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Abstract

Let R be a finite ring. The commuting probability of R is the

probability that any two randomly chosen elements of R commute. A

ring R is called an n-centralizer ring if it has n distinct centralizers. In

this paper, we characterize some n-centralizer finite rings and compute

their commuting probabilities.
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1. Introduction

The commuting probability of a finite ring R is the probability that a
randomly chosen pair of elements of R commute. We write Pr(R) to denote
this probability.

It is not difficult to see that

Pr(R) =
|Z(R)|

|R|
+

1

|R2|

�

r∈R\Z(R)

|CR(r)|,(1.1)

where CR(r) and Z(R) are known as centralizer of r ∈ R and center of R
given by CR(r) = {s ∈ R : rs = sr} and Z(R) = ∩

r∈R
CR(r).

In 1976, MacHale [29] initiated the study of Pr(R). However, it gets
popularity in the recent years only unlike the commuting probability of
a finite group. The study of commuting probability of a finite group was
originated from the works of Erdös and Turán [19] published in 1968. Many
mathematicians have considered the notion of commuting probability of a
finite group in their works (see [11] and the references therein). Fundamen-
tal contributions in this area, due to Erdös, Erfanian, Guralnick, Gustafson,
Hegarty, Joseph, Lescot, MacHale, Rezaei, Rusin, Russo, Turán and many
other authors, can be found in [6, 10, 19, 21, 22, 23, 24, 25, 26, 27, 28, 30,
31, 32] etc. However, only few papers are available on Pr(R) (including
its generalizations) in the literature (see [8, 9, 12, 15, 16, 17, 18, 29] for
example).

Central problems in this area are to find all the rational numbers r ∈
Q∩ (0, 1] such that Pr(R) = r for some finite ring R and characterize finite
rings such that Pr(R) = r. Recently, Buckley et al. [9] have computed
Pr(R) for several families of finite rings and characterized all finite rings
having Pr(R) ≥ 11

32 .
A ring R is called n-centralizer if |Cent(R)| = n, where Cent(R) =

{CR(x) : x ∈ R}. The class of n-centralizer finite rings was introduced
and studied by Dutta et al. [13, 14] following the works of Belcastro and
Sherman [7], where n-centralizer finite groups were studied. Fundamental
results on n-centralizer finite groups can be found in [1, 2, 3, 4, 5, 7]. Exis-
tence of n-centralizer finite groups for all positive integers n ≥ 4 was proved
by Ashrafi in [2], answering an open problem of Belcastro and Sherman [7].
In [13, 14], n-centralizer finite rings are characterized for certain positive
integers. However, the existence of n-centralizer finite rings for all positive
integers n ≥ 4 is still not clear. In this paper, we characterize n-centralizer
finite rings and compute their commuting probabilities for n ≤ 7.
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Throughout this paper R denotes a finite ring. For any subring S of
R, we write R/S or R

S
to denote the additive quotient group (S,+) in

(R,+). The isomorphisms considered in this paper are the additive group
isomorphisms. We shall also use the fact that for any non-commutative
ring R, the additive group R

Z(R) is not a cyclic group (see [29, Lemma 1]).

2. Rings with known central factor

In this section, we deduce some properties of a finite non-commutative
ring R having some known central factor. These results will also serve as
prerequisites for the results obtained in the next section. We begin with
the following result which is obtained by MacHale [29, Theorem 1 and 2]
in the year 1974.

Theorem 2.1. Let R be a finite ring. Then R
Z(R)

∼= Z2 ×Z2 if and only if

Pr(R) = 5
8 . Further, if p is the smallest prime divisor of |R| then

R
Z(R)

∼=

Zp × Zp if and only if Pr(R) =
p2+p−1
p3

.

It is worth mentioning that original group theoretic result analogous to
Theorem 2.1 is known since long time in the works of some authors already
mentioned in the Introduction. If p is any prime divisor of |R|, not neces-
sarily the smallest one, then also we have the following result [13, Theorem
2.5].

Theorem 2.2. Let R be a finite ring and R
Z(R)

∼= Zp × Zp, where p is a

prime. Then R is a (p+ 2)-centralizer ring and Pr(R) = p2+p−1
p3

.

In [13], we have proved the following two results regarding 4-centralizer
and 5-centralizer finite rings.

Theorem 2.3. Let R be a finite ring. Then

(a) R
Z(R)

∼= Z2 × Z2 if and only if R is 4-centralizer (see [13, Theorem

3.1]).

(b) R
Z(R)

∼= Z3 × Z3 if and only if R is 5-centralizer (see [13, Theorem

4.1]).

The original group theoretic result analogous to Theorem 2.3 was proved by
Belcastro and Sherman (see [7, Theorems 2 and 4]). The following lemmas
are useful in proving the subsequent results.

Lemma 2.4. Let R be a finite ring. If R
Z(R)

∼= Zm × Zn then m = n.
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Proof. Let Z := Z(R). Suppose R/Z ∼= Zm × Zn and m 
= n. Without
loss of generality, we can assume thatm < n. Then there exist two elements
a, b of R such that ab 
= ba and

R

Z
= �Z + a,Z + b : m(Z + a) = n(Z + b) = Z�.

We have a(mb) = (ma)b = b(ma) = (mb)a. Therefore, CR(mb) = R and
so mb ∈ Z; which is a contradiction. Hence the lemma follows. �

Lemma 2.5. Let R be a finite ring. If R
Z(R)

∼= Zm×Zm×Zn then m = n.

Proof. Let Z := Z(R). Suppose R/Z ∼= Zm × Zm × Zn and m 
= n.
Without loss of generality, we can assume that m < n. Then there exist
three elements a, b, c of R not commuting with each other simultaneously
and

R

Z
= �Z + a,Z + b, Z + c : m(Z + a) = m(Z + b) = m(Z + c) = Z�.

We have a(mc) = (ma)c = c(ma) = (mc)a and b(mc) = (mb)c = c(mb) =
(mc)b. Therefore, CR(mc) = R and so mc ∈ Z; which is a contradiction.
Hence the lemma follows. �

We conclude this section with the following theorem which gives some
information regarding 8-centralizer finite rings.

Theorem 2.6. Let R be a finite ring. If R
Z(R)

∼= Z4 × Z4 then R is 8-
centralizer.

Proof. Firstly suppose that R
Z(R)

∼= Z4 × Z4. Then there exist two
elements a, b ∈ R such that ab 
= ba and

R

Z(R)
= �Z + a, Z + b : 4(Z + a) = 4(Z + b) = Z�,

where Z := Z(R). If S/Z is an additive non-trivial subgroup of R/Z then
|S/Z| = 2, 4 or 8. Therefore, some of the proper additive subgroups of R
properly containing Z are
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Sm := CR(a+mb)
= Z ∪ (Z + (a+mb)) ∪ (Z + 2(a+mb)) ∪ (Z + 3(a+mb)),

where 1 ≤ m ≤ 3,
S4 := CR(2a+ b)

= Z ∪ (Z + (2a+ b)) ∪ (Z + 2(2a+ b))) ∪ (Z + 3(2a+ b)),
S5 := CR(2a+ 2b) = Z ∪ (Z + (2a+ 2b)),
S6 := CR(a) = Z ∪ (Z + a) ∪ (Z + 2a) ∪ (Z + 3a) and
S7 := CR(b) = Z ∪ (Z + b) ∪ (Z + 2b) ∪ (Z + 3b).

Now for any x ∈ R \ Z, we have Z + x is equal to Z + k for some
k ∈ {ma,mb,ma +mb : 1 ≤ m ≤ 3}. Therefore CR(x) = CR(k). Again,
let y ∈ Sj − Z for some j ∈ {1, 2, . . . , 7}, then CR(y) 
= Sq, where 1 ≤ q (
=
j) ≤ 7. Thus CR(y) = Sj. This shows that R is 8-centralizer. �

3. Characterization and Commuting probability

In this section, we characterize some n-centralizer finite rings and compute
their commuting probabilities for n ≤ 7. It is clear that R is 1-centralizer
if and only if it is commutative. Therefore, R is 1-centralizer if and only if
Pr(R) = 1.

In [13, Theorem 2.1], we have proved that there is no n-centralizer ring
for n = 2, 3. The following two results give commuting probabilities of
4-centralizer and 5-centralizer finite rings.

Theorem 3.1. Let R be a finite ring. Then R is 4-centralizer if and only
if Pr(R) = 5

8 .

Proof. The proof follows from Theorem 2.3(a) and Theorem 2.1. �

Theorem 3.2. If R is a finite 5-centralizer ring then Pr(R) = 11
27 .

Proof. The proof follows from Theorem 2.3(b) and Theorem 2.2. �

The following characterization of finite 6-centralizer rings is useful in
computing their commuting probabilities.

Theorem 3.3. If R is a 6-centralizer finite ring then R
Z(R) is isomorphic to

Z2 ×Z2 × Z2, or Z2 × Z2 × Z2 ×Z2.
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Proof. If R is a 6-centralizer finite ring then by Theorem 3.1 in [14], we
have |R : Z(R)| = 8, 12 or 16.

By fundamental theorem of finite abelian groups, R
Z(R) is isomorphic to

Z8,Z2×Z4, Z2×Z2×Z2,Z12, Z2×Z6, Z16,Z2×Z8,Z4×Z4,Z2×Z2×Z4
or Z2 × Z2 × Z2 × Z2.

Since R is non-commutative, R
Z(R) is not isomorphic to Z8,Z12 and

Z16. Using Lemma 2.4 and Lemma 2.5, we have R
Z(R) is not isomorphic to

Z2×Z4,Z2×Z6, Z2×Z8 and Z2×Z2×Z4. Also by Theorem 2.6, we have
R

Z(R) is not isomorphic to Z4 × Z4. Hence the result follows.

�

Theorem 3.4. If R is a 6-centralizer finite ring such that R
Z(R) is not iso-

morphic to Z2 × Z2 × Z2 × Z2 then Pr(R) =
7
16 .

Proof. Since R is 6-centralizer finite ring, by Theorem 3.3, we have
R
Z
∼= Z2 × Z2 × Z2 where Z := Z(R).

Therefore, there exist three non-central elements a, b, c of R not com-
muting with each other simultaneously and

R

Z
= �Z + a,Z + b, Z + c : 2(Z + a) = 2(Z + b) = 2(Z + c) = Z�.

If S/Z is an additive non-trivial subgroup of R/Z then |S/Z| = 2 or 4.
Since |Cent(R)| = 6, we have

CR(k) = CR(l) = CR(k + l) = Z ∪ (Z + k) ∪ (Z + l) ∪ (Z + (k + l))

for some k, l ∈ {a, b, c, a+b, a+c, b+c, a+b+c} and k 
= l. Without loss of
generality, we can assume that CR(b) = CR(c). Hence, some of the proper
additive subgroups of R properly containing Z are

S1 := CR(a) = Z ∪ (Z + a),
S2 := CR(b) = CR(c) = CR(b+ c)

= Z ∪ (Z + b) ∪ (Z + c) ∪ (Z + (b+ c)),
S3 := CR(a+ b) = Z ∪ (Z + (a+ b)),
S4 := CR(a+ c) = Z ∪ (Z + (a+ c)) and
S5 := CR(a+ b+ c) = Z ∪ (Z + (a+ b+ c)).

Now for any x ∈ R \ Z, we have Z + x is equal to Z + k for some
k ∈ {a, b, c, a+ b, a+ c, b+ c, a+ b+ c}. Therefore CR(x) = CR(k). Again,
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let y ∈ Sj − Z for some j ∈ {1, 2, . . . , 5}, then CR(y) 
= Sq, where 1 ≤ q (
=
j) ≤ 5. Thus CR(y) = Sj. Hence, by (1.1) we have

Pr(R) =
|Z|

8|Z|
+
(4× 2)|Z|2 + (3× 4)|Z|2

82|Z|2
=

7

16
.

This completes the proof. �

Now we compute commuting probability of some finite 7-centralizer
rings. The following result is useful in this regard.

Theorem 3.5. Let R be a finite ring. Then R is 7-centralizer if and only
if

R

Z(R)
∼= Z5 × Z5.

Proof. If R
Z(R)

∼= Z5 × Z5 then, by Theorem 2.2, it follows that R is
7-centralizer.

If R is a 7-centralizer finite ring then by Theorem 4.3 in [14], we have
|R : Z(R)| = 12, 18, 20, 24 or 25.

Therefore by fundamental theorem of finite abelian groups, R
Z(R) is iso-

morphic to Z12,Z2 × Z6,Z18, Z3 × Z6, Z20,Z2 × Z10, Z24,Z2 × Z12,Z2 ×
Z2 ×Z6, Z25 or Z5 × Z5.

Since R is non-commutative, R
Z(R) is not isomorphic to Z12,Z18,Z20,Z24

and Z25.
Also by Lemma 2.4 and Lemma 2.5, we have R

Z(R) is not isomorphic to
Z2 ×Z6,Z2 × Z10,Z3 × Z6, Z2 × Z12, Z2 × Z2 × Z6.

Hence, the theorem follows. �

We conclude this paper by the following result.

Theorem 3.6. If R is a finite 7-centralizer ring then Pr(R) = 29
125 .

Proof. The result follows from Theorem 3.5 and Theorem 2.2. �
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