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Abstract

In this paper any superalgebra is generalized to a new form, namely
ultra algebra. We study some algebraic structure results for ultra al-
gebras and we have defined some maps on ultra algebras to know ultra
derivation and Jordan ultra derivation. Moreover on certain assump-
tions we have proved that Jordan ultra derivation is an ultra deriva-
tion.
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Introduction

A new kind of graded Lie algebra, namely Zs9 graded Lie algebra have
been introduced by Weimin and Sicong [10]. In their paper the usual Z
graded Lie algebra have been generalized to this new class of graded Lie al-
gebra. They have shown that there exist close connections between the Z3 2
graded Lie algebra and parastatistics and so they have used Z5 » graded Lie
algebra in order to study and analyse various symmetries and supersym-
metries of the paraparticle systems. Our work has been mainly influenced
by the paper [10] where we have taken the liberty of using the definition
of Z2 graded Lie algebra from Weimin and Sicong with the purpose to
provide the definition of general Zso graded algebras, that we will name
ultra algebras, as well as introduce new kinds of Z3 2 graded nonassociative
algebras. Differently of the interest of those authors, our goal here is to
introduce, to study some algebraic structures and also the behavior of a
certain map on this new kind of algebras.

1. Ultra algebras

Let vector space A over a field F be a direct sum of four subspaces A;; (4, j =
0,1),
A= Ao ® A10 ® Ao1 © A11.

For any two elements in A, we define a product rule, written as - , with the
following properties :

(i) Closure: For all a,b € A we have a-b € A.

(i1) Bilinearity: For all a,b,c € A and «, 5 € F we have

(va+pb)-c=aa-c+ pb-c,

¢ (aa+ pb) =ac-a+ pc-b,
(111) Grading: For all a € A;j,b € App, (4,5,m,n =0,1), we have a - b €

A(i+m)mod2,(j+n)mod2'

A linear space satisfying the above conditions is called a Zo graded
algebra that henceforth we will name it ultra algebra. It is worth pointing
out that an ultra algebra is actually an Zs 2-color algebra when the partic-

ular antisymmetric bi-character is used, i.e., € : Zao X Z3 o — F*, where
e((i,7), (m,n)) = (=1)@m+tinmed2 Tt is not difficult to see that Agg is an
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subalgebra of A and A1g @ Ag1 P Aq1 is an Agg-sub-bimodule of A. Let us
point out the following remark regarding to degree of some a € A;;. Let
a € A;j a degree a = (i, j) satisfies

ab = (i,7)(m,n) = (im + jn)mod2

a+b=(i,7) + (m,n) = (i +m,j+n)mod2.

The elements of each A;j, i,j € {0,1} are said to be homogeneous. Note
that ultra algebra is a generalization of the usual superalgebra in the fol-
lowing some aspects: their product rules are the same, but the difference
between them is that, for super case we have a direct sum of two sub-
spaces, the grading is one-dimensional, and for ultra case, we have a direct
sum of four subspaces, the grading is two-dimensional, the degree of ele-
ments in superalgebra is only a number and in an ultra algebra we have a
two-dimensional vector.

It is well known that if A and B are superalgebras then there exists a
Z5 natural graduation A ® B, where (A® B)y = Ap ® By + A1 ® B and
(A®B); = A1 ® By+ Ag® Bjy. Let us consider A = Agg+ A1 + A10+ 411
and B = By + Bo1 + B1o + B11 a couple of ultra algebras then we have an
ultra Z 5 natural graduation A® B, where (A® B)oo = Aoo ® Boo + Ao1 ®
Bo1 + A1 ® Bio + A11 ® B11, (A® B)o1 = Ago ® Bo1 + A0 ® Bi1 + Ao1 @
Boo + A11® B, (A® B)1o = Ao ® B1o + A1 ® B11 + A10® Boo + A11 ® Bot
and (A ® B)11 = Ago ® Bi1 + Ag1 ® Big + Ao ® Bo1 + A1 ® Boo. We
denote by A®B the graduated tensor product of the ultra algebras A and
B, that is the tensorial product of spaces A and B with the multiplication
(a®b)(z®y) = (—1)" (ax@by), where a € A, x € A;j, b € By, and y € B.
Let A = Agy®A10DAg1 A1 be an ultra algebra, as we have just seen, GR A
has an ultra algebra structure. We call the Grassmann envelope of the ultra
algebra A, and we will denote by G(A), the subalgebra (G®A)go, that is,
G(A) = Goo@Ag @ Go1®@A01 G100 A10 D G11®A11. Anideal I of the ultra
algebra A is called ultra graded ideal if I = INAg+I1NAg1+INAg+INA;;.
An ultra algebra A is called simple ultra algebra if it contains no proper
ultra graded ideals, and A% # 0. We say that A is a prime ultra algebra
if the product of any two nonzero ultra graded ideals in A is nonzero. Let
a = (i,7) with i,7 € {0,1}. We say that a F-linear map D : A — A is a
ultra derivation of degree a if it satisfies D(Aj) C A, 3 (index modulo 2)
where b = (s,t) and

D(zy) = D(z)y + (=1)*xD(y) for all w,y € AgoU Ag1 U A1g U Aq.
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An ultra derivation is the sum of an ultra derivation of degree (0,0), an
ultra derivation of degree (0, 1), an ultra derivation of degree (1,0) and an
ultra derivation of degree (1,1).

Consider again a = (4,7) with 7,5 € {0,1}. We say that a F-linear map
dy : A — Ais a inner ultra derivation of degree a if it satisfies d,(Az) C
Az, (index modulo 2) where b = (s,t) and

dy(z) = zu — (=1)"uz  for all z,u € AggU Agr U Ajg U Aqq.

An inner ultra derivation is the sum of the inner ultra derivations of degrees
(0,0), (0,1), (1,0) and (1, 1). Introducing a new product by

zopy=ay+ (—1)"yz, x,y€ AgppUAn U AU A1y,

we will say that a F-linear map D : A — A is a Jordan ultra derivation of
degree a if D(A;) C Ay, 4 and

D(:L‘OUy) = D(x)ko—i—(—l)aixoUD(y) for all z,y € AgpUAp1UA19UA11.
We define a Jordan ultra derivation as the sum of Jordan ultra deriva-

tions of degrees (0,0), (0,1), (1,0) and (1,1). Clearly every ultra derivation
is also a Jordan ultra derivation.

Definition 1. Let M be a class of algebras defined by multilinear identi-
ties, we say that an ultra algebra A = Agg ® A19 & Ao1 P Aq1 is said to be
a M-ultra algebra if G(A), considered as algebra, is an element of M.

Besides the ultra algebra let us introduce other some examples of new
kinds of ultra nonassociative algebras, namely, alternative ultra algebra and
Jordan ultra algebra.

Definition 2. Let A be a ultra algebra if A satisfies:
(a,b,c) = (—l)al_’ﬂ(b,a,c) = (—1)BE+1(a, ¢,b)  (ultra alternative identity),

where (a, b, c) = (ab)c—a(be), a,b,c € AggUA19UAg1 UA1; then A is called
an alternative ultra algebra.

Definition 3. Let A be an ultra algebra if A satisfies:

ab = (—1)a5ba (ultra commutator identity)
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and

((ab)e)d + (=1)P* ¥ ((ad)e)b + (~ 1) ((bd)c)a
= (ab)(cd) + (~1)"(ac)(bd)
)(bc)  (ultra Jordan identity),

where a,b,c,d € Aypg U A1g U Agp U Aq1 then A is called a Jordan ultra
algebra.

Definition 4 (Z22 graded Lie algebras, [10]). Let A be an ultra algebra
if A satisfies:

ab = —(—1)a5ba (ultra anticommutator identity)

and

a(bc)(—1)% + b(ca)(—l)ag + clab)(=1)¥¢ =0 (ultra Jacobi identity),
where a,b,c € Agg U A1g U Agy U Aq1 then A is called a Lie ultra algebra.

It is easy to see that an alternative (Jordan, Lie) ultra algebra is a
generalization of the usual alternative (Jordan, Lie) superalgebra.

Our main goal is to prove under some certain assumptions that any
Jordan ultra derivation of ultra algebra is an ultra derivation.

2. Basic results

It is well-known and easy to see that the primeness of an superalgebra A
can be characterized by the condition that aAb = 0, where a,b € Ay U Ay,
implies a = 0 or b = 0. Making some obvious modifications in the argument
we get an analogous result for ultra algebras:

Lemma 1. An ultra algebra A = Agy & Ag1 ® A19 @ A1 is prime if and
only if for any homogeneous elements a,b, (a,b € Agp U A1g U Ag1 U A11),
aAb =0 implies a =0 or b = 0.

Lemma 2. If A is an ultra algebra with unity 1, then 1 € Agg.
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Proof. Let 1 = ago + a1p + ag1 + a11, where agg € Ago, a1g € Ao,
ap1 € Ap1 and a1; € A11. Multiplying on the left by agg, we obtain agg =
ady + aooa1o + apaon + agoai, whence agoaig = agopaor = agoarr = O.
Similarly we prove that aijgagy = agia00 = a11a00 = 0. Also multiplying
on the left by a9, we obtain a19 = aigagy + a%o + a1pag1 + a1pa11, Whence
a10a01 = a1pa11 = 0 and similarly ag1a10 = a11a10 = 0. Now multiplying on
the left by ag1, we obtain agy = ag1a0o + ap1a10 + agl +agi1a11 and agiaig =
aora11 = 0. And finally multiplying on the left by a1, we obtain ai; =
aiiago + ai1a1o0 + a11a01 + a%l, whence a11a190 = a11001 = 0. Furthermore,
1 =12 =ady +a}y + ady +a}y € Ag. O

Lemma 3. Let A be an unital ultra algebra over ground field F with 1, % €

F. If there is no zerodivisors A and satifies ab = (—1)%ba for all a,b € A
then any idempotent lies in Agp.

Proof. Let e =egg + eg1 + €10 + e11 be an idempotent, then

1) 0 + 611 = €00;
2) €01 —
3) 2ep0€10 = €10;

4) 2600611 = €11.

Multiplying 3) by egp we get ejpegn = 2680610 = 2ego€ig — 26%1610 =
2e10€00 — 26%1610, hence ejpegy = 26%1610. Thus if 2eqgg = 14 then by
1) we get e1; = % -lyq0rep; = —% -14. In both cases we have e;;1 = 0 and
e = 0. O

Lemma 4. Let A be an unital ultra algebra over a ground field of char-
acteristic # 2,3. Consider e; € Agg, © = 1,...,n, mutually orthogonal
idempotents such that 3 ;e; = 1. Put A;; = e;Ae;, then the following
hold:

1) @ A;; = A is a direct sum of vector spaces;
ij=1

2) AijAjk - Azk for all i,j,k = 1,...,77,

3) A,LJA]CZZ{O} fori,jzl,...,n,j;ék.
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Proof. Let us prove only 2) because the others one have their proves
similar.

2) We have A;; = AY) + A)l + A}9 + All | where Alf = eidAyej, k.t €
{0,1}. Let x € Aff and y € Aj?, where k,t,7,s € {0,1}. Consider gi, and
g¥, elements in (Gy) and (Gs) respectively. Pick, gj, ® v € G(A);; and
Y. ®y € G(A)jr then (9, ® x)(g%, ® y) = gh,9% ® xy € G(A);k, hence
xy € Ajp. a

Notation: Let A be an unital ultra algebra, such that Agg containing a
nontrivial idempotent e; and e3 = 14 — e;. When is necessary to use the
two decomposition of A then we can differentiate the decomposition of the
ultra algebra and its decomposition regard to the idempotents e1, es by

A=A g A0D g 400 g oD

and
A=A118 A& Az & Ago

respectively.

3. Jordan ultra derivation of ultra algebras

It is well known that given an associative algebra A, it is possible to con-
struct another algebra A*, by defining the new product as aob = ab+ ba
where ab is the product of a and b in A. This new algebra is called a
Jordan algebra. In 1957, Herstein [9] defined the Jordan derivation and he
proved that any Jordan derivation of an prime algebra A over ground field
of characteristic different from 2 is an ordinary derivation of A. With this
picture in mind, we have proved the following

Theorem 1. Let A be an unital ultra algebra over ground field of charac-
teristic not 2, such that Agg containing a nontrivial idempotent e;. Consider
A= A11 ©A12® A1 @ Azo where A;j = e;Aej regard to ey and ex = 14 —eq
and satisfying the following conditions:

(%) For each homogeneous aj; element, if x;ja;; = 0, for all x;; € A;j,
then a;; = 0;

(&) For each homogeneous a element, if e;xejae;xe; = 0, for all x € A,
then ejae; = 0.
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If D is a Jordan ultra derivation of A then D is an ultra derivation.

Before proceeding with the proof of the theorem let us point out the
following: If we consider the map D — f : A — A where f is inner ultra
derivation of A then it is easy to see that (D — f)(e;) = 0. Thus, we
will consider without loss of generality Jordan ultra derivation D such that
D(e1) = 0. Let D be Jordan ultra derivation of degree D we need to prove
that D(zkyrs) = D(@ke)yrs + (—1)P7x: D(yys) for every homogeneous el-
ement xp € Ag and yrs € Ars, (k,t,7, s € {1,2}).

Proof. First we note that D(xy) € Age, (k,t € {1,2}). If
voyy =y + (-1)"yz = zy + ya;
D(z oy y) = D(x) oy y + (=1)P7z oy D(y) = D(x) opr y + z oy D(y).

that is when (—1)® = (—1)P% = 1 we have the same case as Lemma 2.4 of
[8]. We need to study the other three cases, that is,

(1) We get D(zy+yz) = D(z)y+(—1)"yD(z)—(xD(y)+(—1)""¥ D(y)=).
Let a;; € Aj;, 1 = 1,2, we have

2D(az~i) = D(aii)aii—l—(—1)D(a“)a_“aiiD(aii)—(aiiD(aii)—i-(—1)“_”D(““)D(aii)aii).

When (—1)P(@4)@i = 1 we have the same as Lemma 2.4 of [8]. And when
(—l)D(““)a_“' = 1 we have D(a;) = 0 € Aj;. Now let ajp € Ajo for any
big € A12 we have

0 = D(aizbia + biaara) = D(a12)bia + (—1)P@2)012p15 D(a0)

—(a12D(b12) + (—1)2P®12) D(b15)ass).

Note that since D(e;) = 0, becomes D(a12) = D(ayz)ei+(—1)P@12)e; D(ay5).
This implies that e; D(a12)e1 = eaD(ai2)e2 = 0. Also we have

0 = 2D(b},) = D(b12b12 + brabia)
= D(b12)b1a + (—1)P2P2015 D(b19) — (b12D(b12) + (—1)"2P02) D(b1a)b1s),
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multiplying this equation by e; from the left and using e; D(b12)e; = 0,
we get biaD(b12) = 0 when (—l)D(bl?)b12 = —1 and D(b12)bj2 = 0 when
(—I)D(bl?)b12 = 1. Hence, bjaD(a12)bi2 = 0 and by () we get ea D(a12)e; =
0. Similarly, one can verify that D(ag1) € Aa.

(2) and (3) are trivial.

We need to prove that

D(:vy) = D(ZL‘)y + (—1)55.’I,'D(y) for all T,y € AOO @] A01 @] A10 @] AH,
for all D = (4,7), i,5 € 0,1. Since D is linear, it is sufficient to prove that
D(2ktYrs) = D(ht)Yrs+(—1) T2 D(yps) for all @y, yrs € AgoUAg1UA9UALT,

for all zp € A and yps € Aps, (kyt,7,s € {1,2}). Thus we will analyze
the following steps:

Step 1: It is easy to see that D(aib;j) = 0 = D(ai;)bj; + aiiD(b;j) and
D(aijbij) =0= D(aij)bij + aijD(bij), where 7 # j.

Step 2: Since D is a Jordan ultra derivation we have

D(a”bl]) = D(aiibij + (—1)(1_“?’3'()1']'(11‘1‘)
= D(aii)bij + (—1) @i b5 D(az) + (=15 ((=1)%7PC5) D(by)ass + aiiD(big))

+ (=
= D(aii)sz + (—1)a_ii5aiiD<bij),

where ¢ # j. Similarly, we also have that D(bj;a:;) = D(bji)aii+(—1)bﬂDbjiD(a¢¢).

Step 3: Note that,

D(bjiai+(=1)" "G a;jbji) = D(bji)as+(—1)" PP a;; D(bji)+(=1)" (bji D(aij)+
(—1)bj"D(a"’j)D<aij)bji), where ¢ # j. It follows that D(bjiaij) = D(bji)aij +
(=1)"Pbji D(az;).

Step 4: On the one hand, for ¢;; € A;; with 7 # j we have
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D((cjiaii)bis + (=1)" by (cjia;))

= D(cjiaii)bii + (—1)"#P%)b; D(cjiaz)

+(=1) P (¢jia5) D(bii) + (—1)P7 P D(by;) (cjiaii))
= D(cjiai)bii + (1) P ((cjia5) D (bi;)

= D(Cji)aiibii + (—1)@D0jiD(a¢¢)bii + (—1)(Cjiaii)D(Cjiaii)D(bii).

On the other hand, we have

Dicjlaibis) (D)™™ (aabies)
= D(cji)(aiibii) + (—1)®iibis D) (a4

H(=1)T P (c;iD(aiibii) + (—1)T @b D(ab)cji).

S
N—
-l
~
D
N
N—

Therefore, B
Cji [(—I)ED<D(CLmb”) — (—I)QDD(aii)bii — (—1)(Cﬁ“ii)DaiiD(bii)} =0, for
all Cj; € Ajl', hence by (&) we get D(a”bm) = D(am)b” + (—1)a_ﬁDaiiD(bﬁ).
It follows from the four steps above that D is an ultra derivation, and
therefore Theorem 1 holds true. ad
It is easy to see that any prime ultra algebra satisfies (&) and (),

hence we have

Corollary 2. Let A be an unital prime ultra algebra over ground field of
characteristic not 2, such that Agy containing a nontrivial idempotent ey .
Then any Jordan ultra derivation of A is an ultra derivation.

Clearly, by Lemma 3, we have

Theorem 3. Let A be an unital prime ultra algebra over ground field of
characteristic not 2 without zerodivisors and satisfying the ultra commu-
tator identity such that A containing a nontrivial idempotent. Then any
Jordan ultra derivation of A is an ultra derivation.

4. Conclusion

The natural question that appears is how to generalize some classical struc-
tures. In this paper we have introduced Jordan ultra algebras, and then we
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have the following question: What is the connection between the structure
of ultra algebras and Jordan ultra algebras? In addition, the study about
map structures on nonassociative algebras has become an area of great
interest of pure math in the last years, we can quote some recent works
[1, 2, 3, 4, 5, 6, 7). Therefore other line of research that appears here is
to know when a map is additive on nonassociative ultra algebras. Another
open problem that appear in this work is: If A is a nonassociative ultra al-
gebra (e.g. alternative ultra algebra, Jordan ultra algebra) with nontrivial
idempotent then the Theorem 1 holds true 7

References

[1] J.C. M. Ferreiraand B. L. M. Ferreira, “Additivity of n-Multiplicative Maps
on Alternative Rings”, Communications in algebra, vol. 44, pp. 1557-1568, 2016.
doi: 10.1080/00927872.2015.1027364

[2] B.L.M.Ferreiraand H. Guzzo, “Lie n-multiplicative mappings on triangular
n-matrix rings”, Revista de la Union Matematica Argentina, vol. 60, pp. 9-20,
2019. doi: 10.33044/revuma.v60nla02

[3] B.L.M. Ferreira and H. Guzzo, “Lie maps on alternative rings”, Bollettino
della  unione matematica italiana, vol. 13, pp. 181-192, 2020. doi:
10.1007/s40574-019-00213-9

[4] B. L. M. Ferreira, R. N. Ferreira and H. Guzzo, “Generalized Jordan
derivations on semiprime rings”, Journal of the Australian Mathematical Society,
vol. 109, pp. 36-43, 2020. doi: 10.1017/s1446788719000259

[5] B. L. M. Ferreira, H. Guzzo and W. Feng, “Multiplicative Lie-type
derivations on alternative rings”, Communications in algebra, vol. 48, pp.
5396-5411, 2020. doi: 10.1080/00927872.2020.1789160

[6] B.L.M. Ferreira, H. Guzzo and R. N. Ferreira, “An Approach Between the
Multiplicative and Additive Structure of a Jordan Ring”, Bulletin of the Iranian
Mathematical Society, 2020. doi: 10.1007/s41980-020-00423-4

[7] B.L.M.Ferreira, H. Guzzo, R. N. Ferreira and W. Feng, “Jordan derivations
of alternative rings”, Communications in algebra, vol. 48, pp. 717-723, 2019. doi:
10.1080/00927872.2019.1659285



1332 Bruno Leonardo Macedo Ferreira

[8] F. Lu, “Jordan derivable maps of prime rings”, Communications in algebra, vol. 38,
pp. 4430-4440, 2010. doi :10.1080/00927870903366884

[9] 1. N. Hernstein, “Jordan derivations of prime rings”, Proceedings of the American
Mathematical Society, vol. 8, pp. 1104-1110, 1957. doi: 10.1090/s0002-9939-1957-
0095864-2

[10] Y. Wei Min and J. Si Cong, “A new kind of graded Lie algebra and
parastatistical supersymmetry”, Science in China (Series A), vol. 44, pp.
1167-1173, 2001. doi: 10.48550/arXiv.math-ph/0212004

Bruno Leonardo Macedo Ferreira
Federal University of Technology,
Parana,

Brazil

University of Sao Paulo,

Sao Paulo,

Brazil

e-mail: brunolmfalg@gmail.com
brunoferreira@utfpr.edu.br



