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Abstract

A collection of spanning subgraphs TS, of a graph G is said to be a
spanning graph topology if it satisfies the three axioms: Nn,K0 ∈ TS
where, n = |V (G)|, the collection is closed under any union and finite
intersection. Let (X,T ) be a topological space in point set topology
and Y ⊆ X then, TY = {U ∩ Y : U ∈ T} is a topological space called
a subspace topology or relative topology defined by T on Y . In this
paper we discusses the subspace spanning graph topology defined by
the graph topology TS on a spanning subgraph H of G.
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1. Introduction

A graph topology on a graph is a collection of subgraphs satisfying three ax-
ioms analogous to the axioms of topology. The definition and fundamental
concepts were discussed in [2] and [3].

A spanning subgraph S of a graph G is a subgraph of G with vertex
set same as the vertex set of the graph G [11]. The study on spanning
graph topology was initiated in the paper [8] where the author considered
a topology on spanning subgraphs considering the collection of spanning
subgraphs along with empty set and graph itself satisfying the properties
analogous to the properties of a set topology. Since empty set itself can-
not be considered as a spanning subgraph we may consider the spanning
subgraph with empty edge set. Taking this into consideration in [1], the
authors reformulated the definition specifically as follows :

Definition 1.1. [1] Let G be a graph of order n > 1. The collection TS
of spanning subgraphs of G is said to be a spanning graph topology, if it
satisfies the following conditions.

1. G,Nn ∈ TS;

2. Any union of members of TS is in TS ;

3. Finite intersection of members of TS is in TS ;

where Nn (or Kn) is the spanning empty graph on n vertices, n being the
order of the graph. The pair (G, TS) is called the spanning graph topological
space or s-graph topological space. A spanning subgraph is said to be open
in the spanning graph topology if it is a member of TS .

The basic ideas and definitions of spanning graph topology has been
discussed in the paper [1]. A base in a graph topology is the smallest
subcollection of TS of spanning subgraphs where an s-graph topology can be
constructed from by this by taking arbitrary union. The following theorem
characterises the basis of an s-graph topology.

Theorem 1.2. [1] Let (G, TS) be an s-graph topological space and let
Gs ⊂ TS then, Gs is a basis for the s-topological space if and only if, for
each e ∈ E(G), there exist Gj ∈ Gs such that e ∈ E(Gj) ⊆ E(G).

Since the vertex set remains the same, Theorem 1.2 shows that a collec-
tion of spanning subgraph is a basis for an s-graph topology if every edge
of the graph G is contained in one of the members of the basis collection.
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2. Subspace Spanning Graph Topology

In this section, we discuss the definition of subspace s-graph topology of
graphs.

Definition 2.1. Let (G, TS) be a spanning graph topological space and let
S be a spanning subgraph of G. Then the spanning graph topology defined
on S by T ∗S = {S ∩ Si : Si ∈ TS} is called the subspace s-graph topology.

To verify whether the collection T ∗S = {S ∩ Si : Si ∈ TS} is a graph
topology, we need to verify the three axioms of spanning graph topology.
In order to prove that, we need the following lemma which shows that the
graphs satisfies the distribution properties of union over intersection and
intersection over union.

Lemma 2.2. Consider three spanning subgraphs S1, S2, S3 of a graph G
along with the operations union and intersection. Then,

S1 ∪ (S2 ∩ S3) = (S1 ∪ S2) ∩ (S1 ∪ S3)(2.1)

S1 ∩ (S2 ∪ S3) = (S1 ∩ S2) ∪ (S1 ∩ S3)(2.2)

Proof. Let S1, S2, S3 be spanning subgraphs of a graph G. Since the
graphs are spanning subgraphs the vertex set remains the same and hence
we consider the edge set of each spanning subgraphs. Now, consider the
left hand side of Equation (2.1).

E(S2 ∩ S3) = E(S2) ∩E(S2)(2.3)

Then,

E(S1 ∪ (S2 ∩ S3)) = E(S1) ∪
³
E(S2) ∩E(S2)

´
(2.4)

Since E(Si), i = 1, 2, 3 are ordinary sets, the distribution properties of
set are satisfied and hence the right hand side of Equation eqn4 becomes:

E(S1) ∪
³
E(S2) ∩E(S2)

´
=
³
E(S1) ∪E(S2)

´
∩
³
(E(S1) ∪E(S2)

´
(2.5)
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From Equation (2.4) and (2.5) we have,

E(S1 ∪ (S2 ∩ S3)) =
³
E(S1) ∪E(S2)

´
∩
³
(E(S1) ∪E(S2)

´
(2.6)

The spanning subgraph induced by the edge set of the left hand side of
Equation (2.5) and the edge set obtained from the right hand side of (2.5)
are same.
Similarly, the Equation (2.2) can also be established. 2

The Lemma 2.2 can be extended to any collection of spanning subgraphs
as follows:

Theorem 2.3. Let S1, S2, S3, . . . , Sj , . . . be spanning subgraphs of a graph
G. Then, for a fixed integer i ∈ {1, 2, . . . ,∞},

Si
\⎛⎝ ∞[

j=1

Sj

⎞⎠ =
∞[
j=1

(Si ∩ Sj)

Using Lemma 2.2 and Theorem 2.3 we prove that the collection TS =
{Si ∩ S : Si ∈ TS} is an s-graph topology.

Theorem 2.4. Consider a spanning graph topological space (G,TS). Let
S be a spanning subgraph of G and T ∗S = {Si ∩ S : Si ∈ TS}. Then, TS is
a spanning graph topological space on S.

Proof. Consider T ∗S = {Si ∩ S : Si ∈ TS} where Si is an open spanning
subgraph of G and S is a spanning subgraph. In order to prove T ∗S is
a spanning graph topology we verify the three axioms of spanning graph
topologies.

Let S1, S2, S3, . . . be open spanning subgraphs in the spanning graph
topological space TS. Then, TS contains the graph G and the spanning null
graph Nn. We shall now consider the three axioms.

1. We need to show that the spanning null graph Nn and graph G is in
the collection T ∗S . Since Nn, G ∈ TS and by Definition 2.1, Nn ∩ S =
Nn and G ∩ S = S. Hence both Nn and G are in T ∗S .

2. We now need to show that any intersection of open spanning sub-
graphs are open. For that consider T ∗S = {Si ∩ S, : Si ∈ T} for i ∈ I.
Consider two spanning subgraphs Si and Sj which are open in TS .
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Since TS is a spanning graph topology on G, Si∩Sj is open in TS and
so is their union TS . Now consider, (Si∩S)∩(Sj∩S) = (Si∩Sj)∩S ∈
T ∗S . Since

S
i
Si is open in TS we have,

(Si ∩ S) ∩ (Sj ∩ S) = Si ∩ S ∩ Sj ∩ S
= (Si ∩ Sj) ∩ S ∈ T ∗S .

3. The third axiom is that T ∗S is closed under union. Let us consider
two spanning subgraphs Si ∩ S and Sj ∩ S in TS∗. In order to prove
that (Si ∩ S) ∪ (Sj ∩ S) ∈ T ∗S . By Lemma 2.2 for any three spanning
subgraphs,

(Si ∩ S) ∪ (Sj ∩ S) = (Si ∪ Sj) ∩ S ∈ T ∗S .
By Theorem 2.3, we can say that any union of open spanning sub-
graphs is in T ∗S . That is,S
i

³
Si ∩ S

´
=
³S

i
Si
´
∩ S ∈ T ∗S

2

Theorem 2.5. Let (G, TS) be a spanning graph topological space and let
Gs = {κi, i ∈ I} be the basis of TS. Consider a spanning subgraph S of
G with subspace s-graph topology T ∗S = {S∗i = Si ∩ S : Si ∈ TS}. Then,
H = {κi ∩ S} is a basis for the subspace s-graph topology on S.

Proof. Consider an s-graph topology (G, TS). Let (S, T ∗S ) be the sub-
space s-graph topological space on the spanning subgraph S of G. Given
that Gs = {κ1, κ2, κ3, . . .} is the basis for the spanning graph topological
space (G,TS). In order to prove that H = {κi ∩ S} is a basis for T ∗S . We
need to show that for every edge in the spanning graph S there exists a
spanning subgraph in H containing them. Let e be an arbitrary edge in
E(S), then we need to find a spanning subgraph in H. Let Si be an open
spanning subgraph of S containing the edge e. Since Si ∈ TS , S∗i = Si ∩ S
where Si ∈ TS by Definition 2.1. Since e ∈ Si by Theorem 1.2 there exist a
graph κi ∈ Gs containing e. That is, e ∈ κi ∩S ∈ H. Hence, for every edge
in the basis of the s-graph topology Gs, there exist a spanning subgraph in
the basis H of the subspace s-graph topology Gs. 2

It is not always true that the spanning subgraph which are open in
the subspace space (S, T ∗S ) are open in the ambient space (G, TS). The
following proposition shows the condition for an open spanning subgraph
to be open in the ambient space.
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Proposition 2.6. If S∗ is an open spanning subgraph in a subspace s-
graph topology T ∗S and S be an open subgraph of TS then, S∗ is an open
spanning subgraph in the ambient space (G, TS).

Proof. Let (G, TS) be an s-graph topology and for a spanning subgraph
S, let (S, T ∗S ) be the subspace s-graph topological space. Given that S∗ is
open in T ∗S . Then, S∗ = Si ∩ S, where Si ∈ TS . Since Si and S are open
by the third axiom of Definition 1.1, Si ∩ S is open. That is, S∗ is open,
S∗ ∈ TS . Hence the claim is proved. 2

Proposition 2.7. Let (G, TS) be an s-graph topological space and (S, T ∗S )
be the subspace s-graph topological space of (G, TS). Let S∗ be a subgraph
of S. Then, the subspace s-graph topology on S∗ inherited from the graph
topology (S, T ∗S ) is same as the subspace s-graph topology on S∗ inherited
from the graph topology (G, TS).

Proof. Let (G, TS) be a graph topological space and (S, T ∗S ) be a sub-
space s-graph topological space of G. Let S∗ be a spanning subgraph of
S. Consider the subspace s-graph topological space of S∗ inherited from S
that is, T ∗S = {Si∩S∗ : Si ∈ TS}. Since Si ∈ T ∗S , by Definition 2.1, we have
S∗i = Si ∩ S for some i ∈ I. Therefore,

T ∗S = {(Si ∩ S) ∩ S∗ : Si ∈ T}
= {Si ∩ (S ∩ S∗) : Si ∈ T}
= {Si ∩ S∗ : Si ∈ T}

Hence, we can say that the subspace topology on S∗ obtained from
the subspace graph topological space on S is same as the subspace graph
topology on S∗ inherited from the graph topology on G. 2

Proposition 2.8. Any open spanning subgraph of S in the spanning graph
topological space (G, TS) is open in the subspace s-graph topological space
(S,T ∗S ).

Proof. Let S∗i be a spanning subgraph of S which is open in the s-
graph topological space. Then by Definition 2.1, S∗i ∩ S ∈ T ∗S . Since S∗i is
a subgraph of S, S∗i ∩ S = S∗i ∈ T ∗S . Hence S∗i is open in subspace s-graph
topology. 2
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3. Closed Graphs in Spanning s-Graph Topological Space

In set topology, a set is said to be closed if its complement is open in the
topology. In s-graph topology a spanning subgraph is either d-closed or n-
closed if corresponding d-complement or n-complement is open [1,2]. The
d-complement of a spanning subgraph is defined as follows:

Definition 3.1. Consider the spanning graph topological space (G, TS)
and H = (V,EH) be a spanning subgraph of the graph G, where V =
V (G). The decomposition complement of H with respect to G is the graph
H∗ = (V,E∗) where, E∗ = E−EH is the decomposition-complement of the
spanning subgraph H (see [1]). Since we consider the spanning subgraphs,
the vertex set remains same as the vertex set of G.

Definition 3.2. [1]In a spanning graph topological space, a spanning sub-
graph is said to be d-closed if the decomposition complement is open in
TS .

Theorem 3.3. Let (S,T ∗S ) be a spanning s-graph topological space of a
spanning graph topological space (G, TS) for a subgraph S. Suppose that
a spanning subgraph Z is d-closed in (S, T ∗S ). Then, the edge set of Z is,
E(Z) = E(S)−E(Si ∩ S) where Si ∈ TS .

Proof. Let (G, TS) be a spanning graph topology and (S, T ∗S ) be a sub-
space s-graph topology for a spanning subgraph S of G. Let Z be a d-closed
spanning subgraph in (S, T ∗S ). Then, by Definition 3.1, the decomposition
complement Z∗ of Z is open in (S,T ∗S ). Since Z∗ is open in TS, by Definition
2.1, Z∗ = Si ∩ S where Si ∈ TS .

E(Z∗) = E(S)−E(Z)
E(Si ∩ S) = E(S)−E(Z)
E(Z) = E(S)−E(Si ∩ S)

When |Si ∩ S| < |E(S)|, and |Si ∩ S| 6= ∅ then, E(S∗) will be a proper
subset of E(S) and hence the spanning subgraph with this edge set will be
a proper spanning subgraph of S. 2

Proposition 3.4. In a subspace s-graph topological space, the graph S
and the spanning null graph Nn where n is the order of the graph, are
d-closed.
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Proof. Let (S, T ∗S ) be a spanning s-graph topological space of a spanning
graph topological space (G, TS) for a subgraph S. We need to prove that
the graph S and the spanning null graph Nn where n is the order of the
graph, are d-closed. By Theorem 3.3, for any d-closed spanning subgraph
graph Z of subspace s-topological space, E(Z) = E(S)−E(Si ∩ S) where
Si ∈ TS. Suppose Si ∩ S = S then, E(Z∗) = E(H)− E(H) = ∅. Then,the
spanning subgraph induced by empty edge set becomes Nn. Hence, Z will
be Nn.

Now, suppose that E(Si ∩ S) = ∅ then, E(Z∗) = E(S)− ∅ = E(S) and
the subgraph induced by the edge set E(Z) will be S. Hence, S is closed.
2

Theorem 3.5. Let (G,T ) be a graph topological space and (S, TS) be a
subspace graph topological space. Let Si be a d-closed subgraph in TS ,
then Si ∩ S is a d-closed subgraph in the subspace s-graph topological
space (S, T ∗S ).

Proof. Let (G,T ) be a graph topological space and Si be a d-closed
graph in the subspace graph topological space. Then, by Definition 3.2,
the decomposition complement of Si is open in TS and

E(S∗i ) = E(G)−E(Si)

The subgraph induced the edge set E(S∗i ) is open in TS .

E(S∗i ) = E(G)−E(Si)

E(S∗i ) ∩E(S) =
³
E(G)−E(Si)

´
∩E(S)

=
³
E(G) ∩E(S)

´
−
³
E(Si) ∩E(S)

´
= E(S)−

³
E(Si) ∩E(S)

´
Since the S is d-closed E(S) = E(S∗) and E(Si) ∩ E(S) = E(Si ∩ S),

we have

E(S∗i ) ∩E(S∗) = E(S)−
³
E(Si ∩ S)

´
E(S∗i ∩ S) = E(S)−

³
E(Si ∩ S)

´
By Definition 2.1, S∗i ∩ S ∈ T ∗S and hence Si ∩ S is closed in T ∗S . 2
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Conclusion

The paper discusses about the subspace spanning graph topological spaces
and their properties. The topic is promising for further investigation as
topological structures of graphs and their analyses are relatively new and
have enough within themselves. Further studies in this area are yet to be
explored. Many topological properties can be extended to the spanning
graph topological spaces. All these facts highlight a wide scope for further
studies in this area.
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