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Abstract

Graph Labeling is a significant area of graph theory that is used in a
variety of applications like coding hypothesis, x-beam crystallography,
radar, cosmology, circuit design, correspondence network tending to,
and database administration. This study provides a general overview
of graph naming in heterogeneous fields, however it primarily focuses
on graph subdivision. The even vertexr odd meanness of super subdivide
of various graphs is discussed in this study. The graphs generated
by super subdivided of path, cycle, comb, crown, and planar grid are
even-odd mean graphs, according to our proof.
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1. Introduction

In this work, all diagrams are simple, finite, linked, and undirected. Through-
out this paper G(V, E) refers to the graph with p vertices (nodes) and ¢
edges (links). Let K,; be a complete bipartite graph (bigraph), then the
two partition V7 and V5 are called s-vertices part and t-vertices part re-
spectively for more terminology and notation we follow Harary [6]. Path
on n nodes is symbolized by P, and a cycle on n nodes is symbolized by
Cy. If m number of pendant nodes are attached at each node of GG, hence
the generated graph obtained from G is the graph G ©@mK;. When m =1,
G ® K; is called the corona of G. the graph P, ® K; is referred to as a
comb and the graph C),, ® K is referred to as crown. Suppose G1, G2 are
any two diagrams with p; and p2 nodes respectively.

Then the Cartesian product of G; and G4 symbolized by G1 @ G, is the
graph with vertex set V(G1) Q V(G2) = {(u,v) : u € V(G1),v € V(G2)}
and the ordered pair (u,v) is adjoining to (4, 9) either u equal to % and
(v,90) € E(G2) or v equal to ¥ and (u,%) € E(G1). For n > 3, the product
P, ® P, is referred to a planar grid, while at n = 2 is called ladder and
symbolized by L,.

In 1967 Rosa introduced S-valuation process [8]. This process was used
to break down the entire graph into isomorphic subgraphs. After that,
this [-valuation was recalled as graceful labeling by Golomb [5]. Many
virous uses of graph labeling are studied by V. Yegnanaryanan and P.
Vaidhyanathan [12]. A comprehensive graph labeling survey is available
in Gallian [4]. Even vertex odd meanness of the graph was provided by R.
Vasuki et al. [10]. In the same paper, they invaginated even vertex odd
meanness of some standard graphs. In [9] Sethuraman et al. introduced
the notion of super subdivision of diagram (graph), also they discussed
gracefulness of arbitrary super subdivision of many graphs.

Definition 1.1. [9] Suppose G is a graph. The G’ is considered a super
subdivision of graph G if G' is gained from G by substituting each uv of G
with a bigraph Ko ; by identifying w and v with the two vertices of 2-vertices
part of Ko, after deleting the uv edge from G.

Illustration 1.1. In the following Figure 1, the graph G = P» and its
super subdivision by K7 is shown. Here we identify the vertices vi and vo
with the two vertices u1 and ug of 2-vertices part of Ko 7.
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Figure 1. The path P» and its super subdivision.

Definition 1.2. [10] Consider a graph G(V, E) with p nodes and q links.
If the nodes of a graph G(V, E) can be labeled with even unequal integers
from the set {0,2,...,2q}, such that the link labels generated by the mean
of the labels of the ends nodes are different odd numbers from the set
{1,3,...,2¢ — 1}. Then the graph G is considered to be an even node odd
mean graph.

A graph which allows an even-odd meanness is said to be an even-odd
mean graphs [1,2,3,7,11]. Consider a and b are two integers, then we refer
[a,b] to be an interval of integers ¢, where a < ¢ <b.

2. Constructing an even-odd Meanness

Theorem 2.1. For any n > 2, SS(P,) is an even-odd mean graph.

Proof.  Consider u;, i € [1,n] are the nodes of the path P,, we replace
each link w;u;t1, @ € [1,n — 1] by a bigraph Ks; for some t € N. Suppose
wi;j(i € [1,n —1],j € [1,t]) are the nodes which used for super subdivision.
We notice that the graph G = SS(P,) has nt — t + n nodes and 2nt — 2¢
links. The labeling of nodes and links is given as follows:

For j € [1,t].

X(u;) = 4ti — 4, i€[l,n]
X(uij) =4ti+45 —4t -2, i€ [l,n—1].
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Then, the resulting edge labeling x* is computed as follows:

X*(uiuij) =4ti +25 — 4t — 1, 1€ [1,71— 1]
X*(uiJrluij) =4ti+2j—-2t—1, ie€[l,n—1].

Hence, x is an even-odd meanness of SS(P,). Thus SS(P,) is an even-
odd mean graph. O

Illustration 2.1. The super subdivision of Ps and its an even-odd mean-
ness are depicted in Figure 2, where t = 5.

Figure 2. Even-odd meanness of SS(Ps).

Theorem 2.2. SS(C),) is an even-odd mean graph for n = 0(mod 4).

Proof. Suppose C,, is a cycle of size n, where n = 0(mod 4) with vertices
u;, © € [1,n]. Suppose that the edges u;u;y1(i € [1,n — 1]) and u,uy are
changed by a bigraph K. Let u;;(i € [1,n —1],j € [1,t]) be the vertices
that will be used in the super subdivision of C),. Let G = SS(C,,), then it
obvious that p = n + nt and g = 2nt.

The labeling of vertices is constructed in the following way:
For j € [1,1].

Ati — 4t iell,2]

x(ui) =
Ati, ic[2+1,m]

X(uij) =4t(i —1)+45 — 2, i€ [1l,n].
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Thus, the resulting edge labeling x* is computed by using the following:

Ati+2j — (4t + 1), i€ 1,2
X" (uiugg) =
i +2j — (2t + 1), i€[2+1,n]
Ati + 25 — 4t — 1, ie1,2-1]
X (uijuiv1) = 2tn+ 25 — 1, i=1
At +2j — 1, i€[2+1,n—1]

X (unjur) =2nt +25 — (2t + 1).

Hence, x is an even-odd meanness of SS(Cy,) for n = 0(mod 4) . Then
SS(Cy,) is an even-odd mean graph. O

Illustration 2.2. The super subdivision of Cg and its an even-odd mean-
ness are depicted in Figure 3, where t = 5.

Figure 3. Even-odd meanness of SS(Cg)
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Theorem 2.3. Forn > 2, SS(P, ® K1) is an even-odd mean graph.

Proof. Suppose wu;,v;, i € [1,n] are the vertices of P, ® K;. Let e;,
e; denote to the edges u;u;11, u;v; respectively. Let the edges e;, e;(i €
[1,n —1]), en = unu1 and e, be replaced by a bigraph K, for certain
t € N. Let u;j, w;; and wy; (i € [1,n —1],5 € [1,t]) be the vertices which
are used for super subdivision of the edges e;, e; and e;l respectively. Let
G = SS(P,® K3), then it obvious that p = 2tn+ (2n—t) and g = 4nt — 2t.
Hence the labeling of vertices is constructed in the following way:

For j € [1,t].

8t — 4t, i €[l,n], 7isodd
x(ui) =
8ti — 8t, i€ll,n], iiseven.
8ti — 8t, i €[l,n], 7isodd
x(vi) =
8t — 4t, i€[l,n], iiseven.
8ti + 45 — (4t + 2), i€[l,n—1], 7isodd
x(uij) =
8ti + 45 — 2, i€[l,n—1], iiseven
45— 2, i=1
x(wij) =< 8ti+4j — 12t — 2, i €[3,n], 7isodd
8ti +4j — 8t — 2, i €[2,n], iiseven.

Then the resulting edge labeling x* is computed by using the following:

X (uwiuij) = 8ti+ 25 — (4t + 1) i€ l,n].
8ti+25— (2t +1), i€[l,n—1], iisodd
X" (uijuit1) =
8ti +2j + (2t — 1), ie€[l,n—1], iiseven.
2j —1, i=1
X (viwi;) =< 8ti+2j — (10t + 1), i€[2,n], 7isodd
8ti +2j — (6t + 1), i €[2,n], iiseven
% +2j — 1, i=1
X" (uiwij) =

8ti+2j— (8t+1), iel[2mn].
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Thus, x is an even-odd meanness of SS(P, ® K1). Hence SS(P, ® K1)
is an even-odd mean graph. O

INlustration 2.3. The super subdivision of Pg ® K1 and its even vertex
odd meanness are depicted in Figure 4, where t = 3.

Figure 4. Even-odd meanness of SS(Ps ® K).

Theorem 2.4. For n = 0(mod 4), SS(C,, ® K1) is an even-odd mean
graph.

Proof. Let C, ® Ki be the crown gained from a cycle C,, : ujus...un u1
by connecting a pendant vertex v; to w;, for each i,(i € [1,n]). Let
e; = uwiui1(i € [1,n —1]),en = upuy and e; = wv;(i € [1,n]) . Let G
be the graph gained by super subdivision of C,, ® Ki. That is, the edges
e, e;(i € [1,n—1]),e, = upuq and 6;1 = upvy, are changed by a bigraph Ks
for certain fixed t € N. Let u;j,w;; (¢ € [1,n],5 € [1,¢]) be the vertices
which utilized for super subdivision. Let G = SS(C,, ® K1), then it evident
that p = 2n + 2tn and ¢ = 4tn. Define labeling x : V(SS(C,, © K1)) —
{0,2,...,2q — 2,2¢q = 8tn} in the following way:

For j € [1,t].
8ti — At, i€[1,2], iisodd
8ti — 8t, i€ [1,5], iiseven
x(ui) =
8ti, i€y +1,n], iisodd
8ti — 4t, i€ [§+1,n], iiseven.
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8ti — 8t, ic[l,5], iisodd
8ti — 4t, i€ [l,5], iiseven
x(vi) =
8ti — 4t, i€y +1,n], iisodd
8ti, i€ [§+1,n], iiseven.
8ti +4j — (4t + 2), i€[l,n—1], iisodd
x(uij) =4 8ti+45—2, i€[l,n—1], iiseven
8tn + 47 — (8t + 2), i=n.
45— 2, i=1
8ti + 45 — (12t + 2), i€[2,n—1], iisodd
x(wig) =
8ti + 45 — (8t + 2), i€[2,n—1], iiseven
8tn + 45 — (4t +2), i=n.

Hence the resulting edge labeling x* is computed by using the following:

8ti +2j — (4t + 1), ie1,n]

X (wjuij) = ¢ 8ti+25 — (2t + 1), ic[§+1,n—1]
8tn +2j — (6t + 1), i =n.
2 + 25 — 1, i=1
8ti +2j — (8t + 1), P21

X" (uiwij) =
8ti +2j — (6t + 1), ic[§+1,n-1]
8tn+2j — (4t + 1), i=n.



On even-odd meanness of super subdivision of some graphs 1221

X (viw;y) =

X (uijuipr) =

2j — 1,
8ti +2j — (10t + 1),
8ti +2j — (6t + 1),
8ti +2j — (8t + 1),
8ti +2j — (4t + 1),

8tn+2j — (2t + 1),

8ti+2j — (2t + 1),
8ti+2j + 2t — 1,
Atn + 2§ + 4t — 1,
8ti+2j — 1,

8ti +2j + 4t — 1,

=1
i€[2,5], iisodd
i€[2,5], iiseven
ic[g+1,n—1], iisodd
i€[5+1,n—1], iiseven

1= n.

ic[l,5], iisodd
i€[2,5—2], iiseven

7=

o3

i€[g+1,n], iisodd

ic[g+1,n—2], iiseven

X (unjur) = 4tn +2j — (2t +1).

Then, x is an even-odd meanness of SS(C,, ® K1). Thus SS(C,, ® K3)
is an even-odd mean graph. O

Ilustration 2.4. The super subdivision of SS(Cs ® K1) and its even ver-
tex odd meanness are depicted in Figure 5, where t = 3.
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Figure 5. Even-odd meanness of SS(Cs ® K7).

Theorem 2.5. Form,n > 2, SS(P,, Q@ P,) is an even-odd mean graph.

Proof. Let wi;(i € [1,m],j € [1,n]) be the vertices of planar grid
P, X P,. We know that the cardinality of P, ® P, is mn and its size
is 2mn — (m + n). Suppose G is the graph gained by super subdivided of
P @ P, by a bigraph Ko, wheret € N. Let e;; = u;ju;(j1)(i € [1,m],7 €
[1,n—1]) and e;j = wiju(i41); (i € [I,m—1],j € [1,n]) be the horizontal and
vertical edges of P, @ P, respectively. Let v;; (i € [1,m],j € [1,n—1],k €
[1,]) and w;j (i € [1,m —1],j € [1,n],k € [1,t]) be the vertices which are
used for super subdivision of the edges e;; and €’;; respectively. We ob-
serve that the graph G = SS(P,, ® P,,) has mn(1+2t) — (m +n)t vertices
and 4mnt — 2(m + n)t edges. We define labeling x : V(SS(Pn ®Q P,)) —
{0,2,...,2¢g = 8mnt — 4(m + n)t} as follows:
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For k € [1,¢].

x(uij) =

X(Uz'j,k) =

X(wij,k) =

Atj — 4t i=1,j¢€[Ln]

(20 — 1)i + 4tf —

—8nt, i€[3,m],j€[l,n],iis odd
A (2n — 1)i — 4tj —

—4t(n —1), i€[2,m],j€[l,n],iiseven .

8tj + 4k — (4t + 2), i=1j¢€[ln—1]
—A4tj + Ak + (120t — 8t —2), i=2,5€[l,n—1]
At(2n — 1)i + 8tj + 4k —
—(12tn 4 2) , i€[3,m],j€[l,n—1],iis odd

4t(2n — 1)i — 8tj + 4k —

—(4tn +2), i€[l,m],j €[l,n—1],iis even .
8tj + 4k — (8t + 2), i=1,7€[l,n]
8tj + 4k + (12tn — 16t — 2), i=21<j<n

6t(n + 1)i — 8tj + 4k +
+(10tn — 30t — 2), i€[3,m—1],j€[L,n]iis odd
6t(n + 1)i + 8t + 4k +

+(4tn — 48t — 2), ied,m—1],j€l,n],iis even .

Then the resulting edge labeling x* is computed by using the following:
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6tj+2k—(4t+1), z':l,je[l,n—l]
—4tj+2l<:+(12tn—6t—1), i:2,je[1,n—1]
4t(2n — 1)i + 6t5 + 2k —

X*(Uij Uij,k) =

—(10tn + 1), ie€[3,m],jel,n—1],iis odd

4t(2n — 1)i — 6tj + 2k —

—(4tn — 2t + 1), i€[4,m],j €[l,n—1],iis even .

6tj + 2k — (2t + 1), i=1,j€ln—1]
4t 2%+ (120 —8t—1), i=2,j¢€[L,n—1]
4t(2n — 1)i + 6tf + 2k +

X" (Vij g Wigj1)) =

+(2t — 10tn — 1), ie€[3,m],jel,n—1],iis odd

44(2n — 1)i — 615 + 2k —

—(4tn + 1), i€[4,m],j €[l,n—1],iis even .

6tj + 2k — (6t + 1), i=1,7€1,n]
2+ 2k + (12tn — 10t — 1), i=2,j € [1,n]
t(Tn + 1)i — 2tj + 2k+

X" (wij wijr) =

+(tn — 15t — 1), i€ [3,m—1],j €[l,nl,iis odd

(7 + 1)i + 2t5 + 2k —

—(22t + 1), ie€d,m—1],j€[l,n],iis even .
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2 + 2k + (6tn — 6t — 1), i=1j¢[1,n]
6tj + 2k + (14tn — 14t — 1), i=2,5€ [1,7]
£(7n + 1)i — 6t + 2k +

X (Wijk U(ig1);) =

+(7tn — 15t — 1), i€[3,m—1],j € [l,n],iis odd

t(7n + 1)i + 615 + 2k +

+(2tn — 26t — 1), ie€d,m—1],j€[l,n],iis even .

Hence, x is an even-odd meanness of SS(P,,, ® P,,). Thus SS(P,, @ Fy)
is an even-odd mean graph. O

Ilustration 2.5. The super subdivision of SS(Py; @ Ps) and its even ver-
tex odd meanness are depicted in Figure 6, where t = 4.
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350

Figure 6. Even-odd meanness of SS(Ps @ Ps).

Corollary 2.1. SS(L,) is an even-odd mean graph for all n.

Proof. Since the ladder L, is a P, @ P> planar grid, by Theorem 2.5,
the super subdivision of L, is also an even-odd mean graph. O
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3. Conclusion

It’s worth noting that the super subdivision graph SS(G) may be obtained
from any graph G for ¢t > 2. We prove that path, cycle, comb, crown, and
planar grid super subdivisions are even-odd mean graphs.
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