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Abstract

For a simple finite graph G, general sum-connectivity index is de-
fined for any real number a as xo(G) = Z [de(u) + da(v)]9,
wveE(G)
which generalises both the first Zagreb index and the ordinary sum-
connectivity index. In this paper, we present some new bounds for
the general sum-connectivity index. We also present relation between
general sum-connectivity index and general Randi¢ indez.

Keywords: Simple graphs, general sum-connectivity index, general
Randié indez.

2020 Mathematics Subject Classification: 05C07, 05C09, 05C92.


Scielo

Scielo


1538 Ch. Phanjoubam, S. Mn Mawiong and A. M. Buhphang

1. Introduction

We consider only finite simple graph in this paper. Let G be a finite simple
graph on n vertices and m edges. We denote the vertex set and the edge
set of G by V(G) and E(QG), respectively. The degree of a vertex u € V(G)
is denoted by dg(u) and it is defined as the number of edges incident with
u. Let w denotes the clique number of G which is the number of vertices
in a largest complete subgraph of G. Let A and ¢ denote the maximum
vertex degree and the minimum vertex degree of the graph G, respectively.

In chemical graph theory, one generally considers various graph-theoreti-
cal invariants of molecular graphs (also known as topological indices or
molecular descriptors), and study how strongly are they correlated with
various properties of the corresponding molecules. The first such topologi-
cal index was introduced in 1947 by Wiener [17] and is used for correlation
with boiling points of alkanes. Historically, the first vertex-degree-based
topological indices were the graph invariants that nowadays are called Za-
greb indices. Since then numerous graph invariants and their generalisa-
tions have been (and still continues to be) employed with varying degrees of
success in QSAR (quantitative structure-activity relationship) and QSPR
(quantitative structure - property relationship) studies.

The Zagreb indices are amongst the most studied invariants [13] and
they are defined as sums of contributions dependent on the degrees of ad-
jacent vertices over all edges of a graph. The Zagreb indices of a graph G,
i.e., the first Zagreb index M1(G) and the second Zagreb index Mz (G), were
originally defined [7] as follows.

M(G)= Y daw)? MxG)= > do(u)da(v).
ueV(Q) weE(G)

The first Zagreb index of G can also be expressed as

Mi(G)= ) [da(u) +dg(v)].
weE(QG)

Generalised version of the first Zagreb index has also been introduced
[9], known as general first Zagreb index or also called general zeroth-order
Randi¢ indez [21] and is defined as M{(G) = Z de(u)®. When a = 3,
ueV(Q)
M} (G) = Z dg(u)? is known as the forgotten index, denoted by F(G).
ueV (G
One of the hig(;h)ly successful and widely used indices in QSPR and QSAR
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is the Randié¢ index R(G) [16]. It is defined as
1

M= & Vatmiy

The Randi¢ index has been extended to general Randi¢ indez [8], defined

as
Ra(G)= ) [da(u)da(v)]®
weE(G)

for any real number a. Notice that R_;/5(G) = R(G) and Ry (G) = Ma(G).
Thus the general Randi¢ index generalises the ordinary Randi¢ index and
the second Zagreb index.

Motivated by Randi¢ and Zagreb indices, Zhou and Trinajsti¢ defined
sum-connectivity index x(G) [19] and general sum-connectivity indez xo(G)
[20], which are defined as

1
@) = MGZE(G) Vo (@) + da(v)

and
Xa(G) = ) lda(u) +dg(v)]*
weE(G)

for any real number o Notice that x_1/2(G) = x(G) and x1(G) = M1(G).
Thus the general sum-connectivity index generalises the ordinary sum-
connectivity index and the first Zagreb index. Several results have been
obtained for these generalised indices. For instance, various bounds for the
general Randi¢ index have been found in [10], [18] and [21]. And in [1], [11],
[12] and [20], bounds for the general sum-connectivity index are obtained.
Motivated by such results, we present some new bounds for the general
sum-connectivity index in this paper. We also present relation between
general sum-connectivity index and general Randi¢ index.

2. Preliminaries

In this section, we recall some definitions and state some results that are
needed in the proofs of our main results in the next section. A graph G is
reqular if dg(u) is constant for all w € V(G) and it is said to be bi-degreed
if it has two distinct vertex degrees. A connected graph G is said to be bi-
reqular or semi-reqular bipartite if it is bipartite with one of the two partite
sets has constant vertex degree A while the other partite set has constant
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vertex degree §. Obviously, regular graphs are bi-regular. The following
result [3] gives necessary and sufficient condition for non-regular graphs to
be bi-regular, more equivalent conditions could be found in [14].

Lemma 2.1. Let G be a connected non-regular graph. Then G is bi-
regular if and only if dg(u) + dg(v) is constant for all uv € E(Q).

Next, we recall the following well-known result due to Pdlya and Szego
which could be found in [10] and the reference therein.

Lemma 2.2 (Pdlya-Szeg6 inequality). Let aq,aq,...,a, and

b1, bo, ..., b, be two sequences of positive real numbers. If there exists real
numbers A,a,B and b such that 0 < a < ap, < A< ooand 0 <b< b <
B <oofork=1,2,...,m, then

“ o2 “ B2 < (ab+ AB)?
b
kzl ’“2:: B="4abAB Za”
where the equality holds if and only if a1 =as = ... = am, by = by = ... =

bm,a=a1=Aandb=b; =B
The next inequality is due to Holder and could be found in [4].

Lemma 2.3 (Holder’s inequality). Let ay,as,...,ay and by, by, ..., by,
be two sequences of positive real numbers and p,q > 1 be such that 1/p +
1/q =1. Then

m m 1/p m 1/q
> arby < (Z akp> (Z bkq> :
k=1 k=1 k=1

Equality holds if and only if 22 — %2 i
uality holds if and only i == =...=—.
q Y Y b q qu bmq
The following is a consequence of Holder’s inequality and could be found
in [10] and the reference therein.

Lemma 2.4. Let aq,as,...,ay, and by, b, ..., b, be two sequences of pos-
itive real numbers and «, 3 be real numbers such that o + § = 1 with
o, #0,1. Then for o > 1 we have

m m & m B
> arby > (Z 1/a> <Z(bk)1/ﬂ> :
k=1 k k=1

al)l/a (a2)1/a B B (am)l/a
b)VB  (b)VB T (b)) V/B

Equality holds if and only if ((
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Lastly, we present and prove the following lemma which is needed to
prove our results in the next section.

Lemma 2.5. Let G be a graph on n vertices and m edges. Then for any
real number o we have

@@ <% [(2) 4 (5) +2.

Equality holds if and only if G is a regular graph.

Proof. We only consider the case when o > 0 since we can similarly
prove the case for a < 0. Let @ > 0. Let V(G) = {v1,ve,...,v,} and
d; = dg(v;) for any i = 1,2,...,n. Letting ay — (d; + d;)*/? and by, —
(d; + dj)~*/? and choosing a = (26)*/2, A = (2A)*/2, b = (2A)~*/2 and
B = (26)~%/? in Lemma 2.2 with the sums running over the edges in G, we
have

£ e T w557 (3 ( Z«JY

v;v; €EE(G) ’Ui’l)]‘EE(G) viv; €L

Xa(G)x-a(G) < m; K%)a + (%)a + 2} :

Notice that by Lemma 2.2 the above inequalities become equalities if and

Thus

onlyifai=...=aqy=...=a=Aand by=...=by=...=b= B, ie,
if and only if § = A, i.e., if and only if G is a regular graph. This proves
the lemma. a

Remark 2.6. If G is a triangle free graph on n vertices and m > 1 edges,
then 2 < d; +d; < n. Thus for a > 0 we have

(g)a m? < Xa(G)Xx-a(G) < (_)a 2

n

Equality holds if and only if d; + d; = n for all viv; € E(G), ie., G is a
complete bipartite graph. The inequalities are reversed if o < 0.
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3. Main Results

In this section, we present and prove our main results. First, we prove the
following result which gives a lower bound of the general sum-connectivity
index in terms of the first Zagreb index and size of the considered graph. We
note that this bound were also obtained in [20] by using Jensen’s inequality,
completely different from our approach presented here.

Proposition 3.1. Let G be a graph with m edges. Then for a« > 1 we
have
Xa(G) > M1 (G)*m'~.

Equality holds if and only if G is bi-regular.

Proof. Let o« + 8 = 1 with o, 5 # 0,1 and let « > 1. Let V(G) =
{v1,v2,...,v,} and d; = dg(v;) for any ¢ = 1,2,...,n. Letting a —
(d; + dj)* and by — 17 in by Lemma 2.4 with the sums running over the
edges in G, we have

XQ(G) = ZvivjEE(G)(di + dj)a 17
> ZvivjeE(G) (dl + dj)ahl/a} {ZvivjEE(G) 151/&}

B

Notice that by Lemma 2.4 the above inequality becomes equality if and
only if ay is constant for all k, i.e., if and only if d; + d; = k for some
constant k > 0 for all edges. Thus by Lemma 2.1 equality holds if and only

if G is bi-regular. This completes the proof of the proposition. O
2

4
Since M;(G) > %, with equality if and only if G is a regular graph
[20], the above Proposition 3.1 implies the following result which could also
be found in [20].

Theorem 3.2. Let G be a graph on n vertices and m edges. Then for
a > 1 we have
Xa(G) > 490~ em!Te,

Equality holds if and only if G is a regular graph.

Remark 3.3. Notice that the lower bound for the general sum-connectivity
index in terms of the first Zagreb index and the size of the graph obtained
in the Proposition 3.1 generates many more lower bounds because there
are many results on the lower bounds of the first Zagreb index. One such
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example we have in Theorem 3.2 and for more such bounds we refer the
readers to the bounds obtained in a recent paper [15].

Next, we present an upper bound for general sum-connectivity index in
terms of A, d, m and n.

Theorem 3.4. Let G be a graph on n vertices and m edges. Then for

a < —1 we have
o\« AN
(z) +(5) +

Equality holds if and only if G is a regular graph.

Ya (G) S 4a71n7am1+oz

Proof. Let a < —1. Then —a > 1 and by Theorem 3.2, we have
(3.1) X—a(G) > 4 %nm! =

where the equality holds if and only if G is regular. And by Lemma 2.5,
we have

(32) wWe < [(2) 4 (3)+9) / (@)

From (3.1) and (3.2), we have
0 <[ (3 o
Xl =" [\ A 5 e

I\“ AN
— — 2] .
(z) +(5) +9
Moreover, it is easy to see that the above inequality becomes equality if
and only if A =, i.e., if and only if G is a regular graph. This completes
the proof of the theorem. O
2(w —1
By Turan’s theorem [21], m < Mn? Thus, as a corollary, we

present an upper bound for general sum-connectivity index involving w.
Corollary 3.5. Let G be a graph on n vertices and m edges. Then for

a < —1 we have
@) <2 e [(2) 4 (3) ).
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Lastly, we present a relation between general sum-connectivity index
and Randié¢ index.

Theorem 3.6. Let G be a graph on n vertices and m edges. Then for
a > 0 we have

A R (G) < Xa(G) < 2°6 O Ra(G).

Equality holds if and only if G is a regular graph. If a < 0, then the above
inequalities are reversed and the equality holds if and only if G is a regular
graph.

Proof. Notice that for any real number «, we have

(33) xel@= X @i+d)*= ¥ (dd)° <E+ i

Uﬂ)jGE(G) Uﬂ)jGE(G)

&=
u|'_‘
N——

Q

Since 0 < § < d; < A for any vertex v;, 22A™%* < (dll + d_lj

if & > 0. Thus for a > 0 equation (3.3) becomes
2°A™"Ra(G) < Xa(G) < 2707 “Ra(G).

Notice that equality holds if and only if § = A i.e., G is a regular graph.

1 1\"
Moreover, 2%57¢ < —+f> < 2°A7@ if & < 0. Thus for a < 0

d;  d;
equation (3.3) becomes
2997 Ra(G) < xa(G) <2°AT“R4(G).
Notice that equality holds if and only if 6 = A i.e., G is a regular graph.
This completes the proof. a
It is proven in [21] that R,(G) < ——M{(G)%. We thus have the

w
following corollary.

Corollary 3.7. Let G be a graph on n vertices and m edges. Then

200 % w — 1
(@) < 0Dy
if >0 and A
2A " %(w — 1
(@) < ZAW D oy

w
ifa<0.
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