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Abstract

In this paper, we introduce the (M,M)-corona-join of G and Hk

constrained by vertex subsets T , which is the union of two graphs:
one is the M-generalized corona of a graph G and a family of graphs
Hk constrained by vertex subset T of the graphs in Hk, where M is a
suitable matrix; and the other one is the M-join of Hk, where M is
a collection of matrices. We determine the spectra of the adjacency,
the Laplacian, the signless Laplacian and the normalized Laplacian
matrices of some special cases of the (M,M)-corona-join of G and
Hk constrained by vertex subsets T . These results enable us to deduce
the spectra of all the existing variants of extended corona of graphs.
Further, by using this graph operation, we construct infinitely many
graphs which are simultaneously cospectral with respect to the above
mentioned four type of matrices.
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1. Introduction

The study of the spectra of various matrices associated to graphs is an active
research topic in spectral graph theory as the knowledge of the spectra of
these matrices reveal several structural properties of the graphs. In spectral
graph theory, it is a common problem that “to what extent the spectrum
of a graph constructed using graph operations can be described in terms
of the spectrum of the constituting graph(s)?” Over the last five decades,
researchers have paid much attention to the spectra of graphs obtained
by using several graph operations such as the complement, the disjoint
union, the join, the Cartesian product, the strong product, the Kronecker
product, the NEPS and the rooted product, etc. We refer the reader to
[8, 9, 14, 25, 26, 27, 30] and the references therein for more graph operations
and the results on the spectra of these graphs.

Corona is another well-known graph operation. Let G be a graph with
n vertices and H be a graph. The corona of G and H is obtained by taking
one copy of G and n copies of H, and joining the i-th vertex of G to all the
vertices of the i-th copy of H for i = 1, 2, . . . , n. The spectral properties of
corona of graphs were studied in [4]. Since then several variants of corona of
graphs have been defined in the literature and their spectral properties were
studied; see [1, 3, 5, 7, 10, 11, 19, 20, 21, 22, 23, 24, 28, 32] and the references
therein. For the convenience of the reader, we give the definition of some
of the variants of corona of graphs used in this paper. The neighborhood
corona of graphs G andH is the graph obtained by taking a copy of G and n
copies of H, and joining the vertices in the neighborhood of the i-th vertex
of G to all the vertices of the i-th copy of H for i = 1, 2, . . . , n [18]. Adiga
and Rakshith [2] defined the following: The extended neighborhood corona
(resp. extended corona) of two graphs G1 and G2 is the graph obtained by
taking the neighborhood corona (resp. corona) of G1 and G2, and joining
each vertex of the i-th copy of G2 to every vertex of the j-th copy of G2,
provided the vertices vi and vj are adjacent in G1. Following this, Tajarrod
and Sistani [31] defined the following: Let V (G2) = {v1, v2, . . . , vn} and let
vik denote the vertex corresponding to vk in the i-th copy of G2. Then the
identity-extended corona (resp. identity-extended neighborhood corona) of
two graphs G1 and G2 is the graph obtained by taking the corona (resp.
neighborhood corona) of G1 and G2, and joining the vertex vik of the i-th
copy of G2 to the vertex vjk of the j-th copy of G2, provided the vertices
vi and vj are adjacent in G1. The neighborhood extended corona (resp.
neighborhood extended neighborhood corona) of two graphs G1 and G2 is
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the graph obtained by taking the corona (resp. neighborhood corona) of
G1 and G2, and joining the vertex vik of the i-th copy of G2 to the vertices
vjl of the j-th copy of G2, provided the vertices vi and vj are adjacent in
G1 and uk and ul are adjacent in G2.

In [13, 29] the authors defined the M -generalized corona of graphs con-
strained by vertex subsets and showed that it generalizes all the variants of
corona of graphs defined in the literature except the variants of corona of
graphs defined in [2, 31]. Further, various spectra of the graphs constructed
by this graph operation were obtained and the spectra of the variants of
corona of graphs (except those mentioned above) were deduced. Recently,
the same authors introduced the M-join of the graphs [12] and obtained
its various spectra.

In this paper, we define a graph operation by suitably combining the
M -generalized corona of graphs and the M-join of the graphs. We show
that this construction includes all the variants of corona of graphs as its
particular cases and we obtain the various spectra of the graphs formed by
this graph operation.

Now we recall some basic notions of spectral graph theory. We consider
only finite, and simple graphs. For a graphG with vertex set {v1, v2, . . . , vn}
and the edge set {e1, e2, . . . , em}, the adjacency matrix A(G) ofG is the 0−1
matrix of size n×n, whose (i, j)-th entry is 1 if and only if the vertices vi and
vj are adjacent in G. The incidence matrix B(G) of G is the 0− 1 matrix
of size n×m whose (i, j)-th entry is 1 if and only if the vertex vi is incident
with the edge ej . The degree matrix D(G) of G is the diag(d1, d2, . . . , dn),
where di is the degree of vi for i = 1, 2, . . . , n in G. The Laplacian matrix,
the signless Laplacian matrix and the normalized Laplacian matrix of G
are defined as L(G) = D(G) − A(G), Q(G) = D(G) + A(G) and bL(G) =
In−D(G)−

1
2A(G)D(G)−

1
2 , respectively provided G has no isolated vertices

for bL(G). The multi-set of eigenvalues of A(G), L(G), Q(G) and L̂(G) are
said to be the A-spectrum, L-spectrum, Q-spectrum and bL-spectrum of G,
respectively. Two graphs are said to be A-cospectral (resp. L-cospectral,
Q-cospectral and L̂-cospectral) if they have the same A-spectrum (resp.
L-spectrum, Q-spectrum and L̂-spectrum). The A-spectrum, L-spectrum
and Q-spectrum of G are denoted by

λ1(G) ≥ λ2(G) ≥ . . . ≥ λn(G); 0 = µ1(G) ≤ µ2(G) ≤ . . . ≤ µn(G); ν1(G) ≥
ν2(G) ≥ . . . ≥ νn(G), respectively. Two graphs are regular A-cospectral if
and only if they are L-cospectral (resp. Q-cospectral and bL-cospectral). In
this case, we say that these two graphs are regular cospectral.

The complement graph of G is denoted by G. The union of two graphs
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G and H, denoted by G ∪H, is the graph having vertex set V (G) ∪ V (H)
and edge set E(G)∪E(H). The matrix of size n×m in which all the entries
are 1 is denoted by Jn×m.

The rest of the paper is arranged as follows: In section 2, we introduce
the (M,M)-corona-join of G and Hk constrained by vertex subsets T . In
Section 3, first we determine the spectra of a matrix in a specific form.
Then by using this result, we deduce the A-spectra, the L-spectra, the Q-
spectra and the bL-spectra of the new graph for some special cases. From
these results, we deduce the existing results on the spectra of the variants
of extended corona of graphs. Finally, we construct infinitely many simul-
taneously A-cospectral, L-cospectral, Q-cospectral and bL-cospectral graphs
by using this graph operation.

2. (M,M)-corona-join of graphs

Definition 2.1. ([13, 29]) Let G be a graph with V (G) = {v1, v2, . . . , vn}.
LetHk = (H1,H2, . . . ,Hk) be a family of k graphs and let T = (T1, T2, . . . , Tk)
be a family of sets, where Tj ⊆ V (Hj), j = 1, 2, . . . , k. Let M = [mij ] be
a 0− 1 matrix of size n× k. Then the M -generalized corona of G and Hk

constrained by T , denoted by Ge⊗[M :T ]Hk, is the graph obtained by taking
one copy of G, H1,H2, . . . ,Hk and joining the vertex vi to all the vertices
in Tj if and only if mij = 1 for i = 1, 2, . . . , n and j = 1, 2, . . . , k.

Hedetniemi introduced the following graph operation.

Definition 2.2. ([15]) Let G and H be graphs, and π ⊆ V (G)× V (H) be
a binary relation. Then the π-graph of G and H is the graph whose vertex
set is V (G) ∪ V (H) and the edge set is E(G) ∪E(H) ∪ π.

Notice that the binary relation π can be viewed as a matrix M = [mij ],
where mij = 1 or 0, if the i-th vertex of H1 and the j-th vertex of H2

are related or not, respectively, so the π−graph of G and H is the graph
obtained by taking one copy of G and H, and joining the i-th vertex of G
to the j-th vertex of H if and only if mij = 1. This graph is denoted by
G∨M H and is called the M-join of G and H [12]. The above definition is
extended as follows:

Definition 2.3. ([12]) Let Hk be a sequence of k graphs H1,H2, . . . ,Hk

with | V (Hi) | = ni for i = 1, 2, . . . , k and letM = (M12, M13, . . . , M1k,
M23, M24, . . . , M2k, . . . , M(k−1)k), where Mij is a 0 − 1 matrix of size
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ni × nj . Then the M-join of the graphs in Hk, denoted by
W
MHk, is the

graph
k[

i,j=1,i<j

³
Hi ∨Mij Hj

´
.

With the notions mentioned above, we define the following.

Definition 2.4. The (M,M)-corona-join of G and Hk constrained by ver-
tex subsets T is the graph obtained by taking the union of Ge⊗[M :T ]Hk and
theM-join of Hk. We denote it as G

W
[M :M:T ]Hk.

Example 2.1. Consider the graphs G,H1,H2,H3,H4 as shown in Figure
1. Let H4 = (H1,H2,H3,H4). Let T = (T1, T2, T3, T4), where T1 = {u3},
T2 = {w2, w3}, T3 = {x3, x4}, T4 = {y1, y4}. The white hollow circle
vertices represent the elements in Tj , j = 1, 2, . . . , 4. Let

M =

⎡⎢⎢⎢⎢⎢⎣
0 1 1 0
0 0 1 1
1 0 0 1
1 0 1 0
1 1 0 0

⎤⎥⎥⎥⎥⎥⎦ ,M12 =

⎡⎢⎣ 0 0 0 0
0 0 1 1
0 0 1 1

⎤⎥⎦ ,M14 =

⎡⎢⎣ 0 0 1 1
0 0 0 0
0 0 1 1

⎤⎥⎦ ,

M23 =

⎡⎢⎢⎢⎣
1 0 0 0
1 0 1 1
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎦ ,M34 =

⎡⎢⎢⎢⎣
0 0 0 0
1 1 0 0
1 0 0 0
0 0 0 0

⎤⎥⎥⎥⎦ ,M13 = 03×4,M24 = 04×4

andM = (M12,M13,M14,M23,M24,M34). Then Ge⊗[M :T ]H4,
W
[M :M:T ]H4

and G
W
[M :M:T ]H4 are shown in Figure 1.

Notice that the construction of the graph (M,M)-corona-join of G and
Hk constrained by T includes the construction of M -generalized corona of
graphs as well as all the variants of extended corona of graphs: First one
is obtained by takingM as the collection of zero matrices. For the second
one, let G1 and G2 be graphs with n1 and n2 vertices respectively. Let
A(G) = [aij ]. Then for each pair M , M

0 as mentioned in Table 1, the
graph G

W
[M :M:T ]Hk, where
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Figure 1: Example for (M,M)-corona-join of graphs constrained by
vertex subsets

M = (a12M
0, a13M 0, . . . , a(n1−1)n1M

0); H = (G2,G2, . . . , G2| {z }
n1times

) and

T = (V (G2), V (G2), . . . , V (G2)| {z }
n1times

),

gives the existing variant of extended corona of graphs as mentioned in the
same table.

pc
fig-1
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S. No Name of the corona operation M M 0

1. Extended neighborhood corona of G1 and
G2

A(G1) Jn2

2. Extended corona of G1 and G2 In1 Jn2
3. Identity extended corona of G1 and G2 In1 In2
4. Identity extended neighborhood corona of

G1 and G2

A(G1) In2

5. Neighborhood extended corona of G1 and
G2

In1 A(G2)

6. Neighborhood extended neighborhood
corona of G1 and G2

A(G1) A(G2)

Table 2.1: The existing variants of extended corona of graphs as particular
cases of G

W
[M :M:T ]Hk

3. Spectra of G
W
[M :M:T ]Hk

The following result gives a characterization of commuting matrices through
their eigenvectors.

Proposition 3.1. ([16, Proposition 2.3.2]) Let A1, A2, . . . , Am be symmet-
ric matrices of order n. Then the following are equivalent.

1. AiAj = AjAi, ∀i, j ∈ {1, 2, . . . ,m};

2. There exists an orthonormal basis {x1, x2, . . . , xn} of Rn such that
x1, x2, . . . , xn are eigenvectors of Ai, ∀i = 1, 2, . . . ,m.

Definition 3.1. ([13, 29]) Let A1, A2, . . . , Am ∈Mn(C). Then
λ1, λ2, . . . , λm ∈ C are said to be co-eigenvalues of A1, A2, . . . , Am, if there
exists a vector X ∈ Cn such that AiX = λiX for i = 1, 2, . . . ,m. In this
case, we simply say that, λi’s are co-eigenvalues of Ai’s for i = 1, 2, . . . ,m.

Theorem 3.1. (Laplace Expansion Theorem)([17, 0.8.9]) Let A ∈Mn(F ),
let k ∈ {1, 2, . . . , n} be given, and let β ⊆ {1, 2, . . . , n} be any given index
set of cardinality k. Then

detA =
P

α(−1)p(α,β)detA[α, β]detA[αc, βc]

=
P

α(−1)p(α,β)detA[β, α]detA[βc, αc]
in which the sums are over all index sets α ⊆ {1, 2, . . . , n} of cardinality k,
and p(α, β) =

P
i∈α i+

P
j∈β j.
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We define the following notations.

Rn×m(s) :=

⎧⎨⎩[mij ] ∈Mn×m(R) :
mX
j=1

mij = s for i = 1, 2, . . . , n

⎫⎬⎭ ;
Cn×m(c) :=

(
[mij ] ∈Mn×m(R) :

nX
i=1

mij = c for j = 1, 2, . . . ,m

)
;

RCn×m(s, c) := {M ∈Mn×m(R) :M ∈ Rn×m(s) ∩ Cn×m(c)} .

First we determine the spectrum of a matrix having some specific prop-
erties.

Theorem 3.2. Let A1 ∈Mn1×n1(R) and N ∈Mn1×k(R), with N = [mij ],
i = 1, 2, . . . , n1; j = 1, 2, . . . , k. Let Mij ∈ Rn2×n2(rij) be a symmetric
matrix for i, j = 1, 2, . . . , k; i ≤ j, which commutes with all the others.
Consider the matrix

A =

"
A1 N ⊗ J1×n2
NT ⊗ Jn2×1 A2

#
,

where

A2 =

⎡⎢⎢⎢⎢⎣
M11 M12 · · · M1k

M12 M22 · · · M2k
...

...
. . .

...
M1k M2k · · · Mkk

⎤⎥⎥⎥⎥⎦ .
Then the spectrum of A is

(1) the eigenvalues of the matrix

E =

"
A1

√
n2N√

n2N
T R

#
,

where R =

⎡⎢⎢⎢⎢⎣
r11 r12 . . . r1k
r12 r22 . . . r2k
...

...
. . .

...
r1k r2k . . . rkk

⎤⎥⎥⎥⎥⎦ ,
(2) the eigenvalues of the matrix

Et =

⎡⎢⎢⎢⎢⎣
λt(M11) λt(M12) . . . λt(M1k)
λt(M12) λt(M22) . . . λt(M2k)
...

...
. . .

...
λt(M1k) λt(M2k) . . . λt(Mkk)

⎤⎥⎥⎥⎥⎦ ,
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for t = 2, 3, . . . , n2, where λt(M11), λt(M12), . . . , λt(Mkk) are
co-eigenvalues of M11, M12, . . . , Mkk.

Proof. Since Mijs are symmetric matrices which commute with each
other andMij ∈ Rn2×n2(rij) for i, j = 1, 2, . . . , k, by Proposition 3.1, there
exists an orthonormal basis {X1(= 1√

n2
J1×n2), X2, . . . ,Xn2} of Rn2 such

that Xt is an eigenvector of Mij corresponding to the eigenvalue λt(Mij)
for t = 1, 2, . . . , n2 and i, j = 1, 2, . . . , k. Now consider the square matrix
Q of order n2, whose t-th column is Xt for t = 1, 2, . . . , n2. Then we have,
QTMijQ = Dij = diag(rij , λ2(Mij), . . . , λn2(Mij)) for i, j = 1, 2 . . . , k. Let

A0 =

"
In1 0
0 Ik ⊗QT

#
A

"
In1 0
0 Ik ⊗Q

#

=

⎡⎢⎢⎢⎢⎢⎢⎣
A1 B1 B2 . . . Bk

BT
1 D11 D12 · · · D1k

BT
2 D12 D22 · · · D2k

...
...

...
. . .

...
BT
k D1k D2k · · · Dkk

⎤⎥⎥⎥⎥⎥⎥⎦ ,
where

Bi =

⎡⎢⎢⎢⎢⎣
m1i 0 . . . 0
m2i 0 . . . 0
...

...
. . .

...
mn1i 0 . . . 0

⎤⎥⎥⎥⎥⎦
for i = 1, 2, . . . , k.

The eigenvalues of A and A0 are the same, since they are similar matri-
ces. So, it is enough to determine the eigenvalues of A0.

Take β = {1, 2, . . . , n1, n1 + 1, n1 + n2 + 1, n1 + 2n2 + 1, . . . , n1
+ (k − 1)n2 + 1} and let E = A0[β, β]. Then

xIn1+k −E =

"
xIn1 −A1 −

√
n2N

−√n2NT xIk −R

#
and (xIn1+kn2 −A0)[βc, βc] = xIk(n2−1) −D0, where

D0 =

⎡⎢⎢⎢⎢⎣
D0
11 D0

12 · · · D0
1k

D0
21 D0

22 · · · D0
2k

...
...

. . .
...

D0
k1 D0

k2 · · · D0
kk

⎤⎥⎥⎥⎥⎦ ,
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with D0
ij being the matrix obtained by deleting the first row and the first

column of Dij .
Also, notice that det((xIn1+kn2 − A0)[α, β]) = 0 for α ⊂ {1, 2, . . . , n1 +

kn2} with α 6= β and α has n1+n2 elements. So by the Laplace Expansion
Theorem,

PA0(x) = det((xIn1+kn2 −A0)[β, β])× det((xIn1+kn2 −A0)[βc, βc])
= PE(x)PD0(x).

By using the Laplace Expansion Theorem repeatedly n2 − 1 times, we
can obtain

PD0(x) =
n2Y
t=2

PEt(x)

and hence the result follows. 2

In the next result, we obtain the spectra of G
W
[M :M:T ]Hk for some G,

Hk, M andM.

Theorem 3.3. LetGi be a graph with ni vertices andmi edges for i = 1, 2.
Let M ∈ RCn1×k(α, β) be a 0-1 matrix and let M 0 ∈ Rn2 × n2(r

0) be a
symmetric matrix which commutes with A(G2). LetHk = (G2, G2, . . . , G2)
and T = (V (G2), V (G2), . . . , V (G2)). Let H be an r-regular graph with k
vertices and A(H) = [hij ]. Let M = (h12M

0, h13M 0, . . . , h1kM 0, h23M 0,
h24M

0, . . . , h2kM 0, . . . , h(k−1)kM
0). Let Γ be G1

W
[M :M:T ]Hk. Then the

A-spectrum, the L-spectrum, the Q-spectrum and the bL-spectrum of Γ are

(1) the eigenvalues of the matrix E =

"
A c

√
n2M

c
√
n2M

T B

#
;

(2) θt + ρλs(H)λt(M
0) for t = 2, 3, . . . , n2; s = 1, 2, . . . , k,

where
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A =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
A(G1) for the A-spectrum of Γ;
L(G1) + αn2In1 for the L-spectrum of Γ;
Q(G1) + αn2In1 for the Q-spectrum of Γ;
1

c1
[L(G1) + αn2In1 ] for the bL-spectrum of Γ,

c =

⎧⎪⎪⎨⎪⎪⎩
1 for the A-spectrum, the Q-spectrum of Γ;
−1 for the L-spectrum of Γ;

− 1√
c1c2

for the bL-spectrum of Γ,

B =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r2Ik + r0A(H) for the A-spectrum of Γ,
provided G2 is r2 regular;

(β + rr0)Ik − r0A(H) for the L-spectrum of Γ;
(2r2 + β + rr0)Ik + r0A(H) for the Q-spectrum of Γ,

provided G2 is r2 regular;
1

c2

£
(β + rr0)Ik − r0A(H)

¤
for the bL-spectrum of Γ;

θt =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
λt(G2) for the A-spectrum of Γ;
µt(G2) + β + rr0 for the L-spectrum of Γ;
νt(G2) + β + rr0 for the Q-spectrum of Γ;
1

c2
(µt(G2) + β + rr0) for the bL-spectrum of Γ,

ρ =

⎧⎪⎪⎨⎪⎪⎩
1 for the A-spectrum, the Q-spectrum of Γ;
−1 for the L-spectrum of Γ;

− 1
c2

for the bL-spectrum of Γ,

c1 = r1+αn2; c2 = r2+β+ rr0, provided that, Gi is ri-regular (ri > 1) for
i = 1, 2.

In particular,

(a) if k = n1 and, A(G1), M and A(H) commute with each other, then
the eigenvalues of E are

1

2

µ
λi(A) + λi(B)±

q
(λi(A)− λi(B))

2 − 4c2n2λi(M)2
¶
,

where λi(A), λi(B) and λi(M) are co-eigenvalues of A, B and M for
i = 1, 2, . . . , n1.

(b) if G1 is regular and M = Jn1×k, then the eigenvalues of E are

1. 1
2

³
λ1(A) + λ1(B)±

p
(λ1(A)− λ1(B))2 − 4c2kn1n2

´
.
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2. λt(A) for t = 2, 3, . . . , n1;

3. λt(B) for t = 2, 3, . . . , k.

(c) if G1 is r1-regular, k = m1, M = B(G1) and B = t1Im1 + t2Jm1 +
t3B(G1)

TB(G1), then the eigenvalues of E are

1. t1 with multiplicity m1 − n1;

2. 1
2

µ
λt(A) + ηt ±

q
(λ1(A)− ηt)

2 − 4c2n2νt(G1)
¶
for t = 2, 3, . . . , n1,

where

ηt =

(
t1 +m1t2 + 2r1t3, for t = 1,
t1 + t3νt(G1), for t = 2, 3, . . . , n1.

Proof. It can be verified that

A(Γ) =

"
A(G1) M ⊗ J1×n2

MT ⊗ Jn2×1 Ik ⊗A(G2) +A(H)⊗M 0

#
,

L(Γ) =

"
L(G1) + αn2In1 −M ⊗ J1×n2
−MT ⊗ Jn2×1 Ik ⊗ [L(G2) + (β + rr0)In2 ]−A(H)⊗M 0

#
,

Q(Γ) =

"
Q(G1) + αn2In1 M ⊗ J1×n2
MT ⊗ Jn2×1 Ik ⊗ [Q(G2) + (β + rr0)In2 ] +A(H)⊗M 0

#
,

bL(Γ) =
⎡⎢⎢⎣

1

c1
(L(G1) + αn2In1) − 1√

c1c2
(M ⊗ J1×n2)

− 1√
c1c2

³
MT ⊗ Jn2×1

´ 1

c2

¡
Ik ⊗ [L(G2) + (β + rr0)In2 ]−A(H)⊗M 0¢

⎤⎥⎥⎦ .
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Taking A1 = A and

Mii =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
A(G2) for the A-spectrum of Γ;
L(G2) + (β + rr0)In2 for the L-spectrum of Γ;
Q(G2) + (β + rr0)In2 for the Q-spectrum of Γ;
1

c2
[L(G2) + (β + rr0)In2 ] for the bL-spectrum of Γ,

Mij = ρhijM
0

for i, j = 1, 2, . . . , k and i < j in Theorem 3.2, we obtain that R = B and
Et = λt(M11)Ik + ρλt(M

0)A(H) for t = 2, 3, . . . , n2, and so the eigenvalues
of Et are θt + ρλt(M

0)λs(H) for t = 2, 3, . . . , n2; s = 1, 2, . . . , k. So the
result follows.

(a) If k = n1 and, A(G1), M and A(H) commute with each other, then

E =

"
A c

√
n2M

c
√
n2M

T B

#
,

where A, M and B commute with each other. By Proposition 3.1,
there exists a orthonormal matrix P such that

D1 = PTAP = (λ1(A), λ2(A), . . . , λn1(A)),
D2 = PTMP = (λ1(M), λ2(M), . . . , λn1(M)),
D3 = PTBP = (λ1(B), λ2(B), . . . , λn1(B)).

Let

D0 =

"
PT 0
0 PT

# "
A c

√
n2M

c
√
n2M

T B

# "
P 0
0 P

#

=

"
D1 c

√
n2D2

c
√
n2D2 D3

#
.

Since E and D0 are similar matrices, by using the Laplace Expansion
Theorem repeatedly, we obtain that

det(xIn1−D0) =
n1Y
i=1

³
x2 − [λi(A) + λi(B)]x+ λi(A)λi(B)− c2n2λi(M)

2
´
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(b) If M = Jn1×k, then

E =

"
A c

√
n2Jn1×k

c
√
n2Jk×n1 B

#
.

Since G1 is regular,
1√
n1
Jn1×1 is an eigenvector of A. Let {X1³

= 1√
n1
Jn1×1

´
,X2, . . . , Xn1} and

n
Y1
³
= 1√

k
Jk×1

´
, Y2, . . . , Yk

o
be

sets of orthonormal eigenvectors of A and B, respectively. Let P
be the matrix whose i-th column is Xi for i = 1, 2, . . . , n1 and let Q
be the matrix whose i-th column is Yi for i = 1, 2, . . . , k.

Let

D0 =

"
PT 0
0 QT

# "
A c

√
n2Jn1×k

c
√
n2Jk×n1 B

# "
P 0
0 Q

#

=

"
D1 D2

DT
2 D3

#
,

where D1 = diag(λ1(A), λ2(A), . . . , λn1(A)); D2 is the matrix of size
n1 × k whose first entry is c

√
kn1n2 and the other entries are 0;

D3 = diag(λ1(B), λ2(B), . . . , λk(B)).

Since E and D0 are similar matrices, by using the Laplace Expansion
Theorem, by taking β = {1, n1 + 1}, we obtain that

det(xIn1+k −E) =

¯̄̄̄
¯ x− λ1(A) c

√
kn1n2

c
√
kn1n2 x− λ1(B)

¯̄̄̄
¯×

¯̄̄̄
¯ xIn1 −D0

1 0
0 xIk −D0

3

¯̄̄̄
¯ ,

where D0
1 = diag(λ2(A), λ3(A), . . . , λn1(A));

D0
3 = diag(λ2(B), λ3(B), . . . , λk(B)).

From this we obtain the proof of this part.

(c) If M = B(G1) and B = t1Im1 + t2Jm1 + t3B(G1)
TB(G1), then

E =

"
A c

√
n2B(G1)

c
√
n2B(G1)

T B

#
.

Let
n
X1

³
= 1√

n1
Jn1×1

´
,X2, . . . ,Xn1

o
be a set of orthonormal eigen-

vectors of B(G1)B(G1)
T , where Xi is an eigenvector of B(G1)B(G1)

T

corresponding to νi(G1) for i = 1, 2, . . . , n1.
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Let rank(B(G1)) = t. Then νi(G1) 6= 0 for i = 1, 2, . . . , t and
νi(G1) = 0 for i = t+1, t+2, . . . , n1. Notice that ||B(G1)TXi|| 6= 0 for
i = 1, 2, . . . , t. For if ||B(G1)TXi|| = 0 for some i, then B(G1)

TXi =
0. This implies that B(G1)B(G1)

TXi = 0 and so, νi(G1) = 0, a
contradiction.

Now, let Yi =
B(G1)

TXi

||B(G1)TXi||
for i = 1, 2, . . . , t. Notice that Yi is an

eigenvector of B(G1)
TB(G1) corresponding to the eigenvalue νi(G1).

Also, Yi and Yj are orthogonal, since Xi and Xj are so for i, j =
1, 2, . . . , t; i 6= j.

Let {Yt+1, Yt+2, . . . , Ym1} be a set of orthogonal eigenvectors of
B(G1)

TB(G1) corresponding to the eigenvalue 0. Then for i = 1, 2, . . . , t;
j = t+ 1, t+ 2, . . . ,m1, Yi, Yj are orthogonal, since they correspond
to the distinct eigenvalues of the symmetric matrix B(G1)

TB(G1).

Now let P be the matrix whose i-th column is Xi for i = 1, 2, . . . , n1
and let Q be the matrix whose i-th column is Yi for i = 1, 2, . . . ,m1.

Let

D0 =

"
PT 0
0 QT

# "
A c

√
n2B(G1)

c
√
n2B(G1)

T B

# "
P 0
0 Q

#

=

"
D1 c

√
n2D2

c
√
n2D3 D4

#
,

where

D1 = diag(λ1(A), λ2(A), . . . , λn1(A)); D2 =
h
D O

i
; D3 =

"
In1
OT

#
;

D4 =

"
D0
1 0

0 t1Im1−n1

#
,

with D = diag(2r1, ν2(G1), . . . , νn1(G1)), D
0
1 = diag(η1, η2, . . . , ηn1)

and O is the zero matrix of size n1 × (m1 − n1).

Since E and D0 are similar matrices, by applying the Laplace Expan-
sion Theorem repeatedly, we obtain the result.

2

Corollary 3.1. The A-spectrum, the L-spectrum, theQ-spectrum and thebL-spectrum of G1
W
[M :M:T ]Hk, where

(1) M 0 ∈ {In2 , A(G2), A(G2) + In2} can be obtained from Theorem 3.3
by substituting the eigenvalues of M ;
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(2) M 0 ∈ {Jn2 − In2 , A(G2), A(G2)+ In2} can be obtained from Theorem
3.3 by substituting the eigenvalues of M , provided G2 is regular;

(3) M ∈ {In1 , Jn1 − In1 , A(G1), A(G1) + In1 , A(G1), A(G1) + In1} and
H ∈ {G1, G1,Kn1 ,Kn1} can be obtained from Theorem 3.3(i) by
substituting the eigenvalues of M ;

(4) H ∈ {L(G1),L(G1),Km1 ,Km1} can be obtained from Theorem 3.3(ii)
by substituting the eigenvalues of M .

Note 3.1. The existing results on the A-spectrum, the L-spectrum and
the Q-spectrum of the graphs mentioned in Table 1 (cf. [2, Theorems 3.1,
3.2, 3.3], [2, Theorems 4.1, 4.2, 4.3], [31, Theorems 3.1, 3.2, 4.1, 4.2]) can be
deduced by substituting the corresponding values and matrices in Theorem
3.3.

In the following result, we obtain infinitely many simultaneously A-
cospectral, L-cospectral, Q-cospectral and bL-cospectral graphs by using
Theorem 3.3.

Corollary 3.2. Let Gi be an ri-regular graph with ni vertices and mi(=
1
2niri) edges for i = 1, 2. Let G0i be a regular graph such that Gi and G0i
are cospectral for i = 1, 2 and let H 0 be a regular graph with A(H 0) = [h0ij ]
such that H and H 0 are cospectral. Then the following pairs of graphs are
simultaneously A-cospectral, L-cospectral, Q-cospectral and bL-cospectral.
(1) G1

W
[M :M:T ]Hk and G1

W
[M :M:T ]H0k, where H0k = (G02, G02, . . . , G02).

(2) G1
W
[M :M:T ]Hk and G01

W
[M :M:T ]Hk, where k = n2; A(G1), M and

A(H) are such that they commute with each other and G01 is a graph
such that A(G01), M and A(H) commute with each other.

(3) G1
W
[M :M:T ]Hk and G01

W
[M :M:T ]Hk, where M = Jn1×k.

(4) G1
W
[M :M:T ]Hk and G1

W
[M :M0:T ]Hk, where M = Jn1×k and M0 =

(h012M
0, h013M

0, . . . , h01kM
0, h023M

0, h024M
0, . . . , h02kM

0, . . . , h0(k−1)kM
0).

(5) G1
W
[M :M:T ]Hk and G01

W
[M :M:T ]Hk, where k = m1, M = B(G1).

(6) G1
W
[M :M:T ]Hk and G

0
1

W
[N :M:T ]Hk, where k = m1,M = B(G1) and

N = B(G01).
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