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1. Introduction

Various summability methods are used in approximation theory, operator
theory and the theory of orthogonal Fourier series to get the better rate of
convergence as well as to minimize the error in the degree of approximation.
By using the Karamata Kλ means of Fourier series and conjugate Fourier
series, Sadangi [5] obtained the degree of approximation of functions of Hα

class in the Hölder metric. Recently, Landon et al. extended these results
for functions in Hα,p class [3]. By using double Karamata Kλ,µ means of
double Fourier series Nigam and Hadish [4] approximated two variables
functions of Hölder class Hα,β. Lal and Mishra studied the approxima-
tion of double Fourier series for functions of generalized Lipschitz class by
(N, pm, qn) method [2].

In this paper, we have estimated the degree of approximation of double
Fourier series and its conjugate series for functions in the mixed Lebesgue
space Lp, p ∈ [1,∞]2 using double Karamata Kλ,µ means. The paper is
organised in the following manner. In section 2, we discuss the preliminaries
required for the development of paper. In section 3, we give some additional
notations and prove some lemmas required in the proof of main theorem. In
section 4, we discuss the main theorems and aim of this work. In consecutive
sections, we prove our main theorems.

2. Preliminaries

For 0 ≤ k ≤ n, define the numbers

"
n
k

#
by

n−1Y
v=0

(x+ v) =
nX

k=0

"
n
k

#
xk, x > 0,

where
n−1Y
v=0

(x+ v) = x(x+ 1)(x+ 2).....(x+ n− 1) = Γ(x+ n)

Γ(x)
. The num-

bers

"
n
k

#
are called Stirling’s number of first kind. We shall use the

convention that

"
0
0

#
= 1.

Let f be a Lebesgue integrable function over T 2, where T = [−π, π],
periodic with period 2π in each variable. Then the double Fourier series
for function f is defined as
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∞X
m=0

∞X
n=0

λmn[αmn cos(mx) cos(ny) + βmn sin(mx) cos(ny)

+γmn cos(mx) sin(ny) + δmn sin(mx) sin(ny)](2.1)

=
∞X

m=0

∞X
n=0

(α, β, γ, δ;x, y)m,n =
∞X

m=0

∞X
n=0

λmnAmn(x, y),

where

αmn =
1

π2

Z Z
T 2

f(x, y) cos(mx) cos(ny)dx dy, m, n = 0, 1, 2, . . . ,

with similar expressions for βmn, γmn and δmn, and λm,n = 1, λm,0 = λ0,n =
1
2 ,m, n ≥ 1, λ0,0 = 1

4 . The three conjugate series of double Fourier series
(2.1) are given as follows:

∞X
m=1

∞X
n=1

(−β, α,−δ, γ;x, y)m,n,(2.2)

∞X
m=1

∞X
n=1

(−γ,−δ, α, β;x, y)m,n,(2.3)

∞X
m=1

∞X
n=1

(δ,−γ,−β, α;x, y)m,n.(2.4)

Let {Smn} be the sequence of partial sums of double infinite series
∞X

m=0

∞X
n=0

amn, and define the Kλµ- mean of the sequence {Smn} of order

λ > 0, µ > 0 as follows:

Sλµ
mn =

Γ(λ)

Γ(λ+m)

Γ(µ)

Γ(µ+ n)

mX
p=0

nX
q=0

"
m
p

# "
n
q

#
λpµqSpq.

If Sλµ
mn → s as m,n → ∞, then the series

∞X
m=0

∞X
n=0

amn is said to be

summable to s by double Karamata Kλµ method of order λ > 0, µ > 0.
In [7], the mixed Lebesgue space Lp[T

2] is defined as the set of all
measurable function f such that

kfkp =
ÃZ π

−π

µZ π

−π
|f(x, y)|p1dt

¶p2
p1
ds

! 1
p2

<∞.
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Note that the Banach space space Lp[T
2] ([1], also see [7]) is finer then the

classical structure of Banach space Lp[T
2], replacing the constant exponent

p of the Lp-norm by an exponent vector p = (p1, p2) ∈ [1,∞]2.

3. Additional Notation and Lemmas

In the sequel, following notations are used :
φxy(s, t)

=
f(x+ s, y + t) + f(x− s, y + t) + f(x+ s, y − t) + f(x− s, y − t)− 4f(x, y)

4
,

ψxy(s, t) =
f(x+ s, y + t)− f(x− s, y + t)− f(x+ s, y − t) + f(x− s, y − t)

4
,

Kλ
m(s) =

Γ(λ)

Γ(λ+m)

mX
p=0

"
m
p

#
λp
sin(p+ 1

2)s

sin( s2)
,(3.1)

Kµ
n(t) =

Γ(µ)

Γ(µ+ n)

nX
q=0

"
n
q

#
µq
sin(q + 1

2)t

sin( t2)
,(3.2)

D̃λ
m(s) =

Γ(λ)

Γ(λ+m)

mX
p=0

"
m
p

#
λp
cos( s2)− cos(p+

1
2)s

sin( s2)
,(3.3)

D̃µ
n(t) =

Γ(µ)

Γ(µ+ n)

nX
q=0

"
n
q

#
µq
cos( t2)− cos(q +

1
2)t

sin( t2)
,(3.4)

K̃λ
m(s) =

Γ(λ)

Γ(λ+m)

mX
p=0

"
m
p

#
λp
cos(p+ 1

2)s

sin( s2)
,(3.5)

K̃µ
n(t) =

Γ(µ)

Γ(µ+ n)

nX
q=0

"
n
q

#
µq
cos(q + 1

2)t

sin( t2)
.(3.6)

For convenience, we write 1
m = h and 1

n = k. For the proofs of the main
theorems, we need following order relation lemmas.

Lemma 3.1. Let Kλ
m(s),K

µ
n(t) be defined as above. Then the following

order relations holds:

(i) For 0 ≤ s ≤ h, Kλ
m(s) = O (λ log(m) + 1).

Similarly, for 0 ≤ t ≤ k, Kµ
n(t) = O (µ log(n) + 1).
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(ii) For h ≤ s ≤ π, Kλ
m(s) = O

³
1
s

´
.

Similarly, for k ≤ t ≤ π, Kµ
n(t) = O

³
1
t

´
.

Proof. (i): For 0 ≤ s ≤ h,

Kλ
m(s) =

Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
sin(p+ 1

2)s

sin( s2)
=
Γ(λ)=

³
e
is
2
Γ(λeis+n)
Γ(λeis)

´
sin( s2)Γ(λ+m)

,

where = means the imaginary part. Using the arguments given in the proof
of the theorem [6, p.194], it is easy to check that,

Kλ
m(s) = O (λ log(m) + 1) .

Similarly, for 0 ≤ t ≤ k, we get Kµ
n(t) = O (µ log(n) + 1) .

(ii): For h ≤ s ≤ π, sin( s2) ≥
s
π . Thus,

Kλ
m(s) ≤ |

Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
sin(p+ 1

2)s

sin( s2)
|

≤ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
| sin(p+ 1

2)s|
| sin( s2)|

≤ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
1
s
π

= O
³
1
s

´
.

Similarly, for k ≤ t ≤ π, we get Kµ
n(t) = O

³
1
t

´
.

2

Lemma 3.2. Let D̃λ
m(s), D̃

µ
n(t)K̃λ

m(s), K̃
µ
n(t) be defined as above. Then

the following order relations holds:

(i) For 0 ≤ s ≤ h, D̃λ
m(s) = O(m).

Similarly, for 0 ≤ t ≤ k, D̃µ
n(t) = O(n).

(ii) For h ≤ s ≤ π, K̃λ
m(s) = O

µ
1

s

¶
.

Similarly, for k ≤ t ≤ π, K̃µ
n(t) = O

µ
1

t

¶
.
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Proof. (i): For 0 ≤ s ≤ h,

D̃λ
m(s) ≤

¯̄̄̄
¯ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
cos( s2)− cos(p+

1
2)s

sin( s2)

¯̄̄̄
¯

=

¯̄̄̄
¯ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
Pp

r=0 2 sin(r s)

¯̄̄̄
¯

≤
¯̄̄̄
¯ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp p

¯̄̄̄
¯

= O(m).

Similarly, for 0 ≤ t ≤ k, D̃µ
n(t) = O(n).

(ii): For h ≤ s ≤ π, sin( s2) ≥
s
π . Thus,

K̃λ
m(s) ≤

¯̄̄̄
¯ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
cos(p+ 1

2)s

sin( s2)

¯̄̄̄
¯

≤ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp
| cos(p+ 1

2)s|
| sin( s2)|

≤ Γ(λ)

Γ(λ+m)

Pm
p=0

"
m
p

#
λp

π

s

= O
³
1
s

´
.

Similarly, for k ≤ t ≤ π, K̃µ
n(t) = O

µ
1

t

¶
. 2

4. Main results

The aim of this paper is to estimate the degree of approximation for func-
tions from mixed Lebesgue space Lp, p ∈ [1,∞]2 using double Karamata
Kλ,µ means of its double Fourier series. Essentially we prove the following
result.

Theorem 4.1. Let Sλ,µ
m,n(x, y) be the K

λ,µ mean of double Fourier series
of a 2π- periodic function f ∈ Lp[T

2] such that kf(x+s, y+t)−f(x, y)kp =
O(ξ1(s)ξ2(t)), where ξ1 and ξ2 are positive monotonic non decreasing func-

tions satisfying that
³
ξ1(s)
s

´
,
³
ξ2(t)
t

´
are monotonic decreasing, and ξ1(h)

h →
0 as h→ 0, ξ2(k)

k → 0 as k → 0, then

kSλ,µ
m,n(x, y)− f(x, y)kp = O

µ
ξ1(h)

h

ξ2(k)

k

¶
.
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Also, the approximation of double conjugate Fourier series for functions
from mixed Lebesgue space Lp, p ∈ [1,∞]2 using double Karamata Kλ,µ

means is derived using truncated conjugate function in the following form:

Theorem 4.2. Let S̃λ,µ
m,n(f ;x, y) be theK

λ,µ-mean of the double conjugate
Fourier series (2.4) of a 2π- periodic function f ∈ Lp[T

2] and ξ1, ξ2 be
defined as in Theorem 4.1, then

k4π2S̃λ,µ
m,n(f ;x, y)− f̃(x, y;h, k)kp = O

µ
ξ1(h)

h

ξ2(k)

k

¶
,

where
f̃(x, y) = lim

h→0
lim
k→0

f̃(x, y;h, k)

and

f̃(x, y;h, k) =
1

4π2

Z π

h

Z π

k
ψxy(s, t) cot(

s

2
) cot(

t

2
)ds dt.

5. Proof of Theorem 4.1

Recall that, the partial sum of double Fourier series is

Sm,n(f ;x, y)− f(x, y) =
1

π2

Z π

0

Z π

0
φxy(s, t)

sin(m+ 1
2)s

sin( s2)

sin(n+ 1
2)t

sin( t2)
dsdt.

Kλµ-means of order λ > 0, µ > 0 is

Sλµ
m,n(f ;x, y)− f(x, y)

Γ(λ)

Γ(λ+m)

Γ(µ)

Γ(µ+ n)

mX
p=0

nX
q=0

Ã
m

p

!Ã
n

q

!
λpµq

=
Γ(λ)

Γ(λ+m)

Γ(µ)

Γ(µ+ n)

mX
p=0

nX
q=0

Ã
m

p

!Ã
n

q

!
λpµq

× 1

π2

Z π

0

Z π

0
φxy(s, t)

sin(m+ 1
2)s

sin( s2)

sin(n+ 1
2)t

sin( t2)
dsdt.

Therefore,

Sλµ
m,n(f ;x, y)− f(x, y) = 1

π2
R π
0

R π
0 φxy(s, t)

Γ(λ)
Γ(λ+m)

Pm
p=0

¡m
p

¢
λp
sin(p+ 1

2)s

sin( s2)

× Γ(µ)
Γ(µ+n)

Pn
q=0

¡n
q

¢
µq
sin(q + 1

2)t

sin( t2)
dsdt.

= 1
π2
R π
0

R π
0 φxy(s, t)K

λ
m(s)K

µ
n(t)dsdt

= Im,n(x, y).



440 Yogeshkumar K. Patel and Rajendra G. Vyas

Now,
Im,n(x, y) = 1

π2
R π
0

R π
0 φxy(s, t)K

λ
m(s)K

µ
n(t)dsdt

= 1
π2

³R h
0

R k
0 φxy(s, t)K

λ
m(s)K

µ
n(t)dsdt

+
R h
0

R π
k φxy(s, t)K

λ
m(s)K

µ
n(t)dsdt

+
R π
h

R k
0 φxy(s, t)K

λ
m(s)K

µ
n(t)dsdt

+
R π
h

R π
k φxy(s, t)K

λ
m(s)K

µ
n(t)dsdt

= 1
π2
(I1 + I2 + I3 + I4).

By Minkowski’s inequality, we have

kIm,n(x, y)kp ≤
1

π2
(kI1kp + kI2kp + kI3kp + kI4kp),

where

kI1kp =
Z h

0

Z k

0
kφxy(s, t)kp|Kλ

m(s)||Kµ
n(t)|dsdt,

kI2kp =
Z h

0

Z π

k
kφxy(s, t)kp|Kλ

m(s)||Kµ
n(t)|dsdt,

kI3kp =
Z π

h

Z k

0
kφxy(s, t)kp|Kλ

m(s)||Kµ
n(t)|dsdt,

kI4kp =
Z π

h

Z π

k
kφxy(s, t)kp|Kλ

m(s)||Kµ
n(t)|dsdt.

From Lemma 3.1 (i),

kI1kp =
R h
0

R k
0 kφxy(s, t)kp|Kλ

m(s)||Kµ
n(t)|dsdt

= O
³
(λ log(m) + 1)(µ log(n) + 1)

R h
0

R k
0 (ξ1(s)ξ2(t))dsdt

´
= O ((λ log(m) + 1)(µ log(n) + 1)hk(ξ1(h)ξ2(k)))
= O (ξ1(h)ξ2(k)) .

(5.1)

Using Lemma 3.1,

kI2kp =
R h
0

R π
k kφxy(s, t)kp|Kλ

m(s)||Kµ
n(t)|dsdt

= O

µ
(λ log(m) + 1)

R h
0

R π
k

1

t
(ξ1(s)ξ2(t))dsdt

¶
= O

µ
(λ log(m) + 1)

R h
0

R π
k

1

t
(ξ1(s)ξ2(t))dsdt

¶
= O

µ
(λ log(m) + 1)

R h
0 ξ1(s)ds

R π
k

1

t
ξ2(t)dt

¶
= O

µ
(λ log(m) + 1)

ξ1(h)ξ2(k)h

k

¶
= O

³
ξ1(h)

ξ2(k)
k

´
.

(5.2)
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Similarly,

kI3kp = O

µ
ξ1(h)

h
ξ2(k)

¶
.(5.3)

Now, from Lemma 3.1 (ii),

kI4kp =
R π
h

R π
k kφxy(s, t)kp|Kλ

m(s)||Kµ
n(t)|dsdt

= O

µR π
h

R π
k

1

st
(ξ1(s)ξ2(t))dsdt

¶
= O

µR π
h

ξ1(s)

s
ds
R π
k

ξ2(t)

t
dt

¶
= O

³
ξ1(h)
h

ξ2(k)
k

´
.

(5.4)

Thus, from equations (5.1) to (5.4) we arrive at

kIm,n(x, y)kp = kSλµ
m,n(f ;x, y)− f(x, y)kp = O

µ
ξ1(h)

h

ξ2(k)

k

¶
.

6. Proof of Theorem 4.2

The (m,n)th partial sum of the double conjugate Fourier series (2.4) is

S̃m,n(f ;x, y)

=
1

4π2

Z π

0

Z π

0
ψxy(s, t)

cos( s2)− cos(m+ 1
2)s

sin( s2)
×
cos( t2)− cos(n+

1
2)t

sin( t2)
dsdt.

Taking S̃λ,µ
m,n(f ;x, y) as the K

λµ-mean of S̃m,n(f ;x, y) for λ > 0, µ > 0,

4π2S̃λ,µ
m,n (f ;x, y)− f̃(x, y;h, k)

=
R h
0

R k
0 ψxy(s, t)D̃

λ
m(s)D̃

µ
n(t)ds dt−

R π
h

R k
0 ψxy(s, t)K̃

λ
m(s)D̃

µ
n(t)ds dt

−
R h
0

R π
k ψxy(s, t)D̃λ

m(s)K̃
µ
n(t)ds dt+

R π
h

R π
k ψxy(s, t)K̃λ

m(s)K̃
µ
n(t)ds dt

= L1 + L2 + L3 + L4.

By Minkowski’s inequality, we have

k4π2S̃λ,µ
m,n(f ;x, y)− f̃(x, y;h, k)kp = kL1kp + kL2kp + kL3kp + kL4kp,

where
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kL1kp =
Z h

0

Z k

0
kψxy(s, t)kp|D̃λ

m(s)| |D̃
µ
n(t)|ds dt,

kL2kp =
Z π

h

Z k

0
kψxy(s, t)kp|K̃λ

m(s)| |D̃
µ
n(t)|ds dt,

kL3kp =
Z h

0

Z π

k
kψxy(s, t)kp|D̃λ

m(s)| |K̃
µ
n(t)|ds dt,

kL4kp =
Z π

h

Z π

k
kψxy(s, t)kp|K̃λ

m(s)| |K̃
µ
n(t)|ds dt.

From Lemma 3.2 (i),

kL1kp =
R h
0

R k
0 kψxy(s, t)kp |D̃λ

m(s)| |D̃
µ
n(t)|dsdt

= O
³
mn

R h
0 ξ1(s)ds

R k
0 ξ2(t)dt

´
= O

³
mnξ1(h)ξ2(k)

R h
0 ds

R k
0 dt

´
= O (mnhξ1(h)kξ2(k))
= O (ξ1(h)ξ2(k)) .

(6.1)

Using Lemma 3.2,

kL2kp =
R π
h

R k
0 kψxy(s, t)kp|K̃λ

m(s)||D̃
µ
n(t)|dsdt

= O
³
n
R π
h

R k
0
kψxy(s,t)kp

s dsdt
´

= O
³
n
R π
h

R k
0

ξ1(s)ξ2(t)
s dsdt

´
= O

³
n
R π
h

ξ1(s)
s ds

R k
0 ξ2(t)dt

´
= O

³
nk ξ1(h)h ξ2(k)

´
= O

³
ξ1(h)
h ξ2(k)

´
.

(6.2)

Similarly,

kL3kp = O

µ
ξ1(h)

ξ2(k)

k

¶
.(6.3)

By Lemma 3.2 (ii),
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kL4kp =
R π
h

R π
k kψxy(s, t)kp |K̃m

λ
(s)| |K̃n

µ
(t)|ds dt

= O
³R π

h

R π
k ξ1(s)ξ2(t)

1
s
1
t ds dt

´
= O

³R π
h

ξ1(s)
s ds

R π
k

ξ2(t)
t dt

´
= O

³
ξ1(h)
h

ξ2(k)
k

R π
h ds

R π
k dt

´
= O

³
ξ1(h)
h

ξ2(k)
k

´
.

(6.4)

Thus, from equations 6.1 to 6.4, we arrive at

k4π2S̃λ,µ
m,n(f ;x, y)− f̃(x, y;h, k)kp = O

µ
ξ1(h)

h

ξ2(k)

k

¶
.
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