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Abstract
Let G be a graph with |V (G)| =p and |E (G)| = q and f : V(G) —
{k, k+1, k+2,..., p+q+k—11} be an one-to-one function. The
induced edge labeling f*, for a vertex labeling f is defined by

for alle =uv € E(G) is bijective. If f(V(Q))U{f*(e):

e € BE(G)} ={k, k+1, k+2,..., p+q+k—1}, then f is known
as a k-super cube root cube mean labeling. If such labeling exists, then
G is a k-super cube root cube mean graph. In this paper, I prove that
T, © Ki, A(T,) © K1, A(T,) © 2Ky, A(Qn) © K1, P, ® K12 and
P, ©® K3 are k-super cube root cube mean graphs.

Keywords: K-Super cube root cube mean labeling, Alternate snake

gmph, A(Tn) © Kl; A(Tn) O] gKla Tn © Kl; A(Qn) ® Kl; Pn O]
K173.
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1. Introduction

In this paper, all graphs are simple, finite, and undirected. Labeling of a
graph is an assignment of integers to the vertices or edges or both subject
to certain conditions. Several types of graph labeling and an extensive sur-
vey are available in [1]. Standard notations of F.Harary [2] are followed
here. Somasundaram and Ponraj [5] introduced mean labeling. Let G
be a graph with V(G) = p and E(G) = q. A mean labeling f is an in-
jection from V to the set {0, 1, 2, ..., q } such that every edge uv, is
labelled with M if [f(u) + f(v)] is even and [ +2f (v)] +1

if [f(u) + f(v)] is odd then the resulting edges are distinct. A graph that
accepts a mean labeling is known as mean graph. It was extended to root
square mean labeling [7], cube root cube mean labeling [3], etc. Radhika
and Vijayan [6] defined a new labeling namely super cube root cube mean
labeling. Let f: V(G) — {1, 2,3, ... , p+ q } be an one to one
function. For a vertex labeling f, the induced edge labeling f*, is defined

by f* {S/f +f J {{’/Ww Then f is known as a

super cube root cube mean labeling if f(V(G)) U {f*(e) : e € E(G)} =
{1, 2, 3,..., p+q}. If such labeling exists, then G is a super cube root
cube mean graph. Motivated by the concept of super cube root cube mean
labeling, Princy Kala [4] introduced a new labeling called k-super cube root
cube mean labeling. In this paper, I prove that T,, ® K;, A(T,) ® Kj,
A(T,) ® 2K1, A(Qn) © Ky, P, ® Ky 2 and P, ® K 3 are k-super cube root
cube mean graph. Consider a graph G with p = |V (G)| and ¢ = E(G) and
f:V(@G) =1k, k+1, k+2,..., p+q+k—1} be an one-to-one func-
tion. For a vertex labeling f the induced edge labeling f*, is defined by f*(e)

v MJ or [3 M —‘ for all e = uv € E(G) is bijective. If

f((V(G)) u{f(e): ec E(G)} =1k, k+1, k+2,..., p+q+k—1}, then
f is said to be a k-super cube root cube mean labeling. If such a labeling
exists, then G is a k-super cube root cube mean graph. Throughout this
paper, assumed that k is an integer and > 1.

2. Preliminaries

Definition 2.1. The triangular snake graph is obtained from a path uy,
uo, ..., Uy by joining u; and u;11 to a new vertex v;, 1 <i<n- I
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Definition 2.2. To construct an alternate triangular snake graph A(T),),
we have to join u; and u;+1 (alternately) from a path with vertices uj, ug,
., up toavertex vj, for1<i<n—1&1<j< |5

Definition 2.3. An alternate quadrilateral snake graph A(Q)y,) is obtained
from a path vy, va, ..., v, by joining v; and v; 41 (alternately) to the vertices
Xj, yj respectively then joining xj and y; , for 1 <i<n—-1&1<j<

L3 ]

Definition 2.4. The corona of two graphs G and H is formed by taking
one copy of G and |V (G)| copies of H, where the j** vertex of G is adjacent
to every vertex in the j*" copy of H.

3. Main Results

Theorem 3.1. The graphT,, ®K; is a k-super cube root cube mean graph.

Proof. LetG =T, © K;

Let V(G) = {u;, uhy: 1<i<n}U{v;, v),:1<i<n-—1}and

E(G) = {v; v}, uvi, ujtiz1, uip1v; : 1 <i<n—1} U {uuf, 1 <i<n}.
Here p=|V (G)|=4n—2and ¢ = |E(G)| =5n—4
Hence p+ ¢ =9n — 6.

Now define a function

f:V(@G@)—{k k+1, k+2,..., p+q+k—1}by

fu) =k + 97,1 <i<nandi#?2

k+9, k=1,2,3,4,5;

k + 11, otherwise.
)=k+9i-51<i<nl
):k+91—9,1 <i<nandi#2
5)

f

ug) =

(%

(
(
(u;
(
(v

<

k+11, k=1,2,3,4,5;
k49, otherwise.

U

~

N =k+9-31<i<nl
hen the edge labels are
(wujr1) =k +91-2,1<i<n-1
(pu)) =k +9i-81<i<n
(uv;) =k +9-6,1<i<n-1
(Wip1vi) =k +9-1,1<i<n-l
(vivi) =k +91-4,1<i<nl
Clearly f[V(G)|U{f*(e): e E(G)} ={k, k+1, k+2,..., p+q+k—1}.

"2"?*2"?*2'%*&
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Hence T,, ® Kj is a k-super cube root cube mean graph.
An example of 5-super cube root cube mean labeling of Ty ® K; is shown
in Figure 1.

5 16 23 32

Figure 1: 5-super cube root cube mean labeling of T4 ® K3

|

Theorem 3.2. The graph A(T,) ® K is a k-super cube root cube mean
graph.

Proof. Let G =A(T,) ® K;
Here consider two cases.

Case 1: The triangle starts from u;.

Let V(G) ={w, uj: 1<i<n}uU{v, vi:1<i<[g]}

E(G) = { Wy s 1 <i < n—l} U { Ug;—1V;, U9;Vy, Vivg 1 <1< L%J } U

{wu,: 1 <i<n}.
3n, for n is even

here, p = |V(G)] = { 3n—1, for nis odd.

Tn—2

, for nis even
q=\E<G>\={ s

and

5, for mis odd.
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13n—2
Therefore p + q = { 132 7
2

, for nis even
, for mis odd.
Now define a function

f: V(G) = {k, k+1, k+2,..., p+q+k—1} by

f(ug;— )_k+13i_11,1§ig(gy
k+7 k=

fluz) = {k+8 otherwzse
fug) =k + 13i-5, 2 <i < [2].
f(v;) =k + 13i- 9,1 <i< |2].
fvi) =k +13i-4, 1 <i< |§].
f(uh, 1) =k + 13i-13, 1 <i< [2].
f(uh;) =k + 13i - 2, 1<1§{%J
Then the edge labels are
f*(ugi—1ug) =k + 131 -8, 1 <i< |%].
f(ugiugiy1) =k + 13i-1, 1 <i< [HTQ—‘
P (ugi—1v;) =k + 13i- 10, 1 <i < [Z].
Prlugvy) =k +13i-7, 1 <i<[2].

k+8 k=12
Flav) = k+ 7, otherwise.
£ (viv )—k+13i—6 2<i< |2
P (upiquh,_q) =k + 13i-12, 1 <i<[2].

i
ff(ugiuy) =k +13i-3, 1 <i< L%J

907

Clearly f[V(G)]U{f*(e): e€ E(G)} =1k, k+ 1, k+2,..., p+q+k—1}.
An example of 2-super cube root cube mean labeling of A(T¢) ® Kj[Triangle

starts from u;| is shown in Figure 2.



908 V. Princy Kala

1 3

9 7 2
u, u u
Y1z 20 p
12 16 25
13 15 26

Figure 2: 2-super cube root cube mean labeling of A(Tg) ® K; [Triangle
starts from uy]

Case 2: The triangle starts from us.

Let V(G) = {w, w: 1<i<n}U{v, vj: 1<i< [252]}and
E(G) = { wuiq1 : 1 <i<n-1} U{ uyvi, ugiprvi, vivi: 1 <i< {”T_Q—‘

JU{wu,:1<i<n}.

3n — 2, for nis even

3n—1, for nis odd. and

here p = |V (G)] :{

Tn—8 .
—|E _) T3 fOTnZ‘Seven
1=1E) { 7”55, for nis odd.
13n—12 .
Theref: _ ) ==, for n is even
erefore p + q { 13an> for n is odd.

Now define a function f : V(G) — {k, k+1, k+2,..., p+q+k—1}
by

f(u;) = k, for all k

f(llzz;l) =k + 13i —14, 2 < i < [%—‘

f(ugi):k+13i—7, 1<i< {%J
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f(vi) =k + 13i- 5, 1 <i < [252].
f(v)) =k +13i, 1<i < [22].
f(uh;_q) =k + 13i-11, 1 <i< [2].
k43, k=1, 2, 3, 4;
AN s , 2, 3, 4;
f(u2)_{ k+4, otherwise.

f(uh;) = k 4+ 13i- 9,2 <i < |2].

Then the edge labels are

f*( )_ k+4, k=1,234

tati2) = k + 3, otherwise.
f*(ugi—1ug) = k + 13i-10, 2 <i < [2].
Fugiugir1) =k + 13i-4, 1 <i< PLT*?W

R

(

(

(ugsvi) =k + 13i-6, 1 <i< [nTﬂ
(ugip1vi) =k + 13i-3, 1 <i< ["Tﬂ
(

£(

£(

R R

vivh) = k + 13i - 2, 1§ig[n—ﬂ.
ugi—qub; 1) =k + 13i-12, 1 <
ugiuh;) =k +13i-8, 1 <i<

Clearly f[V(G)|U{f*(e): e€c E(G)} =1{k, k+1, k+2,..., p+q+k—1}.

An example of 2-super cube root cube mean labeling of A(T7) @ Kj[Triangle
starts from ug] is shown in Figure 3.
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u U,

L\
; 16 20 29
s

17 19 30 32 43

Figure 3: 2-super cube root cube mean labeling of A(T7) ® K; [Triangle
starts from us]

From the above cases, A(T,,) ® Kj is a k-super cube root cube mean
graph. |

Theorem 3.3. The graph A(T,) ® 2K is a k-super cube root cube mean
graph.

Proof. Let G =A(T,) © 2K,

Here consider two cases.

Case 1: The triangle starts from u;.

Let V(G) = {us, uj, uf :1 <i<n} U {v;, vj, vi: 1 <i< 4]} and

E(G) = {uiui+1 1 <i < n—l} U {Ugi_lVi, u9;Vvj, VZ'VQ, VZ‘VQ/ 1 <i< L%J}
U{wuj, yu/: 1 <i<n}.

Here, p = |V (G)] :{ z?n, for nis even and

’ ”7_3, for nis odd.

_ ) dn—1, for niseven
a=[E(G) { 5n — 3, for n is odd.
19n—2

, for n is even

Therefore p + q = { %7 for mis odd.
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Now define a function f: V(G) — {k, k+1, k+2,..., p+q+k—1} by

f(ug 1) =k +19i- 15, 1 <i < [2].
fug) — 1L E=1,23,456
k 4+ 12, otherwise.

flug)) =k +19i-7, 2<i< (g
f(vi)=k+191-10, 1 <i< [&].
f(vi) =k +19i- 14, 1 <i< [5].
(v/) =k +19i-6, 1 <i< |Z].
f(u’m 1)fk—i—191—19 1<i< (3]
f(u2l)—k+191—3 1<1<L%J.
fluy; ) =k +19-2,1<i< (g

Then the edge labels are
f*(ugi—1ug;) = k + 191 -11, 1 <i< |2].
—2

P (Ugitigipr) =k + 191 -1, 1 <i< [”T]
f(ugi—1vi) =k +191- 13, 1 <i < [§].
Plugivi) =k +19i- 9, 1 <i< [2].
Plvavh) =k + 19 - 12, 1 <i < [2]
Pty = {12 k=123456

k 4+ 11, otherwise.
f*(viv )—k+191—8 2<i< |5
*(ugi— 1112z ) =k+19-17, 1 <i< [%W
f*(ugi—iug,_; ) =k +19i-16, 1 <i< [§].
f*(ugiuh;) =k +191-5, 1 <i < |5

P(ugl ) =k +19i-4, 1<i< 2]

Clearly f[V(G)|U{f*(e): e E(G)} ={k, k+1, k+2,..., p+q+k—1}.
An example of 6-super cube root cube mean labeling of A(Tg) ® 2K;[Triangle
start from ug] is shown in Figure 4.
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Figure 4: 6-super cube root cube mean labeling of A(Tg) ® 2K;[Triangle
starts from uy]

Case 2: The triangle starts from us.

Let V(G) ={ w, u}, u/:1<i<n}uU{wv, v, Vé’:lﬁiﬁ[%‘ﬂ
}and E( ) {uiuiﬂz 1 <i<n—1}U{UQin‘, U2;+1Vs, Vivg, VZ'VQII 1
§1§[ 2—‘}U{uil, wu!:1<i<n}.

In—6
, for nis even
Herepzw( )’—{ 9n 3 , for mis odd. and

_ ) 5n—5, for nis even
= [E(@)] { 5n — 3, for n is odd.

19n—16 ;
or n is even
Thereforep—i—q:{ 19n29 férnzs odd.
Now define a function f : V(G) — {k, k+1, k+2,..., p+q+k—1}

by
flugi—1) =k +191-17, 1 <i < [§].
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Flug) = | S K =1,23456,738
227 ) k+ 10, otherwise.
flug) =k +191-9, 2<i<|2].
Flo) =k +19i-5, 1<i< [232].
(v)) =k +19i-8, 1<i<[232].
(W) =k +19-2, 1<i< |22
(uhy 1) =k +19i-19, 1 <i
(” 1):k+191-15, 1<
(u

N ‘
I
=
+
=
Nej
—

1

—_
-
—_
N
—
N

—

03

[

Flu) = k+10, k=1,2,3,4,5,6,7,8;
| k+38, otherwise.

flug;) =k 4+19i- 11, 2 <i< [§].

Then the edge labels are
f*(ugimqug;) =k + 19i-13, 1 <i < [Z].
[* (ugiugip1) =k +19i-3, 1 <i<
[ (ugivi) =k +191-7, 1 <i< ["_*ﬂ
¥ (ugipivi) =k +19i-1, 1<i< [%ﬂ
5 (uiv)) =k 4+19-6, 1<i< [nTﬂ

(V) =k +19i-4, 1<i< [nT—ﬂ
* (ugi—qub; 1) =k +191-18, 1 <i<
(ugi_1uf; 1) =k + 191 -16, 1 <i
* (ugiub;) =k +191- 12, 1<i<
(ugiu;) =k + 19i- 10, 1 <i <

Clearly f[V(G)|U{f*(e): e € E(G)} ={k, k+1, k+2,..., p+q+k—1}.

An example of 6-super cube root cube mean labeling of A(T5) ® 2K [Triangle
starts from ug| is shown in Figure 5.
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Figure 5: 6-super cube root cube mean labeling of A(T5) ® 2K;[Triangle
starts from us]

From the above cases, A(T,) ® 2K; is a k-super cube root cube mean
graph. |

Theorem 3.4. The graph A(Q,) ® K; is a k-super cube root cube mean
graph.

Proof. Let G =A(Q,) © Ky
Here consider two cases.

Case 1: Quadrilateral starts from uj.

7
E(G) = { ;U417 - 1 S i S n—l} U { ug;—1Vs, U2;Wj, VZ'VQ, ViWg, WZWQ 01 S 1
<[5/ }u{uwuj:1<i<n}

Let V(G) ={ g, uj: 1 <i<n}U{v,w,v,w:1<i< |5 }and

4n, for n is even =2 for m is even
herep:{ o f & q= 7 f

4n — 2, for m is odd. 9”2_7, for n is odd.
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17Tn—2 f -

=== for n is even
Therefore p + q = 2 4 .
pTd %, for nis odd.

Now define a function
f: V(G) - {k, k+1, k+2,..., p+q+k—1} by
f(UQZ‘_l) =k +17i-15, 1 <i< (ﬂ—l

2
g = [ FH12 k=1
27 ) k+ 13, otherwise.

flugi)=k + 17i-4, 2 <i < [%].

g = FH8 E=123.11
U= k49, otherwise.

k+13, k=1;

k 4+ 12, otherwise.
f(w;)—k+171-5 2<i< |5
fluj,_) =k +17i-17, 1 <i < [§].
fluy;) =k +17i-2, 1 <i< [g].
Then the edge labels are

£ ( ) = E+9, k=1, 2, 3,...,11
tatiz) = k + 8, otherwise.
f*(ugimqug) =k +171-9, 2 <i < [2].
fH(ugiugipr) =k +17i-1, 1 <i< [nTﬂ
fr(ugic1vi) =k +171-13, 1 <i < [2].
[H(ugiw;)) =k +17i-6, 1 <i< [Z].
fr(viwy) =k +17i- 10, 1 <i < [2].
frvivh) =k +17-12, 1 <i< |%].
fr(wiw )_k+17i-7, 1<i<|[2].
fr(ugicqug ) =k +17i-16, 1 <1< [2].
fr(uginh;) =k +17i-3, 1 <i< 2]

Clearly f[V(G)|U{f*(e): e E(G)} =1k, k+ 1, k+2,..., p+q+k—1}.

An example of 2-super cube root cube mean labeling of A(Qg) ® K;[Quadrilateral
starts from u;] is shown in Figure 6.
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Figure 6: 2-super cube root cube mean labeling of A(Qg) ®
K [Quadrilateral starts from u;]

Case 2: Quadrilateral starts from us.

Let VIG) = {w, u:1<i<n}uU{wv, w, v, w,:1<i<

(2

[”—_ﬂ} and E(G) = { wjw41 1 1 <i<n-1} U { ugvi, ugip1ws, vivi, viwy,
WiW 1<1<{”2—‘}U{u1 1 <i<n}.

dn — 4, for n is even %, for n is even
here p = { 4dn — 2, for n is odd. ba= { 9"777, for nis is odd.

17” 20 for nis even
Therefore p + q = 1777 1 " For m is odd.

Now define a function

f: V(G) = {k, k+1, k+2,..., p+q+k—1} by
g 1) = k+17i- 17, 1<i< [2].
fuy) =k + 171 - 11, 1 <i< [2].

f(v;) =k + 17i - 7, 1§i§[ﬂ7—ﬂ

oy = [ FT120E=1 27
U™ k+13, otherwise.
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f(w;) =k + 17i - 4, 2<1<[an2]
f(v)) =k +17i- 10, 1 <i< ”Tﬂ
f(w)) =k + 17i - 1, 1<1<[ ]
f(uh;_q) =k +17i- 15, 1 <i < [2].
(
f(

- 1

k+3, k=1, 2,3,4;
k+4, otherwzse
wy) =k +17i- 13, 2 <i < |2
Then the edge labels are
_ ) k4 k=1, 2,34
Fluu) = { k + 3, otherwise.
P (ugi1ug;) = k +17i- 14, 2 <i < |2].
Plagug) = | BB E=1 23T
27 k412, otherwise.
f*(ugiugir1) =k +17i-5, 2 <i < [72—‘
ff(ugivi) =k +17i-9, 1 <i< "Tfﬂ
(ugip1w;) =k + 171 -2, 1 <1 [”Tﬂ
(viw)) =k + 171-6, 1 <i < [n_—ﬂ
(
(
(

f(uh) =

|

R R R

2
viv)) =k 4+ 171-8, 1 <i< PT_Q
wiwi) =k 4+ 171-3, 1 <i< —]
ugi—1uy;_;) =k +17i -16, 1 <1§(%1
(1121u21)_k+17i_12’ 1 <1< I_%J
Clearly f[V(G)] U {f*(e) : e e E(G)} ={k, k+1, k+2,..., p+q+k—1}.

N

n

2

_\
N)|

f*
f*

An example of 2-super cube root cube mean labeling of A(Q5) ® K;[Quadrilateral
starts from ug] is shown in Figure 7.
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Figure 7: 2-super cube root cube mean labeling of A(Q5) ®
K [Quadrilateral starts from ug]

From the above cases, A(Q,) ® Kj is a k-super cube root cube mean
graph. |

Theorem 3.5. The graph P,, © Kj is a k-super cube root cube mean
graph.

Proof. Let G =P, © K
Let V(G) = {u;, vi, w;, 1 <i<n}and
E(G) = {ui vi, Uy Wi, 1 <1< n} U {u,- Uir1, 1 <i< n—l}
Here p=|V (G)|=3nand ¢ = |E(G)|=3n—-1
Hence p+q =6n — 1.
Now define a function
f:V(@G@)—{k, k+1, k+2,..., p+q+k—1}by
fluj)) =k+6i—4,1<i<n
fw)=k+6i—6,1<i<mnandi#2
(v2) k+5, k=12

k 4+ 6, otherwise.
flw)=k+6i—2,1<i<n

—
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Then the edge labels are
ff(uv;)) =k +6i-5,1 <i<n
f*(uiwi) =k+6i-3,1 <i<n
N k+6, k=12
frluug) = k + 5, otherwise.
f*(uiui+1) =k+ 61— 1,2 §’L§ n—1
Hence f[V(G)|U{f*(e): ec E(G)} =1k, k+1, k+2,..., p+q+k—1}.
Therefore P,, ® K1 is a k-super cube root cube mean graph.
An example of 12-super cube root cube mean labeling of P3® K7 5 is shown
in Figure 8.

14 20 26
17 A\ 23
u, U,
13 15 19 21 25 27
12 16 18 22 24 28

Figure 8: 12-super cube root cube mean labeling of P3 © Kj 2

d

Theorem 3.6. The graph P,, ©® Kj3 is a k-super cube root cube mean
graph.

Proof. LetG=PF,® K3
Let V(G) = {w, vi, wy, si, 1 <i<n} and
E(G) = {uv;, ujw;, uisi, 1 <i <n}U{ujuir1, 1 <i<n-—1}
Here p= |V (G)|=4nand ¢ = |E(G)|=4n—1
Hence p+¢q =8n—1.
Now define a function
FiV(@) —{k k+1, k+2,..., p+q+k—11by
flui)) =k+8—4,1<i<n
f(v1) =k, for all k
flvi))=k+8—-9,2<i<n
flw)=k+8 —7,1<i<mnandi#2
k+8, k=1,2,34,5,6:
(w2) = k+9, otherwise.

~

w
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f(si)=k+8 —2,1<i<n.
Then the edge labels are
F(urug) = k+9, k=1,2,3,4,5,6;
k + 8, otherwise.
f“(uiui_,_l) :k+8i,2§i§n— 1
f*(uivi) =k+4+8-6,1<i<n
f"(ulwl) =k +8-51<i<n
f*(uisi) =k+8-3,1<i<n.
Hence f[V(G)]U {f*(e) : e€ E(G)} ={k, k+1, k+2,..., p+q+k—1}.
Therefore P,, ©® Ky 3 is a k-super cube root cube mean graph.
An example of 5-super cube root cube mean labeling of P3 ® Kj 3 is shown
in Figure 9.
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Figure 9: 5-super cube root cube mean labeling of P3 ® Ky 3
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