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1. Introduction and Preliminaries

Throughout this paper all rings are commutative with identity and all mod-
ules are unitary.

The concept of graded 2-absorbing ideals was introduced and studied
by Al-Zoubi, Abu-Dawwas and Ceken in [3]. Al-Zoubi and Abu-Dawwas
in [4] extended graded 2-absorbing ideals to graded 2-absorbing submod-
ules. The concept of graded primary ideals was introduced and studied by
Refai and Al-Zoubi in [19]. Al-Zoubi and Sharafat in [5] introduced the
concept of graded 2-absorbing primary ideals which is a generalization of
graded primary ideals. In [7], the concept of graded second submodules
was introduced and studied in [2, 8, 13]. Also, graded secondary modules
have been introduced by Atani and Farzalipour in [12]. The concepts of
graded 2-absorbing second submodules and graded strongly 2-absorbing
second submodules were introduced and studied in [1, 18].

Recently, Ansari-Toroghy, Farshadifar and Maleki-Roudposhti, in [9]
introduced the concept of generalized 2-absorbing second and strongly gen-
eralized 2-absorbing second submodules.

The purpose of this paper is to introduce and study the concepts of
graded generalized 2-absorbing second and graded generalized 2-absorbing
second submodules and investigate some properties of these new classes of
graded submodules and their homogeneous components.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [14, 15, 16, 17] for these basic
properties and more information on graded rings and modules.

Let G be an abelian multiplicative group with identity e and R be a
commutative ring with identity 1R. Then R is a G-graded ring if there exist
additive subgroups Rg of R such that R = ⊕g∈GRg and RgRh ⊆ Rgh for all
g, h ∈ G. The non-zero elements of Rg are said to be homogeneous of degree
g where the Rg’s are additive subgroups of R indexed by the elements g ∈ G.
Moreover, h(R) = ∪g∈GRg. If x ∈ R, then x can be written uniquely asP

g∈G xg, where xg is the component of x in Rg. Moreover, Re is a subring
of R with 1R ∈ Re. Let R be a G-graded ring and I be an ideal of R. Then
I is called a graded ideal of R if I =

P
g∈G(I ∩ Rg). Thus, if x ∈ I, then

x =
P

g∈G xg with xg ∈ I, (see [17]).

Let R be a G-graded ring and M an R-module. We say that M is a G-
graded R-module (or graded R-module) if there exists a family of additive
subgroups {Mg}g∈G of M such that M = ⊕g∈GMg (as abelian groups) and
RgMh ⊆ Mgh for all g, h ∈ G. Also, we write h(M) = ∪g∈GMg and the
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non-zero elements of h(M) are said to be homogeneous. Moreover,Mg is an
Re-module for all g ∈ G. LetM be a graded R-module and N a submodule
of M . Then N is called a graded submodule of M if N =

P
g∈GNg where

Ng = N ∩Mg for g ∈ G. In this case, Ng is called the g-component of N
(see [17]).

Let R be a G-graded ring, M a graded R-module and N a graded
submodule ofM . Then (N :R M) is defined as (N :R M) = {r ∈ R : rM ⊆
N}. It is shown in [10, Lemma 2.1] that if N is a graded submodule of
M , then (N :R M) is a graded ideal of R. The annihilator of M is defined
as (0 :R M) and is denoted by AnnR(M). A proper graded submodule C
of M is said to be a completely graded irreducible if C = ∩α∈∆Cα, where
{Cα}α∈∆ is a family of graded submodules of M , implies that C = Cβ for
some β ∈ ∆, (see [1]). A non-zero graded submodule N of M is said to
be a graded second if for each r ∈ h(R), the endomorphism of N given
by multiplication by r is either surjective or zero, (see [7]). Let K be a
graded ideal of R. The graded radical of K, denoted by Gr(K), is the set
of all r =

P
g∈G rg ∈ R such that for each g ∈ G there exists ng > 0 with

r
ng
g ∈ K. Note that, if r is a homogeneous element, then r ∈ Gr(K) if and
only if rn ∈ K for some n ∈ N, (see [19]). A proper graded ideal K of R is
said to be a graded primary ideal if whenever rg, sh ∈ h(R) with rgsh ∈ K,
then either rg ∈ K or sh ∈ Gr(K), (see [19]).

2. Results

Definition 2.1. Let R be a G-graded ring, M a graded R-module, N =
⊕g∈GNg a graded submodule of M and g ∈ G.

1. We say thatNg is a generalized g-2-absorbing second or g-G2-absorbing
second submodule of the Re-module Mg if Ng 6= {0}g and whenever
re, se ∈ Re and Kg is a completely irreducible submodule of the Re-
module Mg with reseNg ⊆ Kg, then either rese ∈ AnnRe(Ng) or
re ∈ Gr((Kg :Re Ng)) or se ∈ Gr((Kg :Re Ng)).

2. We say that N is a graded generalized 2-absorbing second or graded
G2-absorbing second submodule of M if N 6= {0} and whenever
rg, sh ∈ h(R) and K is a completely graded irreducible submodule of
M with rgshN ⊆ K, then either rgsh ∈ AnnR(N) or rg ∈ Gr((K :R
N)) or sh ∈ Gr((K :R N)).

A graded R-module M is said to be a graded cocyclic if the sum of all
graded minimal submodules of M is a large and graded simple submodule
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of M , (see [18]). Recall from [5] that a proper graded ideal I of a G-
graded ring R is said to be a graded 2-absorbing primary ideal if whenever
rg, sh, tλ ∈ h(R) with rgshtλ ∈ I, then either rgsh ∈ I or rgtλ ∈ Gr(I) or
shtλ ∈ Gr(I).

Theorem 2.2. Let R be a G-graded ring,M a graded R-module and N =
⊕g∈GNg a graded submodule of M. If N is a graded G2-absorbing second
submodule of M, then the following statements hold.

1. If K is a completely graded irreducible submodule of M with NK,
then (K :R N) is a graded 2-absorbing primary ideal of R.

2. If M is a graded cocyclic module, then AnnR(N) is a graded 2-
absorbing primary ideal of R.

3. If AnnR(N) is a graded primary ideal of R and K is a completely
graded irreducible submodule of M with NK, then (K :R N) is a
graded primary ideal of R.

Proof. (i) Let K be a completely graded irreducible submodule of M
with NK. Since NK, (K :R N) is a proper graded ideal of R. Now, let
rg, sh, tλ ∈ h(R) such that rgshtλ ∈ (K :R N). Thus, rgshN ⊆ (K :M tλ).
But (K :M tλ) is a completely graded irreducible submodule of M by [18,
Lemma 2.11], so we get either rm1

g N ⊆ (K :M tλ) for some m1 ∈ Z+ or
sm2
h N ⊆ (K :M tλ) for some m2 ∈ Z+ or rgshN = {0} as N is a graded
G2-absorbing second submodule of M. Hence, either rgtλ ∈ Gr((K :R N))
or shtλ ∈ Gr((K :R N)) or rgsh ∈ (K :R N). Therefore, (K :R N) is a
graded 2-absorbing primary ideal of R.

(ii) Since M =M/{0} is a graded cocyclic module, {0} is a completely
graded irreducible submodule of M by [18, Lemma 2.10]. Then we get the
result by part (i).

(iii) Let K be a completely graded irreducible submodule of M with
NK. Since NK, (K :R N) is a proper graded ideal of R. Now, let rg, sh ∈
h(R) with rgsh ∈ (K :R N). Hence, rgshN ⊆ K and then we get either rg ∈
Gr((K :R N)) or sh ∈ Gr((K :R N)) or rgsh ∈ AnnR(N). If either rg ∈
Gr((K :R N)) or sh ∈ Gr((K :R N)), then we get the result. Now, if rgsh ∈
AnnR(N), then rg ∈ AnnR(N) ⊆ (K :R N) or sh ∈ Gr(AnnR(N)) ⊆
Gr((K :R N)). Therefore, (K :R N) is a graded primary ideal of R. 2

Lemma 2.3. Let R be a G-graded ring, M a graded R-module, I =
⊕g∈GIg a graded ideal of R and N a graded G2-absorbing second submod-
ule of M . If rg ∈ h(R), h ∈ G and K is a completely graded irreducible
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submodule of M with rgIhN ⊆ K, then either rg ∈ Gr((K :R N)) or
Ih ⊆ Gr((K :R N)) or rgIh ⊆ AnnR(N).

Proof. Suppose that rg ∈ h(R), h ∈ G and K is a completely graded
irreducible submodule of M with rgIhN ⊆ K, rg 6∈ Gr((K :R N)) and
rgIh 6⊆ AnnR(N). Then there exists ih1 ∈ Ih such that rgih1N 6= {0}.
Hence, since N is a graded G2-absorbing second submodule of M and
rgih1N ⊆ K, ih1 ∈ Gr((K :R N)). Now, let ih2 ∈ Ih. Then rg(ih1+ih2)N ⊆
K, so either ih1 + ih2 ∈ Gr((K :R N)) or rg(ih1 + ih2) ∈ AnnR(N). If
ih1 + ih2 ∈ Gr((K :R N)), then ih2 ∈ Gr((K :R N)) since ih1 ∈ Gr((K :R
N)). If rg(ih1+ih2) ∈ AnnR(N), then rgih2 6∈ AnnR(N). But rgih2N ⊆ K,
so ih2 ∈ Gr((K :R N)). Therefore, Ih ⊆ Gr((K :R N)). 2

Theorem 2.4. Let R be a G-graded ring, M a graded R-module, I =
⊕g∈GIg, J = ⊕g∈GJg graded ideals of R and N a non-zero graded submod-
ule of M . Then the following statement are equivalent:

1. N is a graded G2-absorbing second submodule of M .

2. If K is a completely graded irreducible submodule of M and g, h ∈ G
with IgJhN ⊆ K, then either Ig ⊆ Gr((K :R N)) or Jh ⊆ Gr((K :R
N)) or IgJh ⊆ AnnR(N).

Proof. (i)⇒ (ii) Let K be a completely graded irreducible submodule
of M and g, h ∈ G with IgJhN ⊆ K, Ig 6⊆ Gr((K :R N)) and Jh 6⊆
Gr((K :R N)). We show that IgJh ⊆ AnnR(N), so let ig ∈ Ig and jh ∈ Jh.
Since Ig 6⊆ Gr((K :R N)), there exists i0g ∈ Ig such that i

0
g 6∈ Gr((K :R

N)). But i0gJhN ⊆ K, so by Lemma 2.3, we get i0gJh ⊆ AnnR(N) and
so (Ig\Gr((K :R N)))Jh ⊆ AnnR(N). Similarly, since Jh 6⊆ Gr((K :R
N)), there exists j0h ∈ Jh such that j

0
h 6∈ Gr((K :R N)). But Igj

0
hN ⊆

K, so by Lemma 2.3, we get Igj
0
h ⊆ AnnR(N) and so Ig(Jh\Gr((K :R

N))) ⊆ AnnR(N). Hence, we have i0gj
0
h ∈ AnnR(N), i

0
gjh ∈ AnnR(N)

and igj
0
h ∈ AnnR(N). Now, as ig + i0g ∈ Ig and jh + j0h ∈ Jh, we have

(ig + i0g)(jh + j0h)N ⊆ K. Thus, we get either ig + i0g ∈ Gr((K :R N)) or
jh + j0h ∈ Gr((K :R N)) or (ig + i0g)(jh + j0h) ∈ AnnR(N). If ig + i0g ∈
Gr((K :R N)), then ig 6∈ Gr((K :R N)). Then ig ∈ Ig\Gr((K :R N))
which yields that igjh ∈ AnnR(N). Similarly, if jh + j0h ∈ Gr((K :R N)),
then igjh ∈ AnnR(N). Now, if (ig+i0g)(jh+j0h) = igjh+ igj

0
h+ i0gjh+i0gj

0
h ∈

AnnR(N), then igjh ∈ AnnR(N). Therefore, IgJh ⊆ AnnR(N).
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(ii) ⇒ (i) Assume that (ii) holds. Let r, s,∈ h(R) and K be a com-
pletely graded irreducible submodule of M with rsN ⊆ K. Let I and J be
ideals of R generated by r and s, respectively. That is I = rR and J = sR.
So, I = ⊕g∈GrRg and J = ⊕g∈GsRg. Moreover, for each g ∈ G, Ig = rRg

and Jg = sRg. Now, by our assumption IeJeN ⊆ K. So, we obtain either
Ie ⊆ Gr((K :R N)) or Je ⊆ Gr((K :R N)) or IeJe ⊆ AnnR(N). Hence, ei-
ther r ∈ Gr((K :R N)) or s ∈ Gr((K :R N)) or rs ∈ AnnR(N). Therefore,
N is a graded G2-absorbing second submodule of M. 2

Definition 2.5. Let R be a G-graded ring, M a graded R-module, N =
⊕g∈GNg a graded submodule of M and g ∈ G.

1. We say that Ng is a strongly g-G2-absorbing second submodule of
the Re-module Mg, if Ng 6= {0}g; and whenever re, se ∈ Re and Kg is
a submodule of Mg with reseNg ⊆ Kg, then either re ∈ Gr((Kg :Re

Ng)) or se ∈ Gr((Kg :Re Ng)) or rese ∈ AnnRe(Ng).

2. We say that N is a graded strongly G2-absorbing second submodule
of M , if N 6= {0}; and whenever rg, sh ∈ h(R) and K is a graded
submodule of M with rgshN ⊆ K, then either rg ∈ Gr((K :R N)) or
sh ∈ Gr((K :R N)) or rgsh ∈ AnnR(N).

Theorem 2.6. Let R be a G-graded ring, M a graded R-module and N a
non-zero graded submodule of M . Let I = ⊕g∈GIg, J = ⊕g∈GJg be graded
ideals of R and K a graded submodule ofM. Then the following statements
are equivalent:

1. N is a graded strongly G2-absorbing second submodule of M .

2. If g, h ∈ G with IgJhN ⊆ K, then either Ig ⊆ Gr((K :R N)) or
Jh ⊆ Gr((K :R N)) or IgJh ⊆ AnnR(N).

Proof. The proof is similar to that in Theorem 2.4. 2

A graded R-moduleM is said to be gr-Artinian if satisfies the descend-
ing chain condition for graded submodules, (see [17]).

Theorem 2.7. Let R be a G-graded ring, M a gr-Artinian R-module and
N a non-zero graded submodule of M. Then the following statements are
equivalent.

1. N is a graded strongly G2-absorbing second submodule of M.
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2. If rg, sh ∈ h(R) and L1, L2 are two completely graded irreducible
submodules of M with rgshN ⊆ L1 ∩ L2, then either rg ∈ Gr((L1 ∩
L2 :R N)) or sh ∈ Gr((L1 ∩ L2 :R N)) or rgsh ∈ AnnR(N).

Proof. (ii)⇒ (i) Let rg, sh ∈ h(R) and K be a graded submodule of M
such that rgshN ⊆ K and rgsh 6∈ AnnR(N). Since M is a gr-Artinian and
by [1, Theorem 2.1], there exist completely graded irreducible submodules
L1, ..., Ln where n ∈ Z+ such that K = ∩ni=1Li. So, for each i = 1, ..., n,
rgshN ⊆ Li = Li ∩ Li which yields that rg ∈ Gr((Li :R N)) or sh ∈
Gr((Li :R N)). Hence, if rg ∈ Gr((Li :R N)) for each i = 1, ..., n, then
rg ∈ ∩ni=1Gr((Li :R N)) = Gr(∩ni=1(Li :R N)) = Gr((∩ni=1Li :R N)) =
Gr((K :R N)). Similarly, if sh ∈ Gr((Li :R N)) for each i = 1, ..., n,
then sh ∈ Gr((K :R N)). Now, suppose that there exist j1, j2 ∈ {1, ..., n}
such that rg 6∈ Gr((Lj1 :R N)) and sh 6∈ Gr((Lj2 :R N)). Then we get
rg ∈ Gr((Lj2 :R N)) and sh ∈ Gr((Lj1 :R N)). But rgshN ⊆ Lj1 ∩ Lj2 , so
either rg ∈ Gr((Lj1 ∩Lj2 :R N)) ⊆ Gr((Lj1 :R N)) or sh ∈ Gr((Lj1 ∩Lj2 :R
N)) ⊆ Gr((Lj2 :R N)), a contradiction. Therefore, N is a graded strongly
G2-absorbing second submodule of M.

(i)⇒ (ii) Trivial. 2

Let R be aG-graded ring andM a graded R-module. A non-zero graded
submodule N of M is said to be a graded secondary if N 6= 0; and for each
r ∈ h(R), the endomorphism of N given by multiplication by r is either
surjective or nilpotent. It is immediate that Gr(AnnR(N)) = P is a graded
prime ideal of R, and N is said to be graded P -secondary, (see [12]).

Theorem 2.8. Let R be a G-graded ring and M a graded R-module. If
N is a graded secondary submodule of M or N is a finite sum of graded
P -secondary submodules of M , then N is a graded strongly G2-absorbing
second submodule of M .

Proof. Suppose that N is a graded secondary submodule of M . Now,
let rg, sh ∈ h(R) andK be a graded submodule ofM such that rgshN ⊆ K.
If rm1

g N = {0} for some m1 ∈ Z+ or sm2
h N = {0} for some m2 ∈ Z+, then

rm1
g N ⊆ K or sm2

h N ⊆ K. So, assume that rgN = shN = N. If rgshN = N ,
then rgN = N = rgshN ⊆ K and shN = N = rgshN ⊆ K. Also, if
(rgsh)

nN = {0} for some n ∈ Z+, then rngN = (rgsh)
nN = {0} ⊆ K and

snhN = (rgsh)
nN = {0} ⊆ K. Now, suppose N is a finite sum of graded

P -secondary submodules of M, then N is a graded P -secondary by [11,
Lemma 3.2] and then we get the result. 2
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Theorem 2.9. Let R be a G-graded ring, M a graded R-module and N
and L be two graded submodules of M with LN. If N is a graded strongly
G2-absorbing second submodule of M , then N/L is a graded strongly G2-
absorbing second submodule of M/L.

Proof. Let rg, sh ∈ h(R) and K/L be a graded submodule of M/L such
that rgsh(N/L) ⊆ K/L. Hence, rgshN ⊆ K and then either rn1g N ⊆ K
for some n1 ∈ Z+ or sn2h N ⊆ K for some n2 ∈ Z+ or rgshN = 0 as N
is a graded strongly G2-absorbing second submodule of M. Thus, either
rn1g (N/L) ⊆ K/L for some n1 ∈ Z+ or sn2h (N/L) ⊆ K/L for some n2 ∈ Z+
or rgsh(N/L) = L. 2

Let R be a G-graded ring and I = ⊕g∈GIg a graded ideal of R. Then
Ie is called an e-2-absorbing primary ideal of Re if Ie 6= Re and whenever
re, se, te ∈ Re with resete ∈ Ie, then either rese ∈ Ie or rete ∈ Gr(Ie) or
sete ∈ Gr(Ie), (see [5]).

Theorem 2.10. Let R be a G-graded ring, M a graded R-module, N =
⊕g∈GNg a graded submodule of M and g ∈ G. Let Ng be a strongly g-
G2-absorbing second submodule of the Re-module Mg. Then the following
statements hold.

1. AnnRe(Ng) is an e-2-absorbing primary ideal of Re.

2. If Kg is a submodule of Mg with Ng 6⊆ Kg, then (Kg :Re Ng) is an
e-2-absorbing primary ideal of Re.

Proof. (i) Let re, se, te ∈ Re such that resete ∈ AnnRe(Ng). Now, since
reseNg ⊆ reseNg and Ng is a strongly g-G2-absorbing second submod-
ule of Mg, either reseNg = {0}g or rm1

e Ng ⊆ reseNg for some m1 ∈ Z+
or sm2

e Ng ⊆ reseNg for some m2 ∈ Z+. If reseNg = {0}g, then rese ∈
AnnRe(Ng). Now, if r

m1
e Ng ⊆ reseNg, then (rete)

m1Ng ⊆ rm1
e teNg ⊆

reseteNg = {0}g. Hence, rete ∈ Gr(AnnRe(Ng)). Also, if s
m2
e Ng ⊆ reseNg,

then sete ∈ Gr(AnnRe(Ng)). Therefore, AnnRe(Ng) is an e-2-absorbing
primary ideal of Re.

(ii) Since Ng 6⊆ Kg, (Kg :Re Ng) is a proper ideal of Re. Now, let
re, se, te ∈ Re such that resete ∈ (Kg :Re Ng). So, reseNg ⊆ (Kg :Mg te)
and then either reseNg = {0}g or rm1

e teNg ⊆ Kg for some m1 ∈ Z+ or
sm2
e teNg ⊆ Kg for somem2 ∈ Z+ as Ng is a strongly g-G2-absorbing second
submodule of Mg. Hence, either rese ∈ (Kg :Re Mg) or rete ∈ Gr((Kg :Re
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Ng)) or sete ∈ Gr((Kg :Re Ng)). Therefore, (Kg :Re Ng) is an e-2-absorbing
primary ideal of Re. 2

Let R be a G-graded ring,M a graded R-module and g ∈ G. ThenM is
said to be a graded comultiplication module (gr-comultiplication module) if
for every graded submodule N ofM there exists a graded ideal I of R such
that N = (0 :M I), where (0 :M I) = {m ∈M : mI = 0}. Equivalently, M
is a gr-comultiplication module if and only if for each graded submodule
N of M , N = (0 :M AnnR(N)), (see [2]). Also, the Re-module Mg is said
to be g-comultiplication module if for every submodule Ng of Mg there
exists an ideal Ie of Re such that Ng = (0g :Mg Ie). Equivalently, Mg is
a g-comultiplication module if and only if for each submodule Ng of Mg,
Ng = (0g :Mg AnnRe(Ng)), (see [2]).

Let R be a G-graded ring, M a graded R-module, N = ⊕g∈GNg a
graded submodule of M and g ∈ G. Then Ng is said to be a strongly
g-2-absorbing second submodule of the Re-module Mg, if Ng 6= {0}g; and
whenever re, se ∈ Re and Kg is a submodule ofMg with reseNg ⊆ Kg, then
either reNg ⊆ Kg or seNg ⊆ Kg or rese ∈ AnnRe(Ng), (see [1]).

Let R be a G-graded ring, M a graded R-module, N = ⊕g∈GNg a
graded submodule of M and g ∈ G. We say that Ng is a g-coidempotent
submodule of the Re-module Mg if Ng = (0 :Mg AnnRe(Ng)

2). Also, Mg is
called a fully g-coidempotent if every submodule is a g-coidempotent. It is
easy to see that every fully g-coidempotent module is a g-comultiplication.

Corollary 2.11. Let R be a G-graded ring, M a graded R-module, N =
⊕g∈GNg a graded submodule ofM and g ∈ G. IfMg is a g-comultiplication
Re-module and Ng is a strongly g-G2-absorbing second submodule of Mg

with Gr(AnnRe(Ng)) = AnnRe(Ng), then Ng is a strongly g-2-absorbing
second submodule of Mg.

Proof. Since Ng is a strongly g-G2-absorbing second submodule of Mg,
AnnRe(Ng) is an e-2-absorbing primary ideal of Re by Theorem 2.10. Now,
let re, se ∈ Re and Kg be a submodule of Mg such that reseNg ⊆ Kg =
({0}g :Mg AnnRe(Kg)). So, we get reseAnnRe(Kg)Ng = {0}g and then
reseAnnRe(Kg) = AnnRe(Ng) which yields that either reAnnRe(Kg) ⊆
Gr(AnnRe(Ng)) = AnnRe(Ng) or seAnnRe(Kg) ⊆ Gr(AnnRe(Ng)) = AnnRe(Ng)
or rese ∈ AnnRe(Ng) by [6, Lemma 3.1]. Hence, either reNg ⊆ Kg or
seNg ⊆ Kg or rese ∈ AnnRe(Ng). Therefore, Ng is a strongly g-2-absorbing
second submodule of Mg. 2

A G-graded ring R is called gr-Noetherian if it satisfies the ascending
chain condition on graded ideals of R. Equivalently, R is gr-Noetherian if
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and only if every graded ideal of R is finitely generated, (see [17]).

Theorem 2.12. Let R be a G-graded gr-Noetherian ring, M a graded R-
module, N = ⊕g∈GNg a graded submodule of M and g ∈ G. Let Mg be a
fully g-coidempotent Re-module. If AnnRe(Ng) is an e-2-absorbing primary
ideal of Re, then Ng is a strongly g-G2-absorbing second submodule ofMg.

Proof. Let re, se ∈ Re and K = ⊕h∈GKh be a graded submodule
of M such that reseNg ⊆ Kg. Thus, reseAnnRe(Kg)Ng = {0} and then
reseAnnRe(Kg) ⊆ AnnRe(Ng). So, by [6, Lemma 3.1], we get either rese ∈
AnnRe(Ng) or reAnnRe(Kg) ⊆ Gr(AnnRe(Ng)) or
seAnnRe(Kg) ⊆ Gr(AnnRe(Ng)) as AnnRe(Ng) is an e-2-absorbing pri-
mary ideal of Re. If rese ∈ AnnRe(Ng), then we get the result. Now, since R
is a gr-Noetherian, then so Re. So, if reAnnRe(Kg) ⊆ Gr(AnnRe(Ng)), then
(reAnnRe(Kg))

tNg = rteAnnRe(Kg)
tNg = {0} for some t ∈ Z+ which yields

that AnnRe(Kg)
t ⊆ AnnRe(r

t
eNg). Hence, as Mg is a fully g-coidempotent

we get rteNg = ({0} :Mg AnnRe(r
t
eNg)) ⊆ ({0} :Mg AnnRe(Kg)

t) = ({0} :Mg

AnnRe(Kg)
2) = Kg. Also, if seAnnRe(Kg) ⊆ Gr(AnnRe(Ng)), then s

l
eNg ⊆

Kg for some l ∈ Z+. Therefore, Ng is a strongly g-G2-absorbing second sub-
module of Mg. 2

The following example shows that Theorem 2.12 is not true in general.

Example 2.13. Let G = Z2 and R = Z. Then R is a G-graded ring
with R0 = Z and R1 = 0. Let M = Z. Then M is a graded R-module
with M0 = Z and M1 = 0 where M0 is not a fully 0-coidempotent. Now,
consider the graded submodule N = 2Z of M. Then N0 is not a strongly
0-G2-absorbing second submodule of M0 since 3 · 5 · 2Z ⊆ 30Z but neither
3 · 5 ∈ AnnZ(2Z) = 0 nor 3

t1 · 2Z 6⊆ 30Z for all t1 ∈ Z+ nor 5t2 · 2Z 6⊆ 30Z
for all t2 ∈ Z+. However, easy computations show that AnnZ(2Z) = 0 is a
0-2-absorbing primary ideal of R0.

Let R be a G-graded ring and M , M 0 graded R-modules. Let f :
M → M 0 be an R-module homomorphism. Then f is said to be a graded
homomorphism if f(Mg) ⊆M 0

g for all g ∈ G, (see [17]).

Theorem 2.14. Let R be a G-graded ring, M and M 0 be two graded
R-modules and f :M →M 0 a graded monomorphism.

1. If N is a graded strongly G2-absorbing second submodule ofM , then
f(N) is a graded strongly G2-absorbing second submodule of M 0.
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2. If N 0 is a graded strongly G2-absorbing second submodule ofM 0 such
that N 0 ⊆ f(M), then f−1(N 0) is a graded strongly G2-absorbing
second submodule of M.

Proof. (i) It is easy to see that f(N) is a graded non-zero submodule
of M 0. Now, let rg, sh ∈ h(R) and K 0 a graded submodule of M 0 such
that rgshf(N) ⊆ K 0. Hence, rgshN ⊆ f−1(K 0) which yields that either
rt1g N ⊆ f−1(K 0) for some t1 ∈ Z+ or st2h N ⊆ f−1(K 0) for some t2 ∈ Z+ or
rgshN = 0 as N is a graded strongly G2-absorbing second submodule ofM.
So, either rt1g f(N) ⊆ f(f−1(K 0)) ⊆ K 0 or st2h f(N) ⊆ f(f−1(K 0)) ⊆ K 0 or
rgshf(N) = 0. Therefore, f(N) is a graded strongly G2-absorbing second
submodule of M 0. (ii) Clearly, f−1(N 0) is a graded non-zero submodule
of M. Now, let rg, sh ∈ h(R) and K a graded submodule of M such that
rgshf

−1(N 0) ⊆ K. Thus, rgshN
0 = rgshf(f

−1(N 0)) ⊆ f(K) which yields
either rt1g N

0 ⊆ f(K) for some t1 ∈ Z+ or st2h N 0 ⊆ f(K) for some t2 ∈ Z+
or rgshN

0 = 0 as N 0 is a graded strongly G2-absorbing second submodule
of M 0. Hence, rt1g f

−1(N 0) ⊆ K or st2h f
−1(N 0) ⊆ K or rgshf

−1(N 0) = 0.
Therefore, f−1(N 0) is a graded strongly G2-absorbing second submodule
of M. 2

Corollary 2.15. Let R be a G-graded ring, M a graded R-module and N
and K be two graded submodules of M with N ⊆ K. Then N is a graded
strongly G2-absorbing second submodule of K if and only if N is a graded
strongly G2-absorbing second submodule of M .

Proof. By using the graded natural monomorphism f : K → M and
Theorem 2.14 we get the result. 2

Lemma 2.16. Let Ri be a G-graded ring, Mi a graded Ri-module, for
i = 1, 2 and g ∈ G. Let R = R1 × R2 and M = M1 ×M2. Then Mig is
a fully g-coidempotent Rie-module, for i = 1, 2 if and only if Mg is a fully
g-coidempotent Re-module.

Proof. Suppose that Mg is a fully g-coidempotent Re-module. Now, let
N1g be a submodule of an R1e-module M1g . Then Ng = N1g × {0}2g is a
submodule of Mg. Hence, Ng = ({(0, 0)}g :Mg AnnRe(Ng)

2) = ({0}1g :M1g

AnnR1e (N1g)
2) × {0}2g . Thus, N1g = ({0}1g :M1g

AnnR1e (N1g)
2). There-

fore, M1g is a fully g-coidempotent R1e-module. Similarly, M2g is a fully
g-coidempotent R2e-module. Conversely,Mig is a fully g-coidempotent Rie-
module, for i = 1, 2. So, letNg be a submodule ofMg. ThenNg = N1g×N2g
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for some submodules N1g of M1g and N2g of M2g . But Nig = ({0}ig :Mig

AnnRie
(Nig)

2), for i = 1, 2, soNg = ({0}1g :M1g
AnnR1e (N1g)

2)×({0}2g :M2g

AnnR2e (N2g)
2) = ({0}g :Mg AnnRe(Ng)

2). Therefore, Mg is a fully g-
coidempotent Re-module. 2

Lemma 2.17. Let R be a G-graded ring, M a graded R-module and
N = ⊕h∈GNh a graded submodule of M. Let g ∈ G such that Mg is a
g-comultiplication Re-module. Then Ng is a g-secondary submodule of Mg

if and only if AnnRe(Ng) is an e-primary ideal of Re.

Proof. The necessity is clear. Conversely, let re ∈ Re, so reNg =
({0}g :Mg Ie) for some ideal Ie of Re as Mg is a g-comultiplication Re-
module. Thus, reIe ⊆ AnnRe(Ng) which yields that Ie ⊆ AnnRe(Ng) or
rke ∈ AnnRe(Ng) for some k ∈ Z+. Hence, Ng ⊆ ({0}g :Mg AnnRe(Ng)) ⊆
({0}g :Mg Ie) = reNg ⊆ Ng or r

k
eNg = {0}g for some k ∈ Z+. Therefore,

Ng is a g-secondary submodule of Mg. 2

Theorem 2.18. Let Ri be a G-graded gr-Noetherian ring, Mi a graded
Ri-module, Ni = ⊕g∈GNig a graded submodule of Mi for i = 1, 2 and
g ∈ G. Let R = R1 × R2 and M = M1 × M2 such that Mg is a fully
g-coidempotent Re-module. Then:

1. N1g is a strongly g-G2-absorbing second submodule of M1g if and
only if N1g ×{0}2g is a strongly g-G2-absorbing second submodule of
Mg.

2. N2g is a strongly g-G2-absorbing second submodule of M2g if and
only if {0}1g ×N2g is a strongly g-G2-absorbing second submodule of
Mg.

3. If N1g is a g-secondary submodule of M1g and N2g is a g-secondary
submodule ofM2g , thenN1g×N2g is a strongly g-G2-absorbing second
submodule of Mg.

Proof. (i) Since Mg is a fully g-coidempotent Re-module, Mig is a fully
g-coidempotent Rie-module, for i = 1, 2 by Lemma 2.16. Now, suppose that
N1g is a strongly g-G2-absorbing second submodule of M1g , then by The-
orem 2.10, we get AnnR1e (N1g) is an e-2-absorbing primary ideal of R1e .
Since AnnRe(N1g×{0}2g) = AnnR1e (N1g)×R2e , AnnRe(N1g×{0}2g) is an
e-2-absorbing primary ideal of Re by [6, Theorem 3.6]. Hence, by Theorem
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2.12, we get N1g ×{0}2g is a strongly g-G2-absorbing second submodule of
Mg. Conversely, suppose that N1g×{0}2g is a strongly g-G2-absorbing sec-
ond submodule ofMg, then AnnRe(N1g×{0}2g) = AnnR1e (N1g)×R2e is an
e-2-absorbing primary ideal of Re by Theorem 2.10. Hence, AnnR1e (N1g)
is an e-2-absorbing primary ideal of R1e by [6, Theorem 3.6]. Thus, by
Theorem 2.12, we get N1g is a strongly g-G2-absorbing second submodule
of M1g .

(ii) The proof is similar to that in part (i).
(iii) Let Nig be a g-secondary submodule of Mig , then by Lemma 2.17,

we get AnnRie
(Nig) is an e-primary ideal of Rie , for i = 1, 2. Now, since

AnnRe(N1g×N2g) = AnnR1e (N1g)×AnnR2e (N2g), AnnRe(N1g×N2g) is an
e-2-absorbing primary ideal of Re by [6, Theorem 3.6]. Therefore, N1g×N2g
is a g-G2-absorbing submodule of Mg by Theorem 2.12. 2

Theorem 2.19. Let Ri be a G-graded gr-Noetherian ring, Mi a graded
Ri-module, Ni = ⊕g∈GNig a graded submodule ofMi for i = 1, 2 and g ∈ G.
Let R = R1 × R2, M = M1 ×M2 such that Mg is a fully g-coidempotent
Re-module andN = N1×N2. Then the following statements are equivalent:

1. Ng is a strongly g-G2-absorbing second submodule of Mg.

2. Either N1g = {0}1g and N2g is a strongly g-G2-absorbing second sub-
module of M2g or N2g = {0}2g and N1g is a strongly g-G2-absorbing
second submodule ofM1g orN1g andN2g are g-secondary submodules
of M1g and M2g , respectively.

Proof. (i) ⇒ (ii) Assume that Ng = N1g × N2g is a strongly g-
G2-absorbing second submodule of Mg. So, by Theorem 2.10, we get
AnnRe(Ng) = AnnR1e (N1g) × AnnR2e (N2g) is an e-2-absorbing primary
ideal ofRe. Thus, by [6, Theorem 3.6] we get eitherAnnR1e (N1g) = R1e and
AnnR2e (N2g) is an e-2-absorbing primary ideal of R2e or AnnR2e (N2g) =
R2e andAnnR1e (N1g) is an e-2-absorbing primary ideal ofR1e orAnnR1e (N1g)
and AnnR2e (N2g) are e-primary ideals of R1e and R2e , respectively. Now,
if AnnR1e (N1g) = R1e and AnnR2(N2g) is an e-2-absorbing primary ideal
of R2e , then N1g = {0}1g and N2g is a strongly g-G2-absorbing second
submodule of M2g by, Theorem 2.12. Similarly, if AnnR2e (N2g) = R2e
and AnnR1e (N1g) is an e-2-absorbing primary ideal of R1e , then N2g =
{0}2g and N1g is a strongly g-G2-absorbing second submodule of M1g . If
AnnRie

(Nig) is an e-primary ideal of Rie , since Mig is a g-comultiplication
Rie-module by Lemma 2.17, Nig is a g-secondary submodule of Mig , for
i = 1, 2.
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(ii)⇒ (i) Clearly, by Theorem 2.18. 2
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