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Abstract

We consider, for a bounded open domain Q in R™; (n > 1) and
a function u : Q@ — IR™; (m > 1) the quasilinear elliptic system:

—divo (z,u (z), Du(x)) v(x) + f(z,u) + divg(z,u) inQ
U = 0 on 09,

(QESw),q) {
(0.1)

Which is a Dirichlet problem. Here, v belongs to the dual space
W_l’p/(Q,w*7Rm), (% + ﬁ =1, p> 1), f and g satisfy some stan-
dard continuity and growth conditions. we will show the existence of a
weak solution of this problem in the four following cases: o is mono-

tonic, o is strictly monotonic, o is quasi montone and o derives from
a convex potential.

Subject Classification: 35J20, 35J25.

Keywords: Quasilinear elliptic system, Young measure, Galerkin
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1. Introduction

In this paper, the main point is that we not require monotonicity in the
or strict monotonicity of a typical Leray-Lions operators as it is usually
assumed in previous papers. The aims of this paper is to prove analo-
gous existence results under relaxed monotonicity, in particular under strict
quasi-monotonicity. The main technical tool we handle and use throughout
the proof are Young measures. By applying a Galerkin schema, we obtain
easily an approximating sequence uy. The Ball theorem [1] and especially
the resulting tools mode available by Hungerbiihler to partial differential
equation theory give then a sufficient control on the gradient approximat-
ing sequence Duy to pass to the limit.This method is used by Dolzmann
[4], Muller [8], L. Boccardo; F. Murat [11], M. Candela [12] and Mainly by
Hungurbiihler to get the existence of a weak solution for the quasilinear el-
liptic system [14]. This paper can be seen as generalization of Hungerbiihler
and as a continuation of Y- Akdim [17]and [18]. we also based on all the
following references [3], [5], [6], [7], [9], [10] and [13].

2. Preliminary

Let w = {wij s 01 <y 1 <5< m} and wg = (WQj)lgjgm. weight
function systems defined in €2 and satisfying the following integrability con-
ditions:
—1

wij € L} (%), w{}j € L} (), for some p €]1, 00 and 3s > Maz(Z, p+1)

such that w;;” € LY(9Q).
(2.1)
with o* = {wf =wi? . 0<i<n, 1<j<m} o= (o) with
1<s<n, 1<r<m and which satisfies some hypotheses (see below).
We denote by IM™*™ the real vector space of m x n matrices equipped with
the inner product M : N = ZMijNij.

ij
The Jacobian matrix of a function u : Q@ — IR™ is denoted by Du(x) =
(D1u(x), Dau(x), ....., Dpu(x)) with D; = 0/0(x;).
The space W1P(Q,w, IR™) is the set of functions
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with )
LP(Q,wij, R™) = {u=u(z)| |ul|wjr e LP(Q,R™)}.

The weighted space W1P(2,w, IR™) can be equipped by the norm :

m >
[ull pe = Z/Q|uj|pwwd$+ > /Q!DijU|pwijd$ ,
j=1

1<i<n,1<j<m

the norm ||.||1 4 p is equivalent to the norm ||| . |||, on Wol’p(Q,w, IR™), such
1
that, [lull=( Y [ DyulPuydn)?

1<i<n,1<j<m

Proposition 2.1. The weighted Sobolev space WP(Q,w, IR™) is a Ba-
nach space, separable and reflexive. The weighted Sobolev space WO1 P(Q,w, R™)
is the closure of C§°(2,w, R™) in W1P(Q,w, IR™) equipped by the norm

||'||17p7w .

Proof: The prove of proposition is a slight modification of the analogous
one in [15] [Kufner-Drabek].

Definition 2.1. A Young measure (¥;)cq is called W'P-gradient young
measures (1 < p < o0) if it is associated to a sequence of gradients Duy,
such that uy, is bounded in W1P(Q).

The W'P-gradient young measures (U;),cq is called homogeneous, if it
doesn’t depend on x, i-e, if ¥, =1 for a.e. x € Q.

Theorem 2.1. (Kinderlehrer-Pedregal) Let (v;).ecq, be a family of prob-
ability measures in (C(M™ ™)), then (vy)zeq are WP Young measures if
and only if:

(i) There is a v € WP (Q, IR™) such that Du(z) = / AdY,(A), a.e in
men
Q

(ii)Jensen’s inequality: ¢(Du(zx)) < / ¢(A)dV;(A) hold for all p € XP
M?’I’LX’I’L
quasi-convex, and

(iii) The function: Y(z) = [yymxn |A|PdY,(A) € L' (Q). here, XP denotes the
(not separable) space : XP = {1p € C(M™ ") : |(A)| < c x (14 |AJP), for
all A € M™Y.

See [14].
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Theorem 2.2. (Ball) Let 2 C IR" be Lebesgue measurable, let K C IR™
be closed, and let u; : 2 — IR™, j € IN, be a sequence of Lebesgue measur-
able functions satisfying

u; — K, as j — oo, i-e. given any open neighborhood U of K € IR™
limj_o |z € Q:u;(x) € Ul = 0. Then there exist a subsequence uy of u;
and a family 9.,z € §, of positive measures on IR™, depending measurably
on x, such that

(1) |92lar = / dd, <1, for a.e x € Q.
R™
(i) Suppd, C K for a.e. x € Q.
(iii) f(ur) —* (s, f) / FN)dY,(N) in L®°(R2), for each continuous

functions f : IR™ — IR satlsfymg
lim f(A\) =0, |\ — oo [1].

Theorem 2.3. (Vitali) Let 2 € IR™ be an open bounded domain and let
u, be a sequence in LP (), IR™) with 1 < p < o0,

then u, is a Cauchy sequence in the LP- norm if and only if the two following
conditions holds:

(i) uy, is Cauchy in measure ( i-e.: Ye > 0, | {z € Qlunp(z) —um(x)| >} |[=0
as m,n — oo.

(ii) (Jun|P) is equi-integrable i-e :

(supn/Q |up|Pdx < oo and Ve > 0,36 > 0 such that /E |un|Pdz < € for all

n whenever E C Q and |E| < §.) Note that if u,, converges pointwise, then
Uy, is cauchy in measure.

Hypotheses (Hj) ( Hardy inequality ): There exist a constant ¢ > 0, a
weighted function v and a real q (1 < ¢ < 0o) such that,

(g A |uj<x>|q7j<x>d:c) Sc( > [ Dy ww) ,

1<i<n; 1<5<m

for all u € Wo’p(Q w, R™), with v = {~;/1 <j <m}.

The injection Wo P(Q,w, R™) ——s Lq(Q v, IR™) is compact.

By the conditions (2 1) we have Wo P(Q w, R™) — WhPs(Q, IR™), with
(ps = &), and Wo’p(Q w,R™) —<— L"(Q,IR™) is compact, (by [15])
with

n(s+1)—p

1<r < o= if ps<n(s+1)
7“21 if n(s+1)<ps
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(H1) Continuity: o : Q x IR™ x M™*" — IM™*" is a Carathéodory func-
tion ( i-e z — o(x,u, F') is measurable for every (u, F') € R™ x IM™*"
and (u, F') — o(z,u, F') is continuous for almost every = € ).

(Hj) There exist ¢; > 0,¢p > 0 A1 € L (Q), Ao € LY(Q), A3 € LE/'(Q), 0 <
a<p l<g<ooand f>0suchthat foralll1 <r<n; 1<s<m, we
have the Growths conditions:

1/p/ _
s (2, u, F)| < Bopt?Ma(a +01Z\%!1/p Jugl P e 3D WP F Y
J=1 1<i<n; 1<5<m
(2.2)
and coercivity conditions:

o(z,u, F): F > =Xz ngj /p)\g (@) |uj|*+eo Z wij ()| Fij|P
1<i<n; 1<j<m

(2.3)

(H3) Monotonicity conditions: o satisfies one of the following conditions:

a) For all z € Q, and all w € IR™, the map F +— o(x,u,F) is a C!-
function and is monotone( i-e, (o(z,u, F) —o(z,u,G)) : (F—G) >0
for all z € Q, all w e R™ and all F,G € IM™ ™).

b) There exists a function W : Q x R™ x M™*" — IM™*" such that

o(xz,u, F) = a‘;/(x u, F) and F —— W(x,u, F) is convex and C!
function.

c) For all x € Q, and for all w € IR™ the map F +—— o(x,u, F') is strictly
monotone (i.e, o(z,u,.) is monotone and :

[(o(z,u, F) —o(z,u,@)) : (F—G)=0= F =QG).

d) o(z,u, F) is strictly p-quasi-monotone in F, i.e,
/ (o(z,u, ) — o(@,u, N) : (A= N))dI(A) > 0,
M'mxn

for all homogeneous W1P-gradient young measures ¥ with center of
mass A = (¥, id) which are not a single Dirac mass.

The main point is that we do not require strict monotonicity or mono-
tonicity in the variables (u, F') in (Hs) as it is usually assumed in
previous work see ([2] or [16]). (Fp): ( continuity) f: Q x R™ — R™
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is a Carathéodory function i-e: x — f(x,u) is measurable for every
u € IR™, and, u — f(x,u) is continuous for almost every x € Q.
(F1): (growth condition ): There exist : b; € L” (Q) such that :

Lo a1 .
()] < a(@) + 47 [l Py ¥ = 1.

(Gop): (continuity) the map g : Q x R™ — IM™*™ is a Carathéodory
function.
(G1): (growth condition) there exist : by € L¥ (Q)

1 L q
|grs| < wﬁs[bQ + Z’Yf |uj|p/]
J
Foralll<r<nandl<s<m.
Under the previous hypotheses Hy, Hy, Hs, Fy, I}, Go, G and in each

condition of Hs;a,b,c and d we will demonstrate the existence of a
weak solution of system (QESw)y¢, in the space W&’P(Q,w, R™).

Remark 2.1. The conditions (Fy) and (Gy) ensure the measurability of f
and g for all measurable function w.

(F1) and (G1) ensure that growths conditions, in particularly: if u €
Wt (Q,w, R™) then f(.,u).u and g(.,u) : Du is in L}(,w).

If g = 0 we denote the system (QES)yq by (QES);.

Theorem 2.4. If p € (1,00) and o satisfies the conditions (H;) — (H3),
f satisfies (Fy) and (F1) and g satisfies (Go) and (G1), then the Dirichlet
problem (QESW ), has a weak solution u € Wol’p(Q,w,lRm), for every
ve WP (Q,w*, R™).

Lemma 2.1. For arbitrary u € Wol’p(Q,w, R™) andv € Wb (Q, w*, R™),
the functional

F(u) : W3P(Q,w, R™) — IR
0 — /Qa(x,u(aj),Du(x)) : Dp(z)dx

— (v, p) —/Qf(x,u) s pdx + /Qg(z,u) : Dpdx

is well defined, linear and bounded.
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Proof For all ¢ € Wol’p(Q, w, IR™), we denote

Flu)(o)=5L +1I+ 13+ 14

with
L :/ o(z,u(zx), Du(z)) : Dp(z)dz,
Q
I =— <’U, <,0> )
—/ f(z,u) @ pdx
Q
and
I, = / g(x,u) : Dpdx.
Q
We define

Is = /Qars(x,u(x),Du(a:)) : Dypsp(x)dx

Firstly, by virtue of the growth conditions (H3) and the Holder inequality,
one has

[Irs| < /Iars(%U( ); Du(x))] : | Dpsip()|dac

< [ il +clz|w @) [u@)|"" + e
1
Z ij/p ’Dw‘p 1”Dr390’d95-
1<i<n; 1<j<m
<

B, M@ ) [ 1Drso(o) )
D@ (S [l

+( Z /|D1ju‘pw”b]d$ 1/p /|Drs§0‘ wrsdx)l/p]

1<i<n; 1<j<m

with (p = p/(p — 1)), and thanks to Hardy-Type inequalities we have:
[Irs] < B { Al 1ol p e + e 1D, (/Q ju|"ydz) P

+e1 ) 1Dy, 1Dul g,
ij
< Bl 12l p s + 1211 oy llyy + Hally p o 112111 s
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with ¢/ = max(c, 1). Which gives
0] < Bl + Tl 2, + lullp @l < oo

and
[I2| < /Q vlleldz < (vl _1 g 1€l 0 < 00

I3 = fi(z,u)p;(x)dx.
3 ZJ:/Q J ©j

We denote I3 j = |/ fi(x, u)pji(z)dz|.
Q

s < [ 1@l (@) da
1 L 1
< [ @les@lefdr+ [ A7l los@leda
N 1 L 1
< ([ @) ([ los@)Pnda)s+( | (@) lldn)? (] ;@) Pwoda)?
1
<l bl @ s (2 [ (@lde) 1@ e
J
<l bl @ s +e | D sl I
< (b +ell Dulps) | s
1422/ grs(x’u)Drs(pdx
rs Q

1 1
/

1 g9 =
/Q’grs| : ’Dr390|d$ < /Qb2W7?sDrsSDdx+Z/QVf (x)|uj|p/w7?8Dr390dx
J
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1 1
/|b2|p d) /|Dr5<p\ wn p+z / |9 () dee) ¥ /|Dr5<p\ wrs()dz)

e 1
< el 1Drsln e + Nl | 1DraoPicrade)s
& 1
I3 <0 b2 [y | Drsp s+l [ 1DrsilPesrada)?
i,
< b2 llpll Do [l1pew +llwllgn | De ll1pw

<@ lhpe

hence I < ¢4 || ¢ ||1,pw With ¢4 < 00

Finally the functional F(.) is bounded.

Lemma 2.2. The restriction of I’ to a finite dimensional linear subspace
V of Wol’p(Q,w, IR™) is continuous.

Proof Let d be the dimension of V' and (ey,ea,...,eq4) a basis of V. Let
Z az.ei be a sequence in V' which converges to u = Z ale; in V.
1<i<d 1<i<d
The sequence (a;) converge to a € IRY, so uj — uw and Du; — Du a.e.,
on the other hand [lu;||, and ||Du,l|, are bounded by a constant c. Thus,
it follows by the continuity conditions (H1), that

o(x,uj, Duj) : Do — o(x,u, Du) : Dy

for all ¢ € WO P(Q,w, R™) and a.e. in Q. Let Q' be a measurable subset
of @ and let ¢ € Wo’p(Q w, R™).
Thanks to the condition (Hs), we get

/Q/ lo(x,uj, Duj) : Dpldx < oo.

hSAlS
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By the continuity conditions (Fp) and (Gp) we have:

f(@,ug).0 — f(z,u).0

and
g(ZL‘,Uj).D(p - g(wau)DSO

almost everywhere. Moreover we infer from the growth conditions (F7) and
(G1) that the sequences:

(o(z,uj, Duj) : Do)? (f(x,uj).) and (g(z,u;).Dy)
are equi-integrable. Indeed, if ' C  is a measurable subset and ¢ €

W, P(Q,w, R™) then: / |f(z,uj).pldr < oo ( by (F1) and Hélder in-
Q/
equality),
/ l9(z, u;).Dy|dz < oo (by (G1) and Holder inequality ),
Q/

/ lo(z, uj, Duj) : Dpldx < oo (by Holder inequality),
Q/

which implies that o(x, uj, Du;) : Dy is equi-integrable. And by applying
the Vitali’s theorem, it follows that

/ o(z,uj, Duj) : Dpdr — / o(x,u, Du) : Dpdz,
Q Q

for all p € Wol’p(Q,w, R™.
Finally
lim (F(u;), ) = (F(u), ),

j—00

which means that
F(uj) — F(u) in WL (Q,w*, R™).

Remark 2.2. Now, the problem (QES)y 4 is equivalent to find a solution
u e WyP(Q,w, R™) such that (F(u),) =0, for all o € WyP(Q,w, IR™).
In order to find such a solution we apply a Galerkin Schema.

3. Galerkin approximation

Remark 3.1. (Galerkin Schema)

LetVi C Vo C ... C Wol’p(Q, w, IR™) be a sequence of finite dimensional
subspaces with ¢y Vi dense in Wol’p(Q,w, IR™). The sequence V}, exists
since Wol’p(Q, w, IR™) is separable.
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Let us fix some k, we assume that V, has a dimension d and that
(e1,€2,....,eq) is a basis of Vj, then we define the map

G: RF — IRk

Proposition 3.1. The map G is continuous and G(a) - a tends to infinity
when ||a|| pr tends to infinity.

Proof. Since F' restricted to Vj is continuous by Lemma 2.2, so G is

continuous.

let @ € R and u = Z a’ - e; in Vi, then G(a) - a = (F(u),u) and which
1<i<d

implies that [|a|| ga tends to infinity if [|ul]; , , tends to infinity.

G(a)-a= Z (F(u),d - e;) = (F(u),u)

1<i<d

p p
( > Jall- ueiul,p,w)

1pw 1<i<d ,
max (leilf.) - ( > |ai|)

and

P
lpw ™

E al-e;

1<i<d

IN

[l

IN

1<i<d
S c- HaHRP )

which implies that |[a| g, tends to infinity if ||ul]; , , tends to infinity.
Now, it suffices to prove that

(F(u),u) — oo when ||ull1pw — 00.

Indeed, thanks to the first coercivity condition and the Holder inequality,
we obtain

I= / o(x,u, Du) : Dudx > — H)\ng—/ Agng/p|uj|ada:+cz Z / | D;jul|Pw;jd.
Q Q Q

1<i,j<n,m

By the Holder inequality, we have

o o/p (wfora gy
/Q)\g|uj| wo; dz < A3l (/) (/Qwoj'|uj| dx)

< C, ||)\3||(p/a)’ ||uj||1,p,woj :
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where ¢ is a constant positive.
For [lul, ,,, large enough, we can write
bl o)

1] = = Rally = ¢ sl pray - 1uillTy e, +c2 > 1Du (17 o,
1<i,j<n,m
> = Xally = sl gjay - 1llT e + 2 - ullf o s
and since
’I/| = ’('U,’U,> ’ S HUH—l,p’,w* : ||u||17p,w .

Finally, it follows from the growth condition F; and G that:

|11"] = !/Qf(fff>U)-ude\ < (o1l + e[ Dull1pw)-lullipw

< czflull1pe

17 =1 [ gtevu)-Duda] < (bl -+ ] 5 1D < a1
with ¢4 is a constant, 0 < o < p and p > 1, we get:
[0 = 1" > 3 Jull = [0l e - Nl o = & Il gy - 01
(3.1) = A2lly = es-flully
Consequently, by using (?77?), we deduce
I-I'-1"— oo as Jully p — 00
. and

I" — o0 as HuHLp,w — 0

(F(u),u) — 00 as |lully,,, — o0

Remark 3.2. The properties of G allows us to construct our Galerkin
approximations.

Corollary 3.1. Forallk € IN, there exists (uy) C Vi such that (F(ug),p) =
0, for all p € V.
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Proof By the proposition 3.1, there exists R > 0, such that for all a €
0Br(0) C IRY, we have G(a) - a > 0, and the usual topological argument
see.e.g [Zei 86 proposition 2.8] [19] implies that G(x) = 0 has a solution
x € Bg(0). So, for all k& € h, there exists (uy) C Vi, such that

<F(xjej),ej> =0 forall 1 <j<d, with d =dim V.
Taking uy, = (zie;), €; € Vi, so we obtain:
((F(ug)),p) =0, for all p € V4.
Proposition 3.2. The Galerkin approximations sequence constructed in
corollary 3.1 is uniformly bounded in Wol’p(Q,w, R™); i.e.,
there exists a constant R > 0, such that [lug|,,, < R, for allk € IN.

Proof Like in the proof of proposition 3.1, we can see that

(F(u),u) — o0 as |ully,, — oo
Then, there exists R satisfying (F'(u),u) > 1 when |lul|; , , > R. Now, for
the sequence of Galerkin approximations (ux) C Vi of corollary 3.1, which

satisfying (F'(ug),ur) = 0, we have the uniform bound |ukll; ,, < R, for
all k£ € IN.

Remark 3.3. There exists a subsequence (uy) of the sequence (uy) C Vi,
such that:
up — U in Wol’p(Q,w, R™)
and
up — u in measure in L" (2, R™);
with
s+1)—ps

1§r<n(L if ps<n(s+1)
r>1 if n(s+1)<ps

The gradient sequence (Duy,) generates the Young measure 9, Since uj, —
u in measure, then (ug, Duy) generates the Young measure (6,(z) ®9z), see

e.g [4] . Moreover, for almost x in 2, we have,
(1) Vs is the probability measure, i.e, |94, .. = 1.

mes

(ii) 9, is the WP« - gradient homogeneous Young measure.

(iii) (Vz,id) = Du(z), see e.g [3].

Proof. See [4].( Dolzmann, N.Humgerbiihler s Muller. Non linear elliptic
system....)



1536 El Houcine Rami, Elhoussine Azroul and Abdelkrim Barbara

4. Passage to the limit

Now, we are in a position to prove our main result under convenient hy-
potheses.

Let

(4.1) Iy, = (o(z,u, Duy) — o(x,u, Du)) : (Dug — Du).

Lemma 4.1. (Fatou lemma type) ( See [4]) Let : F : Qx R™ x M™*" —
IR be a Carathéodory function, and u : 2 — IR™ a measurable sequence,
such that (Duy) generates the Young measure ¥, with |9, .. = 1, for
a.e. x € (2. Then:

mes

(4.2)  liminf F(a:,uk,Duk)de// F(z,u,{)dd;({)dz,
Q JIMmXn

k—oo JQ

which provided that the negative part of F'(x,ux, Duy) is equi-integrable.

Lemma 4.2. Let p > 1 and u be a sequence which is uniformly bounded
in WyP(Q,w, IR™). There exists a subsequence of uy ( for convenience
not relabeled ) and a function u € Wy (Q,w, IR™) such that w, — u in
Wy P(Q,w, R™)

And such that up, — u in measure on  and in L" (€, IR™), with :

s+1)—ps

1§r<n(L if ps<n(s+1)
r>1 if n(s+1)<ps

Proof. see [14], with a slight modification.

Lemma 4.3. The sequence (I}) is equi-integrable.

Proof

We have

Iy = (o(z,u, Dug) — o(x,u, Du)) : (Dup — Du)
= [o(z,ug, Dug) : Dug] — [o(z,ug, Dug) : Du] — [o(z,u, Du) : Duy]
+|o(z,u, Du) : Du]
= D+ R+ +1
(4.3)
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We denote (I})” = —[o(x, ug, Duy : Dug]”. Thanks to the coercivity
condition (Hz), we have

](I,%)_\dw < /Mg]—i—@g Z wogj]/\gl-\ukj\a—i—c Z wij| Dijug|Pdx
& 0 1<j<m 1<i,j<n,m
< H)\2H1+/,( > w(?j/p’ukj‘a)p/aH)‘3H(p/a)/+02Hukuzf,w,p
1<j<m
(4.4)

with p/a > 1. Therefore,

a/p
Q/|(Ikl:)_|d$ < ||>\2||1+< > w0j|ukj|p> N3]l p/ay + c2 llullf o,

1<j<m
< el + lukllpze 123l ey +c2 luallf o,
007

VANRVAN

for all ' C Q.
Similarly for (|(I})7].

Now, by using the growth condition (Hs) and the Hardy -Type inequal-
ities (Hp), we have

/|(I§)_|d$ = /|J($,uk,Duk):Duk|d$
Q Qf

A

IN

1<j<m

1/p —1
+c1 Z w; | D;jug|? D, udz.
1<i,j<n,m

Thus, by the Holder inequality, we obtain

1/p
aly ( [ 1Drsus P

' 1/p

l/p 1 / / P
+c1 (/Q/ |Drsuk|pwrsd:ﬁ) /Q/ Z ,yj/p |ukj|‘I/p dx

1<j<m

' 1/
+c1 ( Z // (|Dwuk(x)|p (v l)wijd$) )
1<j<m 79

| lae <5
Q/
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1/p
(4.6) ( / |Dmu,€|pwrsdx) ] |
Q/

So, by combining (4.5) and (??), we deduce that
(4.7) /Q |o(2, ug, Dug) = Duglda < ¢B ([l llunllipw + wkll1pw) < oo

Similarly to (|(IZ)~|, we obtain (|(Z3)~|. Finally: I is equi-integrable.
We choose a sequence ¢y, such that i belongs to the same space Vj, and
pr — @ in Wol’p(Q,w, IR™) this allows us in particular, to use uy — @y as a
test function in (3.1). We have:

/Q o (@, ug, Duy) = (Duy, — Doy)|dr = (v, up — @g)

(4.8)
+ [ faw) = ez = [ g@.u) : (Dux = Doy)de.

The first term on the right in (4.8) converge to zero since (ug —@x) — 0
in Wy P(Q,w, R™).
By the choice of ¢y, the sequence ¢ uniformly bounded in Wol P(Q,w, R™).

And lemma (4.2) Next, for the second term: I} = / [, ug)(ug — @r)dx
Q
in (4.8) it follows from the growth condition F; and the Holder inequality

that :
[T < (|01l + eI D(ur — o) 11,p.)llur — Orll1pw
< (161l + eI D(ur — or)l11,p0)- 1wk — @kll1pew-

By the equivalence of the norm in Wol P(Q,w, IR™) and the sequence (uy is
uniformly bounded in I/VO1 P(Q,w, R™), ||ug||1,pw is bounded. Moreover, by
the construction of ¢, and lemma (4.2) we have:

lue = rllpew < lluk = wllipw + llu = kll1pw

(e = wllpe + llu = @rll1pw) =0

We infer that the second term in (4.8) vanishes as k — oo. Finally, for the
last term

III, = /Qg($>uk) : D(ug, — op)dx
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in (4.8), we note that
9(x,up) — g(x,u)

Strongly in L¥ (Q, M™*™) by (Gp), (G1) and lemma (4.2).
Indeed we may assure that ui — u almost everywhere.

9
I < (b2l + lluk = rllgy)- 1D (ur = @)l pw
R
< (b2l + llur — erllg)-1(we — @)l pw
g9

< (b2l + Ik = erllg)-(lur = wllipew + ler = ullipe)

s
lor = ull1pw — 0, lluk — ll1pew — 0 and |luy — @l|2~ — 0.

Now, we consider (I) = (o(x,ur, Dug) : (Dup — Du). We have, I is
equi-integrable because I it is. So, we define

X = liminf/ Idx = liminf/ (Iy) dx Z/ / (o(x,u, A) : (A=Du)dd,(\)
Q Q QJpmxn

So to prove (4.2), it suffices to prove that:

(4.9) X <0.

Let € > 0, so there exists kg € IN such that, for all & > kg, we have
dist(u, Vi) < e since: (iminfy, ev; (v — @kl <&, (ur — u)
Or in an equivalent manner dist(ux — u, Vi) < &; Vk > ko then for all
v € Vi, we have

X = liminf [ (o(x,uk, Dug) : (Duy — Du)dx

k—oo JQ
= li]}:ninf [/ (o(x,ug, Dug) : D(up —u — @p)dz + / (o(x, ug, Duyg) D(gok)}
—00 Q Q

Combining (Hz) and (0.1), we get

X <lim inf /ﬁw%p
k—oo JO

M+a Y 7;/]’ g, |7 +er D wilj/p\DijUk\p_ll

1<j<m 1<i,j<n,m

X|Dys(ug — u— pg)|dz + (v, pg)-
For all € > 0, we choice @i € Vi such that

(4.10) lur — v — @rlly p . < 26,
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for all k > kg. Which implies that
[ vy r) | < [ {vsn + (u—ug)) | + [ (v, ur —u) | < 2ejv]| g v +0(k)

Hence limy_, o0 (v, ux, — u) = 0. According to Holder and Hardy inequalities,
and by (4.10) we deduce that

1/p
X < likm inf ¢ ‘ /\1||p/(/ |Dys(up —u — gok)|p.wrsda:)
—00 Q
1/p' 1/p
+c1 (/Q |uk|q.fy) ) (/Q |Dps(up, —u — cpk)|pwrsda:)
, 1/p' 1/p
+c1 <Z/ wij| Dijul? (p_1)> . (/ Wrs|Drs(ug, —u — wk)\p>
Q Q
+ (v, o) |
< hknllol.}fc (H)‘al’ Juk —u — @k”l,p,w) + HukH%p,w Juk, —u — @k”l,p,w
+2e ||v]| _y o + ()
Therefore,

X <2608 (Il + 1l oo + 100100 ) -
Which proves that X < 0, and finally

/ / o(x,u, A) : Addddr < / / o(x,u,A) : Dudid,(\)dx.
Q mn Q mn

Proof of theorem?2.4
For arbitrary ¢ in VVO1 P(Q,w, IR™). Tt follows from the continuity condition
(Fp) and (Go) that

f(@,u)p(x) — fz,u)p(z)

and
9(@,up) : Do(x) — g(x,u) : Do(x)
almost everywhere. Since, by the growth conditions (F1), (G1) and the uni-

form bound of wug, f(x,ux).o(x) and g(z,u) : Dp(z) are equi-integrable,
it follows that the Vitali’s theorem. This implies that:

lim /Qf(:v,uk).tp(x)dx:/Qf(w,u).tp(:n)dx

k—o0
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for all ¢ € U2,V
and

lim [ g(z,u): Do(x)dx = /Qg(a:,u) : Do(x)dx

k—oo JQ

for all ¢ € UF2 Vi, We will start with the easiest case
(4.11)  (d): F +—— o(z,u, F) is stictly p-quasi-monotone.

Indeed, we assume that 1, is not a Dirac mass on the set M with z € M
of positive Lebesgue measure |M| > 0. Moreover, by the strict p-quasi-
monotonicity of o(z,u,-) and ¥, is an homogeneous WP gradient Young
measure for a.e. x € M. So, for a.e. x € M, with A = (9., Id) = apDu(x)),
with apDu(z)) is the differentiable approximation in x. We get

/ o(,u,\) : (A= Du)dda()) > / o(2,u, Du) : (A — Du)dda(N)
IMmxn M

> o(z,u, Du) : / Adi (V) —
men

o(x,u, Du) : Du [prmxn d¥,(N)
> (o(z,u,Du): Du—o(z,u, Du): Du)) =0
> 0

On the other hand (4.9), integrating over 2, and using the div-cul in-
equality we have:

/ / o(x,u,A) : Addd,(N)dz > / / o(x,u, ) : Dudd,(\)dx
Q M'Ian mXn
> /2/@/[ o(x,u,\) : Addigz(N)dz.
QJmxn

Which is a contradiction with (4.8). Thus 9, = d5 = dpy(y) for a.e. z € €.

Therefore, Dup — Du in measure when k tends to infinity. Then, we

get o(z,ug, Dug) — o(x,u, Du) for all x € Q. In the other hand, for all

ve U %% o(x,ur, Dug) : Dp — o(x,u, Du) : Dp a.e. x € ). Moveover,
keIN

for all ' C Q measurable, it is easy to see that:

/Q (@, g, Dug) : Doda < e (Ml + lull 0, + T lE0, ) lully . < o0,

D,w p,w

because [lug, ,,,, < R. And thanks to Vitali’s theorem, we obtain:

(F(u),p) =0, for all p € U s
kelN

Which proves the theorem in this case.
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Remark 4.1. Before treating the cases (a), (b) and (c) of (Hs), we note
that

(4.12) /Q / (0w ) ~ 0w, Du)) s (A~ Du)diy(N)da < 0
Since
/ / (@, u,A) : (A — Du)ddy(\)dae = 0,
Q M7n><n

thanks to the div-Curl inequality in (4.9). On the other hand, the inte-
grand in (4.12) is non negative, by the monotonicity of o. Consequently,
the integrating should be null, a.e., with respect to the product measure
d¥, ® dx, which mean

(4.13) (o(x,u,A) —o(z,u, Du)) : (A — Du) = 0 in sptd,.

Thus,
(4.148pt0,  {x e M™*"/ (o(x,u, \) — o(z,u, Du)) : (A — Du) =0} .

Case c: We prove that, the map F' — o(x, u, F') is strictly monotone, for
all x € Q and for all u € IR™.
Sine ¢ is strict monotone, and according to (4.14),

spt¥, = {Du}, i.e, ¥y =0py, a.e. in €,

which implies that, Duiz — Du in measure. For the rest of our prove is
similarly to case d.

Case b: We start by showing that for almost all € €2, the support ofd,
is contained in the set where W agrees with the supporting hyper-plane.

L={(\Ww,u) +o(@uX): (A=)} with X = Du(z).

So, it suffices to prove that

sptid, C Ky = {)\ e M™ " W (z,u, \) = W (x,u, \) + o(z,u,A) : (A — /\)}
(4.15)
If A € sptd,, thanks to (4.14), we have

(4.16)1 — t). (o(x,u, Du) — o(x,u,\)) : (Du— ) =0, for all t € [0, 1].
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On the other hand, since o is monotone, for all ¢ € [0, 1] We have:
(4.17) (1 —¢t). (o(x,u, Du + t.(A — Du)) — o(z,u, \)) : (Du—X) > 0.
By subtracting (4.16) from (4.17), we get
(418)  (1=#) [o(z,u, X+ A = X)) = o(,uw, )] : (A= X) >0,
for all ¢ € [0, 1]. Doing the same by the monotonicity in (4.18), we obtain
(419)  (1=#) [o(z,u, X+t = X)) = o(z,u, V)] : A=) <0.
Combining (4.18) and (4.19), we conclude that
(420)  (1=#) [o(z,u, X+ (A = X)) —o(,uw, )] : (A= A) =0,

for all ¢t € [0, 1], and for all X € spti,.
Now, it follows from (4.19) that

W(z,u,\) = W(x,u,\)+ (V(lf(x,u, A) — W(z,u,\))
( )+/0 (o (2w, X+ EA = M) (A — Nt
( Y4 o(x,u,A) s (A=)

Wz, u, X
= W(z,u,\

Which prove (4.15).
Now, by the coercivity of W, we get

W (x,u, \) > Wz, u,\) +o(x,u,\) : (A=),
for all A € IM™*™. Therefore,
(4.21) L is a supporting hyper-plane, for all A € K.

Moveover, the mapping A — W (z,u, A) is continuously differentiable, so
we obtain

(4.22) o(z,u,\) = o(z,u, \), for all A € K,.

Thus,

(4.23) (z) = / o (2, u, N)d0o(N) = o (z, u, V).
M'mxn

Now, we consider the Carathéodory function

w(xvuno) - |(O’<{IZ,U, 10) _E(x))|7
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and lets ¥ (z) = ¥(z,u, Duy) is equi-integrable. Thus, thanks to Ball’s
theorem, see [8] ¥ — 1 weakly in L'(Q), and the weakly limit of vy, is
given by
@) = [ o(,1,%) = 7)o (1) © 0 (N
R'lnXMan
= [l u(@) ) - 5(@)dd ()
sptdy

= 0.
According to (4.22) and (4.23), and since ¢ > 0, it follow that 1 — 0
strongly in L'(Q) by Fatou lemma, which gives

lim [ o(x,ug, Dug): Dp.de = / o(z,u, Du) : Dpdz.
k—oo JO Q

Thus

(F(u),p) =0, Vpe U Vie.
keIN

This completes the proof of the case (b).

Case (a): In this case, on spti},, we affirm that,
(4.2dfx,u,\) : M = o(z,u, Du) : M + (Vpo(z,u, Du) : M) : (Du—\),

for all M € IM™*™ where V is the derivative with respect to the third
variable of o and A = Du(x).
Thanks to the monotonicity of o, we have

(o(z,u, A) —o(x,u, Du+tM)): (A= Du—tM) >0, for all t € IR.
By invoking (4.19), we obtain
—o(z,u,A) : (tM) > —(o(z,u, Du) : (A\—Du)+o(x,u, Du+tM) : (\A—Du—t.M).
On the other hand, F — o(z,u, F') is a C! function, so
o(z,u, Du+tM) = o(z,u, Du) + Vr(z,u, Du).(tM) + o(t).
Thus

—o(z,u,\) : (t.M) > —o(z,u, Du) : (tM)+Vpo(z,u, Du)(t.M) : (A—Du)+o(t),
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which gives
—o(z,u,A) : (t.M) > t[(Vpo(xz,u, Du) : (M) : (A—=Du)—o(z,u, Du) : (M)]+o(t),

t is arbitrary in (4.24). Finally for all ¢ € e Vi the sequence o (x, ug, Duy) :
Dy is equi-integrable. Then, by the Ball’s theorem, see [1] the weak limit

is / o(x,u, \) : Dpddz ().
sptdy
By choosing M = Du in (4.24), we obtain:

i ‘(Du — N(o(x,u, A) : D) : Dpdd,(\)

_ / (o(2,u, D) : Dpddo(N)+(Vpo(z,u, Du) : Dy)t / (Du—X)dd.(\)
sptdy sptdy

= (o(x,u, Du) : Dgo)/ d¥,(A) = o(x,u, Du) : De.
sptdy

Hence,
o(x,ug, Dug) : Do — o(x,u, Du) : Dy strongly

This proves that
(F(u),p) =0 for all p € UVk'

And since |V is dense in VVO1 ’P(Q,w,]Rm), so u is a weak solution of
(QES)f,q, as desired.

Remark 4.2. Incase (b) o(z,u, Duy) : Dp — o(z,u, Du) : Dy strongly,
but in the case (¢) and (d) Duy — Du in measure.

Exemple 4.1. We shall suppose that the weight functions satisty: w;,; =
0, j=1,2,..,m for some iy € I and w;;j(x) = w(z);x € Q, with I°JI =
{0;1;2;....;n}, foralli € TUI¢ j=1,2,..m and i # ig with w(z) > 0
a.e. in §) then, we can consider the Hardy-Type inequalities in the form:

1 1
m q P
> [w@my@dn | <e( X [ Dgurey )|
=179 1<i<N1<j<m 7S

for every u € Wol’p(Q, w, IR™) with a constant ¢ > 0 independent of u and
for some q > p'. Let us consider the Carathéodory functions: (x)

O—ij(mvnaé-[) = w(a”.)’fl‘j‘pilsng(é}])a ] = 1727 wmi el
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O'z'j(at, 1, f]c) = w(a:)|§z-j|p*13ng(§ij), j=12,...m1 € Ic,i 7'é 10
0'7;0]'((13, n, g[‘:) = OJ = 17 27 weny 0.
The above functions defined by (%) satisfies the growth conditions (Hz).
In particular, let use the special weight function w. v expressed in term of

the distance to the boundary 02 denote d(z) = dist(x;00Q) and w(z) =
d\(x), vj(x) = d*(x) the hardy inequality reads:

- -wqxzcac --up’\av5
(g | us(ayrar >d) < (sz 103 rd<>) ,

and the corresponding Wol’p(Q; w; IR™) — L1(Q;~; IR™) is compact if:
i)- For,1 <p<qg< o

A
A<p-LE-Zigs0 E-oZ24 D Tags
g p ¢ p g p
ii)- For, 1 < g <p<
A1
A<p—Lﬁ—E+12m - Y
g p g p q p

iii)- For, ¢ > 1
u(q" — 1) < 1, by the simple modifications of the example in [17].
Moreover, the monotonicity condition are satisfied:
> (oij(x,m, 1) — oij(2,m,€1) (&5 — &)
ij
=w(@) Y (16 [P~ sng(€ij)— 1 &5 177 sng(&i;)) (& — &) = 0
tj
for almost all x € Q and for all, £,& € IM™>™. This last inequality can
not be strict, since for e # e with &; # &oj for all j =1,2,...,m. But
§ij = {z’-j fori € I¢ i # i, j = 1,2,...,m the corresponding expression is
Zero.
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