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Abstract

For an odd prime p, we formulate the number of all degree n rep-
resentations of a group of order p3. And calculating the dimension of
space of invariant bilinear forms corresponding to degree n represen-
tation over a field F which contains a primitive p3 root of unity. Here
we also explicitly discussed the existence of a non-degenerate invariant
bilinear form of the same space.

Keyword: Bilinear forms, Representation theory, Vector spaces, Di-
rect sums, Semi direct product.

MSC [2020]: 15A04, 15A63, 20C15.

10.22199/issn.0717-6279-6058

Scielo

Scielo



1392 Dilchand Mahto and Jagmohan Tanti

1. Introduction

One of the important roles of Representation theory is the study of a group
as operators on certain vector spaces. These operators behave as an or-
thogonal (unitary) group with respect to a corresponding bilinear form.
Generating new non-degenerate invariant bilinear forms attracted many
researcher due to its important in quantum mechanics and other branches
of physical sciences.

Let G be a group and V a vector space over a field F, then we have
following.

Definition 1.1. A homomorphism ρ : G → GL(V) is called a represen-
tation of the group G. V is also called a representing space of G. The
dimension of V over F is called degree of the representation ρ.

Definition 1.2. A class function is a map f : G→ F so that f(g) = f(h)
if g is a conjugate to h in G.

Definition 1.3. A bilinear form on a finite dimensional vector space V(F)
is said to be invariant under the representation ρ of a finite group G if

B(ρ(g)x, ρ(g)y) = B(x, y), ∀ g ∈ G and x, y ∈ V(F).

For the basic properties of a bilinear form, we may refer to [9].
Let Ξ denotes the space of bilinear forms on the vector space V over F and
CF(G), the set of all class functions on G.

Definition 1.4. The set of invariant bilinear forms under the representa-
tion ρ is given by

ΞG = {B ∈ Ξ |B(ρ(g)x, ρ(g)y) = B(x, y), ∀ g ∈ G and x, y ∈ V}.

Assume that F consists of a primitive |G|th root of unity. The represen-
tation (ρ, V) [13], is irreducible of degree n if and only if {0} and V are
the only invariant sub spaces of V under the representation ρ. The class
function CF(G) is a vector space over F with dimension r, where r is the
number of conjugacy classes of G. By the Frobenius ([1], Theorem 5.9, p.
318) there are r irreducible representations ρi (say), 1 ≤ i ≤ r of G and χi
(say) the character corresponding to ρi. Also by Maschke’s theorem 2.1, we
have a degree n representation ρ = ⊕ri=1kiρi of G, the coefficient ki of ρi,
1 ≤ i ≤ r, so that

Pr
i=1 diki = n, and

Pr
i=1 d

2
i = |G|, where di is the degree
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of ρi and di||G| with dj ≥ di when j > i. It is already well understood
in the literature that the invariant space ΞG under ρ can be expressed by
the set Ξ0G = {X ∈Mn(F) |Ct

ρ(g)XCρ(g) = X,∀g ∈ G} with respect to an
ordered basis e of V(F), whereMn(F) is the set of square matrices of order
n with entries from F and Cρ(g) is the matrix representation of the linear
transformation ρ(g) with respect to e.

If we consider G to be a group of order p3 with p an odd prime, F a field
with char (F) 6= p, which consists of a primitive p3th root of unity and (ρ,
V), degree n representation of G over F. Then obviously the set ΞG, space
of invariant bilinear forms on V corresponding to ρ, forms a subspace of Ξ.
In the view of considered group and bilinear space, in this paper, our main
focus to investigate and answers the following three questions:

1. How many degree n representations (up to isomorphism) of G can be
there?

2. What is the dimension of ΞG for every degree n representation?

3. What are the necessary and sufficient conditions for the existence of
a non-degenerate invariant bilinear form?

The existence of a non-degenerate invariant bilinear form over the field of
complex numbers is well stabilised results. Also it is well known that every
maximal (proper) subgroup of G with index p is normal (For finite p, groups
are nilpotent and any proper subgroup of a nilpotent group is properly
contained in its normalizer). So it is evident that there are epimorphisms
from G to the cyclic group Zp.

Now, fixing a generator c of Zp and 1 6= ζ a primitive pth-root of unity.
Let U and V be the one-dimensional representations of Zp on which c acts
respectively by ζ and ζ̄. We claim that U ⊕ V admits a Zp-invariant non-
degenerate bilinear form. Using some suitable epimorphism to Zp one can
pull-back these representations and the forms to G.

For proving the claim: considering the vectors 0 6= u ∈ U and 0 6= v ∈
V . Using these vector spaces, we define a bilinear form B on U ⊕ V as
follows: B(u, u) = 0 = B(v, v), B(u, v) = 1 = B(v, u) so that B(λ1u +
µ1v, λ

0
1u+ µ01v) = λ1µ

0
1 + λ01µ1.

Now we may easily check the Zp invariance, as follows: B(c(λ1u +
µ1v), c(λ

0
1u+µ01v)) = B(ζ(λ1u+µ1v), ζ̄(λ

0
1u+µ01v)) = ζζ̄λ1µ

0
1+ ζζ̄λ01µ1 =

B(λ1u+ µ1v, λ
0
1u+ µ01v).
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The questions in concern have been studied in several literatures regards
to distinct contexts. Gongopadhyay and Kulkarni [6], studied the exis-
tence of T -invariant non-degenerate symmetric (resp. skew-symmetric) bi-
linear forms. Gongopadhyay, Mazumder and Sardar [8], investigated for
an invertible linear map T on V, admit a T -invariant non-degenerate c-
hermitian form. Chen [2], discussed the all matrix representation of the
real numbers. Kulkarni and Tanti [10], formulated the dimension of space
of T-invariant bilinear forms. Sergeichuk [14], studied systems of forms and
linear mappings by associating with them self-adjoint representations of a
category with involution. Frobenius [5], proved that every endomorphism
of a finite dimensional vector space V is self-adjoint for at least one non-
degenerate symmetric bilinear form on V. Later, Stenzel [12], determined
when an endomorphism could be skew- self adjoint for a non-degenerate
quadratic form, or self-adjoint or skew-self adjoint for a symplectic form
on complex vector spaces. However his results were later generalized to an
arbitrary field [7]. Pazzis [11], tackled the case of the automorphisms of a
finite dimensional vector space that are orthogonal (resp. symplectic) for
at least one non-degenerate quadratic form (resp. symplectic form) over an
arbitrary field of characteristics 2.

We present our study and outcomes based on above mentioned three
questions in the following three main theorems.

Theorem 1.1. The number of degree n representations (up to isomor-

phism) of a group G of order p3, with p an odd prime is
¡n+p3−1

p3−1
¢
when G

is abelian and
Pbn

p
c

µ=0

¡µ+p−2
p−2

¢¡n−µp+p2−1
p2−1

¢
otherwise.

Theorem 1.2. The space ΞG of invariant bilinear forms of a group G of
order p3 (p an odd prime), under degree n representation (ρ,V(F)) is iso-
morphic to the direct sum of the sub spacesW(i,j), (i, j) ∈ AG of Mn(F),
i.e., Ξ0G =

L
(i,j)∈AG

W(i,j), where AG = {(i, j) | ρi and ρj are dual to each

other} and for every (i, j) ∈ AG, W(i,j) = {X ∈ Mn(F) |Xij
diki×djkj =

Ct
kiρi(g)

Xij
diki×djkjCkjρj(g),∀g ∈ G and rest blocks are zeros}. Also for

(i, j) ∈ AG, the dimension ofW(i,j) = kikj .

Theorem 1.3. If G is group of order p3, with p an odd prime, then degree
n representation of G consists of a non-degenerate invariant bilinear form
if and only if every irreducible representation and its dual have the same
multiplicity.
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Remark 1.1. Thus we get the necessary and sufficient condition for the
existence of a non-degenerate invariant bilinear form under degree n repre-
sentation.

2. Preliminaries

The classification of groups of order p3, with p an odd prime has been well
documented in the several literatures. Due to the structure theorem of finite
abelian groups, there are only three abelian groups (up to isomorphism) of
this order viz, Zp3 , Zp2×Zp and Zp×Zp×Zp. Amongst non-abelian groups
of this order, Heisenberg group [3] is well known and named after a German
theoretical physicist Werner Heisenberg. In this group every non identity
element is of order p. The elements of this group are usually seen in the
form of 3× 3 upper triangular matrices whose diagonal entries consist of 1
and other three entries are chosen from the finite field Zp. If there exists
any other non-abelian group of this order then it must have a non identity
element of order p2. Let us consider the 2×2 upper triangular matrices with
a11 = 1+ pm, (m ∈ Zp), a12 = a ∈ Zp2 and a22 = 1. Here the element with
entries a11 = a12 = a22 = 1 has order p

2 making it non-isomorphic to the
Heisenberg group. We denote this group by Gp. Thus up to isomorphism
there are five groups of order p3 with an odd prime p [3]. For an abelian
group of order p3, there are p3 number of irreducible representations each
having degree 1 and for non-abelian cases, the number of trivial conjugacy
classes is |Z(G)| = p. To find a non-trivial conjugacy class we refer to the
theory of group action and class equation

|G| = |Z(G)|+
X

g/∈Z(G) varying over distinct conjugacy classes

|Cg|

with |Cg| = |G|
|C(g)| , where Cg and C(g) are the conjugacy class and the

centralizer respectively of g in G. If g /∈ Z(G) then |C(g)| = p2. Therefore
there are p2−1 non trivial conjugacy classes of order p. Thus total number
of conjugacy classes for a non-abelian group is r = p2−1+p, which is same
as the number of irreducible representations with degree di. We also have
di||G| and

Pr
i=1 d

2
i = |G|, therefore di = 1 or p. So we conclude that there

are p2 number of degree 1 representations and p − 1 number of degree p
representations. We here formulate every irreducible representation ρi in
such a way that the entries of Cρi(g) are either 0 or p

3th primitive roots of
unity.
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Definition 2.1. The character of ρ is a function χ : G → F, χ(g) =
tr(ρ(g)) and is also called character of the group G.

Theorem 2.1. (Maschke’s Theorem): If char(F) does not divide |G|, then
every representation of G is a direct sum of irreducible representations.

Proof. See ([1], Corollary 4.9, p. 316). 2

Theorem 2.2. Two representations (ρ,V(F)) and (ρ0,V(F)) of G are iso-
morphic if and only if their character values are same i.e, χ(g) = χ0(g) for
all g ∈ G.

Proof. See ([1], Corollary 5.13, p. 319). 2

3. Irreducible representation (irrep.) of group of order p3

with an odd prime p.

In this section, G is a group of order p3 with p an odd prime, (ρi,Wρi)
stands for an irreducible representation ρi of degree di of G over a field F
with char(F) 6= p, which consists of ω ∈ F, a primitive p3th root of unity.
Let σs = ρp2+s, 1 ≤ s ≤ p − 1 denote the irreducible representations of
degree p when G is non-abelian. Since σs is a homomorphism from G
to GL(Wσs)

∼= GL(p,F), by the fundamental theorem of homomorphism
G

Ker(σs)
∼= σs(G) and the possible value of |Ker(σs)| is 1 or p. If |Ker(σs)| =

p then Hermitian inner product hχs, χsi ≥ 1, therefore hχs, χsi = 1 only
when g /∈ Ker(σs), so we have χs(g) = 0. Also we have trivial character

χi(g) = 1,∀g ∈ G and hχi, χsi = p2

p3 6= 0, which fails the orthonormality

property of the irreducible characters. Thus |Ker(σs)| = 1 and hence
σs(G) ∼= G

{eG} which is isomorphic to a non-abelian group of order p3.

Now σs(G) has subgroups H and K of order p and p2 respectively ([4],
Exercise 29, p. 132). Since K is a maximal subgroup of σs(G) so K
must be a normal subgroup and there exists a subgroup Hp of order p
which is not normal (not contained in Z(σs(G))) ([4], Theorem 1, p. 188),
thus we have, σs(G) = KHp and every element of σs(G) can be expressed
uniquely in the form of kh for some k ∈ K and h ∈ Hp (this uniqueness
follows from the condition K ∩Hp = {σs(eG)}), therefore σs(Heis(Zp)) is
isomorphic to semidirect product of (Zp×Zp) and Zp and Gp is isomorphic
to semidirect product of Zp2 and Zp. As |Z(G)| = p, we can choose a
subgroup of order p from GL(p,F) and say that it is the Image of Z(G)
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(subset of a normal subgroup of order p2 of G) denoted by σs(Z(G)) =
{ωsp2Ip | 1 ≤ s ≤ p} under the irreducible representation σs (since center
elements commute and are scalar matrices). Thus σs(Z(G))(⊂

6=
σs(K)) ∼=

Zp, each non-identity element of Z(G) have p − 1 choices in Zp under σs
and rest p3 − p elements of G map to rest p3 − p elements of σs(G). We
decide all degree p representations by the elements of Z(G) and elements
of G− Z(G) by mapping to the set σs(G) − σs(Z(G)) ⊆ GL(p,F), which
consists of those elements whose trace is zero and order of every element
is either p or p2. We will depict all irreducible representations of G in the
next subsections.

3.1. Heisenberg group.

G = Heis(Zp) =

⎧⎪⎨⎪⎩((α, β), γ) =
⎡⎢⎣ 1 α β
0 1 γ
0 0 1

⎤⎥⎦ |α, β, γ ∈ Zp
⎫⎪⎬⎪⎭.

Another presentation of Heisenberg group is ([4], p. 179)

G = hx, a |xp = ap = 1, x(a−1xa)x−1 = a−1xa, a(xax−1)a−1 = xax−1i.

For the Heisenberg group, center Z(G) = hxax−1a−1i = h((0, 1), 0)i.
Each of the irreducible representations σs, 1 ≤ s ≤ p− 1 of degree p maps
the center of G to the center of GL(p,F), i.e., if z ∈ Z(G), σs(z) is a
scalar matrix say csIp, cs ∈ F, and order of z is p so cps = 1. Hence

cs ∈ {1, ωp
2
= , 2, · · · , (p−1)}. Thus each of the p − 1 irreducible

representations of degree p maps Z(G) into the Z(GL(p,F)) even maps to
the Z(σs(G)), it has been recorded in the following table.

Table 3.1: All degree p irreducible representations of Heis(Zp)

pc
ta1
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Note 3.1. For degree p representations σs of the Heisenberg group G, if
xax−1a−1 ∈ Z(G) then σs(xax

−1a−1) = ρp2+s(xax
−1a−1) = mIp, for some

m, 1 ≤ m < p and the elements of G−Z(G) get mapped bijectively to the

following set σs(G)− σs

µ
Z(G)

¶

=
n
Aν ∈ GL(p,F) | Tr(Aν) = 0 and Ap

ν = Ip for 1 ≤ ν ≤ p3 − p
o
.

Thus the degree p irreducible representations σs can be expressed as
below

Non-abelian groups of order p3 have p2 representations of degree one.
Let σ(s−1,t−1), 1 ≤ s, t ≤ p, denote representations of degree 1. Here we
present all degree one representations for the Heisenberg group.

pc
ma1

pc
ma2
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Table 3.2: All irreducible representations of degree 1 for the Heisenberg
group.

Since 1 ≤ s, t ≤ p, and α, γ ∈ Zp, so (α(s−1)+γ(t−1)) is generated by ,
thus the representation σ(s−1,t−1) maps an element g ∈ G to m, for some
m, 1 ≤ m ≤ p.

3.2. The non-abelian group Gp

Gp =

(
(pγ, δ) =

"
1 + pγ δ
0 1

,

#
| γ ∈ Zp, δ ∈ Zp2

)
.

Another presentation of this group is ([4], p. 180)

Gp = hx, y |xp = yp
2
= 1, xy = yp+1xi.

The center of Gp is Z(Gp) =

*
yp =

"
1 + p 0
0 1

#+
.

Note 3.2. For degree p representations σs of group Gp, if y
p ∈ Z(Gp) then

σ2η−1(yp) = ρp2+2η−1(y
p) = ωηp

2
Ip and its dual σ2η(y

p) = ρp2+2η(y
p) =

ω(p−η)p
2
Ip, 1 ≤ η ≤ p−1

2 . Also the elements of Gp − Z(Gp) map bijectively
to the set

σs(Gp)− σs
³
Z(Gp)

´
= {Aν ∈ GL(p,F)Tr(Aν) = 0 and Ap

ν = Ipor A
p2
ν =

Ip for 1 ≤ ν ≤ p3 − p}.

pc
ta3-2
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We have recorded all degree p irreducible representations of Gp in the
following table.

Table 3.3: All irreducible representations of degree p for the group Gp.

Thus the degree p irreducible representations σs is defined as below

There are p2 representations σ(s−1,t−1), 1 ≤ s, t ≤ p of degree one. As g ∈

Gp−Z(Gp), we have g = (pγ, δ) =

"
1 + pγ δ
0 1

#
, δ ∈ Z∗p2 , |Gp−Z(Gp)| =

(p2 − 1)p. In the table 3.4 we have recorded all degree one representations
of Gp.

pc
ta3-3

pc
ma-3
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Table 3.4: All irreducible representations of degree 1 for the group Gp.

Here ωp
2(γ(s−1)+δ0(t−1)) is generated by ωp

2
, thus the representation

σ(s−1,t−1) maps an element g ∈ Gp to ω
mp2 , for some m, 1 ≤ m ≤ p.

Note 3.3. As a finite abelian group is finitely generated, here for the
abelian groups Zp3 , Zp2 × Zp and Zp × Zp × Zp there exist the finite
generating subsets {a}, {b, c} and {d, e, f} respectively. For example we
may take a = 1 + p3Z, b = (1 + p2Z, 0 + pZ), c = (0 + p2Z, 1 + pZ),
d = (1 + pZ, 0 + pZ, 0 + pZ), e = (0 + pZ, 1 + pZ, 0 + pZ) and f =
(0 + pZ, 0 + pZ, 1 + pZ). Further order of an element g under ρi, 1 ≤ i ≤ r
is |ρi(g)|.

3.3. The cyclic group Zp3.

Here Zp3 = ha | ap
3
= 1i. The representation tables are given as below.

pc
ta3-4
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Table 3.5: All irreducible representations of the group Zp3 , with an odd
prime p.

Table 3.6: All irreducible representations of the group Z8.

3.4. The group Zp2 × Zp.

Here Zp2 × Zp = ha, b | ap
2
= bp = 1, ab = bai.

pc
ta3-5

pc
ta3-6
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TZp2×Zp =

Table 3.7: All irreducible representations of group Zp2 × Zp, with an odd
prime p.

Table 3.8: All irreducible representations of group Z4 × Z2.

3.5. The group Zp × Zp × Zp.

Here Zp × Zp × Zp = ha, b, c | ap = bp = cp = 1, ab = ba, ac = ca, bc = cbi.
The corresponding tables are given by

pc
ta3-7

pc
ta3-8
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TZp×Zp×Zp =

Table 3.9: All irreducible representations of Zp × Zp × Zp, with an odd
prime p.

Table 3.10 All irreducible representations of Z2 × Z2 × Z2.

Note 3.4. In a degree n representation ρ, the presence of an irreducible
representation ρ2i and its dual ρ

∗
2i = ρ2i+1, with multiplicities are adjacent

to each other. Also the notation σ(S,T ) (irreducible representation) used in
Table 3.7 (resp. σ(s,t,m) in Table 3.9) is corresponds to ρ2i, for some unique

i, 1 ≤ i ≤ r−1
2 and so the dual σ∗(S,T ) (resp. σ

∗
(s,t,m)) corresponds to ρ2i+1.

The trivial representation corresponds to ρ1.

pc
ta3-9

pc
ta3-10
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Now

ρ = k1ρ1 ⊕ k2ρ2 ⊕ · · ·⊕ krρr,(3.1)

where for every 1 ≤ i ≤ r, kiρi stands for the direct sum of ki copies of the
irreducible representation ρi.
Let χ be the character corresponding to the representation ρ, then

χ = k1χ1 + k2χ2 + · · ·+ krχr,

where χi is the character of ρi, ∀ 1 ≤ i ≤ r. Degree of the character χ is
being calculated at the identity element of the group. i.e,

deg(ρ) = χ(1) = tr(ρ(1)).

=⇒ d1k1 + d2k2 + · · ·+ drkr = n.(3.2)

Note 3.5. Equation (3.2) holds in more general situation, which helps us
to find all possible distinct r-tuples (k1, k2, · · · , kr), which correspond to
the distinct degree n representations (up to isomorphism) of a given finite
group.

Theorem 3.1. Let G be a group of order p3 with p an odd prime. If
σ is an irreducible representation of G of degree p, then σ is a faithful
representation.

Proof. For non-abelian groups proof is completes from the Tables 3.1
and 3.3 in the subsections 3.1 and 3.2. For an abelian group there is no
irreducible representation of degree p. 2

4. Existence of non-degenerate invariant forms

It is known fact that an element in the space of invariant bilinear forms un-
der representation of a finite group is either non-degenerate or degenerate.
When k2i 6= k2i+1 then all the elements of space are degenerate and such a
space is called a degenerate invariant space. It is a matter of investigation
that how many such representations exist out of total representations. As
some of the spaces contain both non-degenerate and degenerate invariant
bilinear forms under a particular representation. In this section, we com-
pute the number of such representations of the group G of order p3, with
p an odd prime.
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The next remark will be use consistently to prove rest of the lemmas
and theorems. The results of the Remark 4.1, is obtained from Section 3,
Frobenius- Schur indicator and Schur lemma [[1] Theorem 9.6, p. 326, [13],
p. 13, 106-108].

Remark 4.1. The space Ξ0G of invariant bilinear forms under degree n
representation ρ contains only those X ∈ Mn(F) whose (i, j)

th block is
a 0 (zero) sub-matrix of order diki × djkj when (i, j) /∈ AG = {(i, j) |
ρi and ρj are dual to each other} whereas for (i, j) ∈ AG with di = dj = 1,

the block matrix Xij
diki×djkj is given by

Xij
diki×djkj = Xij

ki×kj =

⎡⎢⎢⎢⎢⎢⎣
xij1,1 xij1,2 · · · xij1,kj
xij2,1 xij2,2 · · · xij2,kj
...

...
. . .

...

xijki,1 xijki,2 · · · xijki,kj

⎤⎥⎥⎥⎥⎥⎦ .

And for (i, j) ∈ AGp with di = dj = p it is,

Xij
pki×pkj =

⎡⎢⎢⎢⎢⎢⎣
xij1,pJ xij1,2pJ · · · xij1,pkjJ

xijp+1,pJ xijp+1,2pJ · · · xijp+1,pkjJ
...

...
. . .

...

xij(ki−1)p+1,pJ xij(ki−1)p+1,2pJ · · · xij(ki−1)p+1,pkjJ

⎤⎥⎥⎥⎥⎥⎦ ,

where J =

⎡⎢⎢⎢⎢⎣
0 · · · 0 1
0 · · · 1 0
...
. . .

...
...

1 · · · 0 0

⎤⎥⎥⎥⎥⎦
p×p

.

Lemma 4.1. If X ∈ Ξ0G, and k2i 6= k2i+1, then X must be singular.
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Proof. With reference to the above remark and Note 3.4, for every
X ∈ Ξ0G, we have X = [Xij

diki×djkj ](i,j)∈AG
. I.e.

with Xij
diki×djkj = Ct

kiρi(g)
Xij
diki×djkjCkiρi(g), for (i, j) ∈ AG. If k2i 6= k2i+1

and since d2i = d2i+1, so the number of rows and columns of X
ij
diki×djkj are

differ hence either rows (or columns) are linearly dependent. This completes
the proof. 2

In the next lemma we characterize the representations of G each of
which admits a non-degenerate invariant bilinear form. To prove the next
lemma we will choose only those X ∈ Mn(F) whose (i, j)

th block is zero
sub-matrix for (i, j) /∈ AG, whereas (i, j) ∈ AG and whenever ki = kj , the

block sub-matrices Xij
diki×djkj , is non-singular.

Lemma 4.2. For n ∈ Z+, degree n representation ofG has a non-degenerate
invariant bilinear form if and only if k2i = k2i+1, 1 ≤ i ≤ r−1

2 .

Proof. From equation (3.2) we have d1k1 + d2k2 + · · · + drkr = n and
chose X ∈Mn(F) such that

pc
ma-4


pc
ma-5



1408 Dilchand Mahto and Jagmohan Tanti

Suppose k2i = k2i+1, and for (i, j) ∈ AG, the chosen block sub-matrices
Xij
diki×djkj is non-singular. Thus the rows (or columns) of the X is linearly

independent. Also from Remark 4.1, we have
Xij
diki×djkj = Ct

kiρi(g)
Xij
diki×djkjCkiρi(g) so C

t
ρ(g)XCρ(g) = X. Therefore X ∈

Ξ0G.

On other hand X ∈ Ξ0G non-singular implies that X
ij
diki×djkj is non-singular

for (i, j) ∈ AG, therefore the block sub-matrix is square, which is possible
only when k2i = k2i+1,∀ i ∈ {1, 2, ..., r−12 }. 2

Note that the Lemmas 4.1 and 4.2, can be covered in a more general sit-
uation by stating as no non-trivial irreducible representation of a finite
p-group can be self dual. For if L a finite p-group and V a non-trivial irre-
ducible representation of L, replacing L by its image in the matrix group
(the general linear group), we may assume that the representation is faith-
ful. Being a non-trivial finite p-group, L has non-trivial center. Let g be a
non-trivial central element in L. The action of g on V is by multiplication
by a root of unity ζ 6= ±1. Its action on the dual of V is by multiplication
by ζ̄(= ζ−1). Since ζ 6= ζ̄, it follows that V is not self-dual.

Corollary 4.1. For n ∈ Z+, degree n representation of a group of order p3
has a non-degenerate invariant bilinear form if and only if every irreducible
representation and its dual have same multiplicity in the representation.

Proof. Follows from the proof of the Lemma 4.2. 2

Remark 4.2. If F is algebraically closed, it has infinitely many non zero
elements, hence if there is one non-degenerate invariant bilinear form in the
space ΞG, it has infinitely many.

Lemma 4.3. Let G be a group of order p3 and n ∈ N. Then the number
of degree n representations of G each of which admits a non-degenerate

invariant bilinear form is

b n
2p
cX

=0

⎡⎣Ã + p−3
2

p−3
2

! bn−2p
2

cX
s=0

Ã
s+ p2−3

2
p2−3
2

!⎤⎦ when G is

non-abelian whereas it is

bn
2
cX

=0

Ã
+ p3−3

2
p3−3
2

!
when G is abelian.

Proof. Let ρ = ⊕ri=1kiρi be degree n representation of G which admits a
non-degenerate bilinear form. So, we have k2i = k2i+1, 1 ≤ i ≤ r−1

2 . In the



Invariant bilinear forms under the operator group of order p3 ... 1409

non-abelian case, G is either Gp or Heis(Zp) and for each of these two, we
have r = p2+p−1, di =1 for 1 ≤ i ≤ p2 and di = p for p2+1 ≤ i ≤ p2+p−1.
Now from equation (3.2), we have

k1 + 2(k2 + k4 + · · ·+ kp2−1| {z }
p2−1
2

) + 2p(kp2+1 + kp2+3 + · · ·+ kp2+p−2| {z }
p−1
2

) = n.

=⇒ k1 + 2(k2 + k4 + · · ·+ kp2−1| {z }
p2−1
2

) = n− 2p(kp2+1 + kp2+3 + · · ·+ kp2+p−2| {z }
p−1
2

).

=⇒ k1 + 2(k2 + k4 + · · ·+ kp2−1| {z }
p2−1
2

) = n− 2p .(4.1)

To solve the above equation we have (kp2+1 + kp2+3 + · · ·+ kp2+p−2| {z }
p−1
2

) =

, 0 ≤ ≤ b n2pc. i.e, we have b
n
2pc+ 1 equations. The th equation is

kp2+1 + kp2+3 + · · ·+ kp2+p−2| {z }
p−1
2

= .(4.2)

The number of distinct solution to above equation 4.2 is
¡ +p−1

2
−1

p−1
2
−1

¢
, 0 ≤ ≤

b n2pc.

Further from equation 4.1 we have

k1 = n− 2p − 2(k2 + k4 + · · ·+ kp2−1| {z }
p2−1
2

).

=⇒ k1 = n− 2p − 2λ,

where k2 + k4 + · · ·+ kp2−1| {z }
p2−1
2

= λ,0 ≤ λ ≤ bn−2p2 c. i.e, we have bn−2p2 c +

1 equations and the number of solutions for every λ to the equation is¡λ+ p2−1
2
−1

p2−1
2
−1

¢
.
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Thus the number of all distinct p2+p−1 tuples (k1, k2, k3, · · · , kp2+p−2, kp2+p−1)
with k2i = k2i+1 is

b n
2p
cX

=0

⎡⎣Ã + p−1
2 − 1

p−1
2 − 1

! bn−2p
2

cX
λ=0

Ã
λ+ p2−1

2 − 1
p2−1
2 − 1

!⎤⎦.
Now in the abelian case G is either of Zp × Zp × Zp,Zp2 × Zp and Zp3 for
each of which r = p3 and di = 1 for 1 ≤ i ≤ p3. Now from (3.2), we have

k1 + 2(k2 + k4 + · · ·+ kp3−1| {z }
p3−1
2

) = n.

So the number of all distinct p3-tuples (k1, k2, k3, · · · , kp3) with k2i = k2i+1

is
Pbn

2
c

=0

¡ + p3−1
2
−1

p3−1
2
−1

¢
.

Thus from equation (3.2) and Theorem 2.2 the number of degree n
representations (upto isomorphism) of a group G consisting non-degenerate

invariant bilinear form is
Pb n

2p
c

=0

⎡⎣¡ + p−1
2
−1

p−1
2
−1

¢Pbn−2p
2

c
λ=0

¡λ+ p2−1
2
−1

p2−1
2
−1

¢⎤⎦ for non-
abelian groups and

Pbn
2
c

=0

¡l+ p3−1
2
−1

p3−1
2
−1

¢
for abelian groups of order p3, with p

an odd prime. 2

5. Dimensions of spaces of invariant bilinear forms under the
representations of groups of order p3 with prime p > 2.

The space of invariant bilinear forms under degree n representation is gen-
erated by finitely many vectors, so its dimension is finite along with its sym-
metric and the skew-symmetric sub spaces. In this section, we formulate
the dimension of the space of invariant bilinear forms under a representation
of a group of order p3, with p an odd prime.

Theorem 5.1. If ΞG is the space of invariant bilinear forms under degree
n representation ρ = ⊕ri=1kiρi of a group G of order p3, then dim(ΞG) =P
(i,j)∈AG

kikj .
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Proof. For every X ∈ Ξ0G, we have

with Xij
diki×djkj = Ct

kiρi(g)
Xij
diki×djkjCkjρj(g), for (i, j) ∈ AG and to generate

each of these sub-matrices of X it needs kikj vectors from Ξ
0
G. 2

Corollary 5.1. The space of invariant symmetric bilinear forms under de-
gree n representation ρ = ⊕ri=1kiρi of a group G of order p3 has dimension

= k1(k1+1)
2 +

X
(i,j)∈AG

i6=j

kikj
2 .

Proof. Completes from the proof of Theorem 5.1. 2

Corollary 5.2. The space of invariant skew-symmetric bilinear forms un-
der degree n representation ρ = ⊕ri=1kiρi of a group G of order p3 has

dimension = k1(k1−1)
2 +

X
(i,j)∈AG

i6=j

kikj
2 .

Proof. Completes from the proof of Theorem 5.1. 2

6. Main results

Here we publish the proofs of our main theorems stated in the Introduction
section.

Proof of Theorem 1.1 Since G is the group of order p3, with an odd prime
p and ρ is degree n representation, if G is either Gp or Heis(Zp), we have
r = p2 + p− 1, di =1 for 1 ≤ i ≤ p2 and di = p for p2 + 1 ≤ i ≤ p2 + p− 1.
Now from equation (3.2), we have

k1 + k2 + · · ·+ kp2 + pkp2+1 + · · ·+ pkp2+p−1 = n.

pc
ma-6
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=⇒ k1 + k2 + · · ·+ kp2 = n− p(kp2+1 + · · ·+ kp2+p−1).

=⇒ k1 + k2 + · · ·+ kp2 = n− pµ,(6.1)

where µ = kp2+1+· · ·+kp2+p−1, 0 ≤ µ ≤ bnp c. i.e, we have b
n
p c+1 equations

placed in the chronological order and the µth equation is given by

kp2+1 + kp2+2 + · · ·+ kp2+p−1 = µ.(6.2)

The number of distinct solutions to equation 6.2 is
¡µ+p−2

p−2
¢
, 0 ≤ µ ≤ bnp c.

Thus the number of all distinct p2 + p − 1 tuples (k1, k2, · · · , kp2+p−1) isPbn
p
c

µ=0

¡µ+p−2
p−2

¢¡n−µp+p2−1
p2−1

¢
.

On the other hand if G is either of Zp × Zp × Zp, Zp2 × Zp and Zp3 then
r = p3 and di =1 for 1 ≤ i ≤ p3. Now from (3.2), we have

k1 + k2 + · · ·+ kp + · · ·+ kp2 + · · ·+ kp3 = n.

Thus the number of all distinct p3-tuples (k1, k2, k3, · · · , kp3) is
¡n+p3−1

p3−1
¢
.

Therefore from equation (3.2) and Theorem 2.2 the number of degree n
representations (up to isomorphism) of a group G of order p3 isPbn

p
c

µ=0

¡µ+p−2
p−2

¢¡n−µp+p2−1
p2−1

¢
, when G is non-abelian, whereas it is

¡n+p3−1
p3−1

¢
,

when G is abelian.

6.1. Degenerate invariant spaces

From Lemma 4.1, if k2i 6= k2i+1 then all the elements of the space are de-
generate. Thus by the Theorem 1.1 and Lemma 4.2, the number of degree
n representations which admit only degenerate invariant bilinear forms isPbn

p
c

µ=0

¡µ+p−2
p−2

¢¡n−µp+p2−1
p2−1

¢
−Pb n

2p
c

=0

⎡⎣¡ +p−3
2

p−3
2

¢Pbn−2p
2

c
λ=0

¡λ+ p2−3
2

p2−3
2

¢⎤⎦ in the non-
abelian case and it is

¡n+p3−1
p3−1

¢
−Pbn

2
c

=0

¡ + p3−3
2

p3−3
2

¢
in the abelian case.

Proof of Theorem 1.2 Let AG = {(i, j) | ρi and ρj are dual to each

other} and for every (i, j) ∈ AG, W(i,j) = {X ∈ Mn(F) |Xij
diki×djkj =
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Ct
kiρi(g)

Xij
diki×djkjCkjρj(g),∀g ∈ G and rest blocks are zero}. Then for

(i, j) ∈ AG, W(i,j) is a subspace of Mn(F). Let X be an element of Ξ0G,
then

Ct
ρ(g)XCρ(g) = X and X = [Xij

diki×djkj ](i,j)∈AG
.

Existence:
Let X ∈ Ξ0G then for every (i, j) ∈ AG, there exists at least one X(i,j) ∈
W(i,j), such that

P
(i,j)∈AG X(i,j) = X.

Uniqueness:
For every (i, j) ∈ AG, suppose there are Y(i,j) and X(i,j) ∈W(i,j), such thatP
(i,j)∈AG

Y(i,j) = X =
P
(i,j)∈AG

X(i,j), then
P
(i,j)∈AG

X(i,j) =
P
(i,j)∈AG

Y(i,j)

i.e., Y(i0,j0) −X(i0,j0) =
X

(i,j)∈AG

(i,j)6=(i‘,j)
6=
³
(X(i,j) − Y(i,j)) . Therefore Y(i0,j0) −

X(i0,j0) ∈
X

(i,j)∈AG

(i,j)6=(i‘,j)
6=
³
W(i,j) , hence Y(i0,j0) − X(i0,j0) = 0 =⇒ Y(i0,j0) =

X(i0,j0) for all (i
0, j0) ∈ AG. Thus we have

Ξ0G = ⊕(i,j)∈AG
W(i,j) and dim(Ξ

0
G) =

X
(i,j)∈AG

dim(W(i,j)).(6.3)

Now as for (i, j) ∈ AG,W(i,j) = {X ∈Mn(F) | (i, j)th block Xij is a sub-
matrix of order diki×djkj satisfying X

ij = Ct
kiρi(g)

XijCkjρj(g), ∀g ∈ G and

rest blocks are zero}. So by the Remark 4.1, we see that for (i, j) ∈ AG, the
sub-matrices Xij inW(i,j) have kikj free variables &W(i,j)

∼=Mki×kj (F).
Thus Ξ0G

∼= ⊕(i,j)∈AG
Mki×kj (F) and dim(W(i,j)) = kikj .

Thus substituting these in equation (6.3) we get the dimension of Ξ0G.

Proof of Theorem 1.3 Follows immediately from Lemmas 4.1 and 4.2.

In this way, we have completely characterized the representations of a group
of order p3, each of which admits a non-degenerate invariant bilinear form
over a field of characteristic different from p consisting of a primitive p3th
root of unity.

Acknowledgment The first author would like to thank UGC, India for
providing the research fellowship and to the Central University of Jhark-
hand, India for facilitating this research work. The second author would like
to express his gratitude towards Babasaheb Bhimrao Ambedkar University,
Lucknow, India where he got affiliated while finalizing this paper.



1414 Dilchand Mahto and Jagmohan Tanti

References

[1] M. Artin, Algebra, Prentice Hall Inc., 1991.

[2] Y. Chen, "Matrix representations of the real numbers", Linear Algebra Appl.,
vol. 536, pp. 174-185, 2018.

[3] K.Conrad, Group of order p3 [On line] Available
https://kconrad.math.uconn.edu/blurbs/grouptheory/groupsp3.pdf

[4] D. S. Dummit and R. M. Foote, Abstract Algebra, Wiley, 2004.

[5] G. Frobenius, Uber die mit einer Matrix vertauschbaren matrizen, Sitzungsber,
pp. 3-15, 1910.

[6] K. Gongopadhyay, R. S. Kulkarni, "On the existence of an invariant
non-degenerate bilinear form under a linear map", Linear Algebra Appl., vol.
434, no. 1, pp. 89 − 103, 2011.

[7] R. Gow and T.J. Laffey, "Pairs of alternating forms and products of two
skew-symmetric matrices", Linear Algebra Appl., vol. 63, pp. 119-132, 1984.

[8] K. Gongopadhyay, S. Mazumder and S. K. Sardar, "Conjugate Real Classes
in General Linear Groups", Journal of Algebra and Its Applications, vol. 18, no.
03, art. id. 1950054, 2019.

[9] K. Hoffman and R. Kunze, Linear Alebra, Prentice Hall Inc., 1961.

[10] R. S. Kulkarni and J. Tanti, "Space of invariant bilinear forms", Indian
Academic of sciences, vol. 128, no. 4, pp. 47, 2018.

[11] C. S. Pazzis, "When does a linear map belong to at least one orthogonal or
symplectic group?", Linear Algebra Appl., vol. 436, no. 5, pp. 1385- 1405,
2012.

[12] H. Stenzel, "Uber die Darstellbarkeit einer Matrix als Produkt von zwei
symmetrischer matrizen, als Produkt von zwei alternierenden matrizen
und als Produkt von einer symmetrischen und alternierenden matrix",
Mat. Zeitschrift, vol. 15, pp. 1-25, 1922.



Invariant bilinear forms under the operator group of order p3 ... 1415

[13] J. P. Serre, Linear representations of finite groups, Springer, 1977.

[14] V. V. Sergeichuk, "Classification problems for systems of forms and linear
map", Izv. Akad. Nauk SSSR Ser. Mat., vol. 51, no. 6, pp. 1170- 1190, 1987.

Dilchand Mahto
Department of Mathematics,
Central University of Jharkhand,
Ranchi,
India
e-mail: dilchandiitk@gmail.com

and

Jagmohan Tanti
Department of Mathematics,
Babasaheb Bhimrao Ambedkar University,
Lucknow,
India
e-mail: jagmohan.t@gmail.com


