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Abstract

In this paper, we introduce the (M, M)-corona-join of G and Hy,
constrained by vertex subsets T, which is the union of two graphs:
one is the M-generalized corona of a graph G and a family of graphs
Hi constrained by vertex subset T of the graphs in Hy, where M is a
suitable matriz; and the other one is the M-join of Hy, where M is
a collection of matrices. We determine the spectra of the adjacency,
the Laplacian, the signless Laplacian and the normalized Laplacian
matrices of some special cases of the (M, M)-corona-join of G and
Hi constrained by vertex subsets T. These results enable us to deduce
the spectra of all the existing variants of extended corona of graphs.
Further, by using this graph operation, we construct infinitely many
graphs which are simultaneously cospectral with respect to the above
mentioned four type of matrices.
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1. Introduction

The study of the spectra of various matrices associated to graphs is an active
research topic in spectral graph theory as the knowledge of the spectra of
these matrices reveal several structural properties of the graphs. In spectral
graph theory, it is a common problem that “to what extent the spectrum
of a graph constructed using graph operations can be described in terms
of the spectrum of the constituting graph(s)?” Over the last five decades,
researchers have paid much attention to the spectra of graphs obtained
by using several graph operations such as the complement, the disjoint
union, the join, the Cartesian product, the strong product, the Kronecker
product, the NEPS and the rooted product, etc. We refer the reader to
8,9, 14, 25, 26, 27, 30] and the references therein for more graph operations
and the results on the spectra of these graphs.

Corona is another well-known graph operation. Let G be a graph with
n vertices and H be a graph. The corona of G and H is obtained by taking
one copy of G and n copies of H, and joining the i-th vertex of GG to all the
vertices of the i-th copy of H for i = 1,2,...,n. The spectral properties of
corona of graphs were studied in [4]. Since then several variants of corona of
graphs have been defined in the literature and their spectral properties were
studied; see [1, 3, 5, 7, 10, 11, 19, 20, 21, 22, 23, 24, 28, 32] and the references
therein. For the convenience of the reader, we give the definition of some
of the variants of corona of graphs used in this paper. The neighborhood
corona of graphs G and H is the graph obtained by taking a copy of G and n
copies of H, and joining the vertices in the neighborhood of the i-th vertex
of G to all the vertices of the i-th copy of H for i =1,2,...,n [18]. Adiga
and Rakshith [2] defined the following: The extended neighborhood corona
(resp. extended corona) of two graphs G1 and G is the graph obtained by
taking the neighborhood corona (resp. corona) of G and G, and joining
each vertex of the i-th copy of G2 to every vertex of the j-th copy of G,
provided the vertices v; and v; are adjacent in G1. Following this, Tajarrod
and Sistani [31] defined the following: Let V(G2) = {v1,v2,...,v,} and let
v;,, denote the vertex corresponding to vy, in the i-th copy of G. Then the
identity-extended corona (resp. identity-extended neighborhood corona) of
two graphs G1 and Gq is the graph obtained by taking the corona (resp.
neighborhood corona) of G; and G, and joining the vertex v;, of the i-th
copy of G to the vertex v;, of the j-th copy of G, provided the vertices
v; and v; are adjacent in Gi. The neighborhood extended corona (resp.
neighborhood extended neighborhood corona) of two graphs Gy and Gg is
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the graph obtained by taking the corona (resp. neighborhood corona) of
G1 and G2, and joining the vertex v;, of the i-th copy of G2 to the vertices
vj, of the j-th copy of G, provided the vertices v; and v; are adjacent in
(1 and ui and wu; are adjacent in Ga.

In [13, 29] the authors defined the M-generalized corona of graphs con-
strained by vertex subsets and showed that it generalizes all the variants of
corona of graphs defined in the literature except the variants of corona of
graphs defined in [2, 31]. Further, various spectra of the graphs constructed
by this graph operation were obtained and the spectra of the variants of
corona of graphs (except those mentioned above) were deduced. Recently,
the same authors introduced the M-join of the graphs [12] and obtained
its various spectra.

In this paper, we define a graph operation by suitably combining the
M-generalized corona of graphs and the M-join of the graphs. We show
that this construction includes all the variants of corona of graphs as its
particular cases and we obtain the various spectra of the graphs formed by
this graph operation.

Now we recall some basic notions of spectral graph theory. We consider
only finite, and simple graphs. For a graph G with vertex set {v1,va,...,v,}
and the edge set {e1, €2, ..., en}, the adjacency matrix A(G) of G is the 0—1
matrix of size nxn, whose (7, j)-th entry is 1 if and only if the vertices v; and
vj are adjacent in G. The incidence matriz B(G) of G is the 0 — 1 matrix
of size n x m whose (i, j)-th entry is 1 if and only if the vertex v; is incident
with the edge e;. The degree matrix D(G) of G is the diag(di,da, ..., dy),
where d; is the degree of v; for ¢ = 1,2,...,n in G. The Laplacian matrix,
the signless Laplacian matrix and the normalized Laplacian matrix of G
are defined as L(G) = D(G) — A(G), Q(G) = D(G) + A(G) and L(G) =
I,— D(G)_%A(G)D(G)_%, respectively provided G has no isolated vertices

~

for L(G). The multi-set of eigenvalues of A(G), L(G), Q(G) and L(G) are
said to be the A-spectrum, L-spectrum, (J-spectrum and Z—spectrum of G,
respectively. Two graphs are said to be A-cospectral (resp. L-cospectral,
(Q-cospectral and I:—COSpectral) if they have the same A-spectrum (resp.
L-spectrum, Q-spectrum and ﬁ—spectrum). The A-spectrum, L-spectrum
and @-spectrum of G are denoted by

M(G) = Xa(G) = . = MlG);0 = 1 (G) < 12(G) < .. < (G (G) =
a(G) > ... > vy(G), respectively. Two graphs are regular A-cospectral if
and only if they are L-cospectral (resp. Q-cospectral and E-Cospectral). In
this case, we say that these two graphs are regular cospectral.

The complement graph of G is denoted by G. The union of two graphs
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G and H, denoted by G U H, is the graph having vertex set V(G) UV (H)
and edge set E(G)UE(H). The matrix of size n x m in which all the entries
are 1 is denoted by J,xm.

The rest of the paper is arranged as follows: In section 2, we introduce
the (M, M)-corona-join of G and Hj, constrained by vertex subsets 7. In
Section 3, first we determine the spectra of a matrix in a specific form.
Then by using this result, we deduce the A-spectra, the L-spectra, the Q-
spectra and the f/—spectra of the new graph for some special cases. From
these results, we deduce the existing results on the spectra of the variants
of extended corona of graphs. Finally, we construct infinitely many simul-
taneously A-cospectral, L-cospectral, ()-cospectral and Z—cospectral graphs
by using this graph operation.

2. (M, M)-corona-join of graphs

Definition 2.1. ([13, 29]) Let G be a graph with V(G) = {v1,v2,...,vn}.
Let Hy, = (Hi, Ho, ..., Hy) be a family of k graphs and let T = (11,15, ..., T})
be a family of sets, where T; C V(H;), j = 1,2,...,k. Let M = [m;;]| be
a 0 — 1 matrix of size n X k. Then the M -generalized corona of G and Hy,
constrained by T, denoted by G(ENQ[M:T]H/C, is the graph obtained by taking
one copy of G, Hy, Ha, ..., H} and joining the vertex v; to all the vertices
in T if and only if m;; =1 fori =1,2,...,nand j = 1,2,... k.

Hedetniemi introduced the following graph operation.

Definition 2.2. ([15]) Let G and H be graphs, and 1 C V(G) x V(H) be
a binary relation. Then the w-graph of G and H is the graph whose vertex
set is V(G) UV (H) and the edge set is E(G) U E(H) U.

Notice that the binary relation 7 can be viewed as a matrix M = [m;;],
where m;; = 1 or 0, if the i-th vertex of H; and the j-th vertex of Hj
are related or not, respectively, so the m—graph of G and H is the graph
obtained by taking one copy of G and H, and joining the i-th vertex of G
to the j-th vertex of H if and only if m;; = 1. This graph is denoted by
GV H and is called the M-join of G and H [12]. The above definition is
extended as follows:

Definition 2.3. ([12]) Let Hj, be a sequence of k graphs Hy, Hs, ..., Hy
with | V(H;) | = n; fori = 1,2,...,k and let M = (M2, Mis, ..., Mg,
Moz, Moy, ..., Moy, ..., My_1)), where M;; is a 0 — 1 matrix of size
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n; X nj. Then the M-join of the graphs in Hy, denoted by \/ r Hy, is the
k

graph U (HZ Vg, Hj).
i,j=1,i<j

With the notions mentioned above, we define the following.
Definition 2.4. The (M, M)-corona-join of G and Hy, constrained by ver-

tex subsets T is the graph obtained by taking the union of G®[M:T] Hy, and
the M-join of Hy,. We denote it as G\ yr. pmp:17 Hi-

Example 2.1. Consider the graphs G, Hy, Hy, Hs, Hy as shown in Figure
1. Let H4 = (Hl,HQ,Hg,H4). Let T = (Tl,TQ,T3,T4), where T1 = {U3},
Ty = {wa,ws}, T3 = {w3,x4}, Ty = {y1,ya}. The white hollow circle

vertices represent the elements in T;,j = 1,2,...,4. Let
0110
0 011 0 0 0O 0 011

M=|1001|,M2=|0011]|,My=|000 0]/{,

1 010 0 011 0 011
1100
1 0 00 0 00O
1 011 1100

Mg = 000 0 Msa= | 00 0 ; Mg = 03x4, M2g = 04x4
0 00O 0 00O

and M = (Mg, My3, Mia, Moz, Moy, M3s). Then G®(nr.ryHa, Ving ) Ha
and G V(yr. o711 Ha are shown in Figure 1.

Notice that the construction of the graph (M, M)-corona-join of G and
‘Hj. constrained by 7 includes the construction of M-generalized corona of
graphs as well as all the variants of extended corona of graphs: First one
is obtained by taking M as the collection of zero matrices. For the second
one, let G; and G2 be graphs with n; and ne vertices respectively. Let
A(G) = [ajj]. Then for each pair M, M' as mentioned in Table 1, the
graph G Va. am1:7) Hi, where
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Wy w3 T4 T3 Ya Y3
: ‘E ZI |
A < D
U1 U2 w1 wa T To Y1 Y2
H, H, Hs H,
VM Ha

Figure 1: Example for (M, M)-corona-join of graphs constrained by

vertex subsets

M = (alng,algM/, .. -aa(nl—l)nlMl); H= (GQ,GQ, .. .,GQ) and
N—

n1times

T = (V(G2),V(Ga),...,V(G2)),

n1times
gives the existing variant of extended corona of graphs as mentioned in the

same table.


pc
fig-1
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S. No | Name of the corona operation M M’

1. Extended neighborhood corona of Gy and | A(G1) | Jn,
Ga

2. Extended corona of G; and G2 I, Ino

3. Identity extended corona of G and Go I, I,
4. Identity extended neighborhood corona of | A(Gy) | In,
G1 and G2
5. Neighborhood extended corona of G and | I, A(G2)
Go
6. Neighborhood extended mneighborhood | A(G1) | A(G2)
corona of G1 and G

Table 2.1: The existing variants of extended corona of graphs as particular
cases of GV Hie

3. Spectra of G \Vyr. a7 Hie

The following result gives a characterization of commuting matrices through
their eigenvectors.

Proposition 3.1. ([16, Proposition 2.3.2]) Let Ay, Aa, ..., Ap, be symmet-
ric matrices of order n. Then the following are equivalent.

1. A,LAJ = Ain, Vi, j € {1,2, .. .,m};

2. There exists an orthonormal basis {x1,%2,...,z,} of R" such that
T1,X2,...,Ty are eigenvectors of A;, Vi =1,2,...,m.

Definition 3.1. ([13, 29]) Let Ay, A, ..., Ap, € My (C). Then

A1, A2, ..., Ay € C are said to be co-eigenvalues of Ay, Aa, ..., An, if there
exists a vector X € C" such that A; X = \X for i =1,2,...,m. In this
case, we simply say that, \;’s are co-eigenvalues of A;’s for i = 1,2,...,m.

Theorem 3.1. (Laplace Expansion Theorem)([17, 0.8.9]) Let A € M, (F),
let k € {1,2,...,n} be given, and let 5 C {1,2,...,n} be any given index
set of cardinality k. Then

detA =Y (=1)P@BdetAla, BldetAlac, 5

= Y (=)D det A3, a]det A[5¢, ]

in which the sums are over all index sets « C {1,2,...,n} of cardinality k,
and p(o, f) = Y et + > jepd-
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We define the following notations.

Ruxm(s) =

CnXm(C) =
RCrxm(s,c) =

[mij] € Mpxm(R) : Zmij =sfori=1,2,...

=1

[mij] € Myxm(R) : Zmij =cforj=1,2,...

=1

{M € Mpxm(R) : M € Rusxm(s) NCpxm(c)}.

771}§
aﬂl}é

First we determine the spectrum of a matrix having some specific prop-

erties.

Theorem 3.2. Let Ay € My, xn, (R) and N € My, «x(R), with N = [my;],
i=1,2,...,n1; 5 =1,2,...,k. Let M;; € Rp,xn,(rij) be a symmetric
matrix for i,j = 1,2,...,k; © < j, which commutes with all the others.

Consider the matrix

A

where

Ao

Ay N @ Jixns
NT® Jpyx1  Ag ’

Myw Mia -+ My
_ Mis Moy -+ My
My Moy -+ My

Then the spectrum of A is

(1) the eigenvalues of the matrix

e | A V2N
JizNT R ’

in T2 ... Tik

T12 T922 e ToR
where R = | . . )

Tk T2k oo TkE

(2) the eigenvalues of the matrix

E =

M (Mi1) MN(Maa) ... M(Mig)
A(Mi2) Ae(Maa) ... Ae(Mag)

M) M(Mag) - Ae(Mi)
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fort =2,3,...,ne, where \((M1), A\e(Mi2), ..., \e(Myy) are
co-eigenvalues of M1y, Myo, ..., M.

Proof. Since M;js are symmetric matrices which commute with each
other and M;; € Ry, xna(ri;) ford, 5 =1,2, ..., k, by Proposition 3.1, there

exists an orthonormal basis {X;(= \/%JMM), X, ..., Xp,} of R" such

that X; is an eigenvector of M;; corresponding to the eigenvalue A;(M;;)
fort =1,2,...,n0 and 4,5 = 1,2,..., k. Now consider the square matrix

Q of order nsy, whose t-th column is X; for t = 1,2,...,n9. Then we have,
QTMijQ = Dl'j = diag(rij, )\Q(Mij), cey A 2(Mij)) for 1,7 =1,2..., k. Let

1, 0 1 0
A/: ni A ni
lO Ik@QT] lo Ik@@]

A, B, By, ... B
BT Di Dy -+ Dy
— | B Diz Doy --- Dy |,
BF Dy, Do -+ Dy
where

mi; 0 0

meo; 0 0
B; =

Mnqi 0O ... 0

fort=1,2,...,k.

The eigenvalues of A and A’ are the same, since they are similar matri-
ces. So, it is enough to determine the eigenvalues of A’.

Take 5 ={1,2,...,n1,n1+1,n1 +na+1,n; +2n2+1,...,m;
+ (k—1)n2 + 1} and let E = A’[B, 3]. Then

xl,, — Ay —/naN
—vmaNT I, — R

and (z1n,+kny — A')[BC, B = xlny—1) — D', where

/ / /
Dy Dy - Dy
/ / /
Dy Dy - Dy

l']n1+k —F =

D' =

/ ’ /
Dkl Dk2 Dkk
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with Déj being the matrix obtained by deleting the first row and the first
column of Dj;.

Also, notice that det((z1n,+kn, — A)[e, 8]) =0 for « C {1,2,...,n1 +
kng} with o # 8 and « has nj + ng elements. So by the Laplace Expansion
Theorem,

PA’(x) = det((xIn1+kn2 - A/)[/Bvﬁ]) X det(($fnl+kn2 - A/)[BC7BC])

By using the Laplace Expansion Theorem repeatedly ng — 1 times, we
can obtain

na
PD/(x) = H PEt(l')
t=2
and hence the result follows. O

In the next result, we obtain the spectra of G'Vys.a1.7) Hi for some G,
H;i., M and M.

Theorem 3.3. Let G; be a graph with n; vertices and m; edges fori =1, 2.
Let M € RCyp,xk(a,B) be a 0-1 matrix and let M’ € R,, x na(r') be a
symmetric matrix which commutes with A(G2). Let Hy, = (G2, Ga,...,G2)
and T = (V(G2),V(G2),...,V(G2)). Let H be an r-regular graph with k
vertices and A(H) = [hz]] Let M = (hlgM/, h13M/, ceey hlkM/, h23M/,
h24M,, ceey thM,, ceey h(k—l)kM,)' Let T" be G1 \/[MMT] Hk Then the

A-spectrum, the L-spectrum, the QQ-spectrum and the E-Spectrum of " are

' ) 1A cy/naM |
(1) the eigenvalues of the matrix E = c/izMT B ;

(2) 0: + pAs(H)M(M') fort =2,3,...,n2; s=1,2,...,k,

where
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(Gy1) for the A-spectrum of T;
(G1) + ansly, for the L-spectrum of T
(G1) + anal,, for the Q-spectrum of T';

[L(G1) + angly,]  for the L-spectrum of T,

QO

)
Q| =

for the A-spectrum, the QQ-spectrum of T’
-1 for the L-spectrum of T';

for the E—spectrum of I,

roly + 1" A(H) for the A-spectrum of T,
provided Gy is 9 regular;
(B+rr"), —r"A(H) for the L-spectrum of T
B = (2ro + B+ rr')I +r'A(H) for the Q-spectrum of T,
provided G4 is ro regular;

[(5 + 7'\, — r'A(H)]  for the L-spectrum of T';

(Gz) for the A-spectrum of T';
we(Ga) + B+ rr'! for the L-spectrum of T’
O = v (Go) + B+ rr’ for the Q-spectrum of I';
1 ~
C—(ut(G 9) + B+ rr') for the L-spectrum of T,
1 for the A-spectrum, the Q-spectrum of T
—1  for the L-spectrum of T’;

1 -
- for the L-spectrum of T,
2

c1 =11+ ang; ca =19+ f+ 711, provided that, G; is ri-regular (r; > 1) for
i=1,2.
In particular,

(a) if k = ny and, A(G1), M and A(H) commute with each other, then
the eigenvalues of E are

% (Ai(A) +(B) £ ((4) — M(B))? - 4c2n2)\¢(M)2> ,

where \;(A), \i(B) and \;(M) are co-eigenvalues of A, B and M for
i=1,2,...,m

(b) if Gy is regular and M = J,, xx, then the eigenvalues of E are

1.4 (M(4) + M (B) £ VIN(A) = M(B))? = 4kniny).
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2. M(A) fort =2,3,...,n;
3. M(B) fort=2,3,... k.

(c) if Gy is ri-regular, k = my, M = B(G1) and B = t11,, + taJm, +
t3B(G1)T B(G1), then the eigenvalues of E are

1. t1 with multiplicity my — ny;

2. % ()\t(A) + e £ \/(Al(A) —n)? — 402ngut(G1)) fort =2,3,...,n1,

where

. t1 + mato + 2ritg, fort =1,
= t1 + tsv(Gh), fort=2,3,...,n;.

Proof. It can be verified that
A(F) _ A(Gl) M ® J1><n2
_MT®Jn2><1 Ik®A(G2)—|—A(H)®M/ ’

siry [ B ana M E
~MT @ Jpyx1 I @ [L(G2) + (B + "), ] — A(H) @ M’ |’

Q(I-\) _ Q(Gl) + an21n1 M® J1><n2
MY @ Jnyx1 I @ [Q(G2) + (B + 7)1, ] + A(H) @ M

)

E(P) C_ll (L(Gh) + analn,) o /Cics (M ® Jixny)
= _\/611_02 (MT ® anxl) 0—12 (Ik ® [L(G2) + (B +7«7a/)]n2] — A(H) ® M/)
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Taking A; = A and

A(G2) for the A-spectrum of T';
L(G2) + (B+ 1)1y, for the L-spectrum of T
Mii = Q(G2) + (B+ "), for the @-spectrum of I';
1 ~
C—[L(GQ) + (B4 7r7r")I,,] for the L-spectrum of T,
2
M;; = phi; M’

for i,j =1,2,...,k and ¢ < j in Theorem 3.2, we obtain that R = B and
Ey = \(My1) I, + pMi(M")A(H) for t = 2,3,...,n2, and so the eigenvalues
of Ey are 0y + pA(M")\s(H) for t = 2,3,...,n9; s = 1,2,..., k. So the
result follows.

(a) If k =ny and, A(G1), M and A(H) commute with each other, then

Jo A C,/TLQM
| ey/maMT B ’

where A, M and B commute with each other. By Proposition 3.1,
there exists a orthonormal matrix P such that

Dy = PTAP = (\(A), \2(A), ..., An, (A)),
Dy = PTMP = (A (M), \2(M), ..., Ay (M)),
D3 = PTBP = (\(B), \2(B), ..., A\n, (B)).

Let
D - PT 0 A cy/naM P O
o PU||c/mMT B 0 P
. [ Dl CMTLQDQ
o C\/n_QDQ D3 )

Since E and D’ are similar matrices, by using the Laplace Expansion
Theorem repeatedly, we obtain that

ni

det(zl, —D') = [ (2% = [N(A) + Xi(B)] @ + Ai(A)Ai(B) = Pnghs(M)?)
=1
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(b) If M = J,, xk, then

E = A C\/n72<]n1><k
eyiadin, B '

Since (7 is regular, %mel is an eigenvector of A. Let {X;
(= A1) Ko,y X} and {Vi (= Jedisr) Yo, ..., Vi) be
sets of orthonormal eigenvectors of A and B, respectively. Let P
be the matrix whose i-th column is X; for ¢ = 1,2,...,n1 and let Q)
be the matrix whose i-th column is Y; for ¢ =1,2,... k.
Let
D PT 0 A cy/M2dn, xk P O
0 QT Cw/n2<]k><n1 B 0 Q
| D1 Dq
~ | DY D3 |’

where Dy = diag(A(A), A\2(A), ..., A\, (A)); Do is the matrix of size
ni1 x k whose first entry is cv/knine and the other entries are 0;
D3 = diag(/\l(B), )\Q(B), ceey )\k(B))

Since F and D’ are similar matrices, by using the Laplace Expansion
Theorem, by taking 5 = {1,n; + 1}, we obtain that

lz—=XM(A4) evkning xl,, — D} 0
det(@lnn = B) = | nims - A(B) 0  al—Dj|

where D} = diag(A2(A), A3(A), ..., An, (A));
From this we obtain the proof of this part.

(¢) If M = B(G1) and B = t11, + taJpm, + t3B(G1)T B(G1), then

o l A eymB(Gy) 1
cymaB(G1) B

Let {Xl (: \/%Jnlxl> D, G ,an} be a set of orthonormal eigen-

vectors of B(G1)B(G1)T, where X; is an eigenvector of B(G1)B(G1)T
corresponding to v;(Gy) for i = 1,2,...,n;.
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Let rank(B(G1)) = t. Then v;(Gy) # 0 for i = 1,2,...,t and
vi(G1) = 0fori =t+1,t+2,...,n1. Notice that || B(G1)? X;|| # 0 for
i=1,2,...,t. Forif ||B(G1)TX;|| = 0 for some 4, then B(G1)T X; =
0. This implies that B(G1)B(G1)TX; = 0 and so, v;(G1) = 0, a
contradiction.

B(G1)TX;
|1B(G1)" X
eigenvector of B(G1)T B(G1) corresponding to the eigenvalue v;(Gy).
Also, Y; and Yj are orthogonal, since X; and X, are so for 7,j =
1,2,...,t 4 # 5.

Let {Yit1, Yiyo,...,Ym, } be a set of orthogonal eigenvectors of
B(G1)T B(G1) corresponding to the eigenvalue 0. Then fori = 1,2,...,t;
J=t+1Lt+2,...,my,Y;, Y, are orthogonal, since they correspond
to the distinct eigenvalues of the symmetric matrix B(G1)? B(G1).

Now, let Y; = for ¢ = 1,2,...,t. Notice that Y; is an

Now let P be the matrix whose i-th column is X; for ¢ =1,2,...,m
and let @) be the matrix whose i-th column is Y; for ¢ = 1,2, ... ,m;.
Let
D/ _ PT 0 A C‘/TLQB(Gl) P O
0 QT C\/ngB(Gl)T B 0 Q
D1 c\/n_ng
o c‘/nng D4 ’
where
. I,
Dy = diag(M(A), \a(A), .., Ay (A)); Do = | D O |; Ds = l o ];
D) 0
Dy=| ! :
! l 0  tilymy—n ]

with D = diag(2r1,v2(G1), ..., vn, (G1)), D} = diag(n1,m2,- -, Mny)
and O is the zero matrix of size ny x (m; — ny).

Since E and D’ are similar matrices, by applying the Laplace Expan-

sion Theorem repeatedly, we obtain the result. -
Corollary 3.1. The A-spectrum, the L-spectrum, the (Q-spectrum and the
L-spectrum of G1 V(. a1 Hi, where

(1) M'" € {I,,, A(G2), A(G2) + I,,,} can be obtained from Theorem 3.3
by substituting the eigenvalues of M;
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(2) M' € {Jp, — In,, A(G2), A(G2) + I, } can be obtained from Theorem
3.3 by substituting the eigenvalues of M, provided G2 is regular;

(3) M € {Inl7;]nl; Inl, A(Gl), A(Gl) -+ Inl,A(él),A(él) + Inl} and
H € {G1,G1,K,,,K,,} can be obtained from Theorem 3.3(i) by
substituting the eigenvalues of M ;

(4) H € {L(G1),L(G1), Ky, Km, } can be obtained from Theorem 3.3(ii)
by substituting the eigenvalues of M.

Note 3.1. The existing results on the A-spectrum, the L-spectrum and
the @-spectrum of the graphs mentioned in Table 1 (cf. [2, Theorems 3.1,
3.2, 3.3], [2, Theorems 4.1, 4.2, 4.3], [31, Theorems 3.1, 3.2, 4.1, 4.2]) can be
deduced by substituting the corresponding values and matrices in Theorem
3.3.

In the following result, we obtain infinitely many simultaneously A-
cospectral, L-cospectral, ()-cospectral and L-cospectral graphs by using
Theorem 3.3.

Corollary 3.2. Let G; be an r;-regular graph with n; vertices and m;(=
snir;) edges for i = 1,2. Let G} be a regular graph such that G; and G
are cospectral for i = 1,2 and let H' be a regular graph with A(H') = [hi,]
such that H and H' are cospectral. Then the following pairs of graphs are
simultaneously A-cospectral, L-cospectral, (Q-cospectral and E—cospectral.

(1) G1Vpemer) He and G1 Vippamer) Hy, where Hy = (G5, G, ..., GY).

(2) G1 Vs Hie and Gy Vg oz Hi, where k = no; A(G1), M and
A(H) are such that they commute with each other and G is a graph
such that A(GY), M and A(H) commute with each other.

(3) G1Vveaer) Hie and G Vi) Hie, where M= Jp, .

(4) G1 Vv Hie and Gi Vg7 Hi, where M= Jp, xp and M’ =
(hia M, higM’, ... by M, hyg M gy MY, .. oy M, gy, M),

(5) G1Vneaer) Hie and G4V arpamer) Hies where k= my, M = B(Gh).

(6) G1 Vs Hie and Gy iy a1y Hie, where k = my, M = B(G1) and
N = B(@}):.
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