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Abstract

For an odd prime p, we formulate the number of all degree n rep-
resentations of a group of order p>. And calculating the dimension of
space of invariant bilinear forms corresponding to degree n represen-
tation over a field F which contains a primitive p> root of unity. Here
we also explicitly discussed the existence of a non-degenerate invariant
bilinear form of the same space.

Keyword: Bilinear forms, Representation theory, Vector spaces, Di-
rect sums, Semi direct product.

MSC [2020]: 15404, 15A63, 20C15.


Scielo

Scielo


1392 Dilchand Mahto and Jagmohan Tanti

1. Introduction

One of the important roles of Representation theory is the study of a group
as operators on certain vector spaces. These operators behave as an or-
thogonal (unitary) group with respect to a corresponding bilinear form.
Generating new non-degenerate invariant bilinear forms attracted many
researcher due to its important in quantum mechanics and other branches
of physical sciences.

Let G be a group and V a vector space over a field F, then we have
following.

Definition 1.1. A homomorphism p : G — GL(V) is called a represen-
tation of the group G. V is also called a representing space of G. The
dimension of V over F is called degree of the representation p.

Definition 1.2. A class function is a map f : G — F so that f(g) = f(h)
if g is a conjugate to h in G.

Definition 1.3. A bilinear form on a finite dimensional vector space V (F)
is said to be invariant under the representation p of a finite group G if

B(p(g9)z,p(9)y) =B(z,y), Vg € G and z,y € V(F).

For the basic properties of a bilinear form, we may refer to [9].
Let Z denotes the space of bilinear forms on the vector space V over F and
Cr(G), the set of all class functions on G.

Definition 1.4. The set of invariant bilinear forms under the representa-
tion p is given by

Ec ={B € EZ|B(p(g9)r,p(9)y) =B(z,y), Vg€ G and z,y € V}.
Assume that F consists of a primitive |G[*" root of unity. The represen-
tation (p, V) [13], is irreducible of degree n if and only if {0} and V are
the only invariant sub spaces of V under the representation p. The class
function Cg(G) is a vector space over F with dimension r, where r is the
number of conjugacy classes of G. By the Frobenius ([1], Theorem 5.9, p.
318) there are r irreducible representations p; (say), 1 < i <r of G and y;
(say) the character corresponding to p;. Also by Maschke’s theorem 2.1, we
have a degree n representation p = @]_,k;p; of G, the coefficient k; of p;,
1 <i<r sothat Y7, dik; = n, and YI_, d? = |G|, where d; is the degree
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of p; and d;||G| with d; > d; when j > i. It is already well understood
in the literature that the invariant space =g under p can be expressed by
the set 2 = {X € M, (F) | C’f)(g)XC’p(g) = X,Vg € G} with respect to an
ordered basis e of V(F), where M,,(F) is the set of square matrices of order
n with entries from F and C,, is the matrix representation of the linear
transformation p(g) with respect to e.

If we consider G to be a group of order p? with p an odd prime, F a field
with char (F) # p, which consists of a primitive p?th root of unity and (p,
V), degree n representation of G over F. Then obviously the set Z¢, space
of invariant bilinear forms on V corresponding to p, forms a subspace of E.
In the view of considered group and bilinear space, in this paper, our main
focus to investigate and answers the following three questions:

1. How many degree n representations (up to isomorphism) of G can be
there?

2. What is the dimension of =g for every degree n representation?

3. What are the necessary and sufficient conditions for the existence of
a non-degenerate invariant bilinear form?

The existence of a non-degenerate invariant bilinear form over the field of
complex numbers is well stabilised results. Also it is well known that every
maximal (proper) subgroup of G with index p is normal (For finite p, groups
are nilpotent and any proper subgroup of a nilpotent group is properly
contained in its normalizer). So it is evident that there are epimorphisms
from G to the cyclic group Z,.

Now, fixing a generator c of Z, and 1 # ¢ a primitive pth-root of unity.
Let U and V' be the one-dimensional representations of Z, on which c acts
respectively by ¢ and {. We claim that U @ V admits a Z,-invariant non-
degenerate bilinear form. Using some suitable epimorphism to Z, one can
pull-back these representations and the forms to G.

For proving the claim: considering the vectors 0 #u € U and 0 # v €
V. Using these vector spaces, we define a bilinear form B on U & V as
follows: B(u,u) = 0 = B(v,v), B(u,v) = 1 = B(v,u) so that B(Au +
p1v, Nju + phv) = Ay + A

Now we may easily check the Z, invariance, as follows: B(c(Au +
10), oM+ h0)) = BC(Agu + prv), CNu+ ) = CO h + CCXy iy =
B(Mu + piv, Nju + pjv).
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The questions in concern have been studied in several literatures regards
to distinct contexts. Gongopadhyay and Kulkarni [6], studied the exis-
tence of T-invariant non-degenerate symmetric (resp. skew-symmetric) bi-
linear forms. Gongopadhyay, Mazumder and Sardar [8], investigated for
an invertible linear map T on V, admit a T -invariant non-degenerate c-
hermitian form. Chen [2], discussed the all matrix representation of the
real numbers. Kulkarni and Tanti [10], formulated the dimension of space
of T-invariant bilinear forms. Sergeichuk [14], studied systems of forms and
linear mappings by associating with them self-adjoint representations of a
category with involution. Frobenius [5], proved that every endomorphism
of a finite dimensional vector space V is self-adjoint for at least one non-
degenerate symmetric bilinear form on V. Later, Stenzel [12], determined
when an endomorphism could be skew- self adjoint for a non-degenerate
quadratic form, or self-adjoint or skew-self adjoint for a symplectic form
on complex vector spaces. However his results were later generalized to an
arbitrary field [7]. Pazzis [11], tackled the case of the automorphisms of a
finite dimensional vector space that are orthogonal (resp. symplectic) for
at least one non-degenerate quadratic form (resp. symplectic form) over an
arbitrary field of characteristics 2.

We present our study and outcomes based on above mentioned three
questions in the following three main theorems.

Theorem 1.1. The number of degree n representations (up to isomor-
phism) of a group G of order p3, with p an odd prime is (”;}fifl) when G

1
is abelian and Zfzjo (e ;2) ("jgétiffl) otherwise.
Theorem 1.2. The space Z¢ of invariant bilinear forms of a group G of
order p* (p an odd prime), under degree n representation (p, V(F)) is iso-
morphic to the direct sum of the sub spaces W ; ;), (i,7) € Ag of M, (F),
ie, Eg = @D jeae W), where Ag = {(i,5) | pi and p; are dual to each
other} apd for every (i,j) € Ag, W j) = {X € Mn(F)‘Xchjikixd]—kj =
C’,t%_ pi g)X;i kixdjk; Chkip;(9):V9 € G and rest blocks are zeros}. Also for
(i,7) € Ag, the dimension of Wy; ;y = kik;.

Theorem 1.3. IfG is group of order p®, with p an odd prime, then degree
n representation of G consists of a non-degenerate invariant bilinear form
if and only if every irreducible representation and its dual have the same
multiplicity.
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Remark 1.1. Thus we get the necessary and sufficient condition for the
existence of a non-degenerate invariant bilinear form under degree n repre-
sentation.

2. Preliminaries

The classification of groups of order p3, with p an odd prime has been well
documented in the several literatures. Due to the structure theorem of finite
abelian groups, there are only three abelian groups (up to isomorphism) of
this order viz, Z,s, Z,2» X Zy, and Z;, x Z;, x Z;,. Amongst non-abelian groups
of this order, Heisenberg group [3] is well known and named after a German
theoretical physicist Werner Heisenberg. In this group every non identity
element is of order p. The elements of this group are usually seen in the
form of 3 x 3 upper triangular matrices whose diagonal entries consist of 1
and other three entries are chosen from the finite field Z,. If there exists
any other non-abelian group of this order then it must have a non identity
element of order p?. Let us consider the 2 x 2 upper triangular matrices with
a1 = 1+pm, (m € Zy), a12 = a € Z,2 and azz = 1. Here the element with
entries a;; = a2 = az = 1 has order p? making it non-isomorphic to the
Heisenberg group. We denote this group by G,. Thus up to isomorphism
there are five groups of order p* with an odd prime p [3]. For an abelian
group of order p?, there are p® number of irreducible representations each
having degree 1 and for non-abelian cases, the number of trivial conjugacy
classes is |Z(G)| = p. To find a non-trivial conjugacy class we refer to the
theory of group action and class equation

Gl = [2(G)] + > lesl

9¢Z(G) varying over distinct conjugacy classes

with |Cy| = #Gg‘)', where Cy and C(g) are the conjugacy class and the

centralizer respectively of g in G. If g ¢ Z(G) then |C(g)| = p?. Therefore
there are p? — 1 non trivial conjugacy classes of order p. Thus total number
of conjugacy classes for a non-abelian group is r = p? — 1+ p, which is same
as the number of irreducible representations with degree d;. We also have
d;||G| and Y37_, d? = |G|, therefore d; = 1 or p. So we conclude that there
are p?> number of degree 1 representations and p — 1 number of degree p
representations. We here formulate every irreducible representation p; in
such a way that the entries of C), () are either 0 or p3th primitive roots of
unity.
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Definition 2.1. The character of p is a function x : G — F, x(g) =
tr(p(g)) and is also called character of the group G.

Theorem 2.1. (Maschke’s Theorem): If char(F) does not divide |G|, then
every representation of G is a direct sum of irreducible representations.

Proof.  See ([1], Corollary 4.9, p. 316). O

Theorem 2.2. Two representations (p, V(F)) and (p', V(F)) of G are iso-
morphic if and only if their character values are same i.e, x(g) = x'(g) for
all g € G.

Proof.  See ([1], Corollary 5.13, p. 319). a

3. Irreducible representation (irrep.) of group of order p?
with an odd prime p.

In this section, G is a group of order p? with p an odd prime, (pi, W,)
stands for an irreducible representation p; of degree d; of G over a field F
with char(F) # p, which consists of w € F, a primitive p3th root of unity.

Let 05 = pp24s, 1 < s < p—1 denote the irreducible representations of
degree p when G is non-abelian. Since o, is a homomorphism from G
to GL(W,,) = GL(p,F), by the fundamental theorem of homomorphism
%(US) = 04(@) and the possible value of |Ker(os)|is 1 or p. If | Ker(os)| =
p then Hermitian inner product (xs,xs) > 1, therefore (xs, xs) = 1 only
when g ¢ Ker(os), so we have xs(g) = 0. Also we have trivial character
xi(9) = 1,Vg € G and (x;, xs) = ;Lz # 0, which fails the orthonormality
property of the irreducible characters. Thus |Ker(os)] = 1 and hence
os(G) = {eC;} which is isomorphic to a non-abelian group of order p3.

Now 04(G) has subgroups H and K of order p and p? respectively ([4],
Exercise 29, p. 132). Since K is a maximal subgroup of o4(G) so K
must be a normal subgroup and there exists a subgroup H, of order p
which is not normal (not contained in Z(os(G))) ([4], Theorem 1, p. 188),
thus we have, 04(G) = K H), and every element of 04(G) can be expressed
uniquely in the form of kh for some k € K and h € H), (this uniqueness
follows from the condition K N H, = {os(eq)}), therefore oy(Heis(Zy)) is
isomorphic to semidirect product of (Z, x Z,) and Z,, and G, is isomorphic
to semidirect product of Z,» and Z,. As [Z(G)| = p, we can choose a
subgroup of order p from GL(p,F) and say that it is the Image of Z(G)
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(subset of a normal subgroup of order p? of G) denoted by 05(Z(G)) =
{w5p2lp |1 < s < p} under the irreducible representation o4 (since center

~

elements commute and are scalar matrices). Thus o4(Z (G))(% os(K)) =

Z,, each non-identity element of Z(G) have p — 1 choices in Z, under o,
and rest p3 — p elements of G map to rest p> — p elements of o4(G). We
decide all degree p representations by the elements of Z(G) and elements
of G — Z(G) by mapping to the set 05(G) — 05(Z(G)) € GL(p,F), which
consists of those elements whose trace is zero and order of every element
is either p or p®. We will depict all irreducible representations of G in the
next subsections.

3.1. Heisenberg group.

B
G = Heis(Zy) = { (o, 8),7) = v |l B,y €Zy
1

O O =
O~ Q9

Another presentation of Heisenberg group is ([4], p. 179)

1 1

G = {(z,a|2? =a? =1, x(a lza)z™! = a za, a(zraz™')a"!

= zax~ ).

For the Heisenberg group, center Z(G) = (zaz~'a™') = (((0,1),0)).
Each of the irreducible representations o, 1 < s < p — 1 of degree p maps
the center of G to the center of GL(p,F), ie., if z € Z(G), os(z) is a
scalar matrix say cslp, ¢s € F, and order of z is p so ¢ = 1. Hence
cs € {1, wP® = e, €, -, @D} Thus each of the p — 1 irreducible
representations of degree p maps Z(G) into the Z(GL(p,F)) even maps to
the Z(05(G)), it has been recorded in the following table.

Table 3.1: All degree p irreducible representations of Heis(Zp)

All wrep. — Tiag—1 Tag
Runing variable — l<n= *‘,:—1
g e &) eI, e,
g & L5 See Note [3.1] | See Note 3.1 |
Dhual irrep. O8—1 = Ty
# irrep. p—1
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Note 3.1. For degree p representations os of the Heisenberg group G, if
zaz~ta™t € Z(G) then os(zazta™t) = py2y ((zaz™la™t) = €1, for some
m, 1 < m < p and the elements of G — Z(G) get mapped bijectively to the

following set o4(G) — o <Z(G)>

:{A,,EGL(p,F)|TT(A,,):()andAl’j:Ipforl§V§p3—p}.

Thus the degree p irreducible representations o can be expressed as

below
[0 1 0 o 0| (v 0 00 0
0o 10 0 Dot i ]
_ 0001 0 _ 00 e 0
Tap—1(z) = and da,_1(a) =
0o o0 0 o0 D s 0
1 0 00 0) o0 0 0 erte—l
. s .
01 00 0 epHi—n 0 0 0
0010 0 i gPti-m 0 0
00 01 0 ; i 0 iy 0
Taglz) = and Togla) =
a0 00 0 " 0 0 0 ertion
(1 0 00 0) 0 0 0 0

Non-abelian groups of order p® have p? representations of degree one.
Let o(s_14-1), 1 < s,t < p, denote representations of degree 1. Here we
present all degree one representations for the Heisenberg group.

[ SR e S e S
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Table 3.2: All irreducible representations of degree 1 for the Heisenberg

group.
All irrep. — Pit—1)1p42:—2 = | Pit—1)p+2s—1 = | Ple—1)p422—1 = Pia—1)p42s =
Tie—1 -1} Tp—stlp—ttl) Ti=—1,2—1) Tip—atl,p—t41)
Running, Variable — l<s= F%L'—l t=1 l<s<p 2<t=< *‘%{_;—1
1 o A
o1 0 =1 1 1 1
oo 1
1 a D
0 1 ~ eaf=—1) ealp—stl) Aais—liy(t=10} | Jalp—st1)rip—t+11}
o o 1
Dhaal irrep. Phen=po._i & mp=pm Ple—1)pt2a—1 = Pit—1)p-+2s
# 1rTep. P P —p

Since 1 < s,t < p, and «a,vy € Zy, so ela(s=1)+7(t-1)) is generated by e,
thus the representation o(,_1; 1) maps an element g € G to €™, for some
m, 1 <m <p.

3.2. The non-abelian group G,

l+py 0
Gp:{(p’y,é):l OW 1,]; yezp,dezpz}.

Another presentation of this group is ([4], p. 180)
Gp = (wy|a? =y =L ay = y"Ha).

The center of G, is Z(Gp) = <yp = l 1gp (1) ]>

Note 3.2. For degree p representations o of group Gy, if y? € Z(G)) then
2 .
02-1(y") = ppri2g-1(y*) = w1, and its dual o9, (y?) = pyi2,(y”) =
w(p*”)pZIp, 1<n< %1 Also the elements of Gy, — Z(G)) map bijectively
to the set
0s(Gp) — 05 (Z(Gp)) ={A, e GL(p,F)I'r(A,) =0 and AY = Ijor AP =
I, for 1 <v < p3—p}.
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We have recorded all degree p irreducible representations of G, in the

following table.

Table 3.3: All irreducible representations of degree p for the group Gj,.

All rrep. — Tan—i Tag
Runing variahle — l<n< Lai
g€ Z(G,) WL, wie—me' T
g Z(Gg) See Note [3.2] | See Note|3.2| |
Dal irrep. 31 = T
# irrep. p—1

Thus the degree p irreducible representations o, is defined as below

Tag_tiz)= |0 0O 0

100
[0 1 0
00 1

daglz)= (0 O 0

- —n

0 and oy, () =

0 andoa,_ily) =

(" 0
0 ,_b._r'z +np 0
0 0 wip®HnE
| O 0 0
WP P 0
0 w¥-w g
0 0

There are p? representations O(s—1,t—1), 1 < s, < p of degree one. Asg e

Gp— Z(G,p), we have g = (p7,0) =

14+py 6

0

75 € Z;?u ’GP_Z(GPH =

(p?® — 1)p. In the table 3.4 we have recorded all degree one representations

of Gj.
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Table 3.4: All irreducible representations of degree 1 for the group G).

All irrep. — Pii—1)p42=—2 = | Pa—1)p42:—1 = Pi—1)ptas—1 = Ple—1)p42= =
Tia—1t—1) Tip—=tl,p—t+1) Tia—1,4—1) Tip—atlp—t+1)
Running Variable — 1€s< -“—.jg.'—l.f =1 l<s<p 2<t< %—1
1 +_'§‘.3'“r 0 5
P — wP =1 1 1 1
0 1
L4pv & g & _. o
TRy E LD P vie—1) wF vip—=tl) WP (=148 (=1 | e {rip—et1Hd (p—t+1]]}
] 1
where 4’ =d mod p | Where & = 4 mod p
Dhaal irrep. Phe_n = pa._1 & po=p1 F‘Ee—i;-p+2=—1 = Pt 1)pt+s
# Irrep. P PQ —P

Here wP’((s=D+8'(:-1)) ig generated by wpz, thus the representation
2
O(s—1,t—1) maps an element g € G to w™?", for some m, 1 <m < p.

Note 3.3. As a finite abelian group is finitely generated, here for the
abelian groups Zys, Z,> X Z, and Z, X Z, x 7, there exist the finite
generating subsets {a}, {b,c} and {d,e, f} respectively. For example we
may take a = 1+ p®Z, b = (1 + p*Z,0 + pZ), c = (0 + p*Z,1 + pZ),
d = (1 +pZ,0+ pZ,0 + pZ), e = (0 + pZ,1 + pZ,0 + pZ) and f =
(0+pZ,0+ pZ,1 + pZ). Further order of an element g under p;,1 <i <r
is 1pi(9)].

3.3. The cyclic group Z,s.

Here Z,s = (a| a?’ = 1). The representation tables are given as below.
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Table 3.5: All irreducible representations of the group Z,s, with an odd

prime p.
All irrep. — o Ppa—1 Ppa—1 4241
Running, variable —
FoE x—1__ oy
PR : f8s oy 8a 4 o o BPT—PTT-0)
t=1 {.ﬂ|grd|_p..f.p Il=p ’tl;fi_-'_h:pT-l-l}
O i=1 f= position of ¢ (ordered in acending order) in above set
s..Pg -
|as(al] =123
i -'.:.““3 -1 u.,"PS_'_ | w_us_ips_r
Diual irrep. zelf Pre—1 o = Ppr=i43t41
# irrep. 1 o —p!

Table 3.6: All irredu

cible representations of the group Zs.

T — Pl | Pz | P2 | P4 [ Ps | Ps | PT | P8
S il u.,'ﬁ hi ll,;‘-'2 wt % ! l.,l.,'3 u..E'
3.4. The group Z,> X Z).
Here Z,> X Zy, = (a,b|a”” = b’ =1,ab = ba).
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T =
Zpg ><Zp
Table 3.7: All irreducible representations of group Z,2 x Z,, with an odd
prime p.
AW icrap — | Tfn,d) | Ty | TR pety | ey | Tip—ww?) | Tplise) | Tolip gy | TiaE) | Tip2espti | TR | TieR o amy
Running ] e {1,.:. ,p—1} tefl, .. ,p—13}
varinbla =t L1 a = Bl £lga BrB o
—+ =p L_:-:_%"._'r' 1_:1‘%.:# & {1, . =1} =€ {1, .yﬂ—p:- 1_:1%‘;
ki ég P—,;—I' Ei<eg E;—J
Ailed 1 i i il = .
Pil k) 1 F 1 had bl 1
- , : : L T R T e = T F e AT
i i ot r-tpt 1 1 Lt Pt T Pt 1 1
Dl ierep- welE T 3= Tl t) | Tiemll = ipeag®s | TeBiagy = TeRtm—rpet] | Tied) = Tied—apot] e
# ircep. 1 r—1 r—1 ip—Lip—1) (= — plip — 13 P

Table 3.8: All irreducible representations of group Z4 X Zs.

A1 | Pz | P3| P4 | P | PE | P | P8
:{-z-l-xzﬂ =la|w® || w!|w! || W |u? | Wt
b .-_,_:S £ 1 u.,'s ‘-J-!i '.a.'d' w,-'l -'.1.58 -'.,;,'S

3.5. The group Z, x Z, X Z,,.

Here Z,, x Z), x Z,, = (a,b,c|aP = b’ = P = 1,ab = ba, ac = ca,bc = cb).

The corresponding tables are given by
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17,x2,xZ, =

Table 3.9: All irreducible representations of Z, x Z, x Z,, with an odd

prime p.

d-tuples —

All places are same

Exactly two places are same

All places are distinct

(s, f,m) [=.8,8]) (5,8, m), (s m,s)(ms 8, m#*Fs is,t,m),sFtFm#Fs
"‘!‘-]l orep. —* ':TIS.S.":I Crl:p—s p—=,p—=) ol;s.s.m] JI:F—S._D—S._D—“%:I Crl;s.t.m;l O-[_n—s._u—t._n—m]
Running Bt o . P s=pllam= A 1= s,t,m = p,
variable — lj.sﬁ-"i—lélsme{l.ﬂ:---.p}
a wF fp—=)p? w =" wip—s e w ap? wip—s i?
2 ; 2 i i -] " [p—tipd
P wip—=)p W whP—8F wtF wipP—t)p
-] 3 2 - 2 i 2
¢ WP (p—slp wmF wiP—mF w™P wiP—mip
[y . & e :
Twice Tippp) = 7(0,0,00 Fiotm) = Tp—s1,p—t1 p—m1) "'-ir

repeated irrep.

Only trivial wrep.

s+sp=Ff+fi=m+my =p or

2p, Each irrep. repeated twice

— repeated twice No irrep. repeated twice
Dual irrep. Tls0,8) = Fip—z.p—=.p=2) T(smm) = Tlp—2.p—2.p—m) T s tm) = Tip—a,p—t.p—m)
Distinet
# irrep. P Apip —1) plp—1Lip—2)

Table 3.10 All irreducible representations of Zy X Zg X Zs.

il P2 | P3| P4 Ps | Ps | P | Pe
8.4, 8 g, a8l 4. 4.4
I_ il 5, [ [, _,_ it Lo it [
Ty 0 ¥ By
S e il G | ol [t s Lam gyl [Tl
[Fh A [Eh A et (e (=5 A
ol a8 4| 4l .8 8 |.4
i [F8) (=8 [Eh (TR ot [ k! o

Note 3.4. In a degree n representation p, the presence of an irreducible
representation po; and its dual p5; = p2;1+1, with multiplicities are adjacent
to each other. Also the notation o(g ) (irreducible representation) used in
Table 3.7 (resp. 0(sm) in Table 3.9) is corresponds to p;, for some unique

i, 1 <i< % and so the dual O-EKS,T) (resp. o

*
(s,t,m

The trivial representation corresponds to p;.

)) corresponds to p2;i1.
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Now

(3.1) p=Fkip1 ®kapo ® -+ D krpy,

where for every 1 <4 <r, k;p; stands for the direct sum of k; copies of the
irreducible representation p;.
Let x be the character corresponding to the representation p, then

X = kix1 + kexo + - - + ke,

where y; is the character of p;, V 1 < i < r. Degree of the character y is
being calculated at the identity element of the group. i.e,

deg(p) = x(1) = tr(p(1)).

(3.2) = d1k1 +doks + - - + d. k. = n.

Note 3.5. Equation (3.2) holds in more general situation, which helps us
to find all possible distinct r-tuples (ki,ka,---,k;), which correspond to
the distinct degree n representations (up to isomorphism) of a given finite
group.

Theorem 3.1. Let G be a group of order p? with p an odd prime. If

o is an irreducible representation of G of degree p, then o is a faithful
representation.

Proof.  For non-abelian groups proof is completes from the Tables 3.1
and 3.3 in the subsections 3.1 and 3.2. For an abelian group there is no
irreducible representation of degree p. O

4. Existence of non-degenerate invariant forms

It is known fact that an element in the space of invariant bilinear forms un-
der representation of a finite group is either non-degenerate or degenerate.
When kg; # ko;11 then all the elements of space are degenerate and such a
space is called a degenerate invariant space. It is a matter of investigation
that how many such representations exist out of total representations. As
some of the spaces contain both non-degenerate and degenerate invariant
bilinear forms under a particular representation. In this section, we com-
pute the number of such representations of the group G of order p?, with
p an odd prime.
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The next remark will be use consistently to prove rest of the lemmas
and theorems. The results of the Remark 4.1, is obtained from Section 3,
Frobenius- Schur indicator and Schur lemma [[1] Theorem 9.6, p. 326, [13],
p. 13, 106-108].

Remark 4.1. The space =, of invariant bilinear forms under degree n
representation p contains only those X € M, (F) whose (i,7)" block is
a 0 (zero) sub-matrix of order d;k; x djk; when (i,7) ¢ Ag = {(4,7) |
pi and p; are dual to each other} whereas for (i,j) € Ag withd; = dj =1,
the block matrix XZZ ks xd; k is given by

i i i
xlzl xl’? o xlzkj
1) 1) 1)
XU . XZ] . 2,1 2,2 2,]9]-
dik‘iXd]’kj - kiij -
i i . i
L1 T2 Ly ke

And for (i,j) € Ag, with d; = d; = p it is,

i i i
xl’.pJ $112pJ o xlzpij
1] 1] .. 1]
i | Trpd Tpy1,2p i1 pk;
pkixpk; — . : . . )
i i R
Tli-1yptip? Tlk—1)pr1,2p” Ty —1)p+1,0k;7
0 --- 0 1
where J =
1 - 00
pPXp

Lemma 4.1. If X € E,, and ky; # kai+1, then X must be singular.
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Proof. With reference to the above remark and Note 3.4, for every
X € B, we have X = [X;zkixdjkj](i,j)eAc- Le.

[y11
'll.‘lljaftXﬂ'i:fi D kit ':.

D X axdshs| o
0

dgks xdoko

“r—=1r
0 0 L A d gk _yxd k.

L X ha ko, 0

it X _ct ij >
Wlth Xd,‘k‘,‘,Xd]'kj - Ck,;pi(g)Xdikidekjckipi(g)’ fOI' (l"]) € AG If sz ;é k2i+1
and since dg; = d2j+1, S0 the number of rows and columns of X;Ji kixd,k; ATC
differ hence either rows (or columns) are linearly dependent. This completes
the proof. O

In the next lemma we characterize the representations of G each of
which admits a non-degenerate invariant bilinear form. To prove the next
lemma we will choose only those X € M, (F) whose (i,3)" block is zero
sub-matrix for (i,j) ¢ Ag, whereas (i,j) € Ag and whenever k; = k;, the
block sub-matrices XZZ kixd;kj is non-singular.

Lemma 4.2. Forn € Z™, degree n representation of G has a non-degenerate
invariant bilinear form if and only if koj = ko;y1,1 <1 < 7"—51

'1-11

“tdikywdi by

rag
i [ 0 -’szﬂxa‘sks] o
X

X= 0

a
daks s dnka

~r—1 r
0 0 [ 10 Aﬁ-—lk—_ixd,h
X ok ik 0
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~Suppose kg; = koiy1, and for (4, ) € Ag, the chosen block sub-matrices
lez ks xd;k; is non-singular. Thus the rows (or columns) of the X is linearly
independent. Also from Remark 4.1, we have

lezkixdjkj = C]tcl’pi(g)X;zkidekjckipi(g) SO C,Z(g)XC’p(g) = X. Therefore X €

On other hand X € =, non-singular implies that XZZ ke xcd. . 1S non-singular
i Ky X Aj Ry

for (i,j) € Ag, therefore the block sub-matrix is square, which is possible

only when kg; = kgi_:,_l,V’i S {1,2, . %} O

Note that the Lemmas 4.1 and 4.2, can be covered in a more general sit-
uation by stating as no non-trivial irreducible representation of a finite
p-group can be self dual. For if L a finite p-group and V' a non-trivial irre-
ducible representation of L, replacing L by its image in the matrix group
(the general linear group), we may assume that the representation is faith-
ful. Being a non-trivial finite p-group, L has non-trivial center. Let g be a
non-trivial central element in L. The action of g on V' is by multiplication
by a root of unity { # +1. Its action on the dual of V' is by multiplication
by ¢(= ¢71). Since ¢ # ¢, it follows that V is not self-dual.

Corollary 4.1. Forn € Z*, degree n representation of a group of order p?
has a non-degenerate invariant bilinear form if and only if every irreducible
representation and its dual have same multiplicity in the representation.

Proof.  Follows from the proof of the Lemma 4.2. ]

Remark 4.2. If F is algebraically closed, it has infinitely many non zero
elements, hence if there is one non-degenerate invariant bilinear form in the
space Zq, it has infinitely many.

Lemma 4.3. Let G be a group of order p? and n € N. Then the number
of degree n representations of G each of which admits a non-degenerate
L25 -3\ =] 2_3
E + p—o 2 S _|_ P~ —9
invariant bilinear form is Z ( 2 > Z < 2 when G is

p=3 p2=3
£=0 2 s=0 2

L3) /p 4 0?3
. .. p) . .
non-abelian whereas it is E ( 3 ) when G is abelian.
(=0 2

Proof. Let p = ®]_,k;p; be degree n representation of G’ which admits a
non-degenerate bilinear form. So, we have ko; = k911, 1 <1 < % In the
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non-abelian case, G is either G}, or Heis(Z,) and for each of these two, we
have r = p?+p—1,d; =1for 1 <i < p?and d; = p for p>+1 < i < p>4p—1.
Now from equation (3.2), we have

ki +2(ko +ka+ -+ kpq) +2p(kpe1 +Epagg + o+ Epagp o) = 0.

2_ p—1
D 1
> 2

= k1 + Q(k‘g + kg4 + kp2_1) =n— 2p(k‘p2+1 + kp2+3 +---+ kp2+p_2).

p2-1 p—1
2 2

(4.1) = k1 +2(ka + ks + -+ kp_q) =n—2pl

p2-1
2

To solve the above equation we have (kp2q 4+ kp2y3 + -+ kpey, o) =

p—1

2
6,0 <€ < |5;]. ie, we have |5 + 1 equations. The (th equation is
(4.2) kp2+1 + kp2+3 + cee + kp2+p72 = g.
p—1
2
+25t -1

The number of distinct solution to above equation 4.2 is ( p=t ),0<1<
2

L35
Further from equation 4.1 we have

kl:n—?pﬁ—?(kg+l€4+"'+kp2_1).

21
2

:}k‘lzn—2p€—2)\,
where k2 + k4 4+ 4+ kp2_1 — )\70 < b < L”_—;MJ i,e7 we have Ln—22ggJ +

p2-1

2
1 equations and the number of solutions for every A to the equation is
/\+%—1
Cad)
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Thus the number of all distinct p?+p—1 tuples (k1, k2, k3, - - -, Kp2sp o, kp2ip 1)
with ko; = kojq1 is
Rl DN = S\ I W
=1l _q Z -1 _ 4 )

>

£=0

2 A=0 2

Now in the abelian case G is either of Z; X Z, X Zy, 7,2 X Z;, and Z,;s for
each of which 7 = p3 and d; = 1 for 1 < i < p3. Now from (3.2), we have

k1+2(k2+k4+---+k‘p3_1):n.

p3—1
2

So the number of all distinct p3-tuples (k1, ko, k3, - - -, kps) with ko = k2it1

o lg) et
18 ZZZO( P3*1_1 )
2

Thus from equation (3.2) and Theorem 2.2 the number of degree n
representations (upto isomorphism) of a group G consisting non-degenerate

2
. . e . B =1 n=2pt| NpP—1_4
invariant bilinear form is >, | (7,3 L ) /L\:(f J( 24 . )| for non-
2 2

3
) L
abelian groups and > Eié (J;3_21 . ) for abelian groups of order p3, with p
o1

an odd prime. O

5. Dimensions of spaces of invariant bilinear forms under the
representations of groups of order p® with prime p > 2.

The space of invariant bilinear forms under degree n representation is gen-
erated by finitely many vectors, so its dimension is finite along with its sym-
metric and the skew-symmetric sub spaces. In this section, we formulate
the dimension of the space of invariant bilinear forms under a representation
of a group of order p3, with p an odd prime.

Theorem 5.1. If =g is the space of invariant bilinear forms under degree
n representation p = ®;_,k;p; of a group G of order p3, then dim(Zg) =
2 (i.5)eAq Fiks-
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Proof. For every X € E;, we have

_‘1' 11

dyky wdy Ry 0 v 0
33
0 0 X 235y x doks a
-32
A J ke dgky 0
0 D, e .
0 1] — : de_qkr_y2do ke
Fror—
L X0 mdi gk 0

with Xdikixdjkj = Ckipi(g)Xdikidekj Ch;pi(g)» for (i,7) € Ag and to generate
each of these sub-matrices of X it needs k;k; vectors from =f,. O

Corollary 5.1. The space of invariant symmetric bilinear forms under de-
gree n representation p = ®'_,k;p; of a group G of order p* has dimension

k1 (k141 kik;
= B 1 3 e T1
i#]
Proof. Completes from the proof of Theorem 5.1. |

Corollary 5.2. The space of invariant skew-symmetric bilinear forms un-
der degree m representation p = @'_jk;p; of a group G of order p® has

dimension = 7’“(%_1) + Z(z’,j)eAG kl—QkJ
i#]
Proof. Completes from the proof of Theorem 5.1. a

6. Main results

Here we publish the proofs of our main theorems stated in the Introduction
section.

Proof of Theorem 1.1 Since G is the group of order p?, with an odd prime
p and p is degree n representation, if G is either G, or Heis(Z,), we have
r=p’+p—1,di=1for1<i<p?’andd;=pforp’+1<i<p’+p—1.
Now from equation (3.2), we have

kit ka oo ke Pk o Dk, = 0
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— ki kot Ak =n—plkypgy + o+ k1)

6.1) = ki+ka+ -+ ke =n—pu,

where p = ky2 g4tk 1,0 < p < [T ie, we have [2]+1 equations
placed in the chronological order and the ut* equation is given by

(62) kp2+1 + kp2+2 + ce + kp2+p_1 = ,LL

The number of distinct solutions to equation 6.2 is (“2552), 0<p<|[2]

Thus the number of all distinct p? +p — 1 tuples (k1, k2, -, kpay,_1) is
51 -2\ (n—pp+p>—1

o (1) (TR )

On the other hand if G is either of Z;, x Z), x Zj, Z,» X Z; and Z,3 then
r=p3 and d; =1 for 1 <i < p3. Now from (3.2), we have

k1+k2+...+]€p+...+kp2+...+kp3:n,

Thus the number of all distinct p®-tuples (k1, kg, ks, - -, ky3) is (”;fi;l).
Therefore from equation (3.2) and Theorem 2.2 the number of degree n
representations (up to isomorphism) of a group G of order p? is

x _ 2_ . . o 3_
przjo (“;f 52) (" ’; ’;tli ), when G is non-abelian, whereas it is (”;}fil b,

when G is abelian.

6.1. Degenerate invariant spaces

From Lemma 4.1, if kg; # k9,41 then all the elements of the space are de-
generate. Thus by the Theorem 1.1 and Lemma 4.2, the number of degree
n representations which admit only degenerate invariant bilinear forms is

L[] _ _ 2_ =] | o423 n—2pt )\+p2—3 )
S () ) =22 | (E) X ) (2l )| in the non-
2

3_3
g+pT

p3—-3

abelian case and it is (";;?ifl) — ZE(J) (
2

1 ) in the abelian case.

Proof of Theorem 1.2 Let Ac = {(i,7)| pi and p; are dual to each
other} and for every (i,j) € Ag, W(; ;) = {X € M,(F) ’X;Zk,-xdjkj =
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C’};Z_ pi(g)X;{ kixdjijkjpj(g),Vg € G and rest blocks are zero}. Then for
(27]) € AG; W(
then

i.j) 18 a subspace of M,,(F). Let X be an element of =,

CZ(Q)XCp(g) =X and X = [X(Zizkixdjkj](i,j)eAG-

Existence:
Let X € Ef; then for every (i,j) € Ag, there exists at least one X; ;) €
W(i,j)a such that Z(’i,j)EAG X(i,j) =X.

Uniqueness:
For every (i,j) € Ag, suppose there are Y{; ;) and X(; j) € Wy; 5y, such that
Yigec Yig) = X = Xigeas Xiig) then i jeas Xig) = Ligeda Vi)
i.e., }/(i’,j') — X(i’,j’) = Z (i7j)€AG # ((X(%]) — }/(Z,j)) Therefore }/(i’,j’) —
(3.0)#(3.9)
X(i’,j’) (S Z((Z’j);f(ég) # (W(z,j)a hence }/(il,jl) — X(i’,j’) =0 = }/(’L",j’) =
0)# (i,

Xy forall (7,5") € Ag. Thus we have

7jl)
(6.3)  Eg = ®(j)ea, W, end dim(Z Z dim(W ; ;)
(1,J)€Ac

Now as for (i,j) € Ag, W(; jy = {X € Myn(F)| (i,5)" block XV is a sub-
matrix of order d;k; x d;jk; satisfying X4 = C,iipi(g)Xijijpj (¢)> V9 € G and
rest blocks are zero}. So by the Remark 4.1, we see that for (i,7) € Ag, the
sub-matrices X% in W ;) have k;k; free variables & W ; jy & My, xx, (F).
Thus = = @(; jiea M xk; (F) and dim(W; ;)) = kik;.

Thus substituting these in equation (6.3) we get the dimension of Zf,.

Proof of Theorem 1.3 Follows immediately from Lemmas 4.1 and 4.2.

In this way, we have completely characterized the representations of a group
of order p?, each of which admits a non-degenerate invariant bilinear form
over a field of characteristic different from p consisting of a primitive p3th
root of unity.
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