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Abstract

Let G be a simple graph on n vertices and vy, v, ..., v, be the vertices
of G. We denote the degree of a vertex v; in G by dg(v;) = d;. The
mazimum degree matriz of G, denoted by M(G), is the real symmet-
ric matriz with its ijth entry equal to max{d;,d;} if the vertices v;
and v; are adjacent in G, 0 otherwise. In analogous to the defini-
tions of Laplacian matriz and signless Laplacian matriz of a graph,
we consider Laplacian and signless Laplacian for the maximum degree
matriz, called the maximum degree Laplacian matriz and the mazi-
mum degree signless Laplacian matriz, respectively. Also, we intro-
duce mazximum degree Laplacian energy and maximum degree signless
Laplacian energy of a graph. Then we determine the mazximum de-
gree (signless) Laplacian energy of some graphs in terms of ordinary
energy, and (signless) Laplacian energy. We compute the mazimum
degree (signless) Laplacian spectra of some graph compositions. A
lower and upper bound for the largest eigenvalue of the mazimum de-
gree (signless) Laplacian matriz is established and also we determine
an upper bound for the second smallest eigenvalue of maximum degree
Laplacian matrix in terms of vertex connectivity. We also determine
bounds for the maximum degree (signless) Laplacian energy in terms
of first Zagreb index.
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1. Introduction

Let G be a simple graph on n vertices and m edges. Let

V(G) = {v1,v2,...,v,} be the vertex set of G. We use the notation v; ~ v;
(i ~ j) to denote that the vertices v; and v; are adjacent in G. Let
T(vi) = 3,y max{da(vi), da(vg) } and T(G) = 3770 T(v;). Let \(G) >
X(G) = 2 A 1(G) 2 MGy pn(G) > (G) > v > i (G) >
1n(G) = 0 and ((G) > (@) > - > Gur(G) > 4u(G) respectively,
denote the eigenvalues of the adjacency matrix A(G), Laplacian matrix
L(G) = D(G) — A(G) and signless Laplacian matrix Q(G) = D(G)+ A(G),
where D(G) = diag(dy,da, ..., dy). Some studies and results on the spectra
of these matrices can be found in [21, 5, 4] and therein cited references.

The energy of a graph G, denoted by £(G), was defined by I. Gutman [10]
in the year 1978, as £(G) = Y_i=; |\i|. The motivation for the definition of
graph energy comes from Hiickel theory, see [19] for details. Later in the
year 2006, B. Zho and I. Gutman [14] introduced the concept of Laplacian
energy LE(G) of a graph. It is defined as LE(G) = Y1y | i — 22 |. In
analogous to the definition of Laplacian energy of a graph, N. Abreu et
al. [1] introduced the signless Laplacian energy QE(G) of a graph G, as
QE(G) = 311 | ¢ — 22 |. The concept of energy of a graph has slowly
attracted many mathematicians and in recent years many papers on this
topic are published. In fact there are more than 50 graph energies defined
in literature, see [13, 11]. Studies on graph energy and (signless) Laplacian

energy can be found in [19, 7, 8] and therein cited references.

Recently, several degree based graph matrices are introduced and there
energies were studied. Some examples of degree based graph energies are
Randi¢ energy, harmonic energy, extended adjacency energy, Zagreb en-
ergy, arithmetic-geometric energy, etc, see [6, 18, 15| for more details.
The maximum degree matrix of a graph was defined by C. Adiga and
M. Smitha [3], recently. It is denoted by M(G) and its ij-th entry is
equal to max{d;,d;} if v; and v; are adjacent in G, 0 otherwise. Moti-
vated by the definitions of Laplacian matrix and signless Laplacian matrix,
we introduce maximum degree Laplacian matrix Lj/(G) and maximum
degree signless Laplacian matrix Qa/(G). These matrices are defined as
Ly(G) = D(G) — M(G) and Qu(G) = D(G) + M(G), where D(G) =
diag(T(v1),T(v2),...,T(v,)). We denote the eigenvalues of Lj/(G) and
Qn(G) respectively, as OF(G) > 0%(G) > --- > oL (G) > 9k(G) = 0
and 8%(G) > 09(G) > --- > 09 ,(G) > 89(G). The maximum degree
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Laplacian energy £E3/(G) and maximum degree signless Laplacian energy
Q&M (G) of a graph G are defined as

T(G)

n

T(G)

n

n n
LEM(G) = 3_107(G) = — =] and QEn(G) = 3 |97(G) = — =,
i=1 i=1
One of the well studied degree based topological index is the first Zagreb
index. For a graph G the first Zagreb index, denoted by M;(G), is defined
as Mi(G) = 371 d%(v;). Details about Zagreb indices can be found in

12].

In Section 2 of the paper, we determine the maximum degree (signless)
Laplacian energy of some graphs in terms of ordinary energy and (signless)
Laplacian energy. In Section 3, we compute the maximum degree (signless)
Laplacian spectra of some graph compositions. In Section 4, a lower and
upper bound for the largest eigenvalue of the (signless) Laplacian matrix is
established and also we determine an upper bound for the second smallest
eigenvalue of maximum degree Laplacian matrix in terms of vertex con-
nectivity. We also determine bounds for the maximum degree (signless)
Laplacian energy in terms of first Zagreb index.

2. Maximum degree (signless) Laplacian energy of some graphs

In this section, we determine the maximum degree (signless) Laplacian
energy of some graphs in terms of ordinary energy and (signless) Laplacian
energy. Also some basic results are presented.

The following definitions and lemmas will be used in this section.

Definition 2.1. [22] The identity duplication of a graph G, denoted by
ID(G), is the graph obtained by taking two copies of the vertex set V(G)
and then joining a vertex in the first copy of V(G) to a vertex in the second
copy of V(G) whenever they are adjacent in G.

Definition 2.2. [17] The double graph DG is the graph obtained by taking
two copies of G and then joining a vertex in the first copy of G to a vertex
in the second copy of G whenever they are adjacent in G.

Ay Ay
Ap Ag
Then the spectrum of A is the union of spectrum of Ay + Ay and Ag — Aj.

Lemma 2.3. [4] Let A = be a symmetric 2 x 2 block matrix.
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Remark 2.4. The matrices Ly (G) and Qp(G) are positive semidefinite,
because for any vector X = (z1,x2,...,zy), we have

XTLy(G)X = S max{d;, dj}(z; — x;)* > 0 and

XTQM(G)X = Zz’~j max{di,dj}(asi + a:j)2 > 0.

For a vertex v of G, the neighborhood set of v is denoted by Ng(v) and is
defined as Ng(v) = {u € V(G) : u ~ v}. The neighborhood degree sum of
v is the sum of all degrees of vertices in Ng(v) and is denoted by Ng(v).

We denote the maximum degree and minimum degree of a vertex in G by
A(G) = A and §(G) = 0, respectively.

Proposition 2.5. Let G be a graph. Suppose v and v are any two vertices
of G such that dg(u) = dg(v) = A and Ng(u)\{v} = Ng(v)\{u}. Then
A? is a maximum degree (signless) Laplacian eigenvalue of G if u and v
are not adjacent in G, and if v and v are adjacent in G, then A% + A is
a maximum degree Laplacian eigenvalue of G and A% — A is a maximum
degree signless Laplacian eigenvalue of G.

Proof. Suppose the vertices u and v are not adjacent in G. Since
dg(u) = dg(v) = A and Ng(u)\{v} = Ng(v)\{u}, the matrices L/ (G) —
A?], and Q Mm(G) — A?], have two identical rows, namely the rows cor-
responding to the vertices © and v. Thus their determinants are zero,
proving that A? is a maximum degree (signless) Laplacian eigenvalue of
G. Similarly, if v and v are adjacent in G, then A% + A is a maximum
degree Laplacian eigenvalue of G and A% — A is a maximum degree signless
Laplacian eigenvalue of G. a
The proof of the following proposition is similar to Proposition 2.5.

Proposition 2.6. Let G be a graph on n vertices. Suppose u and v are
any two vertices of G such that dg(u) = dg(v) = § and Ng(u)\{v} =
Ng(v)\{u}. Then Ny(u) is a maximum degree (signless) Laplacian eigen-
value of G if w and v are not adjacent in G, and if v and v are adjacent
in G, then Ny(u) + 0 is a maximum degree Laplacian eigenvalue of G and
Ng(u) — ¢ is a maximum degree signless Laplacian eigenvalue of G.

The following corollary follows from Proposition 2.6.

Corollary 2.7. Let G be a graph. Let G* be the graph obtained by attach-
ing p > 2 pendant vertices to a vertex u of G. Then dg(u) is a maximum
degree (signless) Laplacian eigenvalue of G* with multiplicity at least p— 1.
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Theorem 2.8. Let G be an r regular graph of order n. Then LE y(G) =
Q&M (G) =rE(G).

Proof. Since G is r regular, Ly/(G) = r(rl, — A(G)), Qum(G) = r(rl, +
A(G)) and T(G) = >0 3 jmax{d;,d;} = nr?. Thus for 1 < i < n,
the eigenvalues of Lj/(G) and Qu(G) are respectively, 0F(G) = r(r —

An—i+1(G)) and 8?((?) = r(r + X\i(G)). Hence, LEy(G) = i |0 (@) —

TG n n TG

(n)\ = X IPA(G)] = r€(G) and QEm(G) = 4;;@?(0) _ 52)| _
% |rAi(G)| = rE(G). This completes the proof. 0O
=1

Let K, Cpn, Q2,, and H, , respectively, denote the complete graph on
n vertices, the cycle graph on n vertices, the cocktail party graph on 2n
vertices and crown graph on 2n vertices.

In the following corollary, we give the maximum degree (signless) Laplacian
energy of some standard graphs.

Corollary 2.9. We have

2(n —1)2 if G = Ky,
" 27j )
2 cos (—) if G =0C,,
LEM(G) = QEM(G) = ; | w )|
8(n —1)? if G = Qan,
4(n —1)? if G =Hpnp.

Proof.  We have &(K,) = 2(n ~ 1), £(C) = 3 | cos (22 |
j=1

E(Kg,,) =4(n—1) and E(Hpy) = 4(n—1), see [4]. Therefore the corollary
follows immediately from the above theorem. O

Theorem 2.10. Let G be a bi-regular graph such that no two vertices of
degree § are adjacent in G. Then LEy(G) = ALE(G) and Q€N (G) =
AQE(G).

Proof. Since G is a bi-regular graph such that no two vertices of degree
d are adjacent, Ly (G) = AL(G), Qu(G) = AQ(G) and T(G) = 2mA.
Thus the spectrum of Ly/(G) is {Ap1, Apa, ..., Auy,} and the spectrum of
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n
QM(G) is {Aqlv AQ2» R 7Aqn} Therefore, EEM(G) = Z ’A,ul - M‘ =

=1

AZ i — 27m’ = ALE(G). Similarly, we have Q€ (G) = AQE(G). O

=1

The following corollary is immediate from the above theorem.

Corollary 2.11. Let P, be the path graph on n vertices. Then LE y;(Py,) =
QM (Py) =2LE(P,) =2QE(FR,).

Theorem 2.12. Let G be a graph on n vertices and ID(G) be the identity
duplication graph of G. Then LE(ID(G)) = Q€N (ID(Q)) = LEy(G) +
QM (G).

Proof. The graph ID(G) is of order 2n with vertex set V(ID(G))=V (G)U
V(G) (disjoint union) and for any vertex v € V(ID(G)), we have d;p(q)(v) =
dg(v). Therefore with suitable labeling of the vertices of ID(G), the ma-
trices Ly (ID(G)) and Qp(ID(G)) can be written as

D(G) —M(G) D(&) M(G)
Ly (ID) = ( “MG) DG )and Qum(ID) = ( M(G) D(G) )

Thus from Lemma 2.3, the spectrum of Lj;(ID(G)) consists of the

union of spectrum of Ly, (G) and the spectrum of Q»/(G). Since T(IZL(G)) =

T(nG)’ we get LEy(ID(R)) = LEy(G) + Q€0 (G).  Similarly, we get

QEM(ID(G)) = LEM(G) + QEM(G). =
The following corollary follows from Theorems 2.8 and 2.12.

Corollary 2.13. Let G be an r-regular graph. Then LEy(ID(G)) =
QEM(ID(Q)) = 2rE(G).

Theorem 2.14. Let G be a graph of order n and DG be its double graph.
Then

(i) Spectrum of Ly (DG) is {40F(G), ..., 405(G),4Ta(v1), . .., 4Tg(va)}-
(i) Spectrum of Q(DG) is {40%(G),...,409(G), AT (v1), . .., ATg(vn)}-
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Proof. The graph DG is of order 2n with vertex set V(DG) = V(G) U
V(G) (disjoint union) and for any vertex v € V(DG), dpg(v) = 2dg(v).
Therefore with suitable labeling of the vertices of DG, we obtain

4D(G) —2M(G) —2M(G)
Ly (DG) =
—2M(QG) 4D(G) — 2M(G)
and
4D(G) +2M(G)) 2M(G)
Qu(DG) =
2M(QG) 4D(G) +2M(G))

By Lemma 2.3, the spectrum of Lj;(DG) is the union of the spectrum of
4L (G) and the spectrum of 4D(G), and the spectrum of Qs (DG) is the
union of spectrum of 4Q;/(G) and the spectrum of 4D(G). O

The following corollary can be easily deduced from the above theorem.

Corollary 2.15. Let G be an r-regular graph. Then
LE N (DG) = Q€M (DG) = 4rE(Q).

3. (Signless) Laplacian spectra of some composition of graphs

In this section, we give the (signless) Laplacian spectra of composition of
graphs, namely, the complete product of two regular graphs and corona
product of two regular graphs.

Definition 3.1. [4] The complete product Gy 57 Go of two graphs Gy and
G2 is the graph obtained by joining every vertex of G1 with every vertex
of Go

Definition 3.2. [9] The corona product of two graphs G and Ga is ob-
tained by taking |V (G1)| copies of Gy and joining each vertex of Gi with
every vertices of the corresponding copy of G .

In the following lemma we give an upper bound for the graph parameter
T(G) in terms of first Zagreb index.

Lemma 3.3. Let G be a graph on n vertices with m edges. If di > ds >
... > dy, is the degree sequence of G. Then

M (G) < T(G) < Mi(G) + 2mn — n?.
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Proof. We have

T(G) = zn: > max{d;, d;}

=1 V;i~V;

(3.1) = Y1 (4 Ciskugn, (d — di))
n 1—1
<> (d% + > (di — d»)
i=1 k=1
n n 1—1
=2 di+> > (d—di)
i=1 i=1k=1
= Mi(G) +nd iy di — 355 (20 — 1)d;
= Ml(G) + 2nm — 2?21(27: - l)dz‘
< Mi(G)+2nm -8 (20— 1)
= M1(G) + 2nm — n?4.

Thus, T(G) < Mi(G) + 2nm — n?5. Proving the right inequality. From
equation (3.1) the left inequality follows directly. O

In the following theorem we give an upper bound for the maximum degree
(signless) Laplacian energy of disjoint union of graphs in terms of maximum
degree (signless) Laplacian energy of parent graphs, first Zagreb index,
order and size of the parent graphs.

Theorem 3.4. For 1 < i < k, let G; be a graph of order n; and size m;.
Suppose G is a disjoint union of graphs G;, 1 <i < k. Then

k
(i) L€ (G) < 3 (ESM(Gi) +2My (Gi) + 2nimi — n?&(Gi)]).

=1

k
(ii) Q€M (G) < <Q(€M(Gi) + 2[M:1(G;) + 2nim; — n?é(Gi)]).

i=1
k
Proof. Letn=mn;+mno+---+ng. Since G = U G;, we have,
@) o o
= M0

0 0 o La(Gy)
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Therefore the spectrum of LE)s (G) is the disjoint union of the spectrum
of each Lyr(G;). Let pi; (1 < 5 < n;) be the eigenvalues of Ly (Gy).
Suppose T'(G) =T and T(G;) = T; for 1 <i < k. Then

ni

T
LEm (G) ZMU_E"FZ/MJ—— ‘i‘Zng—E'

jl 7j=1

T, Tv T ok T, T, T
72,“]__1 —1——+"+Z%——k+—k——

ni ni n =1 ng ng n

T

gZ&S‘M(GiHTﬂnl+n2+---+nk)z

i=1
(by triangular inequality)

_ZggM )+ 2T = Z(ﬁsM Gz‘)‘i‘QTi)

=1
< Z (ﬁSM(Gi) +2[M1(G;) + 2nym; — 7%25(Gz)i>
(b;f:Iliemma 3.3).

By a similar argument, the upper bound for Q& (G) also follows. O
From the proof of the above theorem and from Theorem 2.8, we obtain the
following corollary.

Corollary 3.5. If G; is an r; regular on n; vertices for 1 < i < k. Let
k

k

= UGi' Then LE ) (G) < Zri(Znin +5(Gi)> and Q& (G) <
i=1 i=1

k

Z T; <2nﬂ‘i + E(Gi)> .
i=1

A matrix of order n; x ny with all its entries equal to 1 is denoted by Jy, xn,
or simply, Jp, if n; = na. The column vector of size n with all its entries
equal to 1 is denoted by 1,

Lemma 3.6. [2] Fori = 1,2, let M; be a normal matrix of order n; having
all its row sums equal to ;. Suppose r;,0;2,0;3,...,0;,, are the eigenvalues
of M;, then for any two constants a and b, the eigenvalues of
M,y aJn, xn . .
M = 122 ) are 0;; fori=1,2, 7=2,3,...,n; and
( bnxny M g g ’
the two roots of the quadratic equation (x —r1)(z — r2) — abning = 0.

The following theorem gives the maximum degree (signless) Laplacian spec-
trum of the complete product of two regular graphs.
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Theorem 3.7. Let G; be an r; regular graph on n; vertices for i = 1, 2.
Suppose r1 + ng > ro +ny. Then

(i) the spectrum of Ly;(G1 7 G2) consists of (r1 + nz2)(n1 + n2); 0; (r1 +
ng)(r1+n2—A;(G1)) for 2 < i < ny; ni(r1+n2)+(re+n1)(re—XA(G2)) for 2 <
1 S ng.

(ii) the spectrum of Q1 (G157 G2) consists of (r1+n2)(r1+n2+Xi(G1)) for 2 <
i < mnp; ny(ri+ng)+(ro+ny)(re+Xi(G2)) for 2 < i < ng and the two roots of
the polynomial (x — (11 +n2) (271 + n2)) (x —ny (r1 + na2) — 272 (ra + n1))—
(r1+ n2)2 ning.

Proof. Let V(G v G2) = {v1,v2,...,Vpy,U1,U2,...,Upn,} such that
V(Gl) e {1)1, V2y vty Unl} and V(GQ) B {ul, Uy . -« 7un2}- Then dleG2 (’UZ) e
r1+ng and dg,va, (u;) = r2+mn; for 1 <i <nj and 1 < j < ng. Therefore
the matrix Ly;(G1 7 G2) is equal to

(r1 + 1) ((r1 o)y, — A(G1)> ‘ — (1 4 112) Ty xmg

—(r1 4+ n2)Jny xns ‘ (m(ﬁ +ng) + ra(re + n1))In2 — (12 +n1)A(G2)

Now, set My = (r1 + n2)((r1 + n2)In, — A(G1)), Mo = (n1(r1 + n2) +
ro(ro+mn1))In, —(re+n1)A(Ge2) and @ = b = —(r1+n2) in Lemma 3.6. Since
the spectrum of M; and My are respectively, {na(r; + ng), (r1 + n2)(r1 +
n2 — Ai(G1)), 1 < i < n1} and {ni(r1 + n2),n1(r1 + n2) + (r2 +n1)(r2 —
Ai(G2)), 1 <i < ng}, the theorem for Ly (G1 v G2) follows. Similarly, we
obtain the spectrum of Q/(G1 7 G2). O

Corollary 3.8. Let G; and G2 be two integral regular graphs. Then the
maximum degree Laplacian spectrum of G sy G is integral.

Let P = (pi;) and @ be two matrices. The Kronecker product of P and @
is denoted by P ® (), and is obtained from P by replacing each entry p;;
by pi;Q. For matrices P, @, Rand S, (P® Q)(R® S) = PR® QS. More
details on Kronecker product of matrices can be found in [16].

Let A = (ai;) be a real symmetric matrix of order p. Let B; (1 <i < p) be

a real symmetric matrix of order n such that B;1, = rl,,. Define
A®al, +B I,®bl,
S = S[A,B,a,b] = , where B is a bock
I, @ b1T A
diagonal matrix given by B = diag(B1, B, ..., Bp) and a, b are real con-
stants. Let 0;1 = r,0;2,...,0;, be the eigenvalues of B; (1 <14 < p) and let
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71,72, - - -, Yp be the eigenvalues of A.

In the following lemma we give the spectrum of the matrix S = S[A, B, a, b
as defined above.

Lemma 3.9. The spectrum of the matrix S consists of 0;; for 1 < i <p
and 2 < j < n; r+any; + ba;; and r + any; + bays (1 <i < p), where a;1
and oo are the two roots of the polynomial bx? + (any; — i +7)x — bn.

Proof. Let X;; = —1,, X;9,..., Xin be a set of orthonormal eigenvec-
n

tors of the matrix B; corresponding to the eigenvalues 0;1 = r,0;2, ..., 0;in,
respectively. Let Y1,Y,...,Y), be a set of orthonormal eigenvectors of the
matrix A corresponding to the eigenvalues 1,72, ...,7p, respectively. For
1 <i<pand2<j<n,define

e @ Xij

0,

RP. Then 8Z;; = 0;;Z;;. Thus, 6,; is an eigenvalue of S corresponding to
the eigenvector Z;;. Let

Zij = , where ¢; is the i-th vector of the canonical basis of

Zi1 = Yla®Y1 " ] , where «; is any non-zero real number. Then
141
SZ; = (r+ ?Zgi_:iybg’:;? © 1n . Therefore Z;; is an eigenvector of
A2 1

S corresponding to the eigenvalue r + anvy; + bay if and only if bn + v;a; =
a;(r + any; + ba;). Thus, r 4+ any; + bay; is an eigenvalue of S if and only if
«; is a root of the polynomial f;(z) := bx? + (an~y; —y; +r)x — bn. Hence if
a;1 and ;g are the two roots of the polynomial f;(x), then r 4+ any; + bay;
and r 4 anvy; + bays are the eigenvalues of S. Thus we have listed all the
eigenvalues of S. This completes the proof. O

Theorem 3.10. Let G1 be an ry regular graph on p vertices and Go be
an ro regular graph on n vertices. Then the maximum degree Laplacian
spectrum of the corona product Gy o G consists of (ro + 1)(ra — \i(G2)) +
r1+n with multiplicity p for 2 < i < n; 0; n2+nri+n+7r1; (r1+n) (o +1)
and (r1 + n)(ay2 + 1), where «;1 and «yg are the roots of the polynomial
(r1 +n)z? + (11 +n — (r1 +n)(r1 — X(G1)) — n(ry +n))z — (r1 +n)n for
2<1<p.

Proof.  The maximum degree Laplacian matrix Lj;(G1 o G2) of graph
Gl e} G2 is
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Iy ® [(r2 + 1)(r2l — A(G2)) + (m + )L, —I,® (11 +n)ly,
—I,® (r + n)lg (r1 +n)(ril, — A(Gr)) + n(r1 +n)I,
Let B; = (ra + 1)(roly, — A(G2)) + (r1 +n)I, for 1 <i <p, A= (r;

n)(ril, — A(G1))+n(r1+n)l,, a =0 and b = r1 +n. Then Ly(G10G2)
S[A, B, a,b]. Therefore the theorem follows from Lemma 3.9.

o+

Theorem 3.11. Let G1 be an ri regular graph on p vertices and Gy be
an ro regular graph on n vertices. Then the maximum degree signless
Laplacian spectrum of the corona product G o Gg consists of (ro+1)(ra +
Ai(G2)) + r1 + n with multiplicity p for 2 < i < n; (r1 + n)(a;; + 1)
and (r1 + n)(ag2 + 1), where a1 and ;2 are the roots of the polynomial
(r1 +n)z? + (11 +n — (r1 +n)(r1 + X(G1)) — n(r1 +n))z — (r1 +n)n for
1<i:<p.

Proof. The maximum degree signless Laplacian matrix Qs(G1 o Ga) of

graph G1 0 Gy is

Ip & (TQ + 1)(TQIn + A(Gg)) + (Tl + ’fl)[n Ip X (T1 + n)ln

I, ® (1 +n)L} (r1 +n)(ril, + A(G1)) + n(r1 +n)I,
Let B; = (ro + 1)(rol, + A(G2)) + (r1 +n)l, for 1 <i<p, A= (r1 +

n)(ril,+A(G1)) +n(r1+n)Ip, a =0and b = ri +n. Then Qu(G10Ga) =
S[A4, B, a,b]. Therefore the theorem follows from Lemma 3.9.

|

4. Bounds for the eigenvalue and energy of maximum degree
(signless) Laplacian matrix

In this section, we give some bounds for the eigenvalues of maximum de-
gree (signless) Laplacian matrix. Also some bounds for the maximum de-
gree (signless) Laplacian energy are presented. We denote the ith largest
eigenvalue of an Hermitian matrix H by 0;(H).

4.1. Eigenvalue bounds

Let A = (a;5) and B = (b;j) be real matrices of same order. We denote by
AT the matrix obtained from A by taking the absolute value of each entries
in A. The notation A < B implies that a;; < b;; for all ¢ and j. We need
the following lemmas to achieve our bounds.
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Lemma 4.1. [16] Let M = N + P, where N and P are Hermitian ma-
trices of order n. Then for 1 < i,j < n, we have (i) 6;(N) + 0;(P) <
Oresn(M) (-4 > ) and (if) 6y 1(M) < 8,(N) +6,(P) i+ — 1 < ).

Lemma 4.2. [20] Let H be a Hermitian matrix of order n with diagonal
elements dy,ds, ... ,d, and eigenvalues 61 > 02 > --- > 0,. Then Zle d; <

K L0

Lemma 4.3. [16] Let A and B be two real matrices of order n such that
AT < B. Let p(A) and p(B) be the spectral radius of A and B. Then

p(4) < p(B).
Lemma 4.4. [16] Let M = (m;;) be an n x n irreducible non-negative

n
matrix with spectral radius 6. Let R;(M) = Z m;;. Then
j=1

min{R;(M):1<i<n} <60 <max{R;(M):1<1i<n}.

Lemma 4.5. [16] Let M be a symmetric matrix of order n and let 61 >

Oy > ... > 0, be the eigenvalues of M. Then for any non zero vector X
XTMX
in R", 0, < ~Tx Moreover the equality holds if and only if X is an
eigenvector corresponding to the eigenvalue 6,,.
2My (G
Theorem 4.6. Let G be a graph of order n. Then 1) < 8?((?) <
n
2A2(G).
Proof.  Left inequality: Let X be a non-zero column vector of order n.
XTQux
Then by Rayleigh principle, 8?(6’) > XC&%—]\; Set X = (1,1,...,1)T.

2T (Q)

n

2M
. Therefore, 81Q(G) > # by Lemma 3.3.

Then 09(G) >

Right inequality: By Lemma 4.4, we get 81Q(G) < m‘ix(}é){QT(vi)} =
v; €

2A2(@). O

In the following theorem we give an upper and lower bound for largest
maximum degree Laplacian eigenvalue in terms of maximum degree only.

Theorem 4.7. Let G be a graph on n vertices. Then A%(G) < 0F(G) <
2A%(@).
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Proof. Note that A%(G) > T(u) for all u € V(G). Now let v be a vertex
of G such that dg(v) = A. Then T'(v) = A%(G). Therefore from Lemma
4.2, we must A%(G) < 9F(G). Since Ly (G)T = Qun(G), the upper bound
follows from Lemma 4.3 and Theorem 4.6. a

The following theorem gives an upper bound for the second smallest eigen-
value of the maximum degree Laplacian matrix in terms of vertex connec-
tivity.

Theorem 4.8. Let G be a graph on n vertices and let k be the vertex
connectivity of G. Then 0% _;(G) < k(n — 1).

Proof. Let Vi = {v1,v2,...,u5} be a vertex cut set of G. Let G[Vj]
and G[V/{] be the subgraphs of G induced by the vertex sets Vj, and V¢ =
V\Vk, respectively. The maximum degree Laplacian matrix of the graph
Gr=Krv G[ch] is

(n — D) ((ndk, — Jk) —(n = D) Jix (n—k)

Far(@) = l (0= )iyt Laa(GIVE]) + RL(GIVED) + (n = Dk

Since G[Vf] is disconnected, 0 is an eigenvalue of Ly (G[VS])+kL(G[V])
with multiplicity at least 2. Thus there exists an eigenvector X corre-
sponding to the eigenvalue 0 such that 17, X = 0, because Ly (G[V{]) +
EL(G[V(]) has n — k orthogonal eigenvectors and 1,_j, is an eigenvector of
Ly (GVE]) + EL(G[VY]) corresponding to the eigenvalue 0. Let
0%
X
eigenvalue of Ly/(Gy). Since Ly (Gy) is positive semidefinite having 0 as
one of its eigenvalue, we have - |(G1) < (n — 1)k. Now from Lemma 4.1,
we get

Y = . Then Ly (G1)Y = (n — 1)kY. Therefore, (n — 1)k is an

On(Li(G1) — Lu(G)) + 0F (L (G)) < 0F 1 (L (Gy)).

Since Ly (G1) — Ly (G) is positive semidefinite with 0 as its eigenvalue,
we have 0,,(Ly(G1) — Ly (G)) = 0. Thus, 8% | (Ly(G)) < (n — 1)k. This
completes the proof. a
Since the vertex connectivity of a graph G is less than or equal to 0(G),
the following corollary follows.

Corollary 4.9. Let G be a graph on n vertices. Then
oL (@) <6(G)(n—1).



On mazximum degree (signless) Laplacian matriz of a graph 1347

Proposition 4.10. Let G be a graph on n vertices and V(G) = {v1,va,...,vn}.
Suppose vy, is a vertex in G such that Ng(vi) = min{Ny(v;) : v; € V(G) and
da(v) = 6(G)}. Then d2(G) < Ny(vy).

Proof. Let X = (z1,22,...,x,) be a unit vector of size n. Then from
Lemma 4.5, we get 99(G) < XTQu(G)X = Z(xz +2;)? max{d;, d;}. Let
i~
x; = 0 for all i # k and 2, = 1. Then Z(a:z + a:j)2 max{d;,d;} = Zdi =
invj ik

Ng(vg). Therefore, 09(G) < XTQu(G)X = Ny(vy). O

4.2. Bounds for maximum degree (signless) Laplacian energy

T
ﬁ. The following lemma will be used to give an

Let ©;(G) = 9%(G) —

upper bound for the maximum degree (signless) Laplacian energy.

Lemma 4.11. Let G be a graph of order n. Then

n 2
0> (@-L(G)) — T(G)? - 2a3(G).
=1
(i) 3 02(G) = (” —!
=1

n
where as(G) is the coefficient of z"~2 in det(zI, — Ly (G)).

> T(G)? — 2a5(G)

Proof. W% have

(iafw)) - (#@) 2 ¥ @@ =3 (@) +

i=1 1<i<j<n i=1
2
2a3(Q). Therefore, T(G)? = 31, (@L(G)) + 2a2(G). Proving (i).

Also,

n

% 2 @) 2
> oG =Y (&) - DY =3 (1@ - rer

i=1 n i=1 n

n—1

n
Therefore, Z 0%(G) = (
i=1
In the following theorem we give an upper bound for the maximum degree
Laplacian energy.

> T(G)? — 2a3(G). Proving (ii). 0
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Theorem 4.12. Let G be a graph of order n with m edges. Then

LEN(G) < [(n—1)(Mi(G) +2mn —n2d)2 —n (MIQ(G) - idf - 2%@(1?),
i=1 i=1

where x; is the number of vertices in the neighborhood of v; whose degree
is less than or equal to d;.

Proof. By Cauchy-Schwarz inequality and from Lemma 4.11,

2 n
(a1) LEm(G (Z | ©i( ) <n (Z @?(G))
i=1
= (n —1)T(G)? — 2nas(G),
where a3(G) is the coefficient of 2”2 in det(x1, — Ly (G)).

Since a2(G) is the sum of all principal minors of order 2 in Ly (G), we
have

a(G) = Y. %G

1<i<j<n
_ Z det (v;) — max{d;,d;}
1<ii<n max{dz,d T (vj)
n
= > T)T(v) = > (i),
1<i<j<n i=1
and
Yo Tw)T(vy) = > did}
1<i<j<n 1<z<]<n
=33 3
i= 1@75]] 1
== ZdQ (Mi(G) — d7)
1 =
5 M3(Q) —Z;di :
1=
Thus,

(4.2) ag > % (Ml (G) — ; szcp

Using equation (4.2) and Lemma 3.3 in (4.1), we get the desired result. O
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Note that the above upper bound for the maximum degree Laplacian energy
also holds for the maximum degree signless Laplacian energy. The following
theorem gives a lower bound for the maximum degree Laplacian energy.

Theorem 4.13. Let G be a graph on n vertices. Then LE y1(G) > M
n
Proof.  We have )
LEu(G) =i 10](G) - —
T(G
> 04(G) + i k) -
> ok (G) + ‘ SIS (0F(G) - TTG))’ ( by triangular inequality)
n—2)T'(G
= H0) + [1(0) - ok (c) - 2T
2T(G)
_ah(@
> 1(G) ( by Lemma 3.3).
n
Thus, £Ey/(G) > 2M711(G) 0
2M:(G)

Theorem 4.14. Let G be a graph on n vertices. Then Q€ /(G) >

Proof. Lety = BiQ(G) — @ Then Y ;v = 0 and so Q€ (G) =

n S
Z |7l = 2 Z ~;, where s is the largest integer such that s > 0. Therefore,
i=1 i=1

QEMm(G) > 2(3?(G) — M) From the proof of Theorem 4.6, we get
a1Q(G) > %(G) Therefore from Lemma 3.3, we get, Q& (G) > QM;(G).
O
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