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Abstract

A new class of graphs called dumbbell graphs, denoted by DB(W,, ,,)
is the graph obtained from two copies of generalized wheel graph
Winmn,m > 2,n > 3. It is a graph on 2 (m + n) vertices obtained by
connecting m-vertices in one copy with the corresponding vertices in
the other copy. The resistance distance between two vertices v; and vj,
denoted by 75, is defined as the effective electrical resistance between
them if each edge of G is replaced by 1 ohm resistor. The Kirchhoff
index is the sum of the resistance distances between all pairs of ver-
tices in the graph. In this paper, we formulate the resistance distance
of Wi and DB(W,, ,,) using Symmetric {1}-inverse of Laplacian
matrices. We provide examples to illustrate the proposed method and
also obtain the Kirchhoff indices for these examples.
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1. Introduction

We consider an undirected and connected graph G = (V, E), where V is
the vertex set and F is the edge set, on n vertices. A graph G is regular if
every vertex has the same degree. The maximum distance between any two
vertices of a graph G is called the diameter of a graph G. The complement
of (G is the graph whose vertex set is same as that of G and two vertices
are adjacent in G if only if they are not adjacent in G. The union of two
graphs G and Gg, denoted by G1 U G5 is the graph whose vertex set is
V (G1) UV (G2) and the edge set is E (G1) U E (G2). The join of G1 and
Gs, denoted by G1VGs is the graph obtained from G U G2 by adding all
possible edges from the vertices of G to those in Gs.

The adjacency matrix A (G) of the graph G is a square matrix of order
n, whose(t, j)-entry is equal to 1 if the vertices v; and v; are adjacent and
is equal to 0 otherwise. Let degg (v;) be the degree of vertex v; in G. The
degree matrix D (G) of the graph G is a diagonal matrix of order n with
diagonal entries as the degrees of the vertices. The Laplacian matriz of G
is defined as L (G) = D (G) — A(G).

The standard distance between two vertices v; and vj, denoted by
d (v, v;), is the length of the shortest path between them. In 1993, Klein
and Randic [7] introduced a new distance function named resistance dis-
tance based on electrical network analysis. The resistance distance between
two vertices v; and vj, denoted by 7;;, is defined as the effective electrical
resistance between them if each edge of G is replaced by I ohm resistor.
The Kirchhoff index is the sum of the resistance distances between all pairs
of vertices in the graph. The Kirchhoff index has a wide range of applica-
tions in physics, chemistry, and network science.

The resistance distance, unlike the shortest path distance, has the prop-
erty that two vertices v; and v; that are connected by more than one path
are closer than if they are only connected by the shortest path. The re-
sistance distance has certain mathematical implications, which can be de-
scribed in terms of random walks on graphs [9, 26], the number of spanning
trees and spanning bi-trees [21], and the generalized inverse of the Lapla-
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cian matrix [7]. Resistance distance has extensive uses in chemistry, in
addition to being an intrinsic graph metric and an important component of
electrical circuit theory. The resistance distance is better for dealing with
network wave-like movements, such as chemical molecule communication

[8].

The resistance distance has received a lot of attention in the mathe-
matical, chemical, and physical literature. For a long time, this has been a
classic problem in electrical network theory that has been studied by many
researchers. Resistance distances have been computed for a variety of in-
teresting classes of graphs so far, with a focus on electrical networks and
chemical graphs. Resistance distances have been obtained for some particu-
lar classes of graphs, for example, regular graphs [22], circulant graphs [11],
distance regular networks [12], wheels and fans [31], Cayley graphs [40],
complete graph minus N edges [27], complete n-partite graphs [34], Cayley
graphs on symmetric groups [24], some class of graphs [37], pseudo-distance
regular [13], almost complete bipartite graphs [23], ring clique network [35],
and so on.

It is interesting to note that a good deal of attention has been paid to
resistance distances in plane networks, such as fullerene graphs [29], Mébius
ladder graphs [28], ladder graphs [44], Apollonian network [41], Sierpinski
Gasket Network [43], simple cubic network lattices [30], straight linear 2-
trees [38], Flower networks [42], Path Network [45], class of plane hexagonal
networks [36], linear octogonal networks [16], and linear polyacene graphs
[5]. Many formulae, such as combinatorial formulae, algebraic formulae,
probabilistic formulae and so forth have been putforth for calculating re-
sistance distance.

The resistance distance for some graph operations was studied in recent
years, i.e., the subdivision-vertex join and subdivision-edge join graphs [2],
R— vertex join and R— edge join of two graphs [39], the subdivision-vertex
and subdivision-edge coronae graphs [14], the H— join of graphs [20], the
corona and neighborhood corona graphs [15], the double corona based on
R— graphs [18], and Tensor Product of P» and K,, graphs [25]. Motivated
by these, we have obtained the resistance distance of the Generalized wheel
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graph and Dumbbell graph using Symmetric {1}-inverse of Laplacian ma-
trices in this article. Also, we have provided examples for generalized wheel
and dumbbell graph and we have obtained the Kirchhoff indices for these
graphs.

2. Preliminaries

For an m x m matrix P, the {1}-inverse of P is an m x m matrix X such
that PXP = P. If P is singular then it has infinite {1}-inverses. If X is
the unique matrix satisfying PXP = P, XPX = X and PX = XP then
X = P# is the group inverse of P. Tt is known that P# exists if only if
rank (P) = rank (P?).

If P is real symmetric then P# exists and P# is a symmetric {1}-inverse
of P. Exactly, P# is equal to the Moore-Penrose inverse of P 2, 31].

The existence and the representation of the group inverse for block
matrices with an invertible subblock were given by the authors Bu, Zhang
and Zheng [4].

A B
C D

be an m x m matrix, where A is an invertible n X n matrix and S =

D — CA~1B. If S# exists then

1. P* exists if only if R is invertible, where R = A? + BS™C and
S™ = Iy — SS#;

2. If P# exists then
r-(3 )
where
X = AR! (A + BS#C) RA,
Y = AR (A + BS#C) R-'BS™ — AR"'BS#,
7 =S"CR! (A + BS#O) RA— S#CR A,
W = STCR™! (A + BS#C) R'BS™—S#CR-'BS™—STCR'BS#+
S#.

Lemma 2.1. [4] Let P =
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Ly Lo

LY Lj

be the Laplacian matrix of a connected graph, where L, is non-singular.
Denote S = Ly — LY LT Ly. Then

. Lf1+7@fingS#L§Lfl — L Ly S#
—S#LIL; S

is a symmetric {1}-inverse of L;

Lemma 2.2. [1, 2, 3] Let L =

2. If each column vector of Ly is -1 or a zero vector,

Lto
0o S*

is a symmetric {1}-inverse of L.

The next lemma is useful for computing the inverse of non-singular ma-
trices.

A B
C D
be a non-singular matrix. If A and D are non-singular then

Lemma 2.3. [2] Let P =

poi_ [ AN +ATIBSTIOAT —ATIBST!
- _SfICAfl Sfl ’

where S = D — CA™' B is the Schur complement of A in P.

Lemma 2.4. [33]. If A and A+ B are invertible and B has rank 1 then

let g = trace (BA™1). If g # —1 then
(A+B) ' =Al—-A'BAL

Lemma 2.5. [2]. Let G be a connected graph and (A;;) be the (i, j)-entry
of a matrix A. Then, for all 1 <1i,j < n,

ri (@) = (L&), —2(L@)F) + (LG

Lemma 2.6. [2, 39]. Let L be the Laplacian matrix of a graph of order n.
For any a,b > 0 satisfying b # n, we have

Jj

1 (L+aly = 2Jpy)® = (L+al) ™ = L,

2. (L4 aly = $Jnxn)® = (L+al) ™ = siks Jnxn
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3. Resistance distance of generalized wheel graph

In 1988, Fred Buckley and Frank Harary [10] defined the generalized wheel
graph Wy, ,, as the join K,,VCy, m > 2, n > 3, where, K,, is an empty
graph on m vertices and C), is the cycle graph on n vertices.

Now, we give the {1}-inverse representation of the Laplacian matrix of
generalized wheel graph K,,VC,,, m > 2 n > 3.

Theorem 3.1. Let K,,, be an empty graph on m > 2 vertices and C,,
n > 3 be the cycle graph on n vertices. Then the symmetric {1}-inverse of
L (W) is

1
EIme | Omxn
L (W) = [ Omm | 57,
nxm nxn

where S, = [L (Cp) +mI,) ™" — -2 Ty

Proof. Let K,, be an empty graph of order m,m > 2 and C,,,n > 3
be the cycle graph (2-regular) of order n and the generalized wheel graph
Wnn = K,,VC,, m>2, n>3. Clearly, the diameter of Wi is two.

Let V (K_m) = {uy,ug,...,un}t and V (Cy,) = {v1,ve,...,v,} be the

vertex sets of graphs K,, and C,,, respectively.

Consider the labelled vertices of Wy, , such that the first m vertices
are from K,,, m > 2 and n vertices are from C,,n > 3

For all u; € V (K_m) 4 =1,2,...,m in Wy, ,, we have degg (u;) = n
and

For all v; € V(Cy),1 =1,2,...,n in Wy, ,, we have degg (v;) = m + 2
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The Laplacian matrix of W, , is

L(Wm,n) _ [ Ly | Lo ] _ [ N mxm ‘ —Jmxn

Lg | L3 B —JInxm ‘ L(Cn) +mlyxn

where Jp,xpn is an all ones matrix, I, is the identity matrix of order n,
L (C,) is the Laplacian matrix of C,.

We observe that to obtain the symmetric {1}-inverse of L (W), we
can use part 2 of Lemma 2.2 and we have

-1 1
Ll - gImxm

Then
S =1L3—L¥Li Ly
=L (Cn) + mlyxn — (_Jnxm) %Imxm (_men)
=L (Cn) + mIan - %JnXmImeJan
=L (Cn) + mlyxn — % (mJan)
=L (Cn) + mIan - %Jnxn

Using part 1 of Lemma 2.6, for a graph G of order n, where a = m, we
have

S# - [L (Cn) + mIan]_l - Lc]an

mn

Therefore, the symmetric {1}-inverse of L (W, ) is

1
L im | 0

nxn

where S#Xn =[L(Cyn) + mIan]fl — #Jnxn.
Hence the result. O

Corollary 3.2. The symmetric {1}-inverse of wheel graph L (W1 ) is

1
~I1x1 | O1xn
L{l} (Wl’n) - [ 0n><1 | S#xn ‘|

where S#Xn = [L(Cp) + Inxn]) ' — %Jnxn.
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Proof. In Theorem 3.1, substituting m = 1, we obtain the symmetric
{1}-inverse of wheel graph L (W;,) = L (EVC)J ,n > 3. Hence the
result.

Using the elements of the symmetric {1}-inverse of L (W, ) and L (W1 )
in Lemma 2.5, we can obtain the resistance distance between any two ver-
tices of the generalized wheel graph W, , and wheel graph Wi, respec-
tively.

Example 3.3. Consider the generalized wheel graph Ws 3. Refer Figure
1.

A
¥ W

Figure 1. Wy 3

The Laplacian matrix of Wy 3 is

3 0]-1 -1 -1

0 3|-1 -1 -1
L(Was)=|=1 -1 4 -1 -1
-1 —1|-1 4 -1

~1 —1|-1 -1 4

Using Theorem 3.1, we obtain the symmetric {1}-inverse of L (W2 3) as

5 00 0 o
0 2/]0 0 0
LF(Wog)= | 0 0| & 7 3
00l % 1


pc
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Using the symmetric {1}-inverse of L (W3 3), we can find the resistance
distance between any pair of vertices of W 3.

For example, the resistance distance between the vertices 1 and 4 is
1

z 0
ra=[1 1] 0 . [1_1]:%.
15

Similarly, the resistance distances between all pairs of vertices of Ws 3
can be obtained.

The Kirchhoff index for Wy 3 is as follows

Kf (W273) = Ei<j 7“,‘]‘ = 4.66

4. Resistance distance of dumbbell graph

We now formulate the resistance distance for the dumbbell graph.

Definition 4.1. Givenm > 2 and n > 3, the dumbbell graph, DB(W,, ),
is obtained from two copies of generalized wheel graph W, ,, by connecting
m vertices in one copy with the corresponding vertices in the other copy.

The diameter of the DB(Wy, ) graph is three.

In 2017, the name “dumbbell graph” was used by Bojana Borovicanin
et al.[18] for another class of graphs. They have defined the dumbbell graph
as a graph obtained by connecting two cycles by paths. This is different
from the dumbbell graph introduced by us.

Theorem 4.2. Let DB(W,, ;) on 2(m+n) vertices be the dumbbell graph.
Then the symmetric {1}-inverse of L (DB (W,,,,)) is

-1 -1 Tr—1 -1
LR G N

~S#LILT! S#

where

L'+ L Lo S#LY LT =
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2mn+m2) <n2+n71)+n2(’ﬂ+1)2 (n+m)2+n

n+1l
n(n++2) Imxm + i (n12) (ntm)2 Tmxm ‘ m(ntm)? X"
2 _ ) 2
%Jnxm I:L(C’VL)JFmIan} 1+%J’ﬂxn
17 . (2n+m)mfn2(n+1)J 1 7
) # ’I'L(’I’L+2) mXxXm mn(n+2)(n+m)2 mXxXm (n+m)2 mXn
L7 La8% =
1 2
_n_ 1 _
m(n+m)2 Jnxm (n+m)2 Jan

1 _ (2n4+m)m—n?(n+1) n
—S#LgLfl — [ n(n+2)Im><m 71nn(n+2)(n+m)2 Imxm | mi(nJr?ln)z Imxn ]

_Wt]nxm _mJan

S#=
IR (SIS L
n(n+2) Imxm Tn(n+2)(n+m)2 Jmxm (n+m)21JmX7;

Proof. The Laplacian matrix of dumbbell graph DB(W)y, ,,) ,m0 > 2,1 >
3, on 2 (m + n) vertices is

L(DB (W) = [ L ] -

(TL+ 1) Lnxm —JImxn —Lmxm Omxn
—dJdnxm L (Cn) + mlnxn Onxcm Onxcn
_Ime 0m><n (n + 1) Imxm _men

Onxm Onxn —Jdnxm L (On) + mlyxn

Step 1. We start with the calculation of L7 of L (DB (W,..)).

Let
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o [48)-

C|D

(n+1) Imxm ‘ men
_Jnxm ‘ L +mIan

Since L; is non-singular, Ll_l exists. By applying Lemma 2.3,

1| AT + A 1BS'CA™Y | —A1BS]!
L -s;tcA! | Syt

L( ) + mlyxn — (_Jnxm) ﬁlmxm (_men)
= L(Cp) +mlpxn — (71__1,_1) (Jnxcm) Imsxem (Tmxn)
= L(Cp) + mlpxn — grrry (MJnxn)
=L (Cy)
Using part 2 of Lemma 2.6, for a graph G of order n, where a = m,
b=mn+ 1, we have

+mlpxn — (n—nJZI)J"X"

(4.1) S =[L(Cp) +mInxn] t + — Jnxn

Next
—ATBST = = [y ] (=) [[L(C) 4 o] ™+ L T
(n—lﬁ-l) (men) [L (Cn) + mInxn]_l + %JanJan}

1 %men + % (nJan)}

(n+11)
= i (n+1) Jmxn
= %men
Therefore 1
(4.2) — AT'BS; = — Jmxn
Similarly,
PN

1 n
1 -1 1 1

From equations (4.1), (4.2), (4.3), (4.4), we have



156 Sakthidevi Kaliyaperumal and Kalyani Desikan

1 1
i dmxm + ﬁJme = JImxn

L7l =
! L Josem [L(Cn) + mInsn] " + L Juxn

Step 2. Next, we obtain S using Ll_l, Lo and L3 as
S=1L3— L'y

n(n+2)I _ n_j
n+1 mxXm m(n+1) mxXm

S = _men

_Jnxm

L(Cy) +mlpxn
Step 3. We calculate S7 using Lemma 2.1.

Let

n(n+2) n
S = [ ar ] = [ nf1 Imxm = gy Jmxm | e ]
c|D _Jnxm | L (Cn) + mI”lxn

We get A~! using Lemma 2.4.

-1 _ +1 1

Then we follow the procedure from Lemma 2.1 to obtain
Sy =D-C A~'B

= [L (Cn) + mIan] - (_Jnxm) {TL(ZL—JTQ)Ime + meXm} (_men)
= [L(Cn) + mInxn] — %Jan

Using part 1 of Lemma 2.6, for a graph G of order n, where a = m to
obtain

SF = [L(Cp) + mInxn] ™ — == Jsxn
By continuing the procedure using Lemma 2.1, we have Sf.
We know, S§ = I, — SOS#. Then we get,

1
Sg = ﬁJan



Resistance distance of generalized wheel and dumbbell graph using ..157

Next, we calculate R = A? + BSTC

_ n2(n+2)?2 mn(n+1)2—n2(2n+3)
R - (7'L+1)2 Ime + m(n+1)2 Jme
Using Lemma 2.4 we get R~! as
1 (n41)? . m(n+1)%—n(2n+3)
R = n2(n+2)2 Inxm mn2(n+2)?(n+m) Tmxm
We continue the process to obtain
X = AR (A+BSfC)R™'A
(4.5) _n+1 I _(2mn+m2)(n+1)—n2J
n(n+2) """ mn (n+2) (n+m)? e
Also
Y = AR (A+ BS{C) R'BS] — ART'BS{
1
4.6 N
( ) (n + ’I’)’L)2 mXxn
We have
Z=S85CR (A+BSfC)R'A-SFCR™'A
1
4.7 =———Juxm
(4.7) e
and

W =STCR(A+BSYC)R 'BST—S?¥CR'BST— STCR 'BSY + 57
0 0 0 0 0 0 0 0

2m+n

= Mlpxn L.
(4.8) = [L(Co) - mlpn] ' = — "

JTLXTL

From equations (4.5), (4.6), (4.7), (4.8), we have

S# =
nt1 _ (2mn+m2)(n+1)—n2 1

~ G L(C)+mI, ™ = 2
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Step 4. Using part 1 of Lemma 2.2, we obtain the symmetric {1}-inverse
of L.

The symmetric {1}-inverse of L (DB (W, ,)) is

LY+ L L S#FLT LY — L7 Lo S#
L# DB (Wy,)] = ( —E#Lgllll_lz 244 5#1 2

where

Lyt 4+ L7 L S*LS LY =

ntl (2mn+m2) (n2+n71)+n2(n+1)2 ; (n+m)2+n ;
n(n+2)2 mxm + mn(n+2)(n+m)?2 mxm W mxmn 2
%Jnxm [L(C7z)+m1n]7l+%v’nxn
17 _ (2n+m)mfn2(n+1)J 1 g
n - 1

1 . (2n+m)m—n2(n+1) n
_S#LgLfl _ I: n(n+2) Im><m rlrm(n+2)(n+m)2 mem —m(n+{n)2 Jan ]

_WJnXm m nxn

i [Cmme)ern] 2 L
S — n(n+2) - mxm mn(n+2)(n+m)? mxm (n+71z{2 mxn
— (n+1m—)2 Jn><m [L (Cn) + mIn] — % nxn
g

Hence the result.

Using the elements of the symmetric {1}-inverse of L (DB (Wy,.)),
we can obtain the resistance distance between the vertices v; and v; in

DB (W) as
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Tij = (L# (DB (Wm,n)))ii_Q (L# (DB (Wm,n))) ,.+(L# (DB (Wm,n))) .

] Jj

Example 4.3. Consider the dumbbell graph DB (W3 3), given in Figure
2.

The Laplacian matrix of DB (W5 3) is

4 0 -1 -1 -1|-1 0 0 0 0 ]
0 4 -1 -1 -1/ 0 -1 0 0 0

1 -1 4 -1 -1/0 0 0 0 0

~1 -1 -1 4 -1/0 0 0 0 0
|-t -1 -1 -1 4]0 0 0 0 0
1T 0 0 0 0]4 0 -1 -1 -1

0 -1 0 0 0]0 4 -1 -1 -1

0 0 0 0 O0]-1 -1 4 -1 -1

0 0 0 0 O0]-1 -1 -1 4 -1
L0 0 0 0 O0|-1 -1 -1 -1 4 |

Using Theorem 4.2, we obtain the symmetric {1}-inverse of L (DB (W2 3))
as

|
—
1

14 “uyp 2z -1 -1 -1
I¥ (DB (Wy) = | F—%— S4B S 5 5 %
- 25 25 25 25 25 [ 25 25 25 25 25 -
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. -\-.1 - i /
L4 e, rd _4"
\\ e T - .4”
r
SNohv S

Figure 2. DB (W3 3)

Using the symmetric {1}-inverse of L (DB (W3 3)), we can find the re-
sistance distance between any pair of vertices of DB (W3 3).

For example, the resistance distance between the vertices 1 and 6 is

52 7
775 1
= 1 —1 :l.
e R | N I
75 150

Similarly, the resistance distances between all pairs of vertices of DB (W3 3)
can be obtained.

The Kirchhoff index for DB (W3 3) is as follows

Kf (DB (W273)) = Zi<j Tij = 32.8

5. Conclusion

The resistance distance which is the effective electrical resistance in a

network has wide applications. Resistance distance is closely connected
with practical applications in electrical circuit theory. For complex net-
works, resistance distance and Kirchhoff index are very important physical
quantities. With these two quantities, the network topology can be opti-
mized. For this reason, it has been widely explored by many authors. As
we know, there exists a relationship between resistance distance and sym-
metric {1}-inverse of Laplacian matrix. In this paper, we have made use


pc
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of the symmetric {1}-inverse of Laplacian matrix to obtain the resistance
distance for two classes of graphs viz the generalized wheel and dumbbell
graph. Making use of the resistance distance the Kirchhoff indices for these
graphs have been computed.

Acknowledgements

The authors are thankful to the anonymous referee for a careful reading
of the article and the encouraging comments made in the report.

References

[1] A.Ben-lIsrael and T. N. E. Greville, Generalized inverses: Theory and Applications.
vol. 15. Springer, 2003,

[2] C. Bu, B. Yan, X. Zhou, and J. Zhou, “Resistance distance in
subdivision-vertex join and subdivision-edge join of graphs”, Linear Algebra
and its Applications, vol. 458, pp. 454-462, 2014. doi: 10.1016/j.1aa.2014.06.018

[3] C.Bu,L.Sun,J. Zhou, and Y. Wei, “A note on block representations of the
group inverse of Laplacian matrices”, The Electronic Journal of Linear Algebra,
vol. 23, 2012. doi: 10.13001/1081-3810.1562

[4] C.Bu, M. Li, K. Zhang, and L. Zheng, “Group inverse for the block matrices
with an invertible subblock”, Applied Mathematics and Computation, vol. 215,
no. 1, pp. 132-139, 2009. doi: 10.1016/j.amc.2009.04.054

[5] D. Wang and Y. Yang, “Resistance distances in linear polyacene graphs”,
Frontiers in Physics, vol. 8, 2021. doi: 10.3389/fphy.2020.600960

[6] D.J.Klein, “Resistance-distance sum rules”, Croatica chemica acta, vol. 75, no.
2, pp. 633-649, 2002. [On line]. Available: https://bit.ly/3W8ySIT

[7] D.J. Klein, and M. Randi¢, “Resistance distance”, Journal of Mathematical
Chemistry, vol. 12, pp. 81-95, 1993.



162

Sakthidevi Kaliyaperumal and Kalyani Desikan

[8] D.J.Klein, I. Lukovits, and I. Gutman, “On the definition of the hyper-wiener

[9]

index for cycle-containing structures”, Journal of Chemical Information and
Computer Sciences, vol. 35, no. 1, pp. 50-52, 1995. doi: 10.1021/ci00023a007

P. G. Doyle and J. L. Snell, Random walks and electric networks, Washington, DC:
The Mathematical Association of America, 1984,

[10] F. Buckley and F. Harary, “On the Euclidean dimension of a Wheel”, Graphs

and Combinatorics, vol. 4, pp. 23-30, 1988. doi: 10.1007/bf01864150

[11] H. Zhang and Y. Yang, “Resistance distance and Kirchhoff index in Circulant

[12]

graphs”, International Journal of Quantum Chemistry, vol. 107, pp. 330-339, 2006.
doi: 10.1002/qua.21068

M. A. Jafarizadeh, R. Suffiani and S. Jafarizadeh, “Recursive calculation of
effective resistance in distance-regular networks based on Bose-Mesner
algebra and christoffel-Darboux identity”, Journal of Mathematical Physics, vol.
50, 2009. doi: 10.1063/1.3077145

[13] S. Jafarizadeh, R. Suffiani and M.A.Jafarizadeh, Evaluation of Resistances in

[14]

[16]

pseudo-Distance-Regular resistor networks”, Journal of Statistical Physics, vol.
139, pp. 177-199, 2010. doi: 10.1007/s10955-009-9909-8

J-B. Liu, X-F Pan and F-T Hu, “The {l}-inverse of the Laplacian of
subdivision-vertex and subdivision-edge coronae with applications”, Linear
and  Multilinear ~ Algebra, vol. 65, pp. 178-191, 2016. doi:
10.1080/03081087.2016.1179249

J. Cao, J-B. Liu and S. Wang, “Resistance distances in corona and
neighborhood corona networks based on Laplacian generalized inverse
approach”, Journal of Algebra and Its Applications, vol. 18, 2019. doi:
10.1142/50219498819500531

J. Zhao, J-B. Liu and A. Zafari, “Complete characterization of resistance
distance for Linear octogonal networks”, Hindawi complexity, 2020. doi:
10.1155/2020/5917098

[17] J. L. Palacios, “Closed-form formulas for Kirchhoff index”, International Journal

of  Quantum  Chemistry,  vol.81, pp. 135-140, 2001 doi:
10.1002/1097-461x(2001)81:2<135::aid-qua4>3.0.co;2-g



Resistance distance of generalized wheel and dumbbell graph using ..163

[18] B. Borovicanin, K. Ch. Das, B. Furtula and I. Gutman, Zagreb Indices: Bounds
and Extremal Graphs in Chemical Graph Theory Basics, I. Gutman, B. Furtula, K.
C. Das, E. Milovanovic, and I. Milovanovic, Eds., University Kragujevac,
Kragujevac, 2017, pp. 67-153.

[19] L. Zhang, J. Zhao, J-B. Liu, and S. Daoud, “Resistance distance in the double
corona based on R-graph”, Mathematics, vol. 7, no. 1, p. 92, 2019. doi:
10.3390/math7010092

[20] L. Zhang and J-B. Liu, “Theoretical and computational methods to
resistance distances in novel graphs operations”, IEEE Access, vol. 7, pp.
107908-107916, 2019. doi: 10.1109/access.2019.2932771

[21] L. Zhang, J. Zhao, J-B. Liu and M. Arockiaraj, “Resistance Distance in
H-Join of Graphs GI, G2,..Gx’» Mathematics, vol. 6, 2018. doi:
10.3390/math6120283

[22] L. W. Shapiro, “An Electrical Lemma”, Mathematics Magazine, vol.60, pp.
36-38, 1987. doi: 10.1080/0025570x.1987.11977274

[23] I. Lukovits, S. Nikolic and N.Trinajstic, “Resistance distance in regular
graphs”, International Journal of Quantum Chemistry, vol. 71, pp. 217-225, 1999.
doi; 10.1002/(sici)1097-461x(1999)71:3<217::aid-qual>3.0.co;2-C

[24] L. Ye and W. Yan, “Resistance between two vertices of almost complete
bipartite graphs”, Discrete Applied Mathematics, vol. 257, pp. 299-305, 2019.
doi: 10.1016/j.dam.2018.08.030

[25] M. Vaskouski and A. Zadorozhnyuk, “Resistance distances in Cayley
graphs on symmetric groups”, Discrete Applied Mathematics, vol. 227, pp.
121-135, 2017. doi: 10.1016/j.dam.2017.04.044

[26] M. S. Sardar, M. Cancan, S. Ediz and W. Sajjad, “Some resistance distance

and distance-based graph invariants and number of spanning trees in the
tensor product of P2 and K, Proyecciones (Antofagasta), vol. 39, no. 4, pp.
919-932, 2020. doi: 10.22199/issn.0717-6279-2020-04-0057

[27] C. S. J. A. Nash-Williams, “Random walks and electric currents in networks”,
Mathematical Proceedings of the Cambridge Philosophical Society, vol. 55, no. 2, pp.
181-194, 1959. doi: 10.1017/S0305004100033879

[28] N. Chair, “Exact two-point resistance and the simple random walk on the
complete graph minus N edges”, Annals of Physics, vol. 327, pp. 3116-3129,
2012. doi: 10.1016/j.a0p.2012.09.002



164 Sakthidevi Kaliyaperumal and Kalyani Desikan

[29] N. Chair and E. M. A. Dannoun, “Two-point resistance of the Mébius ladder”,
Physica Scripta, vol. 90, 2015. doi: 10.1088/0031-8949/90/3/035206

[30] P. W. Fotuler, “Resistance distances in Fullerene graphs”, Croatica Chemica Acta,
vol. 75, pp. 401-408, 2002. [On line]. Available: https://bit.ly/3XrYW9m

[31] M. Q. Qwaidat, J.H.Asad and Zhi-Zhong Tan, “Resistance computation of
generalized decorated square and simple cubic network lattices”, Results in
Physics, vol. 12, pp. 1621-1627, 2019. doi: 10.1016/j.rinp.2019.01.070

[32] R. B. Bapat and S. Gupta, “Resistance distance in wheels and fans”, Indian
Journal of Pure and Applied Mathematics, vol. 41, pp. 1-13, 2010. doi:
10.1007/s13226-010-0004-2

[33] R. B. Bapat, I. Gutman and W. Xiao, “A simple method for computing
resistance distance”, Zeitschrift fir Naturforschung A, vol. 58, pp. 494-498, 2003.
doi: 10.1515/zna-2003-9-1003

[34] R. A. Horn and C. R. Johnson, Matrix analysis. Cambridge University Press,
2012.

[35] S. V. Gervacio, Resistance distance in Complete n-partite graphs. Discrete
Applied Mathematics, vol.203, pp. 53-61, 2016. doi: 10.1016/j.dam.2015.09.017

[36] S. Li, and T. Tian, “Resistance between two nodes of a ring clique network,
Circuits”, Systems and Signal processing, vol. 41, pp. 1287-1298, 2021. doi:
10.1007/s00034-021-01859-7

[37] S. Huang, and S. Li, “On the resistance distance and Kirchhoff index of a linear
hexagonal (cyclinder) chain”, Physica A: Statistical Mechanics and its Applications,
vol. 58, 2020. doi: 10.1016/j.physa.2020.124999

[38] W.J.Yin, Z. F. Ming and Q. Liu, “Resistance distance and Kirchhoff index for
a class of graphs”, Mathematical Problems in Engineering, pp. 1-8, 2018. doi:
10.1155/2018/1028614

[39] W. Barrett, E. J. Evans, and A. E. Francis, “Resistance distance in straight
linear 2-trees”, Discrete Applied Mathematics, vol. 258, pp. 3-34, 2019. doi:
10.1016/j.dam.2018.10.043



Resistance distance of generalized wheel and dumbbell graph using ..165

[40] X. Liu, J. Zhou, and C. Bu, “Resistance distance and Kirchhoff index of
R-vertex join and R-edge join of two graphs”, Discrete Applied Mathematics,
vol. 187, pp. 130-139, 2015. doi: 10.1016/j.dam.2015.02.021

[41] X. Gao, Y. Luo and W. Liu, “Resistance distances and the Kirchhoff index in
Cayley graphs”, Discrete Applied Mathematics, vol. 159, pp. 2050-2057, 2011
doi: 10.1016/j.dam.2011.06.027

[42] Y. Shangguan and H. Chen, “Two-point resistances in an Apollonian
network”, Physical Review E, vol.96, 2017. doi: 10.1103/physreve.96.062140

[43] Y. Shangguan and H. Chen, “Two-point resistances in a family of
self-similar (X, y) - flower networks”, Physica A: Statistical Mechanics and its
Applications, vol. 523, pp. 382-391, June 2019. doi: 10.1016/j.physa.2019.02.008

[44] Z. Jiang and W. Yan, “Some Two-point Resistances of the Sierpinski Gasket
Network”, Journal of Statistical Physics, vol. 172, pp. 824-832, 2018. doi:
10.1007/s10955-018-2067-0

[45] Z. Cinkir, “Effective resistances and Kirchhoff index of Ladder graphs”,
Journal of Mathematical Chemistry, vol. 54, pp. 955-966, 2016. doi:
10.1007/s10910-016-0597-8

[46] Z.Jiang, and W. Yan, “Resistance between two nodes of a Path network”,
Applied Mathematics and Computation, vol. 361, pp. 42-46, 2019. doi:
10.1016/j.amc.2019.05.006



166 Sakthidevi Kaliyaperumal and Kalyani Desikan

Sakthidevi Kaliyaperumal
Department of Mathematics

School of Advanced Sciences

Vellore Institute of Technology (VIT)
Chennai,

India

e-mail: sakthidevi.k2019vitstudent.ac.in

and

Kalyani Desikan

Department of Mathematics

School of Advanced Sciences

Vellore Institute of Technology (VIT)
Chennai,

India

e-mail: kalyanidesikan@vit.ac.in
Corresponding author



