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Abstract

In this work, we investigate the existence of periodic or nonnega-
tive periodic solutions for a totally nonlinear neutral differential equa-
tion with infinite delay. In the process, we convert the given neutral
differential equation into an equivalent integral equation. Then, we
employ Krasnoselskii-Burton’s fized point theorem to prove the exis-
tence of periodic or nonnegative periodic solutions. Two examples are
provided to illustrate the obtained results.
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1. Introduction

Delay differential equations have attracted considerable attention in math-
ematics during recent years since these equations have been showed to
be valuable tools in the modeling of many phenomena in various fields of
science, physics, chemistry and engineering, etc. In particular, problems
concerning qualitative analysis such as periodicity, positivity and stability
of solutions for delay differential equations have been studied extensively by
many authors, see the references [1]-[15]. In the current paper, we present
sufficient conditions for the existence of periodic or nonnegative periodic
solutions of the totally nonlinear neutral differential equation with infinite
delay

L) = —a (bt — T O+ Qe ¢ —g O+ [ D197 (5)ds,

(1.1)

where a is a positive continuous function. The functions h,f : R — R
are continuous, () : R x R — R satisfying the Carathéodory condition.
The main purpose of this work is to use Krasnoselskii-Burton’s fixed point
theorem (see [11]) to prove the existence of periodic or nonnegative peri-
odic solutions for (1.1). During the process, we employ the variation of
parameter formula and the integration by parts to transform (1.1) into
an equivalent integral equation written as a sum of two mappings; one is
a large contraction and the other is compact. After that, we use Kras-
noselskii-Burton’s fixed point theorem, to prove the existence of periodic
or nonnegative periodic solutions. Two examples are given to illustrate the
obtained results.

2. Preliminaries
For T > 0 define
PT = {QDE C(RaR)a So(t+T) :So(t)}a

where C' (R, R) is the space of all real valued continuous functions. Then
Pr is a Banach space when it is endowed with the supremum norm

]| = sup [z(¢)| = sup |x()].
teR t€[0,T]
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In this paper, we assume that
a(t—T)=ua(t), D(t—T,s—T) = D(t,s),

(2.1) Tt—T)=71(t)>7" >0, gt —T)=g(t) > g* > 0.

with 7 and ¢ are continuously differentiable functions, 7* and g* are positive
constants, a is a positive function and

(2.2) T (k)dkE%#O.

The function Q(¢,x) is periodic in ¢ of period T, that is

(2.3) Qt+T,z) =Q(t,z).
Also, there is a positive constant F such that,
t
(2.4) / D (t,s)]ds < E < .

The following lemma is fundamental to our results.

Lemma 1. Suppose (2.1)—(2.3) hold. If z € Pp, then x is a solution of
(1.1) if and only if

2(t) =nftpa(u)H (@w)e k@t Qta(t— g (1) :
+ftt—7'(t) a(u)h(z(u))du nft T [f -y )a(s)h(g: (s))ds} a (u) effu a(k)dk g,
0 [ b () h (@ (u - <u>>> *fu a(k)k g,

+0 [ {—a (u) Q (u, (u—g(u) + [Zg D (u,s) f (x(s)) ds] o o bk g,
(2.5)
where
(2.6) H(z)=z—h(z),
and
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Proof. Let « € Pr be a solution of (1.1). Rewrite (1.1) as
Fle@®-Qtzlt—g®)+a®)|z(t)-QEz(t—g())
=a@®)fz)-QEz—g®)]—a(®)h(z(t)+a®)h(z®)
—a(t)h(z(t—7(1)+ [ D(ts) f(z(s))ds
=a(t)fz(t)—h(z @)+ dtf;tfr a(s)h(z(s))ds
+[A =7 (@) a(t =7 () —a®]h(z(—7()
—a(t)Q(t,z(t — g (1) + [Log D (t5) f (z(s)) ds.

Multiply both sides of the above equation by exp ( fg a (k) dk) and then
integrate from t — T to ¢, we get

i [ ) = @ s = g )] o ﬂ'du

= Jlpa(u)z () — h(z ()

+J;ft—T [dcqlL f;t T(u)a(s)h

+ b (u) (@ (u =7 (u)) elo By
) Q U

g [~ () Quw (w—g () + [' D (w,5) f (@ (5)) ds] elo * Oy,
with b (u) =(1—7"(u))a(u—71 (u)t) —a(u). As a consequence, we have
(@ (1) = Q (t (t — g (£)))] elo “FI

—[xt-T)—-Q(t—-T,z(t—-T—-g(t—-T)))] efOt_Ta(k)dk
= ftt,T a(u) [z (u) —h(x(u))] efou a(k)dukdu

+ iy [d% Jumr@ya(s) h(z (S))ds} oo alk)dk g,

+ o) h(z(u—1(u))e Iy alkydk g,

+ftt_T [—a (u) Q (u,z (u—g () + [y D(u,s) f(z(s))d ] Iy atkydk g,

By dividing both sides of the above equation by exp ( 3 a(u) du) and
using the fact that z(t) = z(t — T'), we obtain

z (t) —Q(t,x(t— 1)) t

= fi pau)fe (@)~ b)) e Jo® dkdu

+ Jir [du Juerya(8) h(z(s)) s] [ atk)dk g,,

+n [E b u) h(z(u—T(u))e ~ [ atk)dk g, |
o [_Q(U)Q(“’“ — g W) + [ D (w3) f () ds] ¢ o %
2.7

Integration by parts the second integral in the above expression, we get
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Jir [% Jur(wy @ (s) h(z (5)) ds] e fut:(k)dkdu
= 1 @ () b (3 (s)) dse eI

u—7(u

=T
o [ a () b () ds] a (u) e Lo By

— |:ﬁt7-(t) a(s)h(z(s))ds— j;ft:’lzlr(t) a(s) b (z(s)) dse” [ a(k)dk
- ftt_T {ff_T(u) a(s)h(z(s)) ds} a(u)e” /; a(k)dk 5.,

=—[r {f“ a(s)h(z(s)) ds} a(u)e JLa(k)dk g,,

*

(2.8)

u—7(u)

1 I aw) e (W) du.

Then substituting the result of (2.8) into (2.7) to obtain (2.5). The
converse implication is easily obtained and the proof is complete. a

Definition 1. Themap P : [0, T]xR"™ — R is said to satisfy Carathéodory
conditions with respect to L[0, T) if the following conditions hold. (i) For
each z € R", the mapping t — P (t, z) is Lebesgue measurable. (ii) For
almost all t € [0,T], the mapping t — P (t,z) Is continuous on R". (iii)
For each r > 0, there exists o, € L ([0,T],R) such that for almost all
t € [0,7T] and for all z such that |z| < r, we have |P (t,z)| < a, (t).

Definition 2 ([11]). Let (M,d) be a metric space and suppose that B :
M — M. B is said to be a large contraction, if for p,v¥ € M, with ¢ # 1,
we have d (By, By) < d(p,v) and if Ve > 0, 3§ < 1 such that

[, € M, d(p,9) > €] = d(Byp, By) < dd(p,9).

Theorem 1 (Krasnoselskii-Burton [11]). Let M be a closed bounded
convex nonempty subset of a Banach space (B, ||.||). Suppose that A and
B map M into M such that

(i) A is completely continuous, (ii) B is large contraction, (iii) z,y € M,
implies Ax + By € M.
Then there exists z € M with z = Az + Bz.

Theorem 2 ([1]). Let ||.| be the supremum norm, M = {p € Pr: ||¢| < L},
where L is a positive constant. Suppose that h is satisfying the following
conditions



1302 Abderrahim Guerfi and Abdelouaheb Ardjouni

(H1) h: R — R is continuous on [—L, L] and differentiable on (—L, L),
(H2) the function h is strictly increasing on [—L, L],

(H3) supye(—r,py W' () < 1.

Then the mapping H define by (2.6) is a large contraction on the set M.

3. Existence of periodic solutions

To apply Theorem 1, we need to define a Banach space B, a closed bounded
convex subset M of B and construct two mappings; one is a completely
continuous and the other is a large contraction. So, we let (B, |.|) =
(Pr, |[-I) and

M= {90 € Pr, H‘:DH <L, |(p(t2) - @(tl)’ < K‘tQ - t1|7 Vi1, b2 € [O7T]}7
(3.1)
with L € (0,1] and K > 0. M is a closed convex and bounded subset of
Pr.

Define a mapping S : Pr — Pr by

(80) (1) = Jiga(u) H (@) e b %4 Q (1. (t — g (1))
+ Iy (W b (o () du—n [ [ T@a(s)h(@(s))ds]
a(u)e ~Jua ak)dk gy,
1 JLp b (W) b (i (u— 7 (w) e Ju O %y
1 [ [~a (@) Q (u,p (u =g (w) + ["o D (u,5) f (¢ (s)) ds|
- N a(k)dk g,
(3.2)

Therefore, we express the above mapping as

Sp = Ap+ B,
where A, B : Pp — Py are given by
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(A9) (1) = Q(t 0 (t =g (1) + Sy 0 (u) b (i (u)) d
—n [l {f;ﬂT(M) a(s)h(p(s)) ds} a(u)e [2 atkyak g,
+1n ftt,T bu)h(o(u—7(u)))e” [, atkydk g,
I [0 ) Q (= g () + [, D (1, 5) £ (o () ]
e a(k)dk g,
(3.3)
and

(3.4) (B) ) =n [ au) H (o) e b @

We will assume that the following conditions hold.

(H4) a € L'[0,T] is bounded.
(H5) h, f, Q are locally Lipschitz continuous, then for ¢ > 0 and z,y € M
there exists constants E1, Fy, E3 > 0, such that

|7 (z) = h(y)] < Eilz—yl,

f (z) = f ()] < Byl —ylf,

Q@ z) - QY| <Eslz—yl.
(H6) Q satisfies Carathéodory condition with respect to L1 [0, 7T7.
(H7) There exist positive periodic functions q1,q2 € L' [0, T], with period
T, such that

1Q(t, )] < q1(t)]z] + g2 (1)

(H8) The function @ (¢, x) is also supposed locally Lipschitz in ¢, i.e, there
exists K > 0 such that

|Q (tg,l') - Q(tbx” < KQ |t2 _t1| .

Now, we need the following assumptions
(3.5) Bifa (E1L + |k (0)]) < BL,
where 81 = max,c(o) |7 (t)| and By = maxco ) {a (t)},

(3.6) a(®)L+a) <DL,
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(3.7) b (w)| (BrL + |k (0)]) < v3a (u) L,

(38) TEns (BL + |1 (0)]) < L.
where 83 = LTS {e_ j‘: a(k)dk:} 7

(3.9) Jy+y2+y3+74 < 1.

where 1, 2, 73, 74 and J are positive constants with J > 3. Also, suppose
that there are constants ki, ko, k3 > 0 such that for 0 <t < to

(3.10) ’7‘ (tg) — T (tl)’ S k‘l ‘tz - t1’ 5
(3.11) g (t2) — g (t1)] < ko [t2 — ta],
to
(3.12) / a(u)du < ks |t — t1],
t1
and

Kqg + (1 + ko) E3K + 2v48283L + [(2 + k1) E1 + (14 41) 13
(3.13) L Aol - &
+n+3)r2trat(ntz)n| kLl < 7.

Lemma 2. For A defined in (3.3), suppose that (2.1)—(2.4), (3.5)—(3.13)
and (H4)—(H8) hold. Then A: M — M.

Proof. Let A be defined by (3.3). First by (2.1) and (2.3), a change
of variable in (3.3) shows that (Ay)(t +T) = (Ag)(t). That is, if p € Pr
then Ay is periodic with period T'. For having Ap € M, we will prove that
JAg| < L and |(Ag) (t2) — (Ag) (11)] < Kl|ta —ti], Vis,t2 € [0,T]. By
(H5), we have

A ()] < Exfa] +|h(0)] and [f (z)] < By l| +|f(0)].

Then, let ¢ € M, by (3.5)—(3.9) and (H4)-(HT7), we have
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(Ap) (O] <1Q (o (t— g W) + Jiriy a () | ( ()] du
S a ) i a(s) B ()] dse™ L e gy
i b ()] | (0 (u — 7 ()] e Ju "%

|
g [ 0)]Q (o (1w — g (W))] + [ ID (a )] | (0 ()] ]
o N a(k)dk g,,
<qa@)|et—g@®)+ @ (t) + B1B2 (E1L + |1 (0)])
X (1 +n [l ra(u)e” J. a(k)dkdu>

0 1 @) (B L+ [h (0)]) e Ju @8y,

+n ff ra(w) g () |e (u—g W)+ g (u)]e” Ji atk)d g,,

t
) flg B (ByL + | £ (0)]) e Ju a®) gy,
< 7—22L+71L+73L+l22L+V4L < % <L.

Let t1,t2 € R with 1 < to, we get

|(Agp) (t2) — (Ap) (t1)]
< [Q (b2, 0 (f2 — g (2))) — Q (t1, 0 (tr — g (02)))]
| gy a () 1 1) Py @ () b (o () du

t2

0 | Jto—1 {fu () a(s)h(e(s)) ds} (u)e” futz a(k)dkdu
— ttlliT [fu r(u) @ a(s)h(e(s))d } a(u)e fil a(k)dk g,
+n | i p b () h (o (u—7(u)) e 2 a)dr g,

)

— b @ = ) kg

t1—

0|2 [~a () Q (uyp (u— g () + [ D () f (i () ds] e~ " o1y
I [~a ) Qo (u— g () + [ D () £ (o () | e 2%,
(3.14)
By hypotheses (H5) and (3.10)—(3.12), we obtain

Sy @ () B o () du— [ a ) o (u)) dul

to—7(t2)
(3.15) < F,L (fttf (u) du + ftf T tlz a (u) du)
< F1Lks ’tg — t1| + F1Lks (1 + kl) |t2 — t1|
= (2E1 Lks + E1Lksk) |ta — t1],

and
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Q (t2, ¢ (t2 — g (t2))) — Q (t1, ¢ (t1 — g (t1)))]
(3.16) < Kqlta —t1| + E3K |(ta — t1) — (g (t2) — g (t1))|
< (Kqg + E3K + E3Kks) [ta — t1],

where K is the Lipschitz constant of ¢. By the hypotheses (H5), (3.7) and
(3.12), we get

b (= 7 ) e R %= b ) h e (a7 ()

<n|f2b) h(p(u—7(u))
| fB b () b (o (u =7 (u))) (e— [2awak - [ a(k)dk) du‘

t
[ () b (u =7 @) e 2%

)
f”b() (p (u— 7 (@) e b Oy

t o tza
0[5 b () h (o (u— 7 (w)) e 2k ( Jis W’“_l) du

t
< 2 (ErL+ R (0)]) {2 b (w)] e~ Ju" a1k gy,
ffttlz a(kyde

<27

t1

t
+nysL |e pora(u)e” J. atdk gy,

Consequently,

|2 @) b o w = (@) e SO — b ()b a7 ()
- [ a(kdk g,,

< L {2 a () du+ 20 (Bl o+ 1(O)) f2d (J b ()] dr) e b O
o) L+ 0 [ >rdre‘f52“(k)dk]:
+2n (BrL + R (0)]) 2 (4 [b ()] r)a J.* bk gy,
< wLfiza ()dU+2n(E1L+|h(0)|) Pl
(1+f a(u)e — [, aliydk g,
< L i a () du+ 4 [12 b WL+ O
<L [;? a(u)du+ 4L ft u)du < (14 4n)vsLks |ta — t1].

(3.17)
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In the same way, by (3.6)—(3.8) and (3.12), we have

[ 0 () Q (u,p (u— g (1) + [y D () f (2 () ds] e J" 2By

L [0 () Q (o (u— g () + [y D (a5) £ (o () ds] et 2By

< |2 [~a (@)@ (o (u— g () + [ D (w5) £ (o () ds] = 720
)

| [ [0 (W) Q (u, o (=g () + [“ D (u,5) f (i (5)) ds
y fftz (k)dk _ — [ a(k)ak du

2 [ () Q (o (u = g (w) + [ D s5) £ (i (5)) ds] € " 0% aul
[—a(u) Q(uyp(u—g W)+ [“ D <u )5 (o (s)) ds] = 17y
1 [ a(u)@ <u eu—g))+ [Zy f(«p(s))ds}

( a(k Yk ) ‘
< antz [ )ZL+ (E2L+|f(0)]) [“ | D (u,s))| ds} o [ alkydk g,
IREICTIN g e () BL4 (BaL+|f (O)) [*0 |D (u, )] ds]

§277

+n 'e
o fil a(k)dk g,,
< nyeL fttf a(u) du+ 2v4LBafs3 [ta — t1| + [BL + v L] fttf a(u)du

< H(U + %) Y2 + ’74} ks + 2’745253} Lty —t1],
(3.18)

and
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n tt;_T [J:—T(u) a (8) h (QD (8)) ds} a (u) e fu2 a(k)dkdu

h {f” a(s)h(p(s)) ds} a(u)e” Sk g,,

T Ju-T [ Ju—7(u)

2w a k(e () ds|aw) e [ atak g,

<7

+ | Jir {qu_T(u) a(s)h(e(s)) ds] a(u) (e [ ayas _ -~ [ a(k)dk) du’
0 2 [ Fi s a(s) B (s) ds] au)e” J.2 atk)dk g,
2w a () k(e () ds| a(w) e [, atk)dk du‘
0| [ [y @ (8) b (o () ds| a(w) e Jit atkar (6 S ateyan 1) "

2
St _qlup i ()

<2n

-1

<2nLL fttf a(u)e I oBVIE oy, 4 e
o= [t atkydk g,
<mmL ﬁf a(u)du+ 4L ﬁ? a(u)du < [17 + %} y1Lks|ta — t1].
(3.19)
Thus, by substituting (3.15)—(3.19) in (3.14), we obtain

[(Ap) (t2) — (Ap) (t1)]
< (2E1Lk3 + ElLkgkl) |t2 — t1| + (KQ + EgK + E3Kk2) ’tg — t1|

+ (1 +4n) v3Lk3 [ty —t1| + H(n + %) V2 +’Y4} k3 + 2745253} Lty —tq]
+ |n+ %} Y1Lk3 [t2 — t1]
<Kty — 11| < K [t2 — 1]

That is Ap € M. |

Lemma 3. For A : M — M defined in (3.3), suppose that (2.1)—(2.4),
(3.5)—(3.13) and (H4)—(HS8) hold. Then A is completely continuous.

Proof. Since M is a uniformly bounded and equicontinuous subset
of the space of continuous functions on the compact [0,7], we can apply
the Arzela-Ascoli theorem to confirm that M is a compact subset from this
space. Also, since any continuous operator maps compact sets into compact
sets, then to prove that A is a compact operator it suffices to prove that it
is continuous.

We prove that A is continuous in the supremum norm, let ¢, € M
where n is a positive integer such that ¢,, — ¢ as n — co. Then
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[(Agn) (t) — (Aw) (1))

< |Q(t en(t—g(t) — Qe t—g())

+ Ly a (W) b (pn (w) = b (@ (w)] du t

+n Jip [fu a(s) |k (on () —h(p(s))] ds} o (u) e~ Ju @ik gy

+1Jir |b<u>\ rh«on( 7 () — b (p (u— 7 (w)) e O gy
11 J{p [ () |Q (s o (= g (1)) = @ (w0 (u — g ()]
+ [ |D w3)| 1f (o () = £ (0 ()] ds] e e O

By the dominated convergence theorem, lim,, .~ [(Ayy,) (t) — (Ap) (t)| =
0. Then A is continuous. Therefore, A is compact. a

The next result shows the relationship between the mappings H and B
in the sense of large contractions. Assume that

(3.20) max {(|H (~D)|. 11 (1)) < LDE
and
(3.21) 2 + 1] Lks < K.

Lemma 4. Let B be defined by (3.4), suppose (3.12), (3.20), (3.21) and
all conditions of Theorem 2 hold. Then B : M — M is a large contraction.

Proof. Let B be defined by (3.4). Obviously, B is continuous and it is
easy to show that (By)(t +T) = (By)(t). For having By € M, we will
show that || Byl < L

and

((Bp) (t2) — (Byp) ()| < K [ta — ta], Vt1,t2 € 0,77

Let ¢ € M by (3.20), we get

[(By) (1)] Sn/:Ta(u)maxﬂH(_L)HH( )} e Juo®idkg, < % .

Let t1,t5 € [0,7] with ¢1 < to, by (3.12), (3.20), (3.21), we have
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(Bo) () - (B ()]
<[ pa(u) H(pw)e L gy — (1 q(u) H (o (u)

o~ [t alk)dk g,

t
<[ a(u) H (o (u) e L aBdk gy,

_[t2, [,
+n fttlliTa(u)H((p(u)) <€ fu (k)dk_e fu (k)dk) du

t
0| J12F au) H (e (w) e a(k)dkdu‘
_[t2,
<2n fttft“ () |H (¢ (w))] e Ju” 9Bk gy,
— 2 )
e ftl a(k)dk -1 ttll_T a (’LL) |H (gO ('LL))’ o ful a(k)dkdu

<2 (‘]El)Ln fttf a(u)du+ (J—EI)L fttf a(u)du
< [2n+ 1) S Lk ft — 1]
<

VDK |ty — t1] < K |ts — t],

which implies B : M — M.

By Theorem 2, H is large contraction on M, then for any ¢, € M
with ¢ # ¥, we get

1B = By < [l =9l

Now, let € € (0,1) be given and let ¢, € M, with ||¢ — 9| > ¢, from
the proof of Theorem 2, we have found a ¢ € (0,1), such that

(He) () — (Hp) (£)] < 6l — .
Thus,
(Be) (t) = (Bw) (1) < | J pa(u)[H (p(w) — H (@ (u)] e Ju 1B gy
<6llg— vl [ pa(w)e S O%ay < 5o — .
The proof is complete. a

Theorem 3. Suppose the hypotheses of Lemmas 2—4 hold. Let M defined
by (3.1), then (1.1) has a T-periodic solution in M.
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Proof. By Lemmas 2 and 3 A: M — M is continuous and A(M) is con-
tained in a compact set. Also, from Lemma 4, the mapping B: M — M s a
large contraction. Next, we show that if ¢, 1 € M, we have ||Ap + By|| < L
and ‘(A(p + B¢) (tg) — (A(p + Bw) (tl)’ < K ‘tg — tly, Vi, 1o € [O,T]. Let
v, € M with |||, ||v] < L. By (3.5)—(3.9) and (3.20), we get

(J-1)L

<L+
J - J

|Ap + Bo|| < [v1 + 72 +73 +74) L+

Now, let p,9 € M and t1,t2 € [0,T]. By (3.5)—(3.13), (3.20) and (3.21),
we have

[(Ap + By) (t2) — (Ap + BY) (t1)|

< [(Ap) (t2) = (Ap) (t)| + [(BY) (t2) — (BY) (t1)]

S%!b—tﬂ—i-(‘]—_}g!h—tl\

= K |ta — t1].

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satis-
fied. Thus there exists a fixed point z € M such that z = Az + Bz. By
Lemma 1 this fixed point is a solution of (1.1). Hence (1.1) has a T-periodic
solution. O

Example 1. Consider the nonlinear neutral differential equation

% () -Qtz(t—g®)]=—a)h(z(t—7 (t)))+/_; D(t,s) f (z(s)) ds,
(3.22)

where

1 -2
T = 2m a(t)=2, 7(¢) _ 10 g(t)=2x10"%e7t, h(zx) =23,

V3
Q(t,x) = 107%*sin(z), D(t,s) =", f(x) = 2>

Then (3.22) has a 2m-periodic solution.



1312 Abderrahim Guerfi and Abdelouaheb Ardjouni

Proof. We have h : R — R is continuous on {—\/5/3, \/5/3}, dif-
ferentiable on (—\/§/3, \/§/3), strictly increasing on {—\/5/3, \/5/3} and
3

SUDye(—y/3/3,v3/3) B’ (t) < 1. By Theorem 2, the mapping H(x) = x — x° is

a large contraction on the set

M ={p € Por, [lgll < V3/3, lo(t2) = ¢ (t1)] <100tz — 1], V1,82 € [0,27]},

where L = v/3/3 and K = 100. Doing straightforward computations, we
obtain

1072
E = 1, BI:W, Bo=2, fs=e1" Ey =1, By =2V3/3, B3=10"%,

_ _ar\ 1 4 _
Q1(t) = 10 47Q2(t)20777:(1_e4> 5’71:%10 2772:2X1O 47

-1
3 :(Lm:AWO—ﬁ4ﬂ e Je[3,42], k1 =0, ks =2 x 1072, kg = 2.

All hypotheses of Theorem 3 are fulfilled and so (3.22) has a 2w-periodic
solution belonging to M. a

4. Existence of nonnegative periodic solutions

In this section we obtain the existence of a nonnegative periodic solution
of (1.1). By applying Theorem 1, we need to define a closed, convex, and
bounded subset M of Pr. So, let

M={pePr:0<p <L, [p(ta) =) < Kta —ta], Vt1,22 € [0,T7]},
(4.1)
where L and K are positive constants. To simplify notation, we let

t
(42) Pta®) = [ a@h(@)du,
t—7(t)
and
(43) m= min e fut a(k)dk’ M = max e fut a(k)dk‘

u€lt—T\t| u€t—T,t|
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It is easy to see that for all (¢,u) € [0,27]?,

(4.4) m < e~ Jualdk < pp

Then, we obtain the existence of a nonnegative periodic solution of (1.1)
by considering the two cases

(1) F(t,z(t)) >0,Vte[0,T], z € M.
(2) F(t,x(t) <0,Vte[0,T], z € M.

In the case one, we assume for all t € [0,T], x € M, that there exist
positive constants ¢; and ce such that

(4.5) 0<Q((tx(t) <cl,
(4.6) 0<F(t,x(t)) <coL,
(4.7) c1+c <1,

0 ~a () F (L )b O R 0)-a )@z @) [ D) f () ds,
(4.8)

—a(u) F(t,z(t))+b(t)h(x(t) +a(t)H (z(t))
—a(t)Q (tx () + [ D (t5) f (x(s))ds < Kl

Lemma 5. Let A, B given by (3.3), (3.4), respectively. Assume (4.5)—(4.9)
hold, then A,B: M — M.

(4.9)

Proof.  For having Ay, By € M, we show that 0 < Ay, By < L and

[(Ap) (t2) — (Ap) (t1)|[t2 — ta , [(Bp) (t2) — (Bp) (t1)] < K [t2 — ta], Vi1, 12 €
[0,T]. Let A defined by (3.3). So, for any ¢ € M, we have

0 < (Ap) () Qtp(t—g0) + F (o (1) =0 g F (b (w) awy e @y
0 b () h (o (u =7 () e hu %y t
1 J{ [0 () Q (0 (u— g (w) + ["y D (u,5) f (9 (s)) ds] e Ju * %y
< nftth Mm&;ﬁdu +c1L+cL=1L.
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From Lemma 2, we see that

(Ag) (12) — (Ag) ()] < T lt2 — ta] < K ft2 — 1.

That is Ap € M.
Now, let B defined by (3.4). So, for any ¢ € M, we have

¢ L(l—cl—CQ) L
0<(By)(t) < M——————— —du < nMT——=1L
<(Bo) () <n | MISE By <M T = L

and from Lemma 4, we see that

(Be) (1)~ (Be) ()] < LK 1 1) < K gy 1

That is By € M. a

Theorem 4. Suppose the hypotheses of Lemmas 3-5 hold. Then (1.1) has
a nonnegative T-periodic solution z in the subset M.

Proof. By Lemma 3, A is completely continuous. Also, from Lemma
4, the mapping B is a large contraction. By Lemma 5, A, B : M —
M. Next, we show that if ¢,9p € M, we have 0 < Ap + By < L
and |(Ag0 + B1/J) (tg) - (A(p + Bw) (tl)’ <K |t2 — t1’ , Vti,t9 € [O,T] Let
0, € M with 0 < ¢,1 < L. By (4.5)—(4.9), we get

(49) () + (BY) (1 t

=nfira@H @ w)e O+ @t ot - g(®)

FF (60 () =0 g Pt () a (w) e @y

t
0 g b () b (e (u =7 () e O ay

1 [0 (1) Q (i (u— g (W) + [ D (u,3) £ (p (5)) ds] € O

< flp MESA 2 du + ¢\ L+ oL = L.

On the other hand, we have

(Ap)(t) + (BY)(t) = 0.

Now, let ¢,1 € M and t1,t3 € [0,T]. By Lemmas 2, 4, we have
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|(Ap + B) (t2) — (Ap + BY) (1)

|(Agp) (t2) — ({1190 (t1)] + [(BY) (t2) — (BY) (t1)]

<
< §|t2—t1\+( _JI)K |ta — 1]
< K|

€

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satis-
fied. Thus there exists a fixed point z € M such that z = Az + Bz. By
Lemma 1 this fixed point is a solution of (1.1) and the proof is complete.

O

Example 2. Consider the equation

S0 - Q=g @) = —a O —T@)+[ Do) (s)ds
(4.10)

where o
T =2m, a(t) = %, 7(t) =2m, h(z) =23 Q(t,x)= 10"z,

F(ta(t) =2 1, a8 (wydu, D(t,s)=e", f(2) =107 (v +2).

Then (4.10) has a nonnegative 2m-periodic solution.

3

Proof. By Example 1, the mapping H (z) = x—x" is a large contraction

on the set

M={p € Po, 0< 0 <V3/3, |p(ta) = (1) < 100tz — ], ¥t1,85 € 0,7}

A simple calculation yields

1072 gt 1 27 102 4727
Ftaz(t) = OT 2 (u) du = Z/ 2 (u) du = OT lx—] — 107274 > 0,
t—2m 0
2

102

~1
m = e 2 ”,le,nz(l—e%”) Lo =107% g = —.

Then for z € {0, \/3/3}, we have

0< —a(t)F(t,z(t)+b(t)h(x(t)—a(t)Q(t,x (t))—i—/too D (t,s) f (z(s)) ds.
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On the other hand, we have
—a(t)F (t,x(t)) +b(t)h(x(t)) +a(t)H (x(t))
—a(t)Q (t,x (1) + [L D (t,5) f (z(s)) ds

-3 3 L—c1—
< 1.006 x 1073 < 1.425 x 1073 ~ Hlzaca),

All conditions of Theorem 4 hold and so (4.10) has a nonnegative 27-
periodic solution belonging to M. a

In the case two, we substitute conditions (4.6)—(4.9) with the following
conditions, respectively. We assume that there exist a negative constant c3
such that

(4.11) 3L < F(t,z(t)) <0,

(4.12) —cgtoa <1,

Tar < —a(F (e ) +b@)h(z () +alt) H (z(t)

mnT
o) —a(t)Q(t,x (1) + [Lg D (t,s) f (x(s)) ds
and
(4.14) —a(u) F(t,z(t) +b(t)h(z(t)) +a(t)H (z(t))

—a(t)Q(tw (1) + [ oy D (Ls) f(x(s)ds < K=,

Theorem 5. Suppose (4.5), (4.11)—(4.14) and the hypotheses of Lemmas
2— 4 hold. Then (1.1) has a nonnegative T-periodic solution z in the subset
M.

Proof. By Lemma 3, A is completely continuous. Also, from Lemma
4, the mapping B is a large contraction. By Lemma 5, A,B : M —
M. Next, we show that if ¢,9p € M, we have 0 < Ap + By < L
and |(Ag0 + B1/J) (tg) — (A(p + Bw) (tl)’ <K |t2 — t1’ , Vti,t9 € [O,T] Let
v, € M with 0 < ¢, < L. By (4.5) and (4.11)-(4.14) we get
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(Agp) (t) + (BY) (t t
—nft paw) H (@) e b O du+ Qb (t - g (1))
F(to(t) =nliqF(te(w)a(w)e Stk gy,
0 fE b W) h(p(u—rT(u))e” J, atk)dk 4, |
+n fr [ ((u) (u, 0 (u—g )+ [* D (u,s) f(p(s)) ds} o ak)dk g,

<nflp MEZdu+ L = L.

)

On the other hand, we have

c3L

(Ag)(t) + (BY)(t >77/t m=L gy et = 0

Now, let ¢,1 € M and t1,ts € [0,T]. By Lemmas 2 and 4, we have
|(Ap + By) (t2) — (Ap + By) (t1)]
< [(Ap) (t2) — (Ap) (t2)] + I(Bw) (t2) — (BY) (t1)]
< Bty —ty] + LK |ty — 1y
= K|to — t4].

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satis-
fied. Thus there exists a fixed point z € M such that z = Az + Bz. By
Lemma 1 this fixed point is a solution of (1.1) and the proof is complete.

O
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