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Abstract

In this work, we propose sufficient conditions guaranteeing an ex-
istence result of mild solutions by using the nonlinear Leray-Schauder
alternative in Banach spaces combined with the semigroup theory for
the class of Caputo partial semilinear fractional evolution equations
with finite state-dependent delay and nonlocal conditions.
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1. Introduction

In this paper, by using the Leray-Schauder alternative in a real Banach
space (F,|-|) combined with the semigroup theory we establish an exis-
tence result of mild solutions for the following partial functional differential
evolution equations with finite state-dependent delay involving the Caputo
fractional derivative

(LAPGy(t) = A(t)y(t) + f (tayp(t,yt)> . oace teJ:=1[0,0], 0<a<l,

(1.2) y(t) + ha(y) = o(t), te H:=[-r0]

where f: JxC(H,E) — E ;p: JxC(H,E) — [-1,b] ; o € C(H, E)
and h; : C(H,E) — E are given functions ; °D§ is the Caputo fractional
derivative of order o € (0, 1) and {A(t) }+c is a family of operators from E
into £ which are linear, closed and not necessarily bounded.

For any continuous function y and any t € J, we denote by %, the
element of E given by

y(0) =y(t+60) for6e H.

Functional differential equations of integer order arise in various areas
of applied mathematics and other equations have received already much
attention in recent years. The first appearance of a fractional derivative is
in a letter written to De ’'Hopital by Leibniz in 1695. Then, it has devel-
oped by Euler, Fourier, Liouville, Riemann, and so on. Recently, various
phenomena in many fields of science and engineering are valuably modeled
by differential equations of fractional order. Some numerous applications
could be found in viscoelasticity, electromagnetism, control, electrochem-
istry, porous media, etc. see the works of Kilbas et al. [19], Miller and
Ross [25], Podlubny [28, 29] and Samko et al. [30]. In recent years, there
has been a significant development in fractional ordinary and partial dif-
ferential equations by Benchohra and his collaborators [6], El Borai [14],
El-Sayed [15] and Zhou et al. [31].

Firstly, Byszewski initiated the study of the nonlocal Cauchy partial
functional evolution problem in [12]. Li et al. looked on controllability
for nonlocal evolution inclusions in [20, 21], the nonlocal equations were
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studied by Liang et al. in [22], and Benchohra et al. considered several
classes of problems with nonlocal conditions in [11].

Baghli et al. give existence, uniqueness and controllability results for
mild solutions also in Fréchet spaces on semi-infinite interval of first class
partial functional evolution equations and inclusions and neutral functional
ones with delay in [2, 7, 8, 9]. Equations with delay which depend on the
state have been proposed in modeling. Existence results were derived from
semilinear functional differential equations in this case. Many results were
derived recently for different functional differential equations with delay
whose solution is depending on the delay and defined on a bounded interval
as is proven in [1], and for an unbounded interval as developed by Baghli
et al. in [4, 5, 10, 23]. Fractional non autonomous evolution equations in
Fréchet spaces has been investigated by Mesri et al. in [24].

So in this paper, we give the existence of solutions for the Caputo’s frac-
tional semilinear differential equations with finite state-dependent delay in
Banach spaces. Our results are based upon fixed point techniques com-
bined with the semigroup theory. After preliminaries in Section 2, we give
our main result about existence of mild solution of the problem (1.1)-(1.2)
in Section 3. In Section 4, an example is given to illustrate the abstract
theory.

2. Preliminaries

This section introduces notation, definitions, and fundamental facts that
will be employed throughout this study.

Let C(J; E) be the space of functions from J into E that are continuous
with the norm |.| and B(E) be the space of linear bounded operators from
FE into E with the usual supremum norm

[Nl =sup { IN(y)| : lyl=11}.

A measurable function y : J — F is Bochner integrable if and only if |y|
is Lebesgue integrable. L!(J, E) denotes the Banach space of measurable
functions y : J — E that are Bochner integrable normed by

b
Il = [ o) at
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Definition 2.1. A function f:J x E — FE is said to be Carathéodory if
it satisfies:
(i) for almost each t € J, the function f(t,-) : E — FE is continuous;

(i7) for each y € E, the function f(-,y): J — E is measurable;

(i73) for every positive integer k, there exists a function ¢, € C (J;R™)
such that

f(t, )] < L(t)

for every |y| < k and almost every t € J.

The nonlocal condition y(t) + ht(y) = ¢(t) for t € H is a physical
application with better effect than the classical initial condition y(0) = yo.
hi(y), for example it can be given by

p
he(y) =D ciy(ti+t), teH,
i=1

where c1,ca,...,¢p are given constants and 0 <1 < ... <t, <b.

In particular, at the initial time ¢ = 0, we have

ho(y) = > ciy (t).
=1

Assume that the function p : J x C(H; E) — [—r,b] is continuous.
Additionally, we introduce here the following hypothesis involving the set

R (p7) ={p(s,¢) : (s,9) € J x C(H; E), p(s, ) < 0}
(H,) The function ¢t — ¢y from R (p~) into C(H; E) is continuous, and

there exists a continuous and bounded function L% : R (p~) — (0, +00)
such that

leell < L2l for every t € R (p7) .

Remark 2.2. Continuous and bounded functions satisfy (H,) (see [1, 18]).
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Lemma 2.3. ([18], Lemma 2.4) If a function y : HU J — E is such that
Yo = , then

Il < £0l + sup {(y(®)] s € R () U T}, § = max(0:s),

where LY = sup L?(t).
teR(p™)

Proposition 2.4. [4] If a function y : [—r,b] — E is such that y|g = ¢
and satisfies the condition (H,), then we have

21) [yl < [y(®)] + L2 @ll, for every t € J and p € C(H, E).

We give here fractional order derivative definitions.

Definition 2.5. [19, 28] The fractional integral operator of Riemann-Liouville
for the order o > 0 of a function f: RT™ — R is defined as

1

3.0 = e (¢ - 9 s

where I'(z) = [;F>° t*"tetdt is the Euler’s gamma function.

For all a > 0, the integral I°f exists when f € C(R") N L} (RT).
Notice that, when f € C (R™), then I*f € C (R") and moreover ¢ f(0) =
0.

Definition 2.6. [19, 28] The Caputo fractional derivative for order o > 0
of a function f : R™ — R is defined by

de d t d
IO L syt gtoyis = e s

where m = [a] + 1. Here [« denotes the integer part of c.

In what follows, let us consider the family {A(t)}ics of linear, closed,
bounded, and densely defined operators on a Banach space E¥ with domain
D(A(t)) which is independent of ¢. Additionally, we suppose that A(t)
verifies the following hypotheses (see [13], for more details):
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(A1) For any A with Re(\) > 0, the operator [A\I — A(t)] exists, and there
exists a bounded inverse [AI — A(t)]”! € B(E) such that

M
Al +1

where M is a positive constant, independent of ¢ and A.

o 01

(A2) For any t,7,s € I, there exist constants v € (0,1] and C' > 0 such
that
l[A() - A a7V (s)| < Cle =70

where the constant C' are independent of ¢, 7 and s.

Remark. From Henry [17], Temam [26] and Pazy [27], we know that (A;)
means that for each s € I, the operator A(s) generates an analytic semi-
group e tA®) (t > 0), and there exists a positive constant M, independent
of both t and s, such that

| - AGs)e @) < 2

, fort >0 and s € J.

Definition 2.7. [13] Define the operators ¥(t,s), ¢(t,s) and U(t) by

(2.2) U(t,s) =a /0 " 0t 1, (0)et"040) gp,
+oo

(2.3) O(t,s) =Y Prl(t,s)
k=1

and

(2.4) U(t) = A(t)A7(0) — /0 t o(t,s)A(s)A~1(0)ds,

where &, the function of probability density defined on [0,+o00) whose
Laplace transform is given by
s £ (-a)
W(0)e?d =N ——2 ¢ <1, 0,
/0 a(O)e ;F(ljtai) <a<sl z>
o1(t,s) = [—A(t) + A(s)]¥(t — s, 9),

and

t
S (2, s):/ Su(t, 1)1 (r8)dr, k—=1,2,....
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For more details about the definition and property of the probability
density function and the property below, one can see [16].

Theorem 2.8. (Leray-Schauder Nonlinear Alternative). Let X be a Ba-
nach space, C' be a convex and closed subset of £/, U an open subset of C,
and 0 € U. Suppose that N(Y) : U — C' is continuous and compact map.
Then either,

(LS1) N has a fixed point ; or

(LS2) There exist A € [0,1) and x € OU such that x = AN (z).

3. Existence of mild solution

We will use the following definition of mild solutions for the nonlocal
problem (1.1)-(1.2).

Definition 3.1. A continuous function y(-) : [—r,b] — E is called a mild
solution of the problem (1.1)-(1.2), if y satisfies for each t € J the following
integral equation

VO = [0~ how) — [ Wt~ 5, 9)U(5)A0)[5(0) — ho(y)] ds
(3.1) + / U(t—s,s)f (s yp(sys)> ds
+ // U(t = 5,)0(5,7).f (7. Yprn) ) drds.

In what follow, we give some properties concerning the operators ¥, ¢
and U used later in our argument.

Lemma 3.2. [13] The functions ¥(t — s,s) and A(t)¥(t — s,s) are con-
tinuous in uniform topology, where t € J, 0 < s < t — ¢ for any ¢ > 0
and

(3.2) 1U(t—s,5)] < Ct—s)*,

where C' is a positive constant, which is independent, of both t and s and
« Is a positive constant. Furthermore,

(3-3) lot, )| < Ct— )"

and
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(3.4) U@ <Cl1+t7).

where 7 is a positive constant.

Set O, =a '+ B(a,y+1) and T = a1 + Cy~ 107 8(a, v + 1) where
Bla,y) = fol t*~1(1 — ¢)7~1dt is the beta Euler’s function.

In order to obtain the existence of mild solutions for problem (1.1)-(1.2),
we suppose the following hypotheses

(H1) The function f is Carathéodory.
(H2) For all R > 0, there exists [g € LT (J; R ) such that

[f(t,w)] < f(2,0) + IR (E)]|ul
for almost ever t € J and each uw € C(H, E) with |Ju| < R.
Also denote f* :=esssup f(t,0) and I} := ||lRr|| -
teJ
(H3) For all R > 0, there exists a constant o > 0 such that

|he(u)| <o

for allt € H and all w € C(H, F) with |Ju| < R.

Corollary 3.3. From Proposition 2.4, if a function y : [—r,b] — E is such
that y(t) = ¢(t) — h(y) satistfying the condition (H,), then we have

(3.5) 1Ypcean | < W@+ L5 (llell + o)
where L = sup LR (),

teER(p™)

Then we can give now our result.

Theorem 3.4. Assume that (H,) and (H1) — (H3) are satisfied, and
Cv*Yl3 < 1. Then the nonlocal fractional problem (1.1) — (1.2) has at
least one mild solution.



Nonlocal partial fractional evolution equations with state ... 1199

Proof. Transform the problem (1.1) — (1.2) into a fixed point problem.
Set 2 := C([—r,b]; £) and consider the operator N : @ — Q defined by

(VD)) = [9(0) ~ )] = [ 9t = 5, 9)U(5)A0) [6(0) — haly)] ds
+ /\I/(t—s,s)f (S,yp(&ys)) ds

Ot S
| [ wte= 5,906,701 (7 upin)) drs.

+

Clearly, all fixed points of the operator N are mild solutions of the
nonlocal problem (1.1) — (1.2).

We prove that the operator N is continuous and is compact.

e N is a continuous operator. Let (i), be a sequence such that y, — y.
Then,

[(Nya) () — (N9) ()] < | — ho (yn) + ho(v)|
+ [Nt = 5, 9)U()A©) ko (31) — ho(w)]] ds

+/0t }\Il(t —s,5) [f (S,ynp(s,yns)) —f (s,yp(s,ys))} } ds
+/0t /Os U(t—s,8)¢(s,T) [f (T, ynp(T,ynT)) —f (7‘, yp(77y7)>} ’ drds.

By Lemma 3.2 and (H3), we have

[(N9) (0= (N)(O)] < o [, =
t
+0C?AO)] [ (=" (1+57)ds =]

+C /Ot(t — 5)*lds Hf (Wynp(.’y.)) —f (.7yp(.’y.)) H
+C? /Ot(t _ g /05(5 = 1) drds| f (5 Yot ) = F (Yo ) |-

Since

t
/ (t — )2 lds = a7 112,
0
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t
/ (t—s)*"'(1+8")ds = t° (Of1 +178(e, v + 1>)
0

and .
S
/ (t— S)‘H/ (s — 1) tdrds = v 1P B(a, v + 1),
0 0

we obtain

[(Nya) (8) = (Ny)(1)] < o |1+ C*JAO) 1 (07" +178(c, v+ 1)) | lya — vl
+Ct* {ofl + Cy B,y + 1)} Hf (‘,ynp(.,yn,)) —f (-,yp(.yy,))H :

Set
Oy :=a ' + b8,y + 1)

and
T:=a 4+ Cy W B(a,y+1),

to get for t < b

(V) (@) -~ (V@] < o [1+C2A0)[50,] g -yl
+ Y () = 1 (v

Hence,
| (Nyn) (t) — (Ny)(t)| — Oasn — +oo.

Then N is a continuous operator.

e N maps bounded sets into bounded sets in €.

We show that for each bounded set B C 2, N(B) is a bounded set,
i.e. there exists k a positive constant such that |y(¢)| < x implies that there
exists € a positive constant such that |[Ny(t)| < e for each t € J.
Using Lemma 3.2 and the hypothesis (H2), we obtain

(N < 1¢(0) = ho(y)
+ [ 9= 5,90 () AOf(0) ~ ho(w)]| ds
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+ /t )\Il(t —38,8)f (s,yp S’ys)) ’ ds

U(t—s,s)p(s,7)f (7’, yp(ﬂyf))‘ drds

< (el + 1ho(y))) [1 +C|A(0) /0 (s +sv>ds}
+C/ (5,0) + Ir(s )Hyms,ys)u] ds
+02/0 /0 (t— s)a—l(s — 7yt [f(r, 0) +lR(T)||yp(Tny)||} drds.

By hypothesis (H3) and Corollary 3.3, then we get for ¢ <b

(N @) < gl +0) [1 +CAO) (a7 + B,y + 1))

+ c/ (t = 5)* 1 [F* + Galy(s)] + LE[lell + o])] ds

+ 02// — )7t x

4 zR<|y< >| + LE [l + o)) drds
(Hsoll +o> [+ C2a0)1t (a7t + 07 B(a, v + 1))
CLf* + aln+ LElll + )] [ + Oy 'TB(ayy +1)]
(el + o) [1 + C2lAO)b°6,]
C[f* + Ul + LE Ll + oD)] 6 [0t + Cy 7167 B(a, 7 + 1)
([1 + C2IA(O)|b“@V} + Cl}b”‘Tﬁ,f) (lell + o)
+ CV*Y (Iyk + f*) ==

IN + A

IN -+

Then there exists a positive constant € such that [Ny(t)| < e for each
t € J; so the operator N maps bounded sets into bounded sets in €.

e N(B) is equicontinuous. Let t1,t2 € J such that t; < ty and let
y € B. By the hypothesis (H3), we get

[Ny (t2) — Ny (t1)] < [A(0)[l9(0) = ho(y)] x
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X {/tl |W(t; —s,8) — W (ta — s,8)| |U(s)|ds
0 ,
+/t1 \\y(tg—s,s)HU(s)\ds}
+/0t1 W (12— 5,5) = W (11— 5,91 (5, Upon) ) ds
[0 = 591 (st b
/n/ W (t2 = 5,5) = W (b1 — 5,5)| |6(5, DI F (T Up(rg) ) | drds
s [ 10 = s 1605, IS (7t rs.

Set
Z(s) = [AQO)] (]l + ) [T ()| Ff (5 Yp(age)) I+ /O 00,7 (7t ) -

Hence

[Ny (t2) = Ny (t1)] < /Otl (Wt —s,8) =V (t2 — 5,5)| Z(s) ds

to
+/ |W (ta — s,5)|Z(s) ds.
t1

Using the inequalities (3.3) and (3.4), the hypothesis (H2) and Corollary
3.3, we get for s < b and |y(s)| < k

T(s) < CIAWO) (gl +0) (1+57) + [75,0) + In(6)lgpto ]
c/ 14 77) [£07,0) 4+ L) oty ] d7

CLAO)| (Il + ) (1 4+57) + 7" + U (1(s)] + ££[el + )]
C [ ) [+ B ()| + ££ el + o) dr

CIAO)| (Il +) (1 +87) + 1 + U s+ LEllpl + )]

C L+ i (s LEllel + o)) [ (14 7)ar

+ IN+ N+

IN

ClA(0)]

(14+07) +1RLy <1 +Cb [1 + %D} (el + o)

+ <1+Cb [1+%D (f* + IRK) == w.
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Then

t1
Ny(t2) =Ny ()| < @ [ (= s,5) = W lt2—s,9)|ds
+ w/ (ta —s,s)|ds.

Then, |Ny (t2) — Ny (t1)| tends to zero as to — t; — 0. Hence, N(B) is
equicontinuous.

e Estimates of solutions: Let y and A € [0,1) such that y = AN(y). By
Lemma 3.2 and the hypotheses (H2) and (H3), we have for each t € J

ly(®)]

IN

A@(0) = hofw) + 3 [ 10(t ~ 5, )U(5)AO)p(0) ~ ho(w)]| s
+ )\/0 "Il(t —5,8)f (s,yp(&ys))’ds

o(s,7)f (7', yp(T,yT)) ’ drds

< (el +o) [1 £ A0 [ (=0 (14 57) ds|
- C/ (5,0) + Ir(s )||yp(s7ys)||> ds
+ 02/0 /0 (t— s)o‘—l(s — )t (f(T, 0) + lR(T)Hyp(WT)H) drds.

Using Corollary 3.3, we get

ly(®)]

IN

(lell + o) [1 + A (a7 +78(a,y + 1))
+ c/ (t = )7 [ + L (1y(s)| + LE el + o])] ds

+ / / —

Rt (!y( )! + Lyl + o])] drds.

We consider the function

p(t) == sup |y(s)l.
s€[0,t]
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Let t* € [—r,t] be such that u(t*) = |y(t*)|.
If t* € [—r, 0], then u(t*) = ||¢|| —o. If t € [0,0], by the previous inequality,
we have

IN

(gl + o) [1+C2AQO) (a7 + 88y + 1))

+ c/’t—s (f* + La(uls) + L£2]|gl])) ds

+ 02// S—T)V_lx

X [f* + U (u ()4—E¢WwH4—aD]des
< (el +o) [1+C2A©)p (a7t +57B(a,y +1))]
Ct* [ + Oy B(en y + 1] [+ U (lelloo + £E 101l + 0])]
(gl + o) [1+ C2lA0)°6,]
b [at + Cy T 8(on y + D] [+ U (lelloo + LE L1l + 0])]
(gl + o) [1 + C2lAO)b°6,]
CO™Y [£* + U (|l plloo + LE LIl + 01)]

()

IN +

IN +

+

Consequently,

g < ST+ (L+ C*|AO)[0*0, + COTIRLY) (¢l +0) _ 7
o0 = (1— CboYly) o

Hence we have for every t € HU J,

[Ylloo < max{ [l¢|| -0 M }:= M".

Set
Z={yeC([-rb;E):sup{ly(t)| :0<t<b}<M"+1}.

From the choice of Z there is no y € 07 such that y = A N(y) for
some A € (0,1). Then the statement (LS2) in Theorem 2.8 does not hold
here. Thus, the statement (LS1) holds, so we can deduce that the operator
N has at least one fixed-point y*, which is the mild solution of problem
(1.1) = (1.2). O
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4. An Example

We consider the following problem

0%u B 0?u(t, €)
@(tvf) = H(t,i)ng

+/O a1(s —t)u [s —p1(t)p2 (/07r a2(6)|u(t,0)|2d9) ,4 ds

T

(4.1) 0<a<l1l, 0<t<b &€l0,m7],
u(t,0) = u(t,m) =0, 0<t<b,
u(t, &) + ct(u) = uo(t, ), —r<t<0, {€0,m],

where £(t,-) is a continuous function for ¢ € [0,b] and k(-,§) is uniformly
Hoélder continuous in & € [0,7]; ay : [-7,0] — R and ag : [0,7] — R, p1 :
0,0 = R, p2: R— R, ¢;: C([-r,0],R) = Rand up : [-r,0] x [0,7] = R

are continuous given functions.

Consider the space E = L%([0,7],R) and define A by
Alt)w = k(t,w)w”

with domain
D(A) = H*(0,7) N H3(0, 7).

Then A(s) generates an analytic ¢tA() in E which satisfies the assump-
tions (A;) and (Asg).

Theorem 4.1. Assume that the functions a; : [-r,0] — R, ag : [0,7] —
R, p1 : [0,b)] — R, po : R — R, ¢ : C([-r,0],R) — R and vy :
[—7,0] x [0, 7] — R are continuous functions. Then there exists at least one
mild solution of (4.1) on [—r,b].

Proof. We may deduce from the assertions that for £ € [0, 7], we have

y()(&) = ult, ),
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Pt )(E) =t — pr(B)p2 ( I a2<s>|w<o,f>|2ds) ,
ha()(€) = ci()(€)

and
P(t)(&) = uo(t,§)

are well defined functions, so we can transform the example (4.1) into the
abstract system (1.1) — (1.2). Hence, by Theorem 3.4, we may deduce the
existence of at least one mild solution. From Remark 2.2, we can obtain
the following.

Corollary 4.2. Since the function ¢ € C(H, E) is continuous and bounded,
there exists at least one mild solution of (4.1).
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