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Abstract

The object of this paper is to introduce a new definition for intu-
itionistic fuzzy Hausdorff space (IFHS). We investigate some of its
characterizations and discuss it with some necessary counter exam-
ples. In addition, we compared the new notion with the existing no-
tions. Finally we point out the significance of Hausdorffness in digital
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1. Introduction

The concept of fuzziness exists almost everywhere in our daily life. To con-
front the difficulty due to ambiguity, Zadeh [16] proposed the fuzzy theory
in 1965 and it was generalised into notion of intuitionistic fuzzy sets (IF'S)
by Atanassov [1] in 1986. The research in fuzzy theory grew rapidly day by
day and got its credit in all the branches of Mathematics. Fuzzy topological
space (FTS) was studied by several authors like Chang [4] and Lowen [10].

The notion of intutionistic fuzzy topological space (IFTS) was intro-
duced and studied by Coker [5],[6]. Since every concept in topology is
defined in terms of open sets, separation axioms especially T axiom de-
veloped by Hausdorff plays a vital role in making non trivial and inter-
esting statements. Though different versions of fuzzy Hausdorff spaces are
available in literature, the notion of nearly fuzzy Hausdorff space (NFHS)
developed by Ramakrishnan and Lakshmana Gomathi nayagam [14] was a
generalised one.

A few definitions for IFHS were introduced and studied by several au-
thors like Cooker [5], Gallego Lupianez [11], Lakshmana and Muralikr-
ishnan [13] and A.k. Singh and R.Srivastava [15]. Later on Md Sadadat
Hossain[7] has given seven definitions for I F'T, spaces out of which I FT5(iv)
is the most generalised one. Saiful Islam [8] has also presented eight types
of IFT, spaces and concluded that [ FTy(viii) is the most generalised ver-
sion. Recently Md. Aman Mahbub [2] worked on seperation axioms in
intutionistic fuzzy compact topological spaces.

Though the definition [8] generalises all other existing definitions, it had
some drawbacks. Let T' = {a,b} and A = (M,.2p.8, N, sp1). Here A is an
IF'S which can be viewed according to [8], as a set to which a belongs and
b does not belong, though the membership of a(M4(a) = 0.2) to lie in A is
much lesser than the membership of b(M 4(b) = 0.8) to lie in A. Also the
membership of a to lie in A is much lesser than the non membership of a
to lie in A. But while generalising the concept of “an element = to belong
a crisp set A” to the concept of “an element belongs to a IFS A” it has to
be logically assumed that the membership degree of = to lie in A is greater
than the non membership degree of x to lie in A. So My(a) > Na(a).
Since Ma(a) + Na(a) < 1 we get Na(a) < 3 and My (a) > 3. Hence we
can think of as a point a belongs to a IFS A if M4(a) > 3. This concept



A theoretical approach on intuitionistic Fuzzy Hausdorff space 321

[14] generalises the crisp concept while greater care is taken intuitively to
meet the logical requirements for belongingness.

This paper proposes a new definition of IFHS by adopting the concept [14],
in order to rectify the above mentioned illogicality. Further we describe a
definition for intuitionistic fuzzy closedness of a singleton and explore some
of its characteristics. Some results in crisp topology spaces are discussed in
intuitionistic fuzzy set up. We have also compared the proposed definition
with the definitions available in literature.

2. Preliminaries

This section follows some elementary definitions.

Definition 2.1. [1] Let T' be a nonempty set. AnIFS R = {{(t, Mg(t), Ng(t)) :
t € T} where the functions Mg : T — I and N : T — I denote the degree

of membership and the degree of non membership of t € T to the set R
respectively, and 0 < Mp(t) + Ng(t) <1 for each t € T.

Definition 2.2. [1] Let T' be a nonempty set and the IFSs, R and S be in
the form R = {(t, MRp(t),Ng(t)) : t € T}, S = {({t, Mgs(t),Ns(t)) : t € T}.
Then

1. R C S if and only if Mp(t) < Mg(t) and Ng(t) > Ng(t), for all
telT;

R=Sifand only if RC S and S C R;

R = {(t, Nr(t), Mg(t)),t € T};

RN S = {({t, min(Mg(t), Ms(t)), max(Nr(t), Ns(t))) };
RUS = {{t, max(Mg(t), Ms(t)), min(Ng(t), Ns(t)))}-

S

Definition 2.3. [5] Let T' be a universal set. We define 0., and 1. as
follows :
0w = {(t,0,1) : t € T} and 1 = {{t,1,0) : t € T}

Definition 2.4. [4] An intuitionistic fuzzy topology (IFT) on a non empty
set T' is a family § of IFSs in T satisfying the following axioms:

Ay 0,1 €96
Ay G1 NGy €46 for any G1,Go € 6.
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As UG, € ¢ for any arbitrary family {G; :i € I} C 4.

The pair (T, 0) is called an IFTS and any IFS in § is known as an intuition-
istic fuzzy open set (IFOS).

Definition 2.5. [15] Let (o, 3) € (0,1) and oo + 8 < 1. An intuitionistic
fuzzy point (I FP) P(ta’ﬁ) in T is an IFS of T defined by P(taﬁ) = (t, Mp, Np)
where for y € T

a if y=t;

if otherwise

if y=t;
if otherwise

In this case, t is called the support of P(ta 5)-

Definition 2.6. [15] Let P, 5 be an IFP in T' and R = (t, Mg, Nr) be
an IFSinT. Then P(ta 3) is said to be properly contained in R, (P(ta ) € R)
if « < Mpg(t) and B > Ng(t).

Definition 2.7. [9] Let (T,0) be an IFTS on T and N be an IFS in T.
Then N is said to be an e-neighbourhood of an IFP P(ta 3) in T if there

exist an IFOS, G in T such that P(ta ) € GCN

Definition 2.8. [5] Let f : T — Y be a map. Let R € IT be an in-
tuitionistic fuzzy (IF) subset of T. Then the IFS, f(R) is defined as

F(R) = {{y, Myr)(y), Nr)(y)) : y € Y}, where

_ ) supiepagy Mr(t) i fH(y) #0;
Mf(R)(y) {0 if otherwise

| infye gy NR(E) i fHy) #0;
N () = { 1 o if otherwise Let
S € IV be an IF subset of Y. Then the IFS f~1(S) is defined as
FHS) = {{t, My—1(5) (1), N-15)(t)) : t € T}, where M p-1(5)(t) = Ms(f(1)),
Ni-109)(t) = Ns(f(t)).

Definition 2.9. [5] Let (T,0) and (Y, 7) be two IFTSs and let f: T —Y
be a map. Then f is said to be IF continuous if and only if the pre-image
of each IFS open in Y is an IFS open in T.
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Definition 2.10. [5] Let (T,9) and (Y, 7) be two IFTSs and let f : T — Y
be a map. Then f is said to be IF open if and only if the image of each
IFS in 6 is an IFS in T.

Definition 2.11. [3] Let {(7;,0;)}ier be any indexed family of IFTSs.
Then the product intuitionistic fuzzy topology (PIF'T) I16; on IIT; is the
IFT generated by o = {0;"(U;) | U; € &,i € I} as subbasis. The
pair (IIT;,116%) is called the product intuitionistic fuzzy topological space
(PIF'TS).

Definition 2.12. [14] A FTS (T,0) is said to be a NFHS if for every pair
of elements x # y of T, there exist disjoint fuzzy open sets M, N € § such
that M(z) > % and N(y) > %. Equivalently, if there exist M, N € § such
that M(z) > ; and N (y) > g and M(z2) + N(z) <1, for every z € T.

Definition 2.13. [5] An IFTS (T,0) is called Hausdorff if and only if
for every t1, to € T and t; # ta, there exist G1 = (t, Mg,,Ng,), G2 =
(t, Mgy, Ng,) € 6 with Mg, (t1) = 1, Ng, (t1) =0, Mg, (t2) = 1, Ng, (t2) =
0 and Gi1NGy =0~.

Definition 2.14. [11] An IFTS (T, 0) called g—T5 if for every distinct IFPS
p, q in T, there exists e-neighbourhood M and N of p and q respectively
such that My < My and Ny > Ny

Definition 2.15. [13] An IFTS (T,0) is said to be a nearly intuitionistic
fuzzy Hausdorff space (NIFHS) if for every pair of elements © # y of T,
there exist non zero disjoint IFOS R and S of § such that Mpg(z) > 3,
Ms(y) > 4, that is, there exist IFOSs R # 0, S # 0 in § such that
Mp(z) > 3, Ms(y) > 1, Ns(t) > Mg(t) and Ng(t) > Mg(t) for every
tefT.

Definition 2.16. [8] An IF'TS (T,6) is said to be IFT2 if for every pair
of elements © # y of T, there exist two IFOS R and S of § such that
Mp(z) > 0,Na(x) < 1, Ma(y) < 1, Na(y) > 0, and Ms(y) > 0, Ns(y) <
1, Mg(x) < 1,Ng(z) > 0 with (MrN Mg) C (NgUNg).

Definition 2.17. [13] A sequence of points t, of T is said to converge
intuitionistic fuzzily tot € T in (T,0) denoted as t,i-ft if for every R € 0
such that Mpg(t) > 3, there exist N such that Mg(t,) > 3, ¥n > N.
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3. Nearly intuitionistic fuzzy Hausdorff spaces

In this section a new notion of NIFHS is introduced and its properties are
studied. This notion is compared with the existing notions.

Definition 3.1. Two IFSs R and S of T are said to intersect at t if Ng(t)+
Ns(t) < 1.

Definition 3.2. Two IFSs R and S of T' are said to be disjoint if they do
not intersect at any point of T' that is, Nr(t) + Ng(t) > 1, for allt € T.

Definition 3.3. An IFTS (T,9) is said to be NIFHS if for every pair of
elements x # y of T, there exist non zero disjoint IFOSs R and S of § such
that Mp(z) > 3, Mg(y) > 4. That is, there exist nonempty IFOSs R, S
in & such that Mg(z) > %, Ms(y) > 3, and Ng(t) + Ns(t) > 1, for every
teT.

Theorem 3.4. Let (T,0) be a NIFHS. Then a subspace of a NIFHS is a
NIFHS.

Proof.  Let (T,0) be a NIFHS and Y C T. To prove that (Y,0 | )
is a NIFHS, let two distinct points y1,y2 € Y. Since Y C T and (T, 9)
is a NIFHS, there exist two non zero open sets R and S € § such that
Mp(y1) > 3, Ms(y2) > 3, and Ng(t) + Ng(t) > 1, for every t € T. Now
R|Y and S |Y € 6| Y such that (Mg | Y)(y1) > 3, Ms | Y)(y2) > 3
and (Ng | Y)(t)+ (Ns | Y)(¢)1, for all t € Y. Hence (Y,d | Y) is a NIFHS.
O

Theorem 3.5. Let (13, 0;)icr be a family of NIFHS. Then arbitrary prod-
uct of NIFHS is a NIFHS.

Proof. Let I be an indexed set and (75, d;);c; be a family of NIFHS.
Let (T" = IIT;,0 = 1I;) be the PIFT in which each projection mapping
0; : (T,8) — (T;,68;) is IF continuous. We know that o = {0; *(R;) | R; €
di,i € I} forms sub-base for PIFT. To prove that (7,0) is a NIFHS, con-
sider « # y € 1IT;. So there exist atleast one j € I such that x; # y;. Since
(T}, 05) is a NIFHS, there exist two open sets R;, Sj such that Mg, (z;) > %,
M, (y;) > 3 and N, (t;) + N, (t;) > 1, for all t; € Tj.

Clearly 9;1(Rj) and 9;1(5 ;) are the members of o and hence elements of §.
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Consider
(3.1) Hj_l(Rj) = <ZL’,M9;1(R_)(.’L') Ngfl(R_)(.’L')>
(3.2) = (z, Mg, (0;(2)), Nr, (0;(2)))
(3.3) = (z, Mp; (5)), NR (5)))

Hence M9;1(Rj)(:n) > 5,./\/19;1(5]_)(3/) > 1.
Now we claim that N; 5(1) —|—N0;1(Sj)(t) > 1, for all t € T. Assume
that Ny ()+./\/ ()<1forsomet€T.
By deﬁmtlon

(3.4) Nejfl(Rj) (t) + Ngjfl(sj) (t) = Nr,(0;(t)) + N, (0;(t))
(35) — Ny (t) + N, (1) < 115 € Ty,
This is a contradiction. Hence (T, 6) is a NIFHS. O

Theorem 3.6. In a NIFHS (T,6), any sequence of points of T' converges
intuitionistic fuzzily to unique point, if it converges.

Proof. Assume that {t,} converges intuitionistic fuzzily to distinct
points = and y. Since (7,6) is a NIFHS, there exist two open sets R and
S such that Mg(z) > &, Mg(y) > 1, and Ng(t) + Ns(t) > 1, for every
t €T. As tyi-fzr and Mp(z) > %, there exist my such that Mpg(t,) > %,
VYn > my. Similarly there exist mgy such that Mg(t,) > %, Yn > ms.
Clearly Vn > max{mi,ma}, Ng(tn) + Ns(t,) < 1, a contradiction. Hence
the theorem. O

Remark 3.7. The following example reveals that converse of the above
theorem need not be true.

Example 3.8. Let T be an uncountable set and § = {{(M,N) € IT x I |
N has countable support or N' = 1}. Clearly (T,0) is an IFTS. Every
sequence {t,} of points of T' converges intuitionistic fuzzily uniquely if it
converges. (In fact here every sequence does not converge to any point.
For, let t € T. Consider R € ¢ such that

if z # ty,t or z =1y;
if z = ty;
if z =1t.

Mpg(z) =

QOB
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Clearly Mp(t) > 1, But Mg(t,) < 3, for alln € Z and so t, doesn’t
converge to t fuzzily).
But it is not NIFHS. For let x # y € T. Suppose there exist R, S € ¢
such that Mp(z) > 3, Mg(y) > 3, and Ng(t) + Ng(t) > 1, for every
t € T. Since R,S € 6, N and Ng have countable support {xp},cz+
and {ym}mez+ respectively. As T is uncountable, there exist t € T —
{%n, YmInmez+ such that Ng(t) = 0, Ng(t) = 0, which contradicts the
fact that Nr(t) + Ng(t) > 1, for every t € T.

Theorem 3.9. Let f : (T,0) — (Y,0) be a bijective IF open function.
Then (Y, o) is NIFHS if (T, ) is NIFHS.

Proof. Let y1, y2 in Y be two distinct points. Since f is bijective,
there exist unique distinct points ¢, ty in T such that f(¢1) = y1, f(t2) =
yo. Since t1 # ty and (T 0) is a NIFHS, there exist R,S € ¢ such that
Mg(t1) > &, Mg(ts) > 3, and Ng(t) +Ng(t) > 1, for every t € T. Since
f is IF open, f(R), f(S ) € o. Clearly Myp)(y1) = Mg(t1) > 1 and
M(s)(y2) = Ms(t2) > 1. Now we claim that f(R) and f(S) are disjoint.
That is to prove Nypy(2) + Npg)(2) > 1, for every z € Y. Suppose
Nir)(2) + Nyg)(2) < 1, for some z € Y, by hypothesis there exist unique
t € T such that f(t) = z. Hence Nr(t)+Ng(t) < 1, a contradiction. Hence
(Y,0) is a NIFHS. O

Remark 3.10. The requirement that f is IF open can not be dropped in
the above theorem.

Example 3.11. Let T ={p,q}, Y ={r,s}. Let 6 = {(0,1),(1,0),

(M go, Noor 1), (Mpogy, Nt g )y (Mpzgus Njor 4+ ) }, and o = {(0, 1), (1,0),
(M2 g0, /\/;x 81)} where z,y > %, x+2* < 1. Let f : T — Y be a map
defined by f(p) =, f(q) = s. Clearly f is one-one and onto but f is not
fuzzy open. Clearly (T,9) is NIFHS, but (Y, o) is not a NIFHS.

Remark 3.12. The requirement that f is onto can not be dropped in the
above theorem.

Example 3.13. Let T = {p,q}, Y = {r,s,t}. Let 6 = {(0,1),(1,0),
(Mypago, N 1) (Mg Nyt go )y (Mg, Ny <)} and o = {(0, 1), (1,0),
(M’I‘Isoto N,,.z* ltl), (MTOSyt()’NTlsy*tl)’ (Mrzsyto '/\/"I‘I*Sy tl)

( rrsli0, er 50t1)>(Mrlsyt0>M~03y*t1)a (Mr131t07Nr050t1)} where z,y > %7

x+ax* <1 Let f: T —Y bea map defined by f(p) =r, f(q) =
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NOWf<5) - {(07 1) ( rz 5040, er slt1)7 (Mrosyt()?'/\[rlsy*tl)v (Mrzsytoerx*sy*t1)7
(M,1610, Nyogopr)}. Clearly f is one-one and open. But f is not onto.
Clearly (T, ¢) is NIFHS, but (Y, o) is not a NIFHS.

Remark 3.14. The requirement that f is one-one can not be dropped.

Example 3.15. Let T = {t, | n € Z+}, Y = {z,y}. Let § be generated
by {0~,1~,R; | i € Z} where R; € IT x IT given by

1 1 o .
N =), ifj=1;
MRz(tﬂ)_{ %(1_%)7 lfj#l,

1 1 ap s .
21=19), ifj=1i
Ng,(t;) = e
i {t) { fad) iz
Let o be generated by {0~,1.,S; | i € Z,} where S; € IY x IV given by
MS%( ) ?(1_’_21) Nsm(x) :%u_gli)
MSZi(y) = ? NSzi(y) = ?
M5'21'71($) % ) NS21'71($) % )
Mg, (y) =301+ 57) Ny (y) =501 —577)

Define the map f: T — Y by f(te;) = x and f(t2;—1) = y. Clearly f is
onto but it is not one-one.

Nowf(9) is generated by {0~, 1~, f(R;)} where

Mimy(z) =31 +3) Ny (@) = 3(1 =)
Mf(Rm ) =3 fran (W) =3

My f(R 1)($) = % f(Rzzel)(m) = %

M f(Rai— 1)(y) = %(1 + 21’171) f(RZi—l)(y) = %(1 - Tlfl)

Clearly f(6) C o. Hence f is IF open. Now (T,6) is a NIFHS. For
ti # t;j there exist R;, Rj € 0 such that Mg, (t;) > %, Mg, (t;) > % and
NR,(t) + Ng,(t) > 1, for allt € T. But (Y, 0) is not a NIFHS.

Theorem 3.16. Let f: (T,0) — (Y,0) be a injective IF continuous map.
Then (T,0) is NIFHS if (Y, o) is NIFHS.
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Proof.  To prove (7,9) is NIFHS, take two distinct points t1,te in 7.
Since f is injective, there exist unique distinct points ¢1,¢2 in T such that
f(t1) = y1, f(t2) = y2 and y1 # y2. Since y1 # y2 and (Y, 0) is NIFHS,
there exist IFOSs R # 0,5 # 0 in o such that Mpg(y1) > 3, Mg(y2) > 3,
and Ngr(z) + Ng(z) > 1, for every z € Y.

Since f is IF continuous, f~(R), f~1(S) € 4.

Then Mf R)(tl) Mp(f(t1)) = Mgr(y1) > % Similarly, Mffl(s)(tQ) >
12\TOW, we claim that f~!(R) and f~!(S) are disjoint.

Suppose,

Ni-1(r)(t) + Ny 1S(t)<1 for some, t € T.
= Na(f () +Ns(f(2) <1
= Ng(z) + Ns(z) < 1, (since, f is injective.)

which is a contradiction. Hence, (7)) is NIFHS. O

Note. Let f : (T,0) — (Y,0) be a bijective IF continuous map. Then
(Y, 0) need not be NIFHS if (7, §) is NIFHS.

Example 3.17. Let T = {p,q}, Y = {r,s}. Let 6 = {(0,1),(1,0),

( p* qO Nx* ) ( quy,Nplqy*), (Mpmqy,./\[pm*qy*)}, aHdO - {(0, 1), (1,0),
(M, g0, ./V',,z* 1)}, where x,y > %, z+2* <1 Defineamap f : T —Y
by Fp) = . £(@) = 5. S0 f1(#) = {(0.1).(1L0). (Myegp Nowe )} € 6.
Clearly f is bijective IF continuous map and (T,¢) is NIFHS but (Y,0) is
not a NIFHS.

Theorem 3.18. Let f : (T,0) — (Y, o) be a bijective IF closed map. Then
(Y, o) is NIFHS if (T, ) is NIFHS.

Proof.  To prove (Y, o) is NIFHS, take two distinct points y1,y2 € Y.
Since f is bijective, there exist unique ¢; # to in T such that f(¢1) =
y1, f(t2) = y2. Since t1 # to and (T',6) is NIFHS, there exist IFOSs R #
0,9 # 0 in § such that Mp(t1) > 3, Mg(t2) > 3, and Ng(2) + Ns(z) > 1
for every z € T. Since f is IF closed, f(R°),
f(59)¢ € 0. Now f(R) = (y,inf;cp-1(,) Mr(
f is bijective, infteffl(yl) Mp(t) = Mpg(ty) >

~

) SUPyc f-1(y) Nr(t)). Since

NJI»—l
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Similarly f(S¢)¢ = (y,inf;ef-1(y) Ms(t),5upie -1y Ns(t)). Since f is
bijective, inf,cf-1(y,) Ms(t) = Mg(t2) > 3. Therefore M(reye(y1) > 3
and M y(se)c(y2) > 5. Clearly Np(ae)e(2) + Nypeye(z) = 1, for all z € Y.
Hence (Y, o) is NIFHS. O

Note. Nearly intuitionistic fuzzy Housdorffness is a topological property.

Theorem 3.19. Let (T,9) be IFTS. If (T,9) is NIFHS (as per definition
3.3), then (T, 61) is a FHTS (as per definition 2.12), where
0 ={ Mg | G € d}.

Proof. Suppose (T,6) is NIFHS, then for every pair of elements = # y of
T, there exist non-zero disjoint IFOSs R and S of § such that Mpg(z) > %,

Ms(y) > 3.
That is, we have
Nr(t) + Ns(t) > 1,for every t € T
= 2 — (Ng(t) + Ns(t)) <1
= (1= (Nr@)) + (1 - WNs() <1
= Mpg(t) + Mg(t) <1

Hence, there exist non-zero disjoint fuzzy open sets Mp and Mg of
&1 such that Mg(z) > 3, Mg(y) > 3. Therefore, (T,61) is FHTS (as per
definition 2.12) O

4. Intuitionistic fuzzy Hausdorff spaces

Definition 4.1. (i) Let (7,9) be an IFTS. A singleton {z} C T is said
to be IF closed if there exist an IF closed set C' with M.(z) > % and
No(2) =1, for all z € T where z # x.

(i) Let (T,9) be an IFTS. A singleton {x} C T is said to be IF closed
if there exist an IF open set O with Mo(z) < 3 and Mo(z) = 1, for all
z € T where z # x.

Example 4.2. Take T = {a,b}, 6 = {(0,1),(1,0), (M .6p0, Ng.ap1),
(Maob.ﬁ,Nalb.S), (Ma.Sbl y Na.4b0), (M(zlb-27Na0b~4)>}' Clearly (T, 5) isa NIFHS.
Here singletons are IF closed as per (it) but not by (7).

Example 4.3. Take T = {a,b}, 6 = {(0,1), (1,0), (Mgi—ap1, Nyzpo),
(Marpr-v, Noyogs ), (Mgapo, Ngi—ap1 ), (M oy, Naipi—y)) } where z,y > 3. Clearly
(T, ) is NIFHS. Also note that every singletons are IF closed by above two
definitions.
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Note. The above examples shows that the second definition is the gener-
alised one. That is singleton {z} is IF closed as per (i) = (i7) but not the
converse.

Note. The following results based on the generalised definition.

Note. In NIFHS, singletons need not be IF closed. This can be proved by
the following example.

Example 4.4. Take T = {a,b}, 6 = {(0,1), (1,0), (M epo, Ny1—ap1),
(M opy, Nopi—y)) }, where z,y > 5. Clearly (T, 6) is NIFHS. But singletons
need not be IF closed.

Remark 4.5. There exist NIFHS in which every singleton is IF closed.
This can be seen in the example 4.3.

Definition 4.6. An IF'TS (T,0) is said to be a IFHS if (T,9) is NIFHS
and every singletons are IF' closed.

Theorem 4.7. Let (T, ) be an IFHS. Then a subspace of IFHS is IFHS.

Proof. Let (7,0) be an IFHS. Let Y C T'. To prove that (Y, (0 |Y)) is
IFHS, by theorem 3.4, we have (Y, (d | Y)) is NIFHS. It is enough to prove
that singletons of Y are IF closed. Let y € Y C T. Since (7,0) is IFHS,
the singleton y is IF closed in T. Hence there exist an IFOS R such that
Mp(y) < 3 and Mg(t) =1, for all t € T where ¢ # y. Therefore we have

1 if t ;
MRu):{ D12 and

N|=

R € 6. Therefore (R|Y) € (§|Y).
Now

1 if t £ y;
M(R|y)(t) = { < % i Hence
(R|Y)isan IFOSin (6 | Y') in which {y} is IF closed. Therefore (Y, (6 |Y))
is IFHS. O

Theorem 4.8. Let (1;,6;),i = 1,2,...,n be IFHS. Then finite product of
IFHS is IFHS.
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Proof. Let (T;,0;),i = 1,2,...,n be IFHS. By theorem (3.5), (T" =
II7;,6 = 116;) is NIFHS. Now, we prove that singletons are IF closed in
PIFHS. Let t = (t1,t2,...,t,) € T be arbitrary. Since t; € T;, and (T}, ;) is
IFHS, there exist IFOS A; € d; such that M4, (¢;) < % and My, (y;) =1,
for all y; # t; € T;.

We know that the projection, 6; : II'T; — T; is IF continuous in PIFT. As
A; € §;, for every i, {OJI(AZ-)/AZ- € 6,1 = 1,2,...,n} is the collection of
sub-base. Now

. 1 if Zi 75 ti;
My (4 (2) —{ <1 ifz=t.

Therefore

" 1 if z#tand z € T}
' N <% it z =1t.

Since finite union open set is open set, \/;'; M1 (A) is our required
IFOS. Hence (T, ¢) is IFHS. O

Remark 4.9. Arbitrary product of IFHS need not be IFHS as can be seen
in the following example.

Example 4.10. Let T; = {x;,y;} and §; = {0,1, Ani/n = 1,2,3,4. and
i=1,2,--}
where

l 1
Ali = <M2(1 y7,7'/\/’$1 2 )7 A2i = ( yzaNO >

10 (141
Az = (M%i( yl,/\fz, 2" ); Ay = ( Oy, Niy >

Clearly (T3, ;) is NIFHS in which singletons are IF' closed. Therefore
(T3, 6;) is IFHS.

Letz € T =[IT; and § = [10; = ({0,1,0;(Ani)/n = 1,2,3,4. and
i=1,2})

where
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] 0, ifbi(x) = x4
Ma;l(Au)(x) - { 1, if0;(z) = yi;

Suppose for x € T, {x} is closed then there should exit some IFOS
A € (I 6a) such that

1 if z # x;
<% if z=u.

Mua(z) = {

Since A € (I]da), A can be written as arbitrary union of basic elements.
That is A =\ Aq,
Ay € B C ([10a) Now

1 if x;
\/MAQ(Z) - { <3 ;fzia:

which implies \/ Ma, (z) < 3 and supaMa, (y) =1, for all y # z.

For givene > 0 there should exist A, such that M, (z) < 3 and M, (y) >
1—¢, for ally # x.

Also A, is the finite intersection of subbasis elements. That is A, =
N 0; 1 (An), for some finite numbers of i.

Let C = {0, (An)/ AMg-i(4,0(@) < 1 and Mo-1(4,) () > 1 ¢, for all
y # . X

Here 0, " (Ag;) ¢ C, for all i, since M0;1(A2i)(y) = 0 when 0;(x) = y;.
Similarly, 0; ' (As;) ¢ C, for all i.

For i < j,
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o 5(1—7), 1f91(x) :.’Ei,ej($) :yj;
Mia AMopan)@ =3 100 ir61(0) — o b(0) a5
1, if 0;(x) = yi,0;(x) = y;;

Here (/\/lg;l(AM)/\MQJﬂ(AU))(x) < 3, for all y # x with 0;(z) =
)

2;,0;(z) = y; and also for 0;(x) = y;,0j(x) = x;. Therefore 6; '(Ay;) ¢ C,
for all 1.

0, if 0;(z) = x4,0;(x) = x;
1 1
_ ) 5(1=19), if0i(x) =x;,0;(z) = y;;
Moty AMopa) @) =Y G if 03(z) = i, 03(x) = 2
1, if 0;(x) = yi,0;(x) = y;;

Here (./\/lgﬂ(Al_)/\./\/lefl(AM))(x) < i, for all y # x with 0;(z) = =,
i v K

0;(x) = y; and also for 0;(z) = y;, 0;(x) = xj. Therefore 0; *(Ay;) \ 9;1(144]-) ¢
C, for all i, j.
For i < 7,

0, if 91<{IZ) xi,Hj(a:) {Ej,'

_J 0, if0i(x) =i, 05(z) = yy;

(Mefl(A4i) /\Megl(A4j))(x) - 0, if 91<{IZ) =Y, 9](513) = Xj;
1, ifb;(x) =y, 0(x) = y;;

Here (Mai—l(AM) /\Mej—l(AM))(J:) < 3, for all y # x with 6;(z) =
z;,0;(z) = y; and also for 0;(x) = y;,0;(x) = x;. Therefore 0;*(Ay;) ¢ C,
for all i. So C is empty. That is there is no A, satisfying the requirement
that Ma, (z) < 3 and Ma,(y) > 1—¢, Vy # z, which is a contradiction.
Therfore {z} is not closed. Hence (T, ¢) is not IFHS.

Note. If we change our definition as “singleton {2} C T is said to be IF
closed, if there exist an IFOS O with Mo(z) < 3 and Mo(z) = 1, for all
z € T where z # z7; then arbitrary product of IFHS is IFHS.

5. Comparative studies

The following study shows that the class of all IFTS introduced in this
paper is finer than the classes in [5], [11] and also coarser than the classes
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in [13] and [8]. For convenience we denote the notations and definitions in
[5], [11], [13], [8] and 3.3 as H,, Hy, H., H; and H, respectively.

Theorem 5.1. The following implications are true:
H,= Hy= H,= H.= H,.

Proof. H,= H,

Consider a IFTS (7,6) in which H, holds. Therefore for every distinct
IFPs pfaﬁ), qé’a’ﬁ) in T, there exist IFOSs M and N such that M(x) =
LNy(z) = 0,0Mpy(y) = L,Ny(y) = 0 and M NN = 0. Clearly M
and N are ¢ - neighbourhood of p and ¢ respectively and My N My =
0, Ny UNN = 1. If My N My = 0 then either My (z) or My(z) = 0.
If Mps(x) =0 then My(z) <1 —Mp(z) = My(z). If Mp(x) # 0 then
Mpy(z) =0 = Mpy(z) <1—Mpy(x) = My (z). Similarly Ny UNy =
1 = Ny > Ny Hence H, holds.

H,= H,

Consider a IFTS (7, ) in which Hy, holds. Take two distinct points z,y € T'.
Consider the IFPs p%l,o)’ qé’lvo) in T'. Since (T, §) satisfy Hp, there exist ¢
- neighbourhood M and N of p and ¢ respectively such that My, < My
and Ny > NJ. Then there exist two open sets G; and Gy € § such
thatp( o) € Gy € M and q%’l,o) € G2 C N. Clearly Mg, (z) =1 > %,
Mea,(y) =1 > % Now we have to prove that Ng, (2) + Ng,(z) > 1, for
all z € T. Since G1 C M,Gy C N we have Ng, > Ny and Ng, > Ni.
Now Ng, (2) + Na, (2) > Nur(2) + N (z) > 1, since Nyy > Ny Hence H,
holds.

H.= H,

Now consider a IFTS (7',0) in which H, holds. To prove H, holds, consider
two distinct points x,y € T. Since (7,9) holds H,, there exist non zero
disjoint IFOSs A and B of § such that Mu(z) > 3, Mp(y) > 1. That is,
there exist IFOSs A # 0, B # 0 in § such that Ma(z) > 3, Mp(y) > 3,
and Na(t)+Np(t) > 1, for every t € T. It is to prove that N4 (t) > Mp(t)
and Np(t) > Ma(t).

By definition, we have

Na(t) + Np(t) > 1, forall t € T.
= Na(t) > 1= Np(t) > Mp(t).
= Na(t) > Mp(t).

Similarly Np(t) > M4(t). Hence H, holds.
H.= Hy
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Consider a IFTS (7)) in which H. holds. Then for every pair of distinct
points x,y € T there exist disjoint IFOSs A and B of d such that M 4(x) >
2, Mp(y) > 1. This will follow immediately such that there exist two open
sets A and B such that Ma(x) > 0,Na(z) < 1, Ma(y) < 1,Na(y) > 0,
and Mp(y) > 0,Np(y) < 1, Mp(z) < 1,Np(z) > 0. Now we have to
prove the condition (M4 N Mp) C (NaUNg). We have N4(t) > Mp(t)
and Np(t) > Ma(t) for every ¢t € T. This will imply NMa(t) UNg(t) D
Mp(t) UMu(t) D Mp(t) N Ma(t). Hence H,y holds. O

Remark 5.2. The following examples show that the converse of above
implications does not hold.

Example 5.3. H; % H,.

Let T'={e, f}, 0 = {(0,1),(1,0), (Me2ps,Neop7), (Mezga, Nerys),
(Me-2f-3:Ne-7f-7)>

(Me2pa,Nesps)}. Clearly (T,0) is IFTS in which Hgq holds. But H. does
not holds.

Example 5.4. H. A H,

Let T ={e, f}, 6 = {(0,1),(1,0), (Me<6f<3,./\/'e43f.6), (Me.zfﬁ,./\/’e.sf‘z;),
(Mespe,Nespa),(Me2ps,Neeps)}. Clearly (T,0) is IFTS in which H.
holds. But H, does not holds.

Example 5.5. H. A H,

Let T ={e, f}, 6§ ={(0,1),(1,0), (Me.ﬁf.2,/\/e.3f.8), (Me.zf.ﬁ,Ne.Sf.3),
(Mespo,Nesps),(Me2gp2,Nosps)}. Clearly (T,6) is IFTS in which H,
holds. But Hy does not holds since take two IFPs P(ej,.l), q{.7,.1) there does
not exists € - neighbourhood M and N of p and q respectively.

Example 5.6. H, A H,

Let T = {6, f}7 6= {(07 1)a (170)7 (Me~6f07Ne-3f1)a (Meofﬁw/\/’elfﬁ)a
(Mespo,Nesps), }.

Clearly (T,6) is IF'TS in which H} holds. But H, does not holds.

6. Hausdorffness in image processing

A raster image is a 2D array of numbers representing pixel intensities. In
image processing points are analogous to pixels. A feature vector is a vec-
tor of numbers where each number describes a feature value of a point.
The feature vector which describes a point can be conveniently modelled
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as a fuzzy set. Apart from the existing spatially distinct points, the feature
vector promotes descriptively distinct points, descriptive remote(near)sets,
descriptive proximity space. A descriptive Hausdorff space [12] is defined in
the context of a descriptive distinct neighbourhoods and descriptive prox-
imity space. Every raster image is a descriptive Hausdorff space and it is
found in paintings and any digital image. Visual patterns can be recognised
by searching for pairs of descriptively near neighbourhoods in descriptive
Hausdorff space.

7. Significance

Separation axiom especially Hausdorffness is very much important in the
field of topology. Many interesting results we got because of this axiom.
Such an important result is 'In IFHS, every convergent sequence has a
unique limit point” which we proved in this paper. Moreover Hausdorffness
has significant role in fuzzy digital topological space. The study of digital
images naturally leads to recognition of different types of sets embedded
in image. The outcome of this approach is discovery of spatially near sets
and descriptively near sets of picture elements. Sets of picture elements
are spatially near provided sets have picture elements in common. Sets
of picture elements are descriptively near provided sets contain picture
elements that resemble each other. Nearness in this case based on the
perception of closeness of pixel feature values. For further study we can
use our Hausdorff condition to distinguish sets embedded in fuzzy digital
images.

8. Conclusion

This paper attributes a new notion of IFHS and its properties have been
studied. The class of all IF'TS introduced in this paper is finer than the
classes in [5], [11] and also coarser than the classes in [13] and [8].
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