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Abstract

The subject of harmonic and biharmonic submanifolds, with im-
portant role in mathematical physics and differential geometry, arises
from the variation problems of ordinary mean curvature vector field.
Generally, harmonic submanifolds are biharmonic, but not vice versa.
Of course, many examples of biharmonic hypersurfaces are harmonic.
A well-known conjecture of Bang-Yen Chen on Fuclidean spaces says
that every biharmonic submanifold is harmonic. Although the con-
jecture has not been proven (in general case), it has been affirmed in
many cases, and this has led to its spread to various types of subman-
ifolds. Inspired by the conjecture, we study the Lorentz submanifolds
of the Lorentz-Minkowski spaces. We consider an advanced version
of the conjecture (namely, Lq-conjecture) on Lorentz hypersurfaces
of the pseudo-FEuclidean 5-space Lo = Ei’ (i.e. the Minkowski 5-
space). We confirm the extended conjecture on Lorentz hypersurfaces
with three principal curvatures.
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1. Introduction

By a conjecture of Bang-Yen Chen (in 1987), the biharmonic submani-
folds of Euclidean spaces have to be minimal. The conjecture has been
confirmed in many cases (see for instance [1, 3, 4, 5, 6, 8, 9, 13, 18]). In ap-
plied mathematics, the biharmonic surfaces appear as solutions of strongly
elliptic semilinear differential equations of order four ([7]). Also, the bi-
harmonic Bezier surfaces play important roles in computational geometry.
From physical point of view, the biharmonic surfaces play central roles in
elastics and fluid mechanics.

In this paper, we study an extended version of Chen conjecture on time-
like hypersurfaces in the Minkowski 5-space with constant mean curvature
and three distinct principal curvatures. We show that, such a hypersurface
is 1-minimal.

The paper is organized as follows. Section 2 is appropriated to prereq-
uisites. In section 3, we study Lorentz hypersurfaces with at least three
distinct principal curvatures in 5-dimensional Minkowski space satisfying
the Li-biharmonicity condition. We distinguish between diagonal and non-
diagonal states for the second fundamental form (shape operator) of Lorentz
hypersurfaces. Diagonal case is studied in Section 3. In non-diagonal case,
the shape operator has three possible matrix forms, which will be explained
in Section 4.

2. Preliminaries

First, we recall prerequisite concepts and notations from [2, 10, 11, 12, 14,
17]. By definition, the Minkowski 5-space L5 is obtained from Euclidean
5-space E® by endowing with the following non-degenerate inner product
(v,w) := —viwy + 2?:2viwi, for every v,w € E®. Every Lorentzian hy-
persurface M} of L% is defined by an isometric immersion x : 1\/1‘11 — LS
such that iduced metric on Mj is Lorentzian. For each nonzero vector
v € L%, the value of (v,v) can be a negative, zero or positive number
and then, the vector v is said to be time-like, light-like or space-like, re-
spectively. A given basis B := {ej,---,es4} of the tangent space of M}
is called orthonormal if (e;,e;) = €] (without Einstein convention) for
i,j=1,---,4, where e = —1 and ¢; = 1 for ¢ = 2,3,4. As usual, (5{ stands
for the Kronecker delta. B is called pseudo — orthonormal if it satisfies
(e1,€1) = 0, {e2,e2) = 0, (ez,e1) = —1 and (ej,€;) = 47, for i = 1,2,3,4
and j = 3,4.
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According to an orthonormal or pseudo-orthonormal basis chosen on
the tangent bundle of M, there are two possible matrix forms Gy :=
diag[—1,1,1,1] and

G = dmg[“’ .

In the case G; (with respect to an orthonormal basis), the fundamental
form has two possible matrix forms

] ,1,1] for the (induced) Lorentz metric on M{.

F1 = diag[\i, A2, A3, A\g] and Fy = diag[[ _H)\ 2 1 ,M, 2] , where A #
0.

(Note that, the matrix F» has two conjugate complex eigenvalues k+i\).

In the case G (with respect to a pseudo-orthonormal basis), the funda-
mental form has two possible matrix forms

0 k 0 0
] s A1, Ao and Fy =diag[| 0 & 1 |,
1 Kk 0k

F3 = diag[[ "
—1

Remark 2.1. In the case G2, we substitute the pseudo-orthonormal basis

B := {e1,ea,e3,e4} by a new orthonormal one B := {¢é1, €2, e3, €4}, where

€1 = %(61 + e2) and €3 := %(el — e2). Then, we obtain new matrix forms

V2
_ kol 1 _ ko0
F3 =diag[| ~ 42 KE 1 ] , A1, Ao] and Fy = diag[| 0 K —@
2 2 _ﬁ _ﬁ "
2 2

(instead of F3 and Fy, respectively)

Now, we define the principal curvatures of My, denoted by k1, K2, k3, K4
as follow.

In case S = Fi, we put k; := A, for i = 1,---,4, where \;’s are the
eigenvalues of Fj.

In the case S = Fy, we put kK1 = K + @A, kg = K — @A, and K; 1= 7;_2,
for ¢ = 3, 4.

In cases S = F3, we take k; := k for i = 1,2, and k; 1= A\j_o, for i = 3, 4.

In case S = Fy, we take r; := k for i = 1,2, 3, and kg := \.

The characteristic polynomial of S on M is of the form
Q) =TIL,(t — k) = Z?ZO(—I)ijt‘L_j, where, so =1,
8i 1= Y 1<ji<ocji<a fijy g, for i =1,2,3,4.

For j = 1,---,4, the jth mean curvature H; of M3 is defined by
H; = ésj. When Hj; is identically null, M is called (j — 1)-minimal.

When M{ has diagonal shape operator with constant eigenvalues it is called
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1soparametric. Having nondiagonal shape operator, Mf is called isopara-

metric if its minimal polynomial is constant. By Theorem 4.10 in [12], if

M{l has complex principal curvatures, then it cannot be isoparametric.
The Newton operator on M{ is defined by

(2.1) Po:I,Pj:SjI—SOPj_l,(j:1,2,3,4),

where, I is the identity map. Also, its explicit formula is P; = Zgzo(—l)isj_iSi
(where SO = 1) (see [2, 15]).

When S = Fi, we have Pj = diag[p;j,- - -, pasj], for j =1,2,3.

In the case S = Fa, we have

) K+m1+n2 -
P = 2 2
1 = diag \ kbt | K+ 12,26 +m
an
P, = diag K(m +m2) +mmz =M +n2) ’
A(m + 12) k(1 +m2) + mne
K2+ X2+ 26m9, K2 4+ A2 + 2km1.
= . M+ X+ k-3 -1
When S = F3, we have P, = diag[| ™' 2% 2 Mot i pd |
2K + g, 2k + A1]
and
. A Ay + (Ii — l)()\l + )\2) —l()\l + )\2)
Py, = dia 2 2 ,
2 g[ %()\1 + >\2) A1 + (/Q + %)()\1 + )\2)
K(k +2X2), k(K + 2A1)].
26+ A 0 —72
If S = F4, we have P, = diag| 0 2% 4+ \ @ , K]
72 \éi 26+ A
and
26\ + K% — 3 -1 —2(k + \)
Py = diag[ 3 26N+ K2+ 3 @(n%—)\) , 3K7).

@(54—)\) 3@(&4—)\) 26\ + K2

The following function on M3 will be used frequently:
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Hisk = 21§j1<"~<jk§4;jl7éi Kjp = Kjes (Z =1,2,3,41<k < 3)
In all cases we have the following important identities
Here, we recall some identities from [2, 15].

(2.2) pin = 4Hy — )\,
) i 2 :6H2—>\Z‘,ui’1 :6H2—4>\iH1—|—)\12,(1 <73 §4),
(2 3) t?“(Pl) = 12H1,

tT’(PQ) = 12H2,t7‘(P1 @) S) = 12H2,tT'<P2 ©) S) = 12H3,

trS? = 4(4H? — 3H,),

24) (P o §?) = 12(2H, Hy — Hs), tr(Py o S?) — A(AHy Hy — Hy).

The kth linearized operator Ly, : C*°(M) — C*°(M) is defined as Ly (f) :=
tr(Py o V2f), where, (V2f(X),Y) = (VxVf,Y) for each tangent vector
fields X and Y (see [2, 10, 11, 15, 16]). In special case k = 1, we have

4
(2.5) Li(f) =) epialeeif — Veeif).
=1

For a Lorentzian hypersurface = : Mj} — L® we have

(2.6) (i)L1z = 12Hsn, (ii)Lyn = —6V(H2) — 12[2H1Hs — H3]n,

L3z = 12L1(Hon) = 24[P2VH—9HoVH3|+12[L1Hy—12H3(2HHy—H3)|n.
(2.7)

If x satisfies L2z = 0, then M{ is said to be L;-biharmonic. By equal-
ities (2.6) and (2.7), from the condition L;(Han) = 0 (which is equiva-
lent to Lj-biharmonicity), we obtain simpler conditions on M to be Li-
biharmonic as:

(2.8)  (i)LiHy = 12Hy(2H, Hy — Hs), (i1) PyV Hy = 9H,V Hy.
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3. Diagonal shape operator

In this section, we study L;-biharmonic Lorentzian hypersurfaces in L°
with diagonal shape operator and three distinct principal curvatures. We
confirm the modified conjecture on the mentioned hypersurfaces.

Proposition 3.1. Every Lji-biharmonic orientable Lorentzian hypersur-
face M{ in L% having diagonal shape operator, constant mean curvature
and nonconstant 2nd mean curvature has a nonconstant principal curvature
of multiplicity one.

Proof. We consider the open subset U C ./\/lvo, on which we have
VH; # 0. By conditions (2.8)(ii), taking e; := % we get Prep =

9Hse1 on U. Without loss of generality, we can take a suitable orthonormal
local basis {e1,ea,e3,e4} for the tangent bundle of M, consisting of the
eigenvectors of the shape operator S such that Se; = \;e; and Pre; = p;.2€4,
(for i =1,2,3,4) and then

(3.1) /,LLQ = 9H2.
4
By the polar decomposition VHs = > e;(Hs)e;, we get
i=1
(3.2) €1 (HQ) 75 0, GQ(HQ) = 63(H2) == 64(H2) =0.
By (2.2) and (3.1) we have
1
(3.3) Hy = -M\(\M —4H).

3

Then, having assumed H to be constant, from (3.2) we get
(3.4) 61()\1) 75 0, 62()\1) e 63()\1) = 64()\1) = 0,

which gives that \; is non-constant. Now, putting Ve,e; = S5_; wfjek (for
i,j = 1,2,3,4), the identity e, < e;,e; >= 0 gives ejwiz- = —eiw,ij (for
i,7,k = 1,2,3,4). Furthermore, for distinct 4,7,k = 1,2, 3,4, the Codazzi
equation implies

(3.5) ei(Nj) = (i — Aj)w;.‘i, (N = A)wls = g — Ay

Since by (3.4) we have ej(A1) # 0, we claim \; # A\ for j = 2,3,4.
Because, assuming A; = A\ for some integer j # 1, we have ej(};) =
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e1(A1) # 0. On the other hand, from (3.5) we obtain 0 = (A\; — )\j)wgl =
e1(A;) = e1(A1). So, we got a contradiction. O

One can find the similar ordinary version of Proposition 3.1 in [8] and
[18].

Proposition 3.2. Let M{ be a Li-biharmonic Lorentzian hypersurface in
L5 with diagonal shape operator, which has exactly three distinct princi-
pal curvatures, constant mean curvature and non-constant second mean
curvature. Then, there exists a locally moving orthonormal tangent frame
{e1,e2,e3,e4} of principal vectors of M{l with associated principal curva-
tures A1, A = A3, A\g, which satisfy the following equalities:

(1)Vee1 = 0,Ve,e1 = aeg, Veger = aes, Ve,e1 = — ey,
(1) Veye2 = —aer + wiyes + ey, Ve, e2 = whes fori = 1,3, 4;
(3.6) .7 3 3 )
(191)Vege3 = —ae) — wigesg + veq, Ve, 3 = —wheafori = 1,2, 4,
<iv)v61 €4 = 07 v(2264 = —7€2, v6364 = —7es, V(3464 - /8617
where o — 61 )\2) 8= el )\1+2)\2) . ea(X2)
= S B= T Y ey

Proof.  Similar to the proof of Proposition 3.1, taking a suitable local
basis {e1, €2, €3, e4} for TM, one can see that the equalities (3.1) — (3.5) oc-
cur and )\ is of multiplicity one. Also, direct calculations give [eg, e3](A1) =
[e3, €a](A1) = [e2, e4] (A1) = 0, which yields

1 1 1 1 1 _ 1
(3.7) Wa3 = W39, W3q = Wy3,Waq = Wya-

Now, having assumed Mj to has three distinct principal curvatures,
(without loss of generality) we can take Ay = A3, and then Ay = 4H; — A\ —
2)9. Hence, applying equalities (3.5) for distinct positive integers ¢, j and
k less than 5, we get e2(A2) = e3(A2) = 0 and then,

N1 .1 _,1 .1 _ 2 _ .3 _ 92 _ 3 4 4 _
(1wiy = wip = W13(;)w14 = W31 z\wm/\*) W3y = Woy = Wyp = (; 3043 =0,
. 2 3 e1(Aa 4 _ —e1(Ai+2X2 2 3 _ —eq(A2
(fwy = w3 = X505 Wi = — sy 2= WS TR,

(#60) (M — M)wiy = (A1 = A2)wlp, (M — A)wgy = (M1 — A2)wis.
(3.8)

From (3.7) and (3.8) we get wi, = wly, = wiy = wis = Wi, = wi; = 0.
Therefore, all items of the proposition obtain from the above results. O



132 F. Pashaie, N. Tanoomand-Khooshmehr, A. Rahimi € L. Shahbaz

Proposition 3.3. Let M{ be a Li-biharmonic orientable Lorentzian hy-
persurface in L® with diagonal shape operator, which has three distinct
principal curvatures, constant mean curvature and non-constant second
mean curvature. Then, there exists an orthonormal (local) tangent frame
{e1,e2,e3,e4} of principal vectors of M; with associated principal curva-
tures A1, Aa = A3, \g, satisfying e4(A2) = 0 and

1
(39) 61()\2)61()\1 + 2)\2) = 5)\2()\1 — )\2)()\4 — )\1)(2)\1 +4Xy + )\4).

Proof. From Gauss curvature tensor R(X,Y)Z =VxVyZ—-VyVxZ—
V(x,y)Z, by substituting X, Y and Z by different choices from ey, ez, e3
and ey, using the results of Proposition 3.2, we get the following equalities:

(ier(@) + & = =My, 2 — e1(B) = =M1 hs;
(ii)er (2L &)) +a5i —o;
(3.10) (ii)eaa) — (o -+ ) 202 —
(w)e (64 (A2) )+045 (64 A)g\i) — Aoy
Now, from (2.5) and (2.8), applying Proposition (3.2) we obtain

()\1 — 4H1)61€1 (Hg) — (2()\2 — 4H1)Oé + ()\1 + 2)\2),3)61(H2)

G o by (2H, Hy — Hs),

where a := % and 3 := M.
On the otlherQhand, from (3 2) and (3.6), we obtain
(312) eiel(Hk+1) — 07

for i = 2,3,4. Also, we differentiate 5 and a by e4 which gives

(1~ Mo)es(a) — aes(ha) = exer(h) = (A — Aea(5) + fea(ha),

then
1

5 (M1 = Agea(B) = (A1 = Aa)ea(a) — (a + Bea(ha),

which, by substituting the value of e4(«) from (3.10), gives

—864()9)(0[ + ﬁ)(/\Q — Hl)
(M =A)(A2—A)

es(B) =
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Again, differentiating (3.11)along e4 and using (3.12), (3.10) and the last
value of e4(3), we get eq(A2) =0 or

Ao+ B)[—Hi(8\1 + 12X9) + Mi” 4 3\ g + 16H ey (Hy)
A — Al

+6Hy(Ay — Ag)? = 0.

(3.13)
Finally, we claim that e4(\2) = 0.
Indeed, if the claim be false, then we have

4(a + B)ye1(Ha)

14
(3.14) N

= 6Ha(My — \)%,

where v = —8Hi1 A + M2 + 3\ — 12H \o + 16 H?. Differentiating (3.14)
along eq, we get

2(a+8)[67(Na—H1)+(3M\1 —12H1) M1+ 2—2H1) (A1 +3\2—4H1)]ex (Ha)
(3.15) (A1 +A2—2H1)?
= 36H2(4H1 + A1+ 3/\2)2.

Eliminating e; (Hz) from (3.14) and (3.15), we obtain
(316)’}/(2/\1 — 2H1) = (/\1 — 4H1)()\1 + Ay — 2H1)(—4H1 + A+ 3)\2)

Also, we differentiate (3.16) along e4 which gives 4H; = Aj. This is
impossible since A; is nonconstant. So, e4(A2) = 0. Hence, the latest
equality in (3.10) gives the main result. O

Theorem 3.4. Let z : M{ — L% be a L;-biharmonic Lorentzian hyper-
surface with diagonal shape operator, constant mean curvature, and three
distinct principal curvatures, then it is 1-minimal.

Proof. First, we assume Hs is non-constant on M and try to get a
contradiction. By differentiating (3.3) in direction of e; and using the
definition of 5, we get

(3.17) 61(H2) = %(QHl — )\1)61(>\2) + %()\1 + Ay — 2H1)(>\1 — 2H1)B.

By Proposition 3.3 and equalities (3.10), from (3.17) we obtain

ere1(Hsz) = A1 h2(M — A2) (A1 + 2Hy)
(3.18) +3(4H1 — A1 — 2X9) (A1 — 2H1)(4M A9 + \® — 4H1 )Xo — 2H) )
]

38 — da + 2(/\1+>\2*2)\111i)25H*1(/\1*>\2)a] e1(Hy).
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Combining (3.11) and (3.18), we get
(3.19) (Pr2a+ Py2f)e1(Hz) = Psg,

where the polynomial degree P; 2, P2 and P36 in terms A1 and A are 2,
2 and 6, respectively.

Differentiating (3.19) along e; and using equalities (3.9), (3.10)-(i) and
(3.19), we get the following equality

(3.20) Pysa+ Psgf = Psse1(Ha).

The polynomial degree of Py g, P5s and Fs5 in terms A\; and Ay are 8,
8 and 5, respectively.
Combining (3.17) and (3.20), we obtain

(P4’8 + §P675(/\1 — )\2)()\1 — 2H1)) [0

(3.21) )
+ (s = 4Pss(M + o — 2H1) (M — 2H1) ) B = 0.

On the other hand, combining (3.17) with (3.19) and using Proposition
3.3, we get

PQ’Q()\]_ + Ay — 2H1)(>\1 — 2H1)52 — P172(>\1 — )\2)()\1 — 2H1)Oé2 = C,

(3.22)

where ( is given by

P 3
-Ps¢.
2,2(}\1 — )\2) — PLQ()\l + Ay — 2H1)>+4 3.6

¢ =X(4H1—M—2X2)(A\1—2H,) (

Using Proposition 3.3 and equality (3.21), we get

o — %PG,S()\l*)\4)()\1*2H1)+P5,8

P4,8+§P6,5(>\1—>\2)(A1—2Hl)
62 . %P6,5()\l*)\2)()\1*2H1)*P4,8
B P5,8*%P6,5()\1*)\4)()\172H1)

A2)\g,

(3.23)
A2 )s.

From (3.22) and (3.25) we get the following polynomial of degree 22:
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2
—A2 (A1 +2H ) (A2 — A1) Pro (P5,8 — 2Ps5(M — M) (A1 — 2H1))
2
— XA (A1 + 2H1) (A — A1) Pa (P4,8 + 3 Ps5(A1 — A2) (A1 — 2H1))

=( (P5,8 —2P55(M1 — M) (A1 — 2H1)> (P4,8 + 2Ps5(M1 — A2) (A1 — 2H1)) ;
(3.24)

Let v(t),t € I be an integral curve of e; passing through p = ~(¢o).
Then, e1(A1) and e;(A2) are nonzero and for ¢ = 2, 3,4 we have ¢;(A\1) =
ei(A2) = 0. We take Ag = Aa(t) and A\ = A1(A2) in some neighborhood of
Ao = Aa(tp). Using (3.21), we have

dyi _ dh dt  ei(M)
N=dp = 1)
—9 A +Ae—2H1)B—(A1—A2)

(3.25) CYESYIE

(
~ 2(Pag+3Pss(M1—X2)(\—2H1)) (A1 +X2—2H))

( Ps 5(A1+X2—2H1)(AM1—2H1)— P5,8)()\1*)\2) —2

Now, we differentiate (3.24) with respect to A2 and then substitute d)‘l

from (3.25), which gives

(3.26) f(A1,A2) =0,

where f(A1, A2) is an algebraic phrase of degree 30 in terms of A\; and Ag.

We rearrange (3.24) and (3.26) as power series in terms of Ay as follow.

(3.27) 2

We eliminate A3° between (3.27)(i) and (3.27)(ii) we obtain a new poly-
nomial equation in Ay of degree 29. Combining obtained equation with
(3.27)(i), we obtain a polynomial equation in Ag of degree 28. In a sim-
ilar way, by (3.27)(i) and its consequences we can eliminate A\o. At last,
we obtain a non-trivial algebraic polynomial equation in A\; with constant
coefficients which implies that A; is constant and then by (3.3), A2 and Ha
are constant, which contradicts with the first assumption. Hence, Hs is
constant on M.

Now, we claim that Hy = 0. Having assumed Hy # 0, the condition
(2.8)(7) implies that the 3rd mean curvature is constant. So, all mean
curvatures are constant (i.e. Mj is isoparametric). By Corollary 2.7 in
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[12], an isoparametric Lorentzian hypersurface of type F; has at most one
nonzero principal curvature, which contradicts with the assumption that,
three principal curvatures of M are assumed to be mutually distinct. So
Hy =0. O

4. Nondiagonal cases

Theorem 4.1. Let x : M{ — L? be a Li-biharmonic orientable Lorentzian
hypersurface of type Fa. If the 1st mean curvature and one of real principal
curvature are constant, then the 2nd mean curvature is constant. Also, in
this case M is 3-minimal

Proof. Firstly, we prove that 2nd mean curvature is constant. Taking
U= {pe M}:VH3(p) # 0}, it is enough to prove U = ). Assuming that
U is nonempty we try to get a contradiction. Mj is of type F» means that
with respect to a suitable (local) orthonormal tangent frame {e;,---,e4} on
M, S is of form Fs, such that Se; = key —Aes, Sea = Aej+kea, Ses = mes,
Seq = meq and then, we have Pye; = [k(n1 + 12) + mne)er + A1 + n2)ea,
Poeg = —A(m1 + m2)er + [k(n1 + nm2) + mmele2, Paes = (k2 + A2 + 2km2)es
and Pyey = (k2 + A2 + 211 )ey.

4
Using the polar decomposition VHy = 3 €e;(Hz)e;, from condition
i=1
(2.8)(ii) we get

(1) (km1 + Kkm2 +mn2 — 9Ha)ere1(Ha) — A(n1 + ?72)6262(H2) =0
(4.1) (1) A (771 +m2)erer(Hz) + (km1 + kn2 +mnz — 9Hz)ezea(Hz) = 0
(l’LZ)( + A2+ 2Kkm2 — 9H2)6363(H2) =0,
(iv) (K2 4+ X2 + 26m1 — 9H>)egeq(Ha) = 0,
Now, assuming H; and 7; to be constant on M, the we prove four simple
claims.
Claim: 61(H2) = 62(H2) = 63(H2) = 64(
If e;(H2) # 0, dividing equalities (4.1)(7) a

. H
putting u := % we get

) =
nd ( )(ZZ) by €1€1<H2) and

(0)k(m +n2) + mn2 — 9Ha = X + n2)u,
(@) (k(m + n2) + mn2 — 9Hz)u = —X(m1 + 12),

which gives A\(1; +n2)(1+u?) = 0, then A(n;+7n2) = 0. Since by assumption
A # 0, we get 71 +n2 = 0. So, by (4.2)(7), we obtain k? + \? = 3771 Since

(4.2)
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one of real principal curvatures 77 and 79 is assumed to be constant, we
get that 9Hs = —n? = —n? is constant. Also, since H; = %/{ is assumed to
be constant, we get that Hz = _Tlmﬁ and Hy = _Tlnjl are constant. These
results are in contradiction with the assumption e;(Hz) # 0. Hence, the
first claim is proved.

Similarly, if ea(H2) # 0, dividing (4.1)(¢) and (4.1)(¢i) by ez2e2(Hs) and
taking v := %, we get A(n1 +n2)(1 +v2) = 0, which by a similar way
gives the same results in contradiction with the assumption ey(Hsz) # 0.

Hence, the second claim is satisfied.

Now, in order to prove the third claim, we assume that e3(Ha) # 0.
From equality (4.1)(ii7) we have k2 + A2 + 2km2 = 9Hs, and by a straight-
forward computation we get

—3k% + 2(4Hy — m)k + 3 (4Hy — 1) = —A\2 < 0,
then,
—2[262 + (1 — 4H )k + 2 (m — 3HY)] = — (A2 + k2 +7%) < 0.

Remember that the last inequality occurs if and only if we have § < 0
where

6 = (m — 4Hy)? — 1601 (. — 3Hy) = —151% + 40 Hy + 16H?.
The condition § < 0 is equivalent to a new inequality § < 0 where
6 = (40H1)? + (4 x 15 x 16)H? = 2560H7,

which is impossible. So, 3rd claim is true.

To prove the 4th claim, we assume that e4(Hz2) # 0. From equality
(4.1)(iv) we have k? + A2 4 2kn; = 9Hs, and by a straightforward compu-
tation we get

—11k2% + (24H; — 10m)k + 12 Hy — 372 = =\2 <0,
then,
—2[6K2 + (51 — 12H))k + 21 (m — 3H1)] = — (A2 + k2 4+ %) < 0.
Remember that the last inequality occurs if and only if we have § < 0 where

6 = (5m — 12H1)? — 481 (1 — 3Hy) = —23n? + 24n Hy + 144H?.
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The condition § < 0 is equivalent to a new inequality § < 0 where
§ = (24H1)? + (4 x 23 x 144)H? = 13824H?%,

which is impossible. So, 4th claim is affirmed. Therefore, we proved that
H, is constant on M.

In the second stage, since the 2nd mean curvature of M{l is constant,
we have L1 Hy = 0. Then, by (2.8)(i), we have 9H, H3 — 3HyH3 = 0. If
Hy # 0, the last equality implies that H3 = 3H1 H» is constant. Also, one
can check that we have the identity

Hy = (4Hj3 — 6Homy )y + (4Hy + m1)ni — 201,

which gives that Hy is constant. Therefore, M{ is isoparametric, which, by
Corollary 2.9 in [12], its shape operator has not more than one non-zero real
eigenvalue. Hence, we have 1112 = 0 which gives Hy = (k2 + A?)m1n2 = 0.
Therefore, M is 3-minimal. a

Theorem 4.2. Let x : M} — L5 be an L;-biharmonic Lorentzian hy-
persurface of type F3 with 3 distinct principal curvatures and constant
ordinary mean curvature, then it is 1-minimal.

Proof.  First, we show that H is constant. It is enough to show that
U={pe Mi: VH,%_H(p) # 0} is empty. Assuming U to be nonempty, we
try to get a contradiction. M is of type F3 which means that there is an
orthonormal basis {e1, - - -, e4} such that S is of form Fs. So, we have Se; =
(k+ %)61 - %62, Sey = %61 + (k — %)62, Ses = A\es and Seq = Ageq, and
then, for j = 1,2,3 we have Pje; = [u1,2,5 + (k — 3)p1,2;5-1]e1 + 31,2, 1€2,
Prey = —%Ml,Q;j—1€1 + (25 + (K — %)M1,2;j—1]62, and Pe3 = p3;jes and

Pyeq = pg;jeq.
4
Using the polar decomposition VHy = Y €;¢;(Hz)e;, from conditions

i=1
(2.8)(ii), we get

(i)[)\1>\2 + (/43 - %)()\1 -+ )\2) - 9H2]6161(H2) = %()\1 + )\Q)EQGQ(HQ),
(1) [ M A2 + (K + %)()\1 + X2) — 9Hs|ezea(Ha) = —%0\1 + Xo)erer(Ha),
(iii)(:‘fg + 25Xy — 9H2)6363(H2) =0,

(iv)(mQ + 26\ — 9H2)eseq(Hz) = 0.

(4.3)

Now, we prove the following claim.
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Claim: e;(H2) =0 for i = 1,2, 3,4.
If e1(Hs) # 0, then dividing equalities (4.3)(i) and (4.3)(ii) by e1e1(Hz) we
get
(’i))\l)\g +(k— %)()\1 + A2) —9Hs = %(/\1 + A2)u,

4.4 S
(4.4) (i) Mda + (5 4 3) (A1 + Aa) — 9HoJu = —3 (A1 + Aa),
where u := %(fl;% By substituting () in (47), we obtain (A1 +Mo)(14+u)? =

0, then Ay + Ao =0 or u=—1.

If A1 + A2 = 0, then, from (4.4)(i) we obtain 9Hs = —\?%, which gives
3k2 = —A\2. Since H; is assumed to be constant on M, then x = 2H;
is constant on M. Hence, A1 and Ay are also constant on M. Therefore,
M3 is an isoparametric Lorentzian hypersurface of real principal curvatures
in E?, which by Corollary 2.7 in [12], cannot has more than one nonzero
principal curvature contradicting with the assumptions. So, A\ + Ay # 0
and then u = —1.

From u = —1, we get A\ A + k(A1 + A2) = 9Ho, then

3k? 4+ 4/4;()\1 + A2) + A2 = 0.

Since 4H1 = 2k + A1 + Ao is assumed to be constant on M, by substituting
which in the last equality, we get A2 — H1\ — 3H? = 0, which means \, &
and the kth mean curvatures (for k = 2,3,4) are constant on M. So, we
got a contradiction and therefore, the first part of the claim is proved.

By a similar manner, each of assumptions e;(Hy) # 0 for i = 2,3,4,
gives the equality A2 +2rk)\ = 9H,, which implies the contradiction that Ho
is constant on M. So, the claim is affirmed.

In second stage we prove that Hy = 0. Since H; and Hj are constant,
from (2.8)(4) we obtain that Hj is constant. Therefore, M is isoparametric.
On the other hand, by Corollary 2.7 in [12], an isoparametric Lorentzian
hypersurface of Case II in the E} has at most one nonzero principal curva-
ture, so we get A = 0 (for example). Then H; = %Fa, Hy = %n2 and Hs = 0,
hence, by (2.8)(i), we get k = 0. Therefore Hy = 0. O

Theorem 4.3. Let 2 : M{ — L5 be a Li-biharmonic orientable Lorentzian
hypersurface of type F3 with one constant principal curvature. Then its
second mean curvature is constant. Additionally, if its ordinary mean cur-
vature is constant, then it is 1-minimal.

Proof. First we prove that Ho is constant. In fact, we show that
U= {pe M{:VH2(p) # 0} has no member. Assuming U to be nonempty
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we try to get a contradiction. Since M{ is of type Fs, there exists an

orthonormal tangent frame {e1,---,e4} on M{ such that the shape operator
is of form F3 and we have Se; = (k + %)61 — %62, Sey = %61 + (k — %)62,

Ses = Aie3 and Seq = Ageq, and then, we have Poe; = [AMi Ao+ (k — %)()\1 +
/\2)]61 + %(/\1 + )\2)62, Poeg = —%()\1 + )\2)61 + [)\1)\2 + (H + %)(/\1 + )\2)]62,
and Pyes = (k? 4 2Kk)o)es and Pyeq = (K2 4 2k)1)eq.

4

Using the polar decomposition VHs = 3 €;¢;(Hs)e;, from condition
i=1
(2.8)(ii) we get

(Z')Pq)\g + (/-i — %)()\1 + )\2) — 9H2]€161(H2) = %()\1 + )\2)6262(1‘]2)
(45 i) [MA2 + (5 + 3) (M + A2) — 9Ho]eaea(Ha) = (M + Ao)erer(Ha),
' Z'Z'i)(l-i2 + 26Ag — 9H3)ezes(Hz) = 0,

(iv)(K* + 25X — 9Ha)ezeq(Hz) = 0.

Now, we prove some simple claims.
Claim: el(Hg) = €2(H2) = 63(H2) = 64(H2) = 0.
If e1(H2) # 0, then by dividing equalities (4.5)(4, ) by €1e1(H2) we get

(i))\l)\Q + (li — %)()\1 + )\2) —9H, = %()\1 + )\Q)u,

4.6 .
(4.6) (i) Mda + (5 4 3) (A1 + Aa) — 9HoJu = —3 (A1 + Aa),
where u 1= % By substituting (i) in (i), we obtain 1(A1 + A2)(1 +

u)?2 =0, Then A\; + X2 = 0 or u = —1. If \; + A3 = 0, then, by assumption
we get that kK = 2H; is constant, and also, from (4.4(:)) we obtain Hy =
5 A? which gives £(k? — A7) = Z1A? and then A} = 3x%. Hence, we get
Hy = %1&2, which means H is constant.

Also, by assumption A; + A2 # 0 we get w = —1, which, using (4.6)(7)
and 4H, = 2k + A1 + A9, gives 5x? — 16xH; — M\ (4H; — 2k — A1) = 0.
Without loss of generality, we assume that A; is constant on M. So, from
the last equation we get that s, Ao and Hs are constant on U, which is a
contradiction. Therefore, the first claim is proved. The second claim (i.e.
e2(Hz2) = 0) can be proven by a similar manner.

Now, if eg(Hz) # 0, then using (4.5)(i77) and 4H; = 2k + A1 + A2 and
by assuming A; to be constant on M, we get

K2 — (%6111 — ;)\1)& — 4N\ Hy + )\ =0,
which gives that x, Ao and Hs are constant on U, which is a contradiction.
Therefore, the third claim is proved.
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The forth claim (i.e. e4(H2) = 0) can be proven by a manner exactly
similar to third one. Therefore, we proved that Hs is constant.

Now, we show that Ho = 0. Since H; and Hy are constant, from
(2.8)(i) we obtain that Hjs is constant. Therefore, M is isoparametric.
Since, by Corollary 2.7 in [12], an isoparametric Lorentzian hypersurface of
real principal curvatures in L5 has at most one nonzero principal curvature,
we get Ha = 0. a

Theorem 4.4. Let x : M} — L3 be a Li-biharmonic orientable Lorentzian
hypersurface of type F4. Then, its second mean curvature is constant. In
addition, if its ordinary mean curvature is constant, then it is 1-minimal.

Proof. First we prove that Hs is constant. In fact, we show that
U= {pe M}: VH3(p) # 0} has no member. Assuming U to be nonempty
we try to get a contradiction. Since M{ is of type Fy, there exists an
orthonormal tangent frame {ey, - - -, e4} on M such that the shape operator
is of form .7:'4 and we have Se; = kep — 3@63, Sey = Keg — 3@63, Ses =

@el — @eg + keg and Seqy = Aeyq and then, we have Prep = (:‘i2 + 26\ —

%)61 + %62 + @(n + Nes, Prey = %161 + (K2 + 26X + %)62 + @(n + Aes,
Poes = ﬂzé(ff + Neg + 3@(/@ + Aeg + (k2 4+ 2k\)e3 and Prey = 3r2ey.

4
Using the polar decomposition VHs = Y €;e;(H2)e;, from condition
i=1
(2.8)(ii) we get

(8)(K% + 26\ — § — 9Ha)ere1(Hy) — Sesea(Ha) — Y2(k + A)eses(Ha) = 0
(’L"i %6161([’[2) + (/12 + 28\ + % — 9H2)€2€2(H2) + Ag(lﬁ + /\)6363(H2) =0
(ZZ%)@(H + /\)(6161(H2) + 6262(H2)) + (HQ + 2K\ — 9H2)6363(H2) =0,
(iv)(3x% — 9H>3)egeq(Ha) = 0.

(4.7)

Now, we prove some simple claims.

Claim: 61(H2) = GQ(HQ) = €3<H2) = 64(H2) = 0.
If e1(Hsz) # 0, then by dividing both sides of equalities (4.7)(4,4,4ii) by

e1e1(Hs), and using the identity 2Hs = k% + k) in Case Fy, putting u; :=

ezex(Ha) . ese3(H2)
Efei(Hi) and ug 1= e?e?(Hi)’ we get

_ 5 (
(4.8) (@) 3 + (4 = Ik2 = Brd)us + Y2(k 4+ Aug = 0
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which, by comparing (i) and (ii), gives Stk (76 +5X)(1+u1) = 0. If & = 0,
then Hy = 0. Assuming x # 0, weget u; = —lor A = —%/@. Ifu; # —1 then

A = —Ik, then by (4.8)(iii) we obtain u; = —1, which is a contradiction.
Hence we have u; = —1, which by (4.8)(4, #i¢) implies ugz = 0.
Now we discuss on two cases A = —%/@ or A # —%/—i. Ifx= —%/@, then,

K= %Hl, Hy = %152, Hs = %4/{3 and Hy = %7&4 are all constants on U/.
Also, the case A # —I is in contradiction with (4.8)(ii).

Hence, the first claim ej(H2) = 0 is affirmed. Similarly, the second
claim (i.e. ea(Hz) = 0) can be proved.

Now, applying the results e;(Hz) = e2(Hz) = 0, from (4.8)(i) and
(4.8)(iii) we get e3(Hz) = 0.

The final claim (i.e. e4(Hz) = 0), can be proved using (4.8)(iv), in a
straightforward manner.

In second stage, we prove that Hy = 0. By (2.8)(i), we have L1 Hy =
9H1H22 — 3HyHs = 0. If Hy = 0, it remains nothing to prove. By assump-
tion Hs # 0, we get 3H1Ho = Hs, which gives k(k? — 3H1k + 3H?) = 0,
where k2 — 3H 1k + 3H12 > 0, Hence, k = 0. Therefore, Hy = H3 = Hy = 0.

O
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