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Abstract

In this article, mized fuzzy topology and its topological properties
have been studied. Mixed fuzzy topology is defined with the help of
quasi-coincidence and closure of a fuzzy set in one of the fuzzy topolo-
gies. Thus, a new fuzzy topology is generated from the given two fuzzy
topologies. This new fuzzy topology may or may not contain the topo-
logical properties of the parent topologies. This study identifies some
topological properties that are carried to the mized fuzzy topology from
the given parent fuzzy topologies and some other properties which are
not carried to the mized fuzzy topology. Here a base for mized fuzzy
topology from the bases of the given parent topologies is constructed.
Considering the regularity of one of the parent topologies mixed fuzzy
topology is investigated. Hausdorff’s properties of mized fuzzy topo-
logical spaces are also discussed. It is now of general interest to know
which properties are carried to the mized topology and which are not.
A few of these are being tried to answer here in this paper.
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1. Introduction

The concept of mixing two topologies to obtain a new topology is not new.
Mixing two fuzzy topologies with the help of quasi-coincidence in fuzzy sets
and closure in one of the fuzzy topologies to get an open set for a fuzzy
topology is called mixed fuzzy topology. In 1965, Zadeh[11] introduced a
new branch of mathematics namely fuzzy sets and logic. Just after 3 years
of introduction of fuzzy concepts, fuzzy sets and logic were applied to study
topology and topological properties by Chang[7] and opened the doors to
study a new branch of mathematics called fuzzy topological spaces. In
1995, P.C. Baishya and N. R. Das[14] mixed two fuzzy topologies on an
underlying given set to get a third fuzzy topology called mixed fuzzy topol-
ogy. Thereafter, many mathematicians and researchers contributed to the
theory of mixed fuzzy topology. B. C. Tripathy and G. C. Ray[2] have gen-
eralized the definition of Das et al.[14] and studied mixed fuzzy topology
in a more generalized way. A. Vadivel and B. Vijayalakshmi recently, in-
troduced and studied mixed e-fuzzy topological space (2017)[1]. Wadai F.
Al-Omeri introduced and studied Mixed v— Fuzzy in Mixed-fuzzy topolog-
ical spaces and their application (2018)[16] and Mixed b-fuzzy topological
spaces (2020)[17]. G. C. Ray and H. P. Chetri recently studied Separation
Axioms in Mixed Fuzzy Topological Spaces [9] B. C. Tripathy and G. C.
Ray also introduced Fuzzy d —I— continuity|[3] and Fuzzy 6* continuous and
almost continuous functions[4] in mixed fuzzy ideal topological spaces. G.
C. Ray and S. Dey studied Separation axioms in mixed multiset topological
space [10]. M. J. Borah and B. Hazarika studied Soft ideal topological space
and Mixed fuzzy soft ideal Topological space[13] . B. C. Tripathy and S.
Debnath also studied y— open sets and y— continuous mappings in fuzzy
bitopological spaces [5] and On fuzzy b-locally open sets in bitopological
spaces [6] which involves two fuzzy topologies.

In this paper, a base for mixed fuzzy topology from a base of the given
parent fuzzy topology is constructed. Compared interiors, closures, and
derived sets in mixed fuzzy topology and given parent fuzzy topologies.
Hausdorft’s property of mixed fuzzy topology is also investigated. Required
basic definitions are included in the preliminary section though most of
them are standard.

Definition 1.1. [15] Let X # ¢ and I = [0,1] be the unit interval. Let
pa 2 X — I where pa is the membership function of A characterize a
function A in X is called a fuzzy set. Here pa(x) represents the membership
grade of xeA. The null fuzzy set is defined by pg(x) = 0 Vo € X. The whole
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space X can be defined as px(z) = 1 Vo € X. Sometimes fuzzy null set and
fuzzy whole space are denoted X by 0 and 1 respectively. If the membership
functions of two fuzzy sets A and B are equal i.e., pa(z) = pa(x), Ve € X.
then fuzzy sets A < B. If A and B are two fuzzy sets with pa(z) < pa(zx),
Vx € X. then it is written as A < B. The membership function par = 1—p4
defines the complement. 4 or A¢ or co(A) is used to represent the fuzzy
complement. For a collection {A;|i € I} of fuzzy sets V;A; and N;A; to
represent fuzzy union and fuzzy intersections and are respectively defined
as follows:

pv,; Ai = sup{pa, ()i € I}, Vo € X. pp,Ai = inf{pa, ()i € I}, Vo €
X.

Definition 1.2. [7] Letl = [0,1] and X # ¢. Consider I’ be the collection
of all mappings from X into I. A family 7 of member of I* such that
i)0and1 € 7.
ii) For any finite sub collection = (B;);_, of members of T, (i (B;) € T.
iii) For any arbitrary collection A of members of T, [Ugea (B) € T.

Then 7 is called fuzzy topology and the pair (X,T) is called a fuzzy
topological space and members of T are called T-open fuzzy sets. Fuzzy
topological space will be abbreviated as fts.

Definition 1.3. [15] For a fuzzy set A in an fts (X, 7) the interior is defined
as A’ = V{B|B < A; B is an open fuzzy set} and denoted by A°. If there
are more than one fuzzy topology then it is written as AY.

Definition 1.4. [15] Let A be fuzzy set in an fts (X, 7) then closure of A
is defined as A = V{F | A < F, I is a closed fuzzy set} and is denoted by
A. If there are more than one fuzzy topology then A, will be used.

Definition 1.5. [15] A subfamily B of T in an fts (X, 7) is called a base
for T iff, (iff is the abbreviation for if and only if) for every A € T, there
exists By C B such thatA = V{B | B € Ba}.

Definition 1.6. [10] A fuzzy set is called a fuzzy point iff it takes the value
A (0 < X< 1) at one point say x € X and 0 for all other y € X and it
is denoted by x). Where X is the whole space, x is its support and X its
value.

Definition 1.7. [15] A fuzzy point x) € A iff A < A(z).
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Definition 1.8. [15] Let A and B be two fuzzy sets in X. They are said
to be intersecting iff 3 a point x € X such that (AA B)(x) # 0. Then it is
called A and B intersect at x.

Definition 1.9. [3] A fuzzy set A in (X, 7) is called a neighborhood of
a fuzzy point x) € A iff there exists B € T such that x), € B < A. A
neighborhood A is called open neighborhood iff A € T.

Definition 1.10. [15] If A > A'(z), or A+ A(x) > 1 then x is said to be
quasi-coincident with a fuzzy set A. Which is denoted as x)qA.

Definition 1.11. [15] Two fuzzy sets A and B are called quasi-coincident
iff 3x € X such that A(z) + B(z) > 1 and denote it by AgB.

Definition 1.12. [15] A fuzzy set A in (X, 7) is called a Q— neighborhood
of xy iff 3B € 7 such that B < A and x\gB.

Definition 1.13. [15] A fuzzy point z is called an adherence point of a
fuzzy set A iff, every Q—neighborhood B of x), BqA.

Definition 1.14. [15] An adherence point z) of A is called an accumu-
lation point if for every (Q— neighborhood B of x), BqA at some point
different from x, whenever xy € A. D = U{zy|z) Is an accummulation
point } is called the derived set of A and is denoted by A?. If there are
more than one fuzzy topology then A% is used to represent derived set of
AinT.

Definition 1.15. [14] Let (X, 1) and (X, 72) be two fts. Then the follow-
ing collection of fuzzy sets T1(m2) = {A € IX : for every xoqA, 3T —Q—
neighborhood A, of x, such that (A_l)T1 < A}. Then this collection of
fuzzy sets is a fuzzy topology and it is called mixed fuzzy topology on X.

Proposition 1.1. [15] Let A, be a collection of fuzzy sets in X. Then
zxq(VAy) iff 3 some Aj, € {A,} such that zyqAj,.

Proposition 1.2. [15] A subfamily B of a fuzzy topology T for X is a
base for T iff for each x) € X and for each open (Q— neighborhood U of
x),dB € B such that z)xgB < U.

Definition 1.16. [12] An fts (X, 1) is called Fuzzy-Hausdorff iff for each
pair of fuzzy singletons x, and yg with x # y, 3 open fuzzy sets Oy and O3
such that zo, C O1 C co(yg), yg € Oz C co(xy) and O C co(Os).
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Definition 1.17. [12] An fts (X, 7) is called fuzzy regular iff for any fuzzy
point x) and a closed set B with x) € B 3 open sets U and V' in T such
that xty € U and BCV and U C (1-V).

Proposition 1.3. [8] An fts (X, 1) is called fuzzy regular space iff for each
fuzzy point x\ with A € (0,1) and A € 7 with A < A(x) there exists B € T
such that A < B(z) and B < A.

Lemma 1.1. [14] Consider (X, 1) and (X, m2) be two fuzzy topological
spaces such that every 7 —(Q)— neighborhood of ), is T —()— neighborhood
of xy for all fuzzy point =) then 1 is coarser than 7o 7 (We filled the gap
in the proof given by N.R. Das and P.C. Baishya and included here.)

Proof: Let A € 71 and x)gA = A is a ;1 —Q— neighborhood of =) =
According to hypothesis A is a 5 —Q— neighborhood of x) = 3A3 €
such that xy\qA3 and Ay < A. We prove that A(x) = supA3(z), supremum
being all over such A}. Also, A(z) is an upper bound of A3. But A(x) -+
(I-Ax)4+e) >1. = Alx)+ X > 1, where \ =1— A(z) +¢, € € (0,1]
= x\qA therefore, 3A) € 13 such that x)qA3 i.e. (1—A(z)+e)+A5(z) > 1
= A3(z) > A(x) — ¢, since € being arbitrary therefore, A(x) = supAj(x)
and each Aé\ is 79 — open = A € 1. Therefore T is coarser than 75.”

Definition 1.18. [2] Let (X, 1) and (X, 1) be two fts. Then the following
collection of fuzzy sets T1(12) = {A € IX : for any B € I BqA,3m— open

set Ay such that A1gB and (A1), < A} will form a fuzzy topology on X.
It will be called generalized mixed fuzzy topology.

Theorem 1.1. [14] Let 71 and T2 be two fts on X. Then mixed fuzzy
topology 11(72) is coarser than 1o. That is 71(72) C To.

Theorem 1.2. [14] If 7y is fuzzy regular and 71 C 79 then 11 C 11(72).

2. Main Results

In this section, mixed fuzzy topology has been investigated and a base for
mixed fuzzy topology is constructed. The definition 1.15. due to N. R. Das
and P. C. Baishya[14] is used throughout in this article.

Lemma 2.1. Let (X, 71(72)) be a mixed fuzzy topology then Agl( < A%

72)

Proof: By definition 1.3. A° ):\/{B|B < Aand B € 11(m2)}.

71(T2

< V{B|B < A and B € 11(12) C 12}. [ since 11(12) C 7o (Theorem 1.1.) ]
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— A0
— A0

Therefore, Agl( < AV

T2)

Lemma 2.2. Let (X, 71(72)) be a mixed fuzzy topology then A;,< A, ().

Proof: By definition 1.4.
AL (r) =MB|A < B and B is a closed set in 11(72)}
>AN{B|A < B and B is a closed set in 75 2 11(72)}
= A,, (By Theorem 1.1).

Therefore, A,,< ZTl(TZ)'

Lemma 2.3. Let A be a fuzzy set then in a mixed fuzzy topology (X, 71(12))
then Aﬁz < Al

Tl(’Tz)'

Proof: Let z) € A% .

Let B be a Q—neighborhood of x in 71(73).

= B is also a Q—neighborhood of x) in 1. [11 C 71(72), (By Theorem
1.1.)]

= If x\ € A then 3y # =z, such that B(y) + A(y) > 1 or, if z)\ ¢ A
B(y) + A(y) > 1 for some y necessarily y # . [since z) € AL ]

= I) €< A%.
Therefore, Aﬁz < Al

T1 (‘1'2) :

T2

Lemma 2.4. If 7y is regular and 71 C 7o then AﬁZ < Aﬁl( ) < Aﬁl.

Proof: From the last result it follows that A%, < Afl(m). (i).

Also T is regular and 71 C 1o, therefore 71 C 11(72). (Theorem 2).

Now let x) € ACTlZ.

Let B be a Q—neighborhood of x) in 1.

= B is also a Q— neighborhood of x in 11(m2). [11 C 71(m2)] (Theorem
1.2.).

= If x) € A then Jy # =z, such that B(y) + A(y) > 1 or, if x\ ¢ A
B(y) + A(y) > 1 for some y necessarily y # . [since z) € AL ]

= I) < Agl.

Therefore, Afl (m) < Al (ii).

T2

Now Eq. (i) and Eq. (ii) gives A% < A? (ra) < Al

T1

Theorem 2.1. If a fuzzy set A is open in 79 and closed in 71 then A is
open in 11(73).
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Proof: Let the fuzzy set A is open in 75 and closed in 1. Then for any fuzzy
point x) with zyqA and A € 1o therefore, A is an 79 —@Q)— neighborhood of
x) and A;, = A C A. Therefore, by definition 1.15. of 11(m2), A € T1(72).

2.1. Example

Here is an example of mixed fuzzy topology. Theorem 2.1. is used to obtain
it. Let X = [0, 1] We define the following fuzzy sets

3/4 if0<x<3/4

(2.1) A@) =0 rgiacz<t

0 ifo<z<1/4
T34 ifljda<a<1

o 34 i0<e<1/4
0 iflfda<a<l1

_1/4 f0<z<1/4

(2:4) D@)= 1" f1ja<z<1

1 ifo<z<1/4
1/4 if1/a<z<1

n ={0,1,A,B,AV B}, » ={0,1,C,D,E,CVv D,C AND,DANE,CV
E,CV (DAE)}.

(2.5) E(z) =

Now the mixed fuzzy topology 71(72) C 75 by Theorem 1.1. Therefore,
the candidates for 71(72) will be from 75. Also, from Theorem 2.1. an
open set in 7o which is closed in 71 is an open set in 71(72). Therefore,
11(12)={0,1, D, E, D A E} which also satisfies the axioms of fuzzy topology.

Theorem 2.2. If 1 and T2 are fuzzy topologies on X then 11 (72) # Ta(71).

Proof:For fuzzy topologies 7 and Ta, 71(12) C (12) and 71(12) C (11)(By
Theorem 1.1) Therefore, in general T1(72) # T2(71). Here is a counter exam-
ple for this. Let X={z,y} and A={(x,0.3), (y,0.7)} and B={(x,0.7), (y,0.3)}
be two fuzzy setsin X. Then; = {0,1, A} and 7o = {0, 1, B} are two fuzzy
topologies on X. Obviously 0 € 71(2) and 1 € 11(72) . To check belong-
ingness of B. For, x)\qB

= A+ B(z) > 1

= A+07)>1
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= A\ > 0.3 Therefore,for A > 0.3 zx~0.3¢B and B is also a 7o — () neighbor-
hood of £y~03 and B;,= B < B.

Therefore, 71(12) = {0,1, B} and 7o(11) = {0,1, A}.

So, 11(12) # T2(11).

Definition 2.1. When 7 = 72 = 7 then it is written as 71 (72) = 7°.
Theorem 2.3. Let 7 be a fuzzy topology such that every open set of T is
also a closed set then 72 = 1

Proof: Let Ac .

Let x,qA

= A is a T — Q neghborhood of x, and A, = A < A.

= A € 2. [By definition 1.15.]

= 7 C 72. (iii)

Also, Theorem 1.1. gives 72 C 1. (iv)

Therefore, 72 = 1 .

Theorem 2.4. If mixed fuzzy topological space 11(72) in X is Hausdorff
then 7o is also fuzzy Hausdorff space. But if 11 and 1o are fuzzy Hausdorff
space then T1(72) need not be Hausdorff space.

Proof: Let x # y and z, and yg be two fuzzy points in A. As 7i(72)
is Hausdorfl therefore, 3 open sets O; and Og in Ti(72) such that x, C
O1 C co(yp), yB) € O2 C co(za) and O1 C co(O2). Also 1i(12) C 12 (By
Theorem 1.1.) therefore the same pair of fuzzy sets O1 and Os fulfils the
requirement of Hausdorff condition for 5. Therefore 5 is Hausdorff space.

Now to show that the Hausdorffness of 71 and 12 does not imply the
Hausdorffness of T1(12). A counter example to show that:

Let X={x,y} then the collections
m = (0.1 {(x.0), (1.0)}, {(z,0), (5,00}, {(2,0), (4, 2)}06 < o < 1} and
70 =10,1,{(z,1), (v,0)},{(z,0), (y,1)}} are fuzzy Hausdorff spaces. Since,
71(72) C To. Therefore, check the belongingness of {(x,1),(y,0)} and
{(x,0),(v.1)} in 71(72). For {(z,1),(y,0)} = A (say), zo.1qA but (A)r,
1A = A ¢ 71(m2). Similarly {(z,1),(y,0)} ¢ 71(m2). So,m(m2) = {0,
which is clearly not fuzzy Hausdorff spaces.

|

}

Note: Definition 1.6. is used for a fuzzy point otherwise {(x,1),(y,0)},
and {(z,0), (y,1)} types of fuzzy sets must be open set in a fuzzy topology
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to be Hausdorff space and inclusion of such set will be sufficient for a fuzzy
topology to be Hausdorff fuzzy topological space.

Theorem 2.5. If 79 C 11 and 19 is fuzzy regular and Hausdorff then 71(72)
is fuzzy Hausdorff space.

Proof: Let x # y and z, and yg be two fuzzy points in A. As 7 is
Hausdorff therefore, 3 open sets O1 and Os in 1o such that uch that x, C
O1 C co(yg); y(B) € O2 C co(xa) and O1 C co(Oz). Now to show that the
same pair A and B satisfies the Hausdorff condition in 71(72) .
For z,qA
= A is a 79 — Q—neighborhood of z,
= Alz)+a>1,
= Az) >1 -«
= A(z) > B, where f =1 — a.
Since 19 is fuzzy regular 3 B € 19 such that
B < B(z)
= 1—a< B(2)
= B(z)+a> 1.
Therefore, z,qB and (B),, < A. (Proposition 1.3.).
Therefore, for xo,qA, 379 — Q—neighborhood B of xz,, such that
(E)TI < (E)TZ <A [Since T2 C T = (E)Tl < (E)ﬁ]
Therefore, A € 1(T2).
Similarly, B € 11(12). Hence 11(72) is fuzzy Hausdorff Space.

Theorem 2.6. Let 79 C 71 and 7o is fuzzy regular then 71(12) = To.

Proof: By Theorem 1, 11(12) C 72. (V)

Also 7 C 11(72). (vi) (From the previous result)
Therefore Eq. (v) and Eq. (vi) gives 71 C 11(72) C 7
But 11 = 19. So, T1(12) =11 = To.

Theorem 2.7. If 7, 7o, 73 and 74 are fuzzy topologies on X such that
71 C 13 and o C 74 then,

T1(12) C 73(74)

T1(12) C 13(72)

T1(12) C T1(724)

Proof: (a) Let A € 11(m2). Therefore, for any x,qA, I — Q— neigh-

borhood A, of x, such that (Ay)r, < A. Since 75 C 74, therefore A, is
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also a 74 — Q— neighborhood of x, and 71 C 73 gives (Aq)r, < (Aa)r-
Therefore for any fuzzy open set A € Ti(72) and for any x,qA 314 — Q—
neighborhood A, such that (Ay)r, < (Aa)r, < A. Therefore, A € 73(14)
that is 71 (12) C 73(T4).

(b) Let A € 7(m2). Therefore, for any x, with xo,qA, I — Q—
neighborhood A, of z, such that (A,); < A. Since 7 C 73, therefore
(Aa)rs < (Aa)r . Therefore for any fuzzy open set A € T1(12) with T,qA
= 375 — Q— neighborhood A, of x, such that (Ay)r, < A. Therefore,
Ae 7'3(7'2) that is T1(7'2) - 7'3(7'2).

(c) Let A € 11(12). Therefore, for any x, with x,qA, 319 — Q— neigh-
borhood A, of z, such that (A,)r, < A. Since 7o C 74, therefore every
19— — neighborhood of x, is also a 74— ()— neighborhood of x,,. Therefore
for any fuzzy open set A € 11(72) with £o,qA = 314 — Q— neighborhood A,

of xo such that (Ay)s, < A. Therefore, A € 11(14) that is 71(m2) C 71(74).

Theorem 2.8. Consider 71(72) mixed fuzzy topology on X. Let B be a
base for To. Then By={B € B|for any x,qB 3B, € B such that x,qB,

and (By)r, < B} is a base for the mixed fuzzy topology T1(T2).

Proof: Let B € By; then B is an open set in 75 S0 xoqB means B is a
79 — Q— neighborhood of x,. Therefore B € By satisfies the definition for
belongingness in 71(72). So every member of B is an open set of T1(2).
Now let U be any open set in 11(712). Let x,qU and assume B € By
such that x,qB < U . But 11(m2) C 70 so U € 7o and B be a base for To
therefore U = VB;j for B; € Y C B.
Now for x,qU
=a+U(r)>1
= a+ (VBj)(z) > 1
= a+ Bj,(z) > 1, for some Bj, € ). (Proposition 1.1.)
Then Bj, ¢ By Otherwise Bj, € By such that x4qBj, < U. Which
implies B € B is a base for T1(12) and the proof is over.
Therefore, consider Bj, ¢ Ba.
= B, € By such that 24qB, and (Bg)r, < Bj,
= 1z, is not quasicoincident with VB, where B, € B such that ((VB)4)r,
Bj,. Which is true for any sub collection from B. Since for every A,
Tg,ﬂBj € B such that \/Bj = A,.
= A, € T3 such that x,qA, and (Ay)r, < U.
= 79 — Q— neighborhood —C,, such that 1,qC, and (Cy),, < U.

<
€
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Therefore, Bj, € By such that xoqBj, < U.
So, By is a base for 11(12). (Proposition 1.2.)
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