vgi—lvm‘)_{% 1; g<z’§2

. 63

Then the edge weight function wty : E(C,*) — {3,4,...,|E| + 2} is as

follows:
For 1 <i < %; wty(uvei—1) = 2i + 1.
For 1 <i < §; wty(uuirr) = 20 + 2.
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For 1 <i < %; wty(uive;) = 2i + n.

For 1 <i < 5; wty(vyi—1ve) = 2i +n+ 1.
wtf(upur) = 2n + 2.

wtf(UnUn+1) =2n+ 3.

For % <z<n wit p(ujvgi—1) = 20 +n+ 2.
For 2 <@ < ny wtyp(vyi—1v2;) = 26 +n + 3.
For § <i < nj wty(uve;) = 20+ 2n + 2.
For 5 <1 <n; wtp(uuipr) = 2i+2n + 3.

Case 2: When n is odd.

R 1<i< 3
For1<i<mn; f(vai—1) =1 and f(ve;) =k —n + 1.

(i) When n =0 (mod 3) and n = 1 (mod 3).

1; 1 <i<[%]
oy ) LS i= 5]
Fluiuisn) = k2 17 Ed <21 <n andn =0 (mod 3)
k; [5] <i<mnandn=1 (mod 3).
) = 5] +2
R A 1<i<|[Z]
fujvzi—1) = { 5] 42 ] < <2n
15); 1<i<[3]
flujve) =< k—1; [5] <i<mnandn=0 (mod 3)
k; (5] <i<mnandn=1 (mod 3).
ey 1<i<(
J(oai-avan) = { B+ fl<izn
(ii) When n = 2 (mod 3).
1; 1 <i<[F]
fluuip) = 5+1;  i=[3]
k—2; (3] <i<n



On the total edge irreqularity strength of certain classes of cycle ... 65

flunur) = g +1
f(uivai—1) = { 15_,_ 1; }%S] Z<§z <%Jz
f(uivgi) = { %:21,’ }5 Z<§z ;%1
f(vaim1ve;) = { §,+ 2: }%S] Z<§z Lg]z

Then the edge weight function wty : E(C,*) — {3,4,...,|E| + 2} is as
follows:

For1<:i< (%1, wtf(uivgi,l) =21+ 1.

For 1 <i < [%]; wty(uuirr) = 2i + 2.

For 1 <i < [§]; wt(uvz) =20 +n+ 1.
Forl1<i< (%—‘, wtf(vgi_l’l)gi) =2+n+2.

wtp(upur) = 2n + 4.

wtf(U(mu[%]_H) =2n+5.

For [§] <i <mn; wtp(uvyi—1) = 2i +n+ 3.
For [§] < i < mn; wty(ve—1v2;) = 20 +n + 4.
For (%-l <4 <njy wt(uvey) = 2+ 2n + 2.
For [§] <i <mn; wty(uuir1) =23+ 2n + 3.

In both the cases, the edge weight function wty : E(C,*) — {3,4, ..., |E|+
2} is bijective and hence f is a edge irregular total k— labeling. Therefore,
tes(Cy*) < k. O
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