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Abstract

In this paper, we study the approximation of double Fourier series
and its conjugate series for functions in mized Lebesgue space Ly, P €
[1,00]? using double Karamata K™ means.
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1. Introduction

Various summability methods are used in approximation theory, operator
theory and the theory of orthogonal Fourier series to get the better rate of
convergence as well as to minimize the error in the degree of approximation.
By using the Karamata K* means of Fourier series and conjugate Fourier
series, Sadangi [5] obtained the degree of approximation of functions of H,,
class in the Holder metric. Recently, Landon et al. extended these results
for functions in H,, class [3]. By using double Karamata K** means of
double Fourier series Nigam and Hadish [4] approximated two variables
functions of Holder class H, . Lal and Mishra studied the approxima-
tion of double Fourier series for functions of generalized Lipschitz class by
(N, pm, ¢n) method [2].

In this paper, we have estimated the degree of approximation of double
Fourier series and its conjugate series for functions in the mixed Lebesgue
space Lz, p' € [1, oc]? using double Karamata K** means. The paper is
organised in the following manner. In section 2, we discuss the preliminaries
required for the development of paper. In section 3, we give some additional
notations and prove some lemmas required in the proof of main theorem. In
section 4, we discuss the main theorems and aim of this work. In consecutive
sections, we prove our main theorems.

2. Preliminaries

For 0 < k < n, define the numbers [ Z ] by

ﬁ(l’—i-’l)):i l Z]xk,x>0,
v=0 k=0
n—1
where H(J:+v) =z(z+1)(z+2)..(r+n—-1)= % The num-
v=0

bers [ Z ] are called Stirling’s number of first kind. We shall use the

convention that [ 8 ] =1.

Let f be a Lebesgue integrable function over T2, where T = [—7, 7],
periodic with period 27 in each variable. Then the double Fourier series
for function f is defined as
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Z Z Amn [Qmn cos(mz) cos(ny) + B sin(ma) cos(ny)

m=0n=0
(2.1) +Ymn cos(max) sin(ny) + 5mn sin(mx) sin(ny)]
o o
:ZZ B 6T, Y)m Zz)\mnAmnxy
m=0n=0 m=0n=0

where
1
= =5 [ [, Fasy) cos(ma) cos(my)de dy, m.m=0,1,2,....
T T2

with similar expressions for By, Ymn and 0y, and Ay = 1, Ao = Ao =
%,m,n > 1, 00 = %. The three conjugate series of double Fourier series
(2.1) are given as follows:

(22) Z Z «, _577§$>y)m,na

=1n=1

(2.3) Z Z 57aa53$7y)m,na

m=1n=1

(2.4) Z Z (6, =, Baa;way)m,n

Let {Smn} be the sequence of partial sums of double infinite series
[o.9]

Z Z amn, and define the K- mean of the sequence {Smn} of order
m=0n=0
A > 0,1 > 0 as follows:

S . Iy Tw) izn: [ m ] [ n ] AP,

A+m)T(p+n) == | P q
o0 o0
If S — s as m,n — oo, then the series Z Z Qmn is said to be
m=0n=0

summable to s by double Karamata K* method of order A > 0, x> 0.
In [7], the mixed Lebesgue space L;[T?] is defined as the set of all
measurable function f such that

P2 £

= ([ ([ irar)” as) " <o
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Note that the Banach space space Lz{T?] ([1], also see [7]) is finer then the
classical structure of Banach space L,[T?], replacing the constant exponent
p of the LP-norm by an exponent vector 5= (p1, p2) € [1, 0]

3. Additional Notation and Lemmas

In the sequel, following notations are used :

fx%xt}r s, y+t)+ fle—sy+1i) +f(a:4+ s,y —t) + flx—sy—1) —4f(x,y)7
s,y = Lyt O S s sy a O o flat sy DA Mo moy 2l
(3.1) K (s) = %:{) [ ;n ] Ap%’
(3.4) DH(t) = F(l,;(i)n) qzi%) [ Z MqCOS(%) ;;E)%sgq+ %)t)
(3.5) KA (s) = F(f(i)m) :0 | " ] Ajl,coss(f;l (+2 )%)37
(3.6) Kh(t) = %q; | " 1 choss(j1 é)%)t

For convenience, we write % = h and % = k. For the proofs of the main
theorems, we need following order relation lemmas.

Lemma 3.1. Let K)\(s), K*(t) be defined as above. Then the following
order relations holds:

(i) For 0 < s < h, K)\(s) = O (\log(m) + 1).
Similarly, for 0 <t < k, KF(t) = O (ulog(n) +1).
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(if) Forh <s<m, K}(s) =0 ().

S

Similarly, for k <t < m, KF(t) =0 (%)

Proof. (i): For 0 <s <h,
r'(\) m [ m ] 37 sm(p+

T'(\e?s

CA+m)

( e F()\e”Jrn))
§
2

K (s) =

(A +m) p=01 p sin(%)

where & means the imaginary part. Using the arguments given in the proof
of the theorem [6, p.194], it is easy to check that,

K)\(s) =0 (\og(m) +1).

Similarly, for 0 <t < k, we get K/(t) = O (nlog(n) + 1) .

(ii): For h < s < m,sin(5) > 2. Thus,

™

oy m ] sin(p+ s
A < |—22 5 WM T 20
Km(s) = |F()\ n m) pr() P sm(%) |
PN o [ m ], ]sinp+3)s|
“T'(A+m) p=01 5 | sin(35)]
'(A) m 1
< — 7 ym D_
_F(A+m)2p:0 D A =

~o()

Similarly, for £ <t <, we get KX(t) = O (%) .
O

Lemma 3.2. Let D) (s), Di(t)K)\(s), KE(t) be defined as above. Then
the following order relations holds:

(i) For 0 < s < h, D) (s) = O(m).
Similarly, for 0 <t < k, D;‘f(t) = 0(n).

—_

(ii) Forh<s<m, K)\(s) =0 (—)

»

~ 1
Similarly, for k <t <7, KL (t) = O (;)
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Proof. (i): For 0 <s <h,

~ r'(\) [ m | . cos($) —cos(p+1)s
A < |——\J M p 2 2
Dinls) = T(A+m) =P | p A sin(3)
'\ ., | m .
= m p=0 - p | AP Z::,):O 2 SlH(?" 8)
) m
< |25 AP
— [ TA+m) p=0 P P
= O0(m).

(ii): For h <s <, sin(3) > 2. Thus,
- I'(A) m cos(p + 3)s
K)\ m P 2
m(s) = F()\ +m) Zp_o [ D )\ 5111(%)
L) [ m |, leos(p+3)s]
“T(A4+m) =P p | sin(5)]
(N m s
< ——7Z _5ym P
“T'(A+m) 2p=0 p A s
~o(t)
Similarly, for k <t <, I%ﬁ( )=0 <%) a

4. Main results

The aim of this paper is to estimate the degree of approximation for func-
tions from mixed Lebesgue space Ly, p’ € [1, o]? using double Karamata
KM means of its double Fourier series. Essentially we prove the following
result.

Theorem 4.1. Let Sﬁ‘,;fjl(x,y) be the K™ mean of double Fourier series
of a 2w~ periodic function f € Lz[T?) such that || f(z+s,y+t)— f(z,y)|l; =
O(&1(s)&2(t)), where &1 and & are positive monotonic non decreasing func-

tions satisfying that (El—és)), (&T(t)) are monotonic decreasing, and 51’(lh) —

0ash—>(),§2—,gk)—>0ask:—>0, then

1Syt (z,y) = f(x,y)l5=O (#@) '
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Also, the approximation of double conjugate Fourier series for functions
from mixed Lebesgue space Ly, j € [1,00]? using double Karamata K*#
means is derived using truncated conjugate function in the following form:

Theorem 4.2. Let 5”\’“ L (f:x,y) be the K™-mean of the double conjugate
Fourier series (2.4) of a 2m- periodic function f € Lz[T?| and &1,& be
defined as in Theorem 4.1, then

452834 F2,9) — TRl = 0 (L2

where . )
f(w,y) = lim lim f(z,y; h, k)
and
f(z,y;h k) = 47r2/ / Yay(s, 1) cot(2)cot( )ds dt.
5. Proof of Theorem 4.1

Recall that, the partial sum of double Fourier series is

Sm,n(f;x>y) - f(way) = %/Oﬂ/oﬂ-¢$y(8

KM-means of order A > 0, > 0 is

A () N n
3 (s 2) = T o)y e z%)z%( ) (2 )
AV Y \p 4
FA+m)T u+ﬂ pz%qz;]( )(‘I)A g
s1n m+ 3)ssin(n + 3)t
/ / Cbxy sm(2) sin(%) dsdt.
Therefore, . )
S;}{fn(f;:v,y) — flz,y) = ﬂ.2 fo fo d):cy s,t) p(/\(Jan) ZZLO (?))\p%
(g + 5
X T o (g1 %d sdt.

= Ffo fo Day(s, m( VKL (t)dsdt
= Imn(z,y).
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Now,

In(2,y) = #f&rhférl?my(s ke
=2 ([ J3 $eu(s. DK
+fy fk: Py (s, 1) Ky (s) K}
+ fo Pay (s, t)Ki (s) Kk
+Ip Je ay(s, ) K (s) K
=L+ L+ L+ 1)

By Minkowski’s inequality, we have

( VEKH(t)dsdt

A (s)KH(t)dsdt
(t)dsdt
)dsdt
)dsdt

(
(t
ol < =5 (1Tl + el sl -+ 1l

where .
10l = [ [ Noass. DIARM KOs,

h pm
1lly= [ [ 6oy (s IARA 1A s,

T rk
talls= [ [ Noay(s. D IARM @ KOl dsat,
alls = [ [ Nomyl. AR (5) 1% 1) st

From Lemma 3.1 (i),

1l = J Jo ey (5, DK () 1K Ot
(5.1) = O ((Mlog(m) + 1) (slog(n) + 1) o' Jif (€1(s)€a(t))dsdt)
+ +

= O ((Alog(m) +1)(plog(n) + 1)hk(£1(h)€2(k)))
= 0 (&1(h)&a(k)).

Using Lemma 3.1,

I2lly = o' Ji7 lday(s, )1 KN (s )\ KR (8)]dsdt
= O (Alog(m) + 1) 5" [T (51(8)5 (t))dsdt
(s)

= 0 ((Nog(m) + 1) J& T —<sls£2( ))dsdt
— 0 ((Alog(m) + 1) fo 51 (s)ds [T ~& (1) )
:O<()\log(m 2(k) >

=0 (a(n=).

(5.2)

SR
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Similarly,

(5.9 Il= 0 (e m)).

Now, from Lemma 3.1 (ii),

Mally = Ji Ji H¢zy(3 1ﬁ)||ﬁ|KA ()| K5 ()| dsdt
=0 (Jr 17 S@a)st)
5.4
( ) —O(fﬂ-gl ) fﬂ€2() )

_0(%’”&—,@)).

Thus, from equations (5.1) to (5.4) we arrive at

(o)l = 1S 2.9) = Fla0)llp= 0 (22

6. Proof of Theorem 4.2
The (m,n)"" partial sum of the double conjugate Fourier series (2.4) is

gm,n(f: IE, y)

/ / oy (5:1) cos(3) .coss(m—i- 3)s y cos(%) —.COf(n-i- %)tdsdt.
T 4r? sin(3) sin(3)

Taking Nf,‘i/il(f; z,y) as the KM-mean of gm,n(f; x,y) for A >0, >0,

)

Am*Snln (fizy) - F(,y;hi k) )
_fo fo Vy(s t)DA( )DE(t)ds dt — I S by (s, ) K im(8)Dr(t)ds dt
— o T by (5, ) D (s )Kﬁ(t)ds dt + [i7 Ji Yay(s, )K (s)Kn (t)ds dt
=11+ Lo+ L3+ Ly.
By Minkowski’s inequality, we have

147 St (fs 2, 9) = F(, w3 b B) 5 = I Lallp + I Lallp + [ Lsllz + | Zall,

where
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h rk ~ ~
Lalls= [ [ s, OIADA )] | Dh(e) s .

m rk ~ ~
Zalls= [ [ 1ot () DE )1 ds

h pm ~ ~
IZalls= [ [ s DIADA (o) K Ol asat,
1Ll = [ [ s, DA KA 1K (0 ds .

From Lemma 3.2 (i),

ILilly = Jo Jy [ty s t)HﬁIDA (s)] | Dk (t)|dsdt
= O (mn fy 51<s> ds [ €2(t)at)
(6.1) =0 (mn&i(h )fo ds fo dt)

= O (mnh& (h ) 2(K))
= 0 (&u(h)&a(k)) -

Using Lemma 3.2,

Lol = S Jo 4wy (5, ) |51 K (5)] | Dl (2) | disclt
_ nf}zr féﬂ szygs’t)“ﬁdsdt)
=0 (n i f 2ekBasdt)

02 = 0 (m f7 ©Ls [ (1))
= O (nk&M (k)
=0 i;1’1)52(74)) :
Similarly,
k
(6:3) sl =0 (am2L).

By Lemma 3.2 (ii),
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ILallg = Ji Ji 19y (s, t)llp!K ) |[Bn” (0)]ds dt
= O (i ¥ &a(9)6a(t) L 3ds t)
(6.4) = f” ) gg fr 22) dt)
— O (& &®) pr dsfk dt)
— 0 (ahg k)>'

Thus, from equations 6.1 to 6.4, we arrive at

(
&

428N (f1,y) — f@wh@%=0<l
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