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Abstract

In this paper, we characterize some properties of fuzzy congruence
relations and obtain a fuzzy congruence relation generated by a fuzzy
relation in residuated lattices. For this purpose, two various types
of fuzzy relations (regular and irregular) are introduced. In order to
obtain a fuzzy congruence relation generated by an irregular fuzzy re-
lation it must convert to a regular fuzzy relation.
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1. Introduction

P. Hájek [10] introduced the idea of filters and prime filters in BL-algebras.
Many researchers (see[3, 4, 5, 14, 11]), introduced and characterized some
types of filters in various logic algebras.

The theory of fuzzy sets which was introduced by Zadeh [19] was not
considered at first until researchers realized the importance of this issue
and its application in various areas of industry and Mathematics. A fuzzy
relation between X and Y as a fuzzy subset ofX×Y was proposed by Zadeh.
V. Murali [15] introduced the concept of fuzzy equivalence relations and
proved that the set of all fuzzy equivalence relations on nonempty subset X
is a complete lattice. The concept of fuzzy congruence relations was studied
in various areas such as semigroup, groups and vector spaces (see[1, 13, 12,
17]). Some researches (S. Ghorbani and A. Hassankhani [9], Liu Lianzhen
and Li Kaitaia [14]) introduced this concept in residuated lattices and BL-
algebras and proved some initial properties of fuzzy congruence relations. In
some papers studies show that the relationship of fuzzy congruence relation
is related to some specific sub-algebras of these structures. For example, in
groups and vector spaces, the relationship between congruence relation and
fuzzy congruence relation is related to normal subgroups and sub-vector
spaces respectively. In this paper according to this view in residuated
lattices, the fuzzy congruence relations by using filters is introduced and
some properties of it is proved. In section 4, it is shown that in the theory
of filters the union of filters is a filter if and only if at least one of them is
contained in the other. But the important question is whether this result
is also true for fuzzy congruence relations? Theorem 4 and 4 show that
this result need not be true. Also we have this question, if α is a fuzzy
relation, how can we construct the smallest fuzzy congruence relation that
has α as fuzzy relation. In other words, if α is a fuzzy relation, what is
the fuzzy congruence relation generated by α? The study of fuzzy relations
shows that not every fuzzy relation can be generalized to a fuzzy congruence
relation. For this purpose, the set of fuzzy relations on a residuated lattice is
divided into two sets of regular and irregular fuzzy relations. Only a regular
fuzzy relation can be extended to a fuzzy congruence relation. Therefore, to
obtain a fuzzy congruence relation from an irregular fuzzy relation, it must
first be converted to a regular fuzzy relation, as described in this paper.
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2. Preliminaries

Definition 2.1. [2, 8, 10] (i) A residuated lattice is an algebra (L,∨,∧,¯,→
, 0, 1) of type (2,2,2,2,0,0) such that
(a) (L,∨,∧, 0, 1) is a bounded lattice with the greatest element 1 and the
smallest element 0,
(b) (L,¯, 1) is a commutative monoid,
(c) (¯,→) is an adjoint couple on L,
(ii) A resituated lattice L is called an MTL-algebra, if it satisfies the pre-
linearity equation:
(x→ y) ∨ (y → x) = 1 for all x, y ∈ L,
(iii) An MTL-algebra L is called an IMTL-algebra, if (x → 0) → 0 = x,
for all x ∈ L,
(iv) An MTL-algebra L is called a BL-algebra if x ∧ y = x¯ (x→ y), for
all x, y ∈ L.

Proposition 2.2. [2, 8, 10] The following properties hold for any resitu-
ated lattice((R1)-(R10)),MTL-algebra((R1)-(M8)) and BL-algebra ((R1)-
(B2)).
(R1): x ≤ y ⇔ x→ y = 1,
(R2): 1→ x = x, x→ 1 = 1, x→ x = 1, 0→ x = 1, x→ (y → x) = 1,
(R3): x ≤ y → z ⇔ y ≤ x→ z,
(R4): x→ (y → z) = (x¯ y)→ z = y → (x→ z),
(R5): x ≤ y implies z → x ≤ z → y and y → z ≤ x→ z,
(R6): z → y ≤ (x→ z)→ (x→ y), z → y ≤ (y → x)→ (z → x),
(R7): (x→ y)¯ (y → z) ≤ x→ z,
(R8): x∗ = x∗∗∗, x ≤ x∗∗, when x∗ = x→ 0,
(B1): (x∧y)∗∗ = (x∗∗∧y∗∗),(x∨y)∗∗ = (x∗∗∨y∗∗), (x¯y)∗∗ = (x∗∗¯y∗∗),
(B2): (x∗∗ → x)∗ = 0, (x→ y)∗∗ = (x∗∗ → y∗∗).
for any x, y, z ∈ L.

For any BL-algebra A, B(A) denotes the Boolean algebra of all comple-
mented elements in L(A). Hence, B(A)= B(L(A)).

Proposition 2.3. [7] Let e ∈ A. The following are equivalent:
(i) e ∈ B(A).
(ii) e¯ e = e and e∗∗ = e.
(iii) e¯ e = e and e∗ → e = e.
(iv) e ∨ e∗ = 1.
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Definition 2.4. [6, 15] Let X be a non-empty set. A fuzzy relation on X
is a map η from X ×X to the [0, 1], and R(X) will denote the set of all
fuzzy relations on X.

Definition 2.5. [15, 16] Let ϕ,ψ ∈ R(X). Then:
(i) ϕ ⊆ ψ if and only if ∀x, y ∈ X,ϕ(x, y) ≤ ψ(x, y).
(ii) (ϕ ∪ ψ)(x, y) = ϕ(x, y) ∨ ψ(x, y).
(ii) (ϕ ∩ ψ)(x, y) = ϕ(x, y) ∧ ψ(x, y).
(iii)ϕ−1(x, y) = ϕ(y, x).
(v) (ϕ ◦ ψ)(x, y) = W

z∈X{ϕ(x, z) ∧ ψ(z, y)}.

Definition 2.6. [15] A fuzzy relation R on X is called a fuzzy equivalence
or similarity relation on X if:
(i) R(x, x) = 1 for all x ∈ X (reflexive).
(ii)R(x, y) = R(y, x) for all x, y ∈ X (symmetric).
(iii) R ◦R ≤ R (transitive).

Definition 2.7. [9] A fuzzy equivalence relation θ on a residuated lattice
L is called a fuzzy congruence relation on L if
(C1) θ(x¯ y, z ¯ w) ≥ θ(x, z) ∧ θ(y, w).
(C2) θ(x→ y, z → w) ≥ θ(x, z) ∧ θ(y, w).
(C3) θ(x ∧ y, z ∧w) ≥ θ(x, z) ∧ θ(y, w).
(C4) θ(x ∨ y, z ∨w) ≥ θ(x, z) ∧ θ(y, w).
for all x, y, z, w ∈ L.

Definition 2.8. [10]. A filter of residuated lattice L is a nonempty subset
F of L such that for all a, b ∈ L,we have:
(1) a, b ∈ F implies a¯ b ∈ F .
(2) a ∈ F and a ≤ b imply b ∈ F .

Definition 2.9. [18] A non empty subset F of residuated lattice L is a
called deductive system if
(a) 1 ∈ F and
(b) x ∈ F and x→ y ∈ F . Then y ∈ F for all x, y ∈ L.

Proposition 2.10. [18] A non empty subset F of L is a deductive system
if and only if F is a filter.
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3. Some results of fuzzy congruence relations

Throughout this paper, we consider L to a residuated lattice, unless other-
wise stated.

Theorem 3.1. Suppose that F is a nonempty subset of L and t ∈ [0, 1).
Then F is a filter of L if and only if

α(x, y) =

(
1 if (x→ y)¯ (y → x) ∈ F
t otherwise

is a fuzzy congruence relation on L.

Proof. Suppose that F is a filter of L. Then it is clear that α is a
fuzzy reflexive and symmetric. For transitivity it is sufficient to prove, if
α(x, z) = α(z, y) = 1, then α(x, y) = 1. Therefore (x → z)¯ (z → x) ∈ F
and (y → z) ¯ (z → y) ∈ F , so by Definition 2.8 (2), we have x → z and
z → y belong to F, on the other hand, since z → y ≤ (x → z) → (x → y)
and F is a filter we have x→ y ∈ F . Similarly we obtain y → x ∈ F . Thus
we have (x→ y)¯ (y → x) ∈ F and it implies α(x, y) = 1. Therefore α is
a fuzzy equivalence relation on L so we prove C1 − C4.
(C1) If α(x, z) = α(y, w) = 1, then (x→ z)¯ (z → x) ∈ F and (y → w)¯
(w→ y) ∈ F . Now we prove θ(x¯y, z¯w) = 1. Since x¯y → y¯z ≥ x→ z
and z ¯ y → x¯ y ≥ z → x, we have (x¯ y → y ¯ z)¯ (z ¯ y → x¯ y) ≥
(x → z) ¯ (z → x), hence (x ¯ y → y ¯ z) ¯ (z ¯ y → x ¯ y) ∈ F and
it implies α(x ¯ y, y ¯ z) = 1. Similarly, α(y ¯ z, w ¯ z) = 1, hence by
transitivity

θ(x¯ y, z ¯ w) ≥ α(x¯ y, y ¯ z) ∧ α(y ¯ z, w ¯ z) = θ(x, z) ∧ θ(y,w) = 1.

(C2) The proof is similar to the proof of (C1).
(C3) Suppose that α(x, z) = α(y, w) = 1. Then by R12, we have

x ∧ y → y ∧ z = (x ∧ y → y) ∧ (x ∧ y → z)

= 1 ∧ (x ∧ y → z)

= x ∧ y → z

≥ x→ z.
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Similarly, y∧z → x∧y ≥ z → x, hence [x∧y → y∧z]¯[y∧z → x∧y] ∈ F .
Therefore α(x∧ y, y ∧ z) = 1. In a similar way we have α(y ∧ z, z ∧w) = 1,
hence by transitivity we have

α(x ∧ y, z ∧ w) = 1

and it completes the proof.

Conversely if α is a fuzzy congruence relation given by the rule, then
by reflexivity we have for all x ∈ L, α(x, x) = 1, hence (x → x) ¯ (x →
x) = 1 ¯ 1 = 1 ∈ F . If x, y ∈ F , then x = (x → 1) ¯ (1 → x) ∈ F , this
implies that α(x, 1) = 1, similarly we have α(y, 1) = 1. By Definition 2.7
(C1), we have α(x¯ y, 1) = α(x¯ y, 1¯ 1) ≥ α(x, 1) ∧ α(y, 1) = 1 ∧ 1 = 1,
hence α(x¯ y, 1) = 1, and it follows that x¯ y ∈ F . On the other hand if
x ∈ F and x ≤ y, then we have α(x, 1) = 1, and so by Definition 2.7 (C2),
we have α(1, y) = α(x → y, y) = α(x → y, 1 → y) ≥ α(x, 1) ∧ α(y, y) = 1,
hence α(1, y) = 1, and this implies that y = (y → 1)¯ (1→ y) ∈ F . Now
by Definition 2.8, we have F is a filter. 2

Theorem 3.2. Let α be a fuzzy relation on L. Then α is reflexive and
transitive if and only if for all t ∈ [0, 1], αt = {x→ y ∈ L|α(x, y) ≥ t} is a
filter of L.

Proof. Let α be a reflexive and transitive fuzzy relation. Then for
x ∈ L and t ∈ [0, 1], α(x, x) = 1 ≥ t so x → x = 1 ∈ αt. If x ∈ αt and
x → y ∈ αt, then α(1, x) ≥ t and α(x, y) ≥ t, hence by transitivity we
have α(1, y) ≥ α(1, x) ∧ α(x, y) ≥ t, we have 1 → y = y ∈ αt. Conversely
since for all x ∈ L, x → x = 1 ∈ α1, it follows that α(x, x) ≥ 1, hence
α(x, x) = 1. Therefore α is reflexive. Suppose that α(x, y) ∧ α(y, z) = t.
Then we have α(x, y) ≥ t and α(y, z) ≥ t, so x → y ∈ αt and y → z ∈ αt.
αt is a filter, (x → y) ¯ (y → z) ≤ x → z and x → z ∈ αt, hence
α(x, z) ≥ t = α(x, y) ∧ α(y, z). Therefore α is transitive. 2

Corollary 3.3. Let α be a fuzzy relation on L. Then α is a fuzzy equiva-
lence (congruence) relation if and only if for all t ∈ [0, 1], αt = {x → y ∈
L|α(x, y) ≥ t} is a filter of L.

Theorem 3.4. Let α be a fuzzy congruence relation on L. Then:
(i) α(x, y) = α(x∗, y∗), for all x, y ∈ B(L).
(ii)αt = {(x, y) ∈ L× L|α(x, y) ≥ t} is a congruence relation on L.
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Proof. (i) α(x, y) = α(x∗∗, y∗∗) = α(x∗ → 0, y∗ → 0) ≥ α(x∗, y∗) ≥
α(x, y).
(ii) It is easy to check that α is a equivalence relation. Let (x, y) ∈ αt and
(z, w) ∈ αt. Then α(x, y) ≥ t and α(z, w) ≥ t, hence α(x → z, y → w) ≥
α(x, y)∧α(z, w) ≥ t, consequently we have (x→ z, y → w) ∈ αt. It is clear
that IL = {(x, x)|x ∈ L} and L are the smallest and the biggest congruence
relations in L, respectively. 2

Theorem 3.5. Let α be a fuzzy congruence relation on L and
α(x, y) < α(z, w) such that z, w ∈ B(L). Then:
(i) α(x, y) = α(x ∧ z, y ∧w) or α(x, y) = α(x ∧ z∗, y ∧w∗).
(ii) α(x, y) = α(x ∨ z, y ∨ w) or α(x, y) = α(x ∨ z∗, y ∨ w∗).
(iii) α(x, y) = α(x¯ z, y ¯ w) or α(x, y) = α(x¯ z∗, y ¯ w∗).

Proof. Suppose that α(x, y) < α(z, w) and z, w ∈ B(L). Then:
(i): By Definition 2.7, α(x ∧ z, y ∧ w) ≥ α(x, y) ∧ α(z, w) = α(x, y) (1).

α(x, y) = α(x ∧ 1, y ∧ 1) = α(x ∧ (z ∨ z∗), y ∧ (w ∨w∗))
= α((x ∧ z) ∨ (x ∧ z∗), (y ∧w) ∨ (y ∧ w∗))
≥ α(x ∧ z, y ∧ w) ∧ α(x ∧ z∗, y ∧ w∗)

If α(x ∧ z, y ∧w) ∧ α(x ∧ z∗, y ∧w∗) = α(x ∧ z, y ∧w), then by (1) and
above inequality we have α(x, y) = α(x ∧ z, y ∧ w). If α(x ∧ z, y ∧ w) ∧
α(x ∧ z∗, y ∧ w∗) = α(x ∧ z∗, y ∧ w∗), then α(x, y) ≥ α(x ∧ z∗, y ∧ w∗).
On the other hand since α(z∗, w∗) ≥ α(z, w), we have α(x ∧ z∗, y ∧ w∗) ≥
α(x, y) ∧ α(z∗, w∗) = α(x, y). Therefore α(x, y) = α(x ∧ z∗, y ∧ w∗).
(ii) We know α(x ∨ z, y ∨ w) ≥ α(x, y) ∧ α(z, w) = α(x, y) (2). Also

α(x, y) = α(x ∨ 0, y ∨ 0) = α(x ∨ (z ¯ z∗), y ∨ (w ¯w∗))

= α((x ∨ z)¯ (x ∨ z∗), (y ∨w)¯ (y ∨ w∗))
≥ α(x ∨ z, y ∨w) ∧ α(x ∨ z∗, y ∨ w∗)

In above inequality, if α(x∨z, y∨w)∧α(x∨z∗, y∨w∗) = α(x∨z, y∨w),
then α(x, y) ≥ α(x∨z, y∨w). Hence by (2) we have α(x, y) = α(x∨z, y∨w).
If α(x ∨ z, y ∨ w) ∧ α(x ∨ z∗, y ∨ w∗) = α(x ∨ z∗, y ∨ w∗), then α(x, y) ≥
α(x∨z∗, y∨w∗). Similar to (i) we have α(x∨z∗, y∨w∗) ≥ α(x, y). Therefore
α(x, y) = α(x ∨ z∗, y ∨ w∗) and this completes the proof. 2
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Theorem 3.6. Let α be a fuzzy symmetric relation on L and 1 ∈ Img(α).
Then α is a fuzzy congruence relation on L, if

(x→ y)¯ (t→ z) ≤ u→ v implies α(x, y) ∧ α(t, z) ≤ α(u, v)

for all x, y, t, z, u, v ∈ L (1)

Proof. If (1) holds and x, y, z, t, u, v ∈ L. Since (x → y) ¯ (x → y) ≤
u → u, and so by (1) α(x, y) ∧ α(x, y) = α(x, y) ≤ α(u, u) this implies
α(u, u) = 1 (reflexivity). Since (x→ y)¯ (y → z) ≤ x→ z, we have by (1)
α(x, y) ∧ α(y, z) ≤ α(x, z) (transitivity). Hence α is equivalence relation.
If in (1) we put t = z, then we have

x→ y ≤ u→ v implies α(x, y) ≤ α(u, v) for all x, y, u, v ∈ L (1∗)

Now, by Definition 2.7 it is sufficient to prove C1, C2, C3 and C4. Since
by R11, x¯ y → y¯ z ≥ x→ z and y¯ z → w¯ z ≥ y → w, so by (1∗) we
have α(x¯ y, y ¯ z) ≥ α(x, z) and α(y ¯ z, w ¯ z) ≥ α(y,w) and it follows
that

α(x¯ y, w ¯ z) ≥ α(x¯ y, y ¯ z) ∧ α(y ¯ z,w ¯ z)
(by transitivity property)
≥ α(x, z) ∧ α(y, w)

(C2)

Since (x → y) → (z → y) ≥ z → x and (z → y) → (z → w) ≥ y → w,
so by (1∗) we have α(x → y, z → y) ≥ α(z, x) and α(z → y, z → w) ≥
α(y, w). It follows that

α(x→ y, w → z) ≥ α(x→ y, z → y) ∧ α(z → y, z → w)
(by transitivity property)
≥ α(x, z) ∧ α(y, w)

(C3) By R12, we have

x ∧ y → y ∧ z = (x ∧ y → y) ∧ (x ∧ y → z)

= 1 ∧ (x ∧ y → z)

= x ∧ y → z

≥ x→ z.

Therefor by (1∗) we have α(x∧ y, y ∧ z) ≥ α(x, z). In a similar way, we
have α(y ∧ z, w ∧ z) ≥ α(y, w). Hence
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α(x ∧ y, w ∧ z) ≥ α(x ∧ y, y ∧ z) ∧ α(y ∧ z, w ∧ z) (by transitivity property)
≥ α(x, z) ∧ α(y, w)

(C4) The proof is similar to the proof of (C3). 2

4. Union of fuzzy congruence relation

In this section, in Theorem 4.1 is shown that the union of two filters is a
filter if and only if one of the filters is contained in the other. Does this
theorem apply to fuzzy congruence relations as well? For this purpose, it is
enough to answer the question of whether there are two fuzzy congruence
relations, neither of which includes the other, but the union of them is a
fuzzy congruence relation? This question will be answered as follows.

Theorem 4.1. Let F1 and F2 be filters of L. Then F1∪F2 is a filter if and
only if F1 ⊆ F2 or F2 ⊆ F1.

Proof. (⇒) Suppose that F1, F2 and F1 ∪F2 are filters. If F1 6⊆ F2 and
F2 6⊆ F1, then by suppose there are a, b ∈ L, such that a ∈ F1,a /∈ F2 and
b ∈ F2, b /∈ F1. Since F1 ∪ F2 is a filters, hens a ∧ b ∈ F1 ∪ F2. Therefore
a ∧ b ∈ F1 or a ∧ b ∈ F2. If a ∧ b ∈ F1, then a ∧ b → b = 1 ∈ F1, and
this implies that b ∈ F1. This is a contradiction with b /∈ F1. Similarly if
a∧ b ∈ F2, we have a ∈ F2 and this a contradiction with a /∈ F2. Therefore
F1 ⊆ F2 or F2 ⊆ F1.
⇐ The proof is straightforward. 2

Example 4.2. Let L = {0, a, b, c, 1} and operations “→” and “¯” on L
are defined as follows:

→ 0 a b c 1

0 1 1 1 1 1
a 0 1 1 1 1
b 0 a 1 c 1
c 0 a b 1 1
1 0 a b c 1

¯ 0 a b c 1

0 0 0 0 0 0
a 0 a a a a
b 0 a b a b
c 0 a a c c
1 0 a b c 1

Let ∧ and ∨ are defined on L by sup and inf , respectively. Then
(L,∧,∨,¯, 0, 1) is a residuated lattice. It is easy to check that F1 = {1, b}
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and F2 = {1, c} are filters. If ti ∈ [0, 1], 0 ≤ i ≤ 2, such that 1 > t1 > t2,
then by Theorem 3.1, the fuzzy relations

α1(x, y) =

(
1 if (x→ y)¯ (y → x) ∈ F1
t1 otherwise

and

α2(x, y) =

(
1 if (x→ y)¯ (y → x) ∈ F2
t2 otherwise

are fuzzy congruence relations on L, but the union of these fuzzy congruence
relations given by

α(x, y) = (α1 ∪ α2)(x, y) =
(
1 if (x→ y)¯ (y → x) ∈ F1 ∪ F2
t1 otherwise

is not a fuzzy congruence relations on L. If b ∈ F1 and c ∈ F2, then

α(c¯ b, 1) = α(a, 1) = t1α(c, 1) ∧ α(b, 1) = 1

Let α be a fuzzy congruence relation on L such that Imα = {1, t} and
0 < t < 1. Then there exist fuzzy congruence relations α1 and α2 on L
such that α = α1 ∪ α2, α1 6⊆ α2 and α2 6⊆ α1.

Proof. Let F1 and F2 be filters of L such that F1 ⊂ F2 and 1 > t1 >
t2 ≥ 0. Then by Theorem 3.1, the fuzzy relation α1 and α2 on L given by

α1(x, y) =

(
1 if (x→ y)¯ (y → x) ∈ F1
t1 otherwise

α2(x, y) =

(
1 if (x→ y)¯ (y → x) ∈ F2
t2 otherwise

are fuzzy congruence relations on L. Since for all x, y ∈ F2−F1, α2(x, y) >
α1(x, y), also for all x, y ∈ L−F2, α2(x, y) < α1(x, y). Therefore α2(x, y) 6=
α1(x, y).

α1 6⊆ α2 and α2 6⊆ α1. Also

α(x, y) = (α1 ∪ α2)(x, y) =
(
1 if (x→ y)¯ (y → x) ∈ F2
t1 otherwise
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is a fuzzy congruence relation. 2

Now the question is whether theorem 4, also is valid for |IMα| ≤ 3 or
not? The following Theorem responds this question.

Let α be a fuzzy congruence relation on L such that 3 ≤ |Imα| < ∞.
Then there exist fuzzy congruence relations α1 and α2 such that α = α1∪α2,
α1 6⊆ α2 and α2 6⊆ α1.

Proof. Let α be a fuzzy congruence relation on L and Imα = {t0 =
1, t1, ..., tn}, which 2 ≤ n < ∞ and 1 = t0 > t1 > t2 > ... > tn. Then we
choose r1, r2 ∈ [0, 1] such that 1 = t0 > t1 > r1 > t2 > r2 > t3.. > tn

α1(x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if (x→ y)¯ (y → x) ∈ αt0
t1 if (x→ y)¯ (y → x) ∈ αt1 − αt0
r2 if (x→ y)¯ (y → x) ∈ αt2 − αt1
α(x, y) otherwise

α2(x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if (x→ y)¯ (y → x) ∈ αt0
r1 if (x→ y)¯ (y → x) ∈ αt1 − αt0
t2 if (x→ y)¯ (y → x) ∈ αt2 − αt1
α(x, y) otherwise

It is obvious that α1 and α2 are fuzzy congruence relations on L and
α = α1 ∪ α2, but α1 6⊆ α2 and α2 6⊆ α1 2

Corollary 4.3. Let α be a fuzzy congruence relation on L such that 2 ≤
|Imα| < ∞. Then there exist fuzzy congruence relations α1 and α2 such
that α = α1 ∪ α2, α1 6⊆ α2 and α2 6⊆ α1.

Example 4.4. In Example 5.3, hρi is a fuzzy congruence relation, we put
hρi = β, if r1 = .5, r2 = .2, then by Theorem 4, fuzzy congruence relations
β1 and β2 is constructed as follows:

β1(x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if (x→ y)¯ (y → x) ∈ {1}
.7 if (x→ y)¯ (y → x) ∈ {1, b}− {1}
.2 if (x→ y)¯ (y → x) ∈ {1, a, b, c}− {1, b}
β(x, y) if (x→ y)¯ (y → x) ∈ L− {1, a, b, c}

and

β2(x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if (x→ y)¯ (y → x) ∈ {1}
.5 if (x→ y)¯ (y → x) ∈ {1, b}− {1}
.3 if (x→ y)¯ (y → x) ∈ {1, a, b, c}− {1, b}
β(x, y) if (x→ y)¯ (y → x) ∈ L− {1, a, b, c}
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It is easy to check that β1 and β2 are fuzzy congruence relations and β =
β1 ∪ β2, where β1 6⊆ β2 and β2 6⊆ β1.

5. Fuzzy congruence relation generated by a fuzzy relation

In this section, we construct the fuzzy congruence relation generated by a
fuzzy relation in residuated lattices. For this purpose, by supposing that α
is a fuzzy relation, we must consider two states: 1 ∈ Imα and 1 /∈ Imα.
The filter generated by set X, and the fuzzy congruence relation generated
by fuzzy relation α are denoted by hXi and hαi, respectively.

Definition 5.1. Let α be a fuzzy relation on L. Then α is called a regular
fuzzy relation if there exist fuzzy equivalence relation ρ such that α ⊆ ρ or
for all (x, y) ∈ Dom(α), α(x, y) = ρ(x, y). In other words the fuzzy relation
α is a regular fuzzy relation if it can be extended to a fuzzy equivalence
relation. A fuzzy relation is called an irregular fuzzy relation if it is not a
regular fuzzy relation.

Example 5.2. In Example 5.3, it is clear to check that α and ρ are regular
fuzzy relations, but β, θ and γ that given by

β(u, v) =

⎧⎪⎨⎪⎩
.5 if u = v = b or u = v = c
.3 if u, v ∈ {1, b} and u 6= v
.2 if u, v ∈ {b, c, 0} and u 6= v

θ(u, v) =

⎧⎪⎨⎪⎩
.3 if u = a and v = b
.2 if u = b and v = a
.1 if u, v ∈ {b, c, 0} and u 6= v

γ(u, v) =

⎧⎪⎨⎪⎩
.3 if u = a and v = b
.2 if u = b and v = c
.1 if u, v ∈ {a, c, 0} and u 6= v

are irregular fuzzy relations. Since β(a, a) = β(c, c) = .3 < 1, θ(a, b) 6=
θ(b, a) and γ(a, b) ∧ γ(b, c) = .2 > γ(a, c) = .1, it follows that β, θ and γ
are not reflexive, symmetric and transitive respectively.
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†If α is an irregular fuzzy relation, then we have at least one of these
cases:

Case 1: α contradict reflexive property. So we must correct this part. For
example

β(u, v) =

⎧⎪⎨⎪⎩
.5 if u, v ∈ {a, c}
.3 if u, v ∈ {1, b} and u 6= v
.2 if u, v ∈ {b, c, 0} and u 6= v

Then β(a, a) = β(c, c) = .5 and this contradict β(a, a) = β(c, c) = 1.
Therefore we omit this part and we have

β(u, v) =

⎧⎪⎨⎪⎩
.5 if u, v ∈ {a, c} and u 6= v
.3 if u, v ∈ {1, b} and u 6= v
.2 if u, v ∈ {b, c, 0} and u 6= v

β is a regular fuzzy relation and we have hβi =
D
β
E
.

Case 2: α contradict symmetric property. So there exist a, b ∈ L, such
that α(a, b) < α(b, a). In order to correct this part we define α(a, b) =
α(b, a) = α(b, a). For instance in Example 5.2, we have

θ(u, v) =

(
.3 if u = a and v = b
.1 if u, v ∈ {b, c, 0} and u 6= v

θ is a regular fuzzy relation and we have hθi =
D
θ
E
.

Case 3: α contradict transitive property. So there exist a, b, c ∈ L,
such that α(a, b) ∧ α(b, c) > α(a, c), in order to correct this part we de-
fine α(a, c) = α(a, b) ∧ α(b, c). For instance in Example 5.2, we define
γ(a, c) = γ(a, b) ∧ γ(b, c) = .2, so

γ(u, v) =

⎧⎪⎨⎪⎩
.3 if u = a and v = b
.2 if (u, v) = (a, c) or (b, c)
.1 if u, v ∈ {a, c, 0} and (u, v) 6= (a, c)
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and we have

hγi (x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if (x→ y)¯ (y → x) ∈ h1i
.3 if (x→ y)¯ (y → x) ∈ ha, bi− h1i = {1, a, b, c}− {1}
.1 if (x→ y)¯ (y → x) ∈ h{1, a, b, c}, 0, a, ci− ha, bi

=L-{ 1,a,b,c }

Let α be a regular fuzzy relation on L, Imα = {t0, t1, ...., tn}, such that
1 ≥ t0 > t1 > t2.... > tn ≥ 0. Then
if t0 = 1 (In this case if for all α(u, v) = t0 = 1, u = v, then F0 = {1})

hαi (x, y) =
(
1 if (x→ y)¯ (y → x) ∈ F0
ti if (x→ y)¯ (y → x) ∈ Fi − Fi−1 1 ≤ i ≤ n

else if t0 < 1

hαi (x, y) =

⎧⎪⎨⎪⎩
1 if (x→ y)¯ (y → x) ∈ h1i
t0 if (x→ y)¯ (y → x) ∈ F0 − h1i
ti if (x→ y)¯ (y → x) ∈ Fi − Fi−1 1 ≤ i ≤ n

With these conditions that Xi = {x, y ∈ L | α(x, y) = ti and x 6= y},
Fi = hXi ∪ Fi−1i for 0 ≤ i ≤ n. Where F−1 = ∅ and Fn = L.

Proof. Let α be a regular fuzzy relation on L. Then it is clear that hαi
is reflexive and symmetric. Now we prove hαi is transitive. If hαi (x, y) = ti
and hαi (y, z) = tj such that tj ≤ ti (i ≤ j), then we have (x→ y)¯ (y →
x) ∈ Fi−Fi−1 and (y → z)¯ (z → y) ∈ Fj −Fj−1. Since Fi ⊆ Fj , we have
(x→ y)¯ (y → x) ∈ Fj and (y → z)¯ (z → y) ∈ Fj , hence

(x→ y)¯ (y → x)¯ (y → z)¯ (z → y) ∈ Fj

Therefore

(x→ y)¯ (y → x)¯ (y → z)¯ (z → y) = [(x→ y)¯ (y → z)]

¯[(z → y)¯ (y → x)]

≤ (x→ z)¯ (z → x)

and it implies that (x → z)¯ (z → x) ∈ Fj . Since ∪t=jct=0(Ft − Ft−1) = Fj ,
hence there exist k ≤ J such that (x → z) ¯ (z → x) ∈ Fk − Fk−1 and
consequently α(x, z) = tk ≥ α(x, y)∧α(y, z) = tj . Now by Definition 2.7, it
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is sufficient to prove C1−C4. The Proof of (C1) and (C2) are similar, so we
prove (C2). If hαi (x, z) = ti and hαi (y, w) = tj such that tj ≤ ti (i ≤ j),
then we have (x → z) ¯ (z → x) ∈ Fi − Fi−1 and (y → w) ¯ (w → y) ∈
Fj −Fj−1. Since Fi ⊆ Fj , it follows that (x→ z)¯ (z → x) ∈ Fj and (y →
w)¯ (w → y) ∈ Fj . On the other hand since (x→ y)→ (z → y) ≥ z → x
and (z → y)→ (x→ y) ≥ x→ z, we have

[(x→ y)→ (z → y)]¯ [(z → y)→ (x→ y)] ≥ (x→ z)¯ (z → x)

Hence [(x→ y)→ (z → y)]¯ [(z → y)→ (x→ y)] ∈ FJ . Since ∪t=jct=0(Ft −
Ft−1) = Fj , hence there exist (k1 ≤ J) such that [(x → y) → (z →
y)] ¯ [(z → y) → (x → y)] ∈ Fk1 − Fk1−1, hence α(x → y, z → y) = tk1 .
Similarly there exist (k2 ≤ J) such that α(z → y, z → w) = tk2 . Now since
hαi is transitive, we have

hαi (x→ y, z → w) ≥ hαi (x→ y, z → y) ∧ hαi (z → y, z → w)

= min{tk1 , tk2}
≥ tj = hαi (x, z) ∧ hαi (y,w)

(C4) Similar to (C2) for hαi (x, z) and hαi (y, w), there exist ti and tj in
Imρ such that tj ≤ ti, so Fi ⊆ Fj and we have (x→ z)¯ (z → x) ∈ Fj and
(y → w)¯ (w→ y) ∈ Fj . On the other hand since

(x ∨ y)→ (z ∨ y) ≥ (x→ z ∨ y) ∧ (y → z ∨ y)
= (x→ z ∨ y)
≥ x→ z

Similarly we have (z ∨ y)→ (x ∨ y) ≥ z → x, so

[(x ∨ y)→ (z ∨ y)]¯ [(z ∨ y)→ (x ∨ y)] ≥ (x→ z)¯ (z → x)

Therefore [(x∨y)→ (z∨y)]¯ [(z∨y)→ (x∨y)] ∈ Fj , so there exist k
0 ≤ J

such that [(x ∨ y) → (z ∨ y)] ¯ [(z ∨ y) → (x ∨ y)] ∈ Fk0 − Fk0−1, hence

α(x∨ y, z∨ y) = tk0 . Similarly there exist k
00 ≤ J and α(z∨ y, z∨w) = tk00 .

Now since hαi is transitive we have

hαi (x ∨ y, z ∨ w) ≥ hαi (x ∨ y, z ∨ y) ∧ hαi (z ∨ y, z ∨ w)
= min{tk0 , tk00}
≥ tj = hαi (x, z) ∧ hαi (y, w)
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2

Example 5.3. In Example 4.2, it is easy to check that {1}, {1, b} and
{1, c} and {1, a, b, c} are proper filters. If ti ∈ [0, 1], 1 ≤ i ≤ 2, such that
1 ≥ t0 > t1 > t2, and fuzzy relations α and ρ are defined as follows:

α(u, v) =

⎧⎪⎨⎪⎩
t0 = 1 if u = v
t1 if u, v ∈ {1, b} and u 6= v
t2 if u, v ∈ {b, c, 0} and u 6= v

ρ(u, v) =

⎧⎪⎨⎪⎩
.7 if u, v ∈ {1, b} and u 6= v
.3 if u, v ∈ {c, a} and u 6= v
.1 if u, v ∈ {0, a} and u 6= v

Then

hαi (x, y) =

⎧⎪⎨⎪⎩
t0 = 1 if (x→ y)¯ (y → x) ∈ h1i
t1 if (x→ y)¯ (y → x) ∈ h1, bi− h1i
t2 if (x→ y)¯ (y → x) ∈ h1, b, 0, ci− h1, bi = L− {1, b}

hρi (x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1 if (x→ y)¯ (y → x) ∈ h1i
.7 if (x→ y)¯ (y → x) ∈ h1, bi− h1i = {1, b}− {1}
.3 if (x→ y)¯ (y → x) ∈ hh1, bi , c, ai− h1, bi

={1,a,b,c}-{1,b}
.1 if (x→ y)¯ (y → x) ∈ hh1, a, b, ci , 0i− h1, a, b, ci

=L-{1,a,b,c}

Theorem 5.4. In Theorem 5, if Fn 6= L, then we have
if t0 = 1 (In this case if for all α(u, v) = t0 = 1, u = v, then F0 = {1})

hαi (x, y) =

⎧⎪⎨⎪⎩
1 if (x→ y)¯ (y → x) ∈ F0
ti if (x→ y)¯ (y → x) ∈ Fi − Fi−1 1 ≤ i ≤ n
0 if (x→ y)¯ (y → x) ∈ L− Fn

else if t0 < 1

hαi (x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if (x→ y)¯ (y → x) ∈ h1i
t0 if (x→ y)¯ (y → x) ∈ F0 − h1i
ti if (x→ y)¯ (y → x) ∈ Fi − Fi−1 1 ≤ i ≤ n
0 if (x→ y)¯ (y → x) ∈ L− Fn
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Proof. The proof is similar to the proof of Theorem 5. 2

In the case that α is an irregular fuzzy relation, we must consider differ-
ent states, for instance, we obtain the fuzzy congruence relations generated
by irregular fuzzy relations β and θ in Example 5.3.

Example 5.5. Let β and θ be fuzzy relations in Example 5.3. Then the
fuzzy congruence relations generated by β and θ are denoted as follows:

hβi (x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if(x→ y)¯ (y → x) ∈ h1i
.3 if(x→ y)¯ (y → x) ∈ h1, bi− h1i
.2 if(x→ y)¯ (y → x) ∈ h1, b, 0, ci− h1, bi

=L-{1,b}

hθi (x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if (x→ y)¯ (y → x) ∈ h1i
.3 if (x→ y)¯ (y → x) ∈ ha, bi− h1i = {1, a, b, c}− {1}
.1 if (x→ y)¯ (y → x) ∈ hh1, a, b, ci , 0i− h1, a, b, ci

=L-{1,a,b,c}

6. Conclusion

It is well known that a congruence relation is an important subject in
algebraic systems. In this paper, contrary to the theory of filters, it is first
proved that there are fuzzy congruence relations, none of which includes
the other, but union of them is a fuzzy congruence relation. Regular and
irregular fuzzy relation is introduced and by this item the fuzzy equivalence
generated by a fuzzy relation is investigated.
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