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Abstract
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and graded strongly G2-absorbing second submodules of graded mod-
ules over graded commutative rings. We give a number of results
concerning these classes of graded submodules and their homogeneous
components.
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1. Introduction and Preliminaries

Throughout this paper all rings are commutative with identity and all mod-
ules are unitary.

The concept of graded 2-absorbing ideals was introduced and studied
by Al-Zoubi, Abu-Dawwas and Ceken in [3]. Al-Zoubi and Abu-Dawwas
in [4] extended graded 2-absorbing ideals to graded 2-absorbing submod-
ules. The concept of graded primary ideals was introduced and studied by
Refai and Al-Zoubi in [19]. Al-Zoubi and Sharafat in [5] introduced the
concept of graded 2-absorbing primary ideals which is a generalization of
graded primary ideals. In [7], the concept of graded second submodules
was introduced and studied in [2, 8, 13]. Also, graded secondary modules
have been introduced by Atani and Farzalipour in [12]. The concepts of
graded 2-absorbing second submodules and graded strongly 2-absorbing
second submodules were introduced and studied in [1, 18].

Recently, Ansari-Toroghy, Farshadifar and Maleki-Roudposhti, in [9]
introduced the concept of generalized 2-absorbing second and strongly gen-
eralized 2-absorbing second submodules.

The purpose of this paper is to introduce and study the concepts of
graded generalized 2-absorbing second and graded generalized 2-absorbing
second submodules and investigate some properties of these new classes of
graded submodules and their homogeneous components.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [14, 15, 16, 17] for these basic
properties and more information on graded rings and modules.

Let G be an abelian multiplicative group with identity e and R be a
commutative ring with identity 1. Then R is a G-graded ring if there exist
additive subgroups Ry of R such that R = ®,cqRy and RyR), C Ry, for all
g,h € G. The non-zero elements of R, are said to be homogeneous of degree
g where the R,’s are additive subgroups of R indexed by the elements g € G.
Moreover, h(R) = UgegRy. If © € R, then z can be written uniquely as
>_geG Tg, where xg is the component of z in Ry. Moreover, Re is a subring
of R with 1p € R.. Let R be a G-graded ring and I be an ideal of R. Then
I is called a graded ideal of R if I = > (I N Ry). Thus, if x € I, then
T =3 cq Ty with 24 € I, (see [17]).

Let R be a G-graded ring and M an R-module. We say that M is a G-
graded R-module (or graded R-module) if there exists a family of additive
subgroups {Mg}seq of M such that M = ®4cqM, (as abelian groups) and
RyM), C Mgy, for all g,h € G. Also, we write h(M) = UgegM,y and the
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non-zero elements of h(M) are said to be homogeneous. Moreover, M, is an
Re-module for all g € G. Let M be a graded R-module and N a submodule
of M. Then N is called a graded submodule of M if N =} ., Ny where
Ny = NnNM, for g € G. In this case, Ny is called the g-component of N
(see [17]).

Let R be a G-graded ring, M a graded R-module and N a graded
submodule of M. Then (N :g M) is defined as (N :g M) ={re R:rM C
N}. It is shown in [10, Lemma 2.1] that if N is a graded submodule of
M, then (N :p M) is a graded ideal of R. The annihilator of M is defined
as (0 :g M) and is denoted by Anng(M). A proper graded submodule C
of M is said to be a completely graded irreducible if C' = NpeaC,, Where
{Ca}aca is a family of graded submodules of M, implies that C' = Cj for
some B € A, (see [1]). A non-zero graded submodule N of M is said to
be a graded second if for each r € h(R), the endomorphism of N given
by multiplication by r is either surjective or zero, (see [7]). Let K be a
graded ideal of R. The graded radical of K, denoted by Gr(K), is the set
of all 7 =37 cory € R such that for each g € G there exists ny > 0 with
ry? € K. Note that, if 7 is a homogeneous element, then r € Gr(K) if and
only if v € K for some n € N, (see [19]). A proper graded ideal K of R is
said to be a graded primary ideal if whenever 74, s, € h(R) with rysp, € K,
then either 7y € K or s5, € Gr(K), (see [19]).

2. Results

Definition 2.1. Let R be a G-graded ring, M a graded R-module, N =
®gec Ny a graded submodule of M and g € G.

1. We say that N, is a generalized g-2-absorbing second or g-G2-absorbing
second submodule of the R.-module M, if Ny # {0}, and whenever
Te,Se € Re and K is a completely irreducible submodule of the R,-
module My with reseNy C Ky, then either res. € Anng,(Ny) or
re € Gr((Ky :r, Ng)) or se € Gr((Kg :r. Ng)).

2. We say that N is a graded generalized 2-absorbing second or graded
G2-absorbing second submodule of M if N # {0} and whenever
rg,sn € h(R) and K is a completely graded irreducible submodule of
M with rgsp, N C K, then either rys, € Anng(N) or vy € Gr((K g
N)) or s, € Gr((K :g N)).

A graded R-module M is said to be a graded cocyclic if the sum of all
graded minimal submodules of M is a large and graded simple submodule
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of M, (see [18]). Recall from [5] that a proper graded ideal I of a G-
graded ring R is said to be a graded 2-absorbing primary ideal if whenever
Tg,Sh,tx € h(R) with rgspty € I, then either r4sp, € I or rgty € Gr(l) or
spta € Gr(1).

Theorem 2.2. Let R be a G-graded ring, M a graded R-module and N =
®gec Ny a graded submodule of M. If N is a graded G2-absorbing second
submodule of M, then the following statements hold.

1. If K is a completely graded irreducible submodule of M with NK,
then (K :r N) is a graded 2-absorbing primary ideal of R.

2. If M is a graded cocyclic module, then Anngr(N) is a graded 2-
absorbing primary ideal of R.

3. If Anng(N) is a graded primary ideal of R and K is a completely
graded irreducible submodule of M with NK, then (K :p N) is a
graded primary ideal of R.

Proof. (i) Let K be a completely graded irreducible submodule of M
with NK. Since NK, (K :p N) is a proper graded ideal of R. Now, let
g, Sh,tx € h(R) such that r¢spty € (K :g N). Thus, rgsp, N C (K 1 ty).
But (K :j7 ty) is a completely graded irreducible submodule of M by [18,
Lemma 2.11], so we get either Tyt N C (K :ps ty) for some my € ZT or
sp?N C (K :a ty) for some mg € ZT or rgsp N = {0} as N is a graded
G2-absorbing second submodule of M. Hence, either ryty € Gr((K :g N))
or sty € Gr((K :g N)) or rgsp, € (K :g N). Therefore, (K :g N) is a
graded 2-absorbing primary ideal of R.

(#7) Since M = M /{0} is a graded cocyclic module, {0} is a completely
graded irreducible submodule of M by [18, Lemma 2.10]. Then we get the
result by part ().

(7i1) Let K be a completely graded irreducible submodule of M with
NK. Since NK, (K :g N) is a proper graded ideal of R. Now, let 74, sj, €
h(R) with rgsj, € (K :g N). Hence, rgsp N C K and then we get either r, €
Gr((K :r N)) or s, € Gr((K :r N)) or r¢4sp, € Anng(N). If either ry €
Gr((K :r N))or sp, € Gr((K :g N)), then we get the result. Now, if rys;, €
Anng(N), then ry € Anng(N) C (K :g N) or s, € Gr(Anng(N)) C
Gr((K :g N)). Therefore, (K :g N) is a graded primary ideal of R. O

Lemma 2.3. Let R be a G-graded ring, M a graded R-module, I =
®gecly a graded ideal of R and N a graded G2-absorbing second submod-
ule of M. If ry € h(R), h € G and K is a completely graded irreducible
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submodule of M with roI, N C K, then either r, € Gr((K :g N)) or
I CGr((K :r N)) or r¢lp, € Anng(N).

Proof.  Suppose that 7y € h(R), h € G and K is a completely graded
irreducible submodule of M with r,[, N C K, ry ¢ Gr((K :g N)) and
rgln, € Annp(N). Then there exists ip, € Ij, such that rgip, N # {0}.
Hence, since N is a graded G2-absorbing second submodule of M and
rgin, N C K, ip, € Gr((K :r N)). Now, let iy, € Iy,. Then ry(ip, +ip, )N C
K, so either iy, +ip, € Gr((K :gr N)) or ry(ip, + ip,) € Anng(N). If
ihy +iny, € Gr((K :gr N)), then ip, € Gr((K :gr N)) since iy, € Gr((K g
N)). Ifrg(ip, +in,) € Anng(N), then rgip, & Anng(N). But rgip, N C K,
0 ip, € Gr((K :g N)). Therefore, I, C Gr((K :r N)). 0

Theorem 2.4. Let R be a G-graded ring, M a graded R-module, I =
Dgecly, J = Bgeady graded ideals of R and N a non-zero graded submod-
ule of M. Then the following statement are equivalent:

1. N is a graded G2-absorbing second submodule of M.

2. If K is a completely graded irreducible submodule of M and g, h € G
with I,J,N C K, then either I, C Gr((K :g N)) or J, C Gr((K :r
N)) or I4Jn, C Anng(N).

Proof. (i) = (i7) Let K be a completely graded irreducible submodule
of M and g,h € G with I,J,N C K, I, £ Gr((K :g N)) and Jy, €
Gr((K :r N)). We show that I,J;, C Anng(N), so let iy € I, and jj, € Jp.
Since I, € Gr((K :r N)), there exists iy € I, such that iy & Gr((K :r
N)). But i J,N C K, so by Lemma 2.3, we get igJ, C Anng(N) and
so (I)\Gr((K :g N)))Jy C Anng(N). Similarly, since J, € Gr((K :r
N)), there exists j;, € Jp, such that j;, & Gr((K :g N)). But Ij; N C
K, so by Lemma 2.3, we get I,j;, € Anng(N) and so I,(Jp\Gr((K :gr
N))) € Anng(N). Hence, we have iyj;, € Anng(N), igjn € Anng(N)
and igj, € Anngr(N). Now, as iy + iy € Iy and j, + jj € Jp, we have
(ig +iy)(jn + jp,)N C K. Thus, we get either iy 4 iy € Gr((K :g N)) or
dn+7p € Gr((K g N)) or (ig +1,)(jn + §}) € Anng(N). If iy + 4, €
Gr((K :g N)), then ig & Gr((K :g N)). Then iz € I,\Gr((K :gr N))
which yields that igj, € Anng(N). Similarly, if j, + j;, € Gr((K :g N)),
then ijy, € Anng(N). Now, if (ig+)(jn+4}) = igin+iglh+1dn + i} €
Annpg(N), then i, € Anngr(N). Therefore, I,J;, C Anng(N).
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(14) = (4) Assume that (i3) holds. Let r,s,€ h(R) and K be a com-
pletely graded irreducible submodule of M with rsN C K. Let I and J be
ideals of R generated by r and s, respectively. That is I = rR and J = sR.
So, I = ®yeqrRy and J = ©yeqsRy. Moreover, for each g € G, I, =R,
and J; = sR,. Now, by our assumption I.J.N C K. So, we obtain either
I. CGr((K :g N)) or J. C Gr((K :g N)) or I.J. C Anng(N). Hence, ei-
ther r € Gr((K :g N)) or s € Gr((K :g N)) or rs € Anng(N). Therefore,
N is a graded G2-absorbing second submodule of M. a

Definition 2.5. Let R be a G-graded ring, M a graded R-module, N =
®gec Ny a graded submodule of M and g € G.

1. We say that N, is a strongly g-G2-absorbing second submodule of
the R.-module My, if Ny # {0}4; and whenever r., s, € R, and K is
a submodule of My with r.scNg C K, then either r. € Gr((Ky g,
Ny)) or se € Gr((Kg :r, Ng)) or rese € Annp, (Nyg).

2. We say that N is a graded strongly G2-absorbing second submodule
of M, if N # {0}; and whenever r4,s, € h(R) and K is a graded
submodule of M with r¢s, N C K, then either ry € Gr((K :gp N)) or
sp € Gr((K :r N)) or r¢sp, € Anng(N).

Theorem 2.6. Let R be a G-graded ring, M a graded R-module and N a
non-zero graded submodule of M. Let I = ©gcqly, J = ©geqdy be graded
ideals of R and K a graded submodule of M. Then the following statements
are equivalent:

1. N is a graded strongly G2-absorbing second submodule of M.

2. If g,h € G with I,J,N C K, then either I, C Gr((K :g N)) or
Jyn € Gr((K :g N)) or IJ, C Anng(N).

Proof. The proof is similar to that in Theorem 2.4. |
A graded R-module M is said to be gr-Artinian if satisfies the descend-
ing chain condition for graded submodules, (see [17]).

Theorem 2.7. Let R be a G-graded ring, M a gr-Artinian R-module and
N a non-zero graded submodule of M. Then the following statements are
equivalent.

1. N is a graded strongly G2-absorbing second submodule of M.
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2. If rg,sp, € h(R) and L1, Ly are two completely graded irreducible
submodules of M with r¢s, N C L1 N Ly, then either ry € Gr((L1 N
Ly:gr N)) or s, € Gr((LiN Ly :g N)) or rgsp, € Anng(N).

Proof.  (ii) = (i) Let ry, sp, € h(R) and K be a graded submodule of M
such that rys, N C K and rgs, &€ Anngr(N). Since M is a gr-Artinian and
by [1, Theorem 2.1], there exist completely graded irreducible submodules
Li,...,L, where n € Z* such that K = N, L,. So, for each i = 1,...,n,
rgspN C L; = L; N L; which yields that 7y, € Gr((L; :r N)) or s €
Gr((L; :r N)). Hence, if ry € Gr((L; :r N)) for each i = 1,...,n, then
Tg € ﬂ?zlGT'((Li ‘R N)) = Gr(ﬂ?zl(Li ‘R N)) = GT((ﬂyzlLi ‘R N)) =
Gr((K :r N)). Similarly, if s, € Gr((L; :r N)) for each ¢ = 1,...,n,
then s;, € Gr((K :g N)). Now, suppose that there exist ji,jo € {1,...,n}
such that r4 & Gr((L;, :r N)) and s, & Gr((Lj, :r N)). Then we get
rg € Gr((Lj, :r N)) and sp, € Gr((Lj, :r N)). But rgsp, N € Lj, N Lj,, so
either ry € Gr((Lj; NLj, :r N)) € Gr((Lj, :r N)) or sp, € Gr((Lj, NLj, :r
N)) € Gr((Lj, :r N)), a contradiction. Therefore, N is a graded strongly
G2-absorbing second submodule of M.

(i) = (i7) Trivial. O

Let R be a G-graded ring and M a graded R-module. A non-zero graded
submodule N of M is said to be a graded secondary if N # 0; and for each
r € h(R), the endomorphism of N given by multiplication by r is either
surjective or nilpotent. It is immediate that Gr(Anng(N)) = P is a graded
prime ideal of R, and N is said to be graded P-secondary, (see [12]).

Theorem 2.8. Let R be a G-graded ring and M a graded R-module. If
N is a graded secondary submodule of M or N is a finite sum of graded
P-secondary submodules of M, then N is a graded strongly GG2-absorbing
second submodule of M.

Proof. Suppose that N is a graded secondary submodule of M. Now,
let rg, sp € h(R) and K be a graded submodule of M such that rys, N C K.
If rj' N = {0} for some m; € Z" or s> N = {0} for some my € Z, then
rgt N C K or 55 N C K. So, assume that ryN = s, N = N. If rgsy N = N,
then ryN = N = 745N C K and s, N = N = ry45,N C K. Also, if
(rgsn)"N = {0} for some n € Z*, then ry N = (rgsp)"N = {0} € K and
sEN = (rgsp)"N = {0} C K. Now, suppose N is a finite sum of graded
P-secondary submodules of M, then N is a graded P-secondary by [11,
Lemma 3.2] and then we get the result. a
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Theorem 2.9. Let R be a G-graded ring, M a graded R-module and N
and L be two graded submodules of M with LN. If N is a graded strongly
G2-absorbing second submodule of M, then N/L is a graded strongly G2-
absorbing second submodule of M /L.

Proof. Let 1y, s, € h(R) and K/L be a graded submodule of M /L such
that rysp(N/L) € K/L. Hence, 745, N C K and then either rj* N C K
for some ny € ZT or s;?N C K for some ny € Z* or rgsp N = 0 as N
is a graded strongly G2-absorbing second submodule of M. Thus, either
rgt(N/L) € K/L for some ny € Z" or s;>(N/L) C K/L for some np € Z*
or r¢sp(N/L) = L. O

Let R be a G-graded ring and I = ®4cqly a graded ideal of R. Then
I, is called an e-2-absorbing primary ideal of R, if I. # R, and whenever
TeySeste € Re with rescte € I, then either rese € I, or rete € Gr(l.) or
Sete € Gr(I.), (see [5]).

Theorem 2.10. Let R be a G-graded ring, M a graded R-module, N =
DgeaNy a graded submodule of M and g € G. Let N, be a strongly g-
G2-absorbing second submodule of the R.-module M,. Then the following
statements hold.

1. Anng,(Ngy) is an e-2-absorbing primary ideal of R..

2. If K, is a submodule of My with Ny € Ky, then (K4 :g, Ng) is an
e-2-absorbing primary ideal of R..

Proof. (i) Let ¢, se,te € Re such that rescte € Anng, (INgy). Now, since
reselNg C 1eseNg and Ny is a strongly g-G2-absorbing second submod-
ule of M, either reseN; = {0}y or 77Ny C reseN, for some my € Z7T
or s"2Ny C rescN, for some my € Z*. If reseNy = {0}, then res. €
Anng,(Ng). Now, if r]"" Ny C reseNg, then (rete)™ Ny C ri"t.N, C
rescteNg = {0}4. Hence, 7ct. € Gr(Anng, (Ny)). Also, if s72 Ny C reseNg,
then sct. € Gr(Anng, (Ny)). Therefore, Annpg (Ny) is an e-2-absorbing
primary ideal of R..

(¢4) Since Ny € K4, (K4 :r, Ny) is a proper ideal of R.. Now, let
Te,Seste € Re such that rescte € (K :r, Ny). So, meseNg € (Ky i, te)
and then either r.seN, = {0}, or r"™t.N, C K, for some my; € Z* or
s!2t, N, C K, for some my € ZT as Ny is a strongly g-G2-absorbing second
submodule of M. Hence, either r.s. € (K :r, M) or rete € Gr((Ky R,
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Ny)) or sete € Gr((Ky :r, Ng)). Therefore, (K, :r, Ny) is an e-2-absorbing
primary ideal of R.. a

Let R be a G-graded ring, M a graded R-module and g € G. Then M is
said to be a graded comultiplication module (gr-comultiplication module) if
for every graded submodule N of M there exists a graded ideal I of R such
that N = (0 :ps I), where (0:p7 I) = {m € M : mI = 0}. Equivalently, M
is a gr-comultiplication module if and only if for each graded submodule
N of M, N =(0:y Anng(N)), (see [2]). Also, the R.-module M, is said
to be g-comultiplication module if for every submodule Ny of M, there
exists an ideal I, of R. such that Ny = (04 :as, Ic). Equivalently, M, is
a g-comultiplication module if and only if for each submodule N, of M,
Ny = (0, :aq, Annp, (Ny), (see [2)).

Let R be a G-graded ring, M a graded R-module, N = @©4caNy a
graded submodule of M and g € G. Then N, is said to be a strongly
g-2-absorbing second submodule of the R.-module My, if N, # {0}4; and
whenever 7., s, € R, and K, is a submodule of M, with r.s. N, C K, then
either 7. Ny C Ky or seNg C K, or rese € Annp, (Nyg), (see [1]).

Let R be a G-graded ring, M a graded R-module, N = @©4eaNy a
graded submodule of M and g € G. We say that IV, is a g-coidempotent
submodule of the Re-module M, if Ny = (0 :p7, Annpg, (Ng)?). Also, M, is
called a fully g-coidempotent if every submodule is a g-coidempotent. It is
easy to see that every fully g-coidempotent module is a g-comultiplication.

Corollary 2.11. Let R be a G-graded ring, M a graded R-module, N =
DgeaNg a graded submodule of M and g € G. If My is a g-comultiplication
R.-module and Ny is a strongly g-G2-absorbing second submodule of M,
with Gr(Anng,(Ng)) = Anng,(Ny), then N, is a strongly g-2-absorbing
second submodule of M,.

Proof.  Since N, is a strongly g-G2-absorbing second submodule of My,
Annp,(Ng) is an e-2-absorbing primary ideal of R. by Theorem 2.10. Now,
let re,s. € R and K be a submodule of M, such that r.s.N, C K, =
({0}g :m, Anng, (Ky)). So, we get reseAnng, (Ky)Ny = {0}, and then
reseAnng, (Ky) = Anng, (Ng) which yields that either roAnng, (K,) C
Gr(Anng,(Ng)) = Anng, (Ny) or seAnng, (K4) C Gr(Anng,(Ng)) = Anng, (Ng)
or rese € Annpg (Ny) by [6, Lemma 3.1]. Hence, either r.N; C K, or
seNg € K4 or rese € Annpg, (Ng). Therefore, Ny is a strongly g-2-absorbing
second submodule of M. O
A G-graded ring R is called gr-Noetherian if it satisfies the ascending
chain condition on graded ideals of R. Equivalently, R is gr-Noetherian if
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and only if every graded ideal of R is finitely generated, (see [17]).

Theorem 2.12. Let R be a G-graded gr-Noetherian ring, M a graded R-
module, N = ®4eq Ny a graded submodule of M and g € G. Let M, be a
fully g-coidempotent R.-module. If Anng,(Ng) is an e-2-absorbing primary
ideal of R., then N is a strongly g-G2-absorbing second submodule of M.

Proof. Let 1¢,8¢ € Re and K = ®peq Ky be a graded submodule
of M such that rescN, C K. Thus, rescAnng, (Kg)Ng = {0} and then
reseAnng, (Kg) C Anng, (Ng). So, by [6, Lemma 3.1], we get either r.s. €
Annpg, (Ng) or reAnng, (K,) € Gr(Anng, (Ng)) or
seAnng, (K4) € Gr(Anng,(Ng)) as Anng,(Ng) is an e-2-absorbing pri-
mary ideal of R. If res. € Annpg, (Ny), then we get the result. Now, since R
is a gr-Noetherian, then so R.. So, if re Anng, (K4) C Gr(Anng,(Ng)), then
(reAnnp, (K,)) Ny = rt Anng, (K4)' Ny = {0} for some ¢t € Z" which yields
that Annpg, (Ky)' C Annpg, (riNy). Hence, as My is a fully g-coidempotent
we get 11Ny = ({0} cas, Anm, (rN)) € ({0} sar, Anm, (K1) = ({0} 2,
Annp, (K,)?) = K. Also, if seAnnp, (K,) C€ Gr(Anng,(N,)), then st N, C
K, for some | € Z". Therefore, Ny is a strongly g-G2-absorbing second sub-
module of M. a
The following example shows that Theorem 2.12 is not true in general.

Example 2.13. Let G = Zy and R = Z. Then R is a G-graded ring
with Ry = Z and Ry = 0. Let M = Z. Then M is a graded R-module
with My = Z and M7 = 0 where My is not a fully 0-coidempotent. Now,
consider the graded submodule N = 2Z of M. Then Ny is not a strongly
0-G2-absorbing second submodule of My since 3 -5 - 27 C 30Z but neither
3-5€ Anng(2Z) = 0 nor 3% - 2Z ¢ 30Z for all t; € Z™ nor 52 - 2Z ¢ 307Z
for all to € Z*. However, easy computations show that Anngz(2Z) =0 is a
0-2-absorbing primary ideal of Ry.

Let R be a G-graded ring and M, M’ graded R-modules. Let f :
M — M’ be an R-module homomorphism. Then f is said to be a graded
homomorphism if f(M,) C M, for all g € G, (see [17]).

Theorem 2.14. Let R be a G-graded ring, M and M’ be two graded
R-modules and f: M — M' a graded monomorphism.

1. If N is a graded strongly G2-absorbing second submodule of M, then
f(N) is a graded strongly G2-absorbing second submodule of M'.
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2. If N' is a graded strongly G2-absorbing second submodule of M’ such
that N’ C f(M), then f~'(N') is a graded strongly G2-absorbing
second submodule of M.

Proof. (i) It is easy to see that f(IV) is a graded non-zero submodule
of M'. Now, let ry,s, € h(R) and K’ a graded submodule of M’ such
that ryspf(N) C K'. Hence, rysp N C f~1(K’) which yields that either
riN C fH(K’) for some t; € Z* or sPN C f71(K') for some t € ZF or
rgspIN = 0 as N is a graded strongly G2-absorbing second submodule of M.
So, either i1 f(N) C f(f~1(K")) € K’ or sPf(N) C f(f~YK")) C K' or
rgspf(IN) = 0. Therefore, f(IN) is a graded strongly G2-absorbing second
submodule of M’. (ii) Clearly, f~'(N’) is a graded non-zero submodule
of M. Now, let 74, s, € h(R) and K a graded submodule of M such that
rgspfH(N') C K. Thus, rgspN' = rgspf(f~1(N')) C f(K) which yields
cither rit N’ C f(K) for some t; € Z" or SZZN, C f(K) for some to € Z*
or rgsp N = 0 as N’ is a graded strongly G2-absorbing second submodule
of M'. Hence, ri' f7'(N') C K or sPfHN') C K or rgspfY(N') = 0.
Therefore, f~1(N’) is a graded strongly G2-absorbing second submodule
of M. O

Corollary 2.15. Let R be a G-graded ring, M a graded R-module and N
and K be two graded submodules of M with N C K. Then N is a graded
strongly G2-absorbing second submodule of K if and only if N is a graded
strongly G2-absorbing second submodule of M.

Proof. By using the graded natural monomorphism f : K — M and
Theorem 2.14 we get the result. |

Lemma 2.16. Let R; be a G-graded ring, M; a graded R;-module, for
i =1,2and g € G. Let R = Ry X Ry and M = My x Ms. Then M;, is
a fully g-coidempotent R; -module, for i = 1,2 if and only if My is a fully
g-coidempotent R.-module.

Proof.  Suppose that M, is a fully g-coidempotent R.-module. Now, let
N1, be a submodule of an R;,-module M;j,. Then Ny = N1, x {0}, is a
submodule of M. Hence, Ny = ({(0,0)}¢ :ar, Anng, (Ng)?) = ({0}, My,
Anng, (N1,)?) x {0}2,. Thus, N1, = ({0}1, iy, Anng,, (N1,)?). There-
fore, My, is a fully g-coidempotent Rj,-module. Similarly, Mz, is a fully
g-coidempotent Ry -module. Conversely, M;, is a fully g-coidempotent R;,-
module, for 7 = 1, 2. So, let N, be a submodule of M. Then N, = Ny, x N2,
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for some submodules N1, of M1, and Na, of Ma,. But N;, = ({0}, Mg,
Annp%.e (Nig)Q), fori = 1, 2, SO Ng = ({O}lg :Mlg Anane (N19)2)><({0}29 :M2g
Anng, (N2,)?) = ({0}4 :n, Anng.(Ng)?). Therefore, M, is a fully g-
coidempotent R.-module. O

Lemma 2.17. Let R be a G-graded ring, M a graded R-module and
N = ®pegNi a graded submodule of M. Let g € G such that M is a
g-comultiplication R.-module. Then N, is a g-secondary submodule of M,
if and only if Annpg, (Ny) is an e-primary ideal of R,.

Proof. The necessity is clear. Conversely, let r. € R, so r.N, =
({0}g :n, Ie) for some ideal I. of R. as M, is a g-comultiplication R.-
module. Thus, r.l. € Anng, (Ny) which yields that I. C Anng,(Ng) or
r¥ € Annp,(Ny) for some k € Z". Hence, Ny C ({0} :n1, Anng,(Ny)) C
({0}g 1, Ic) = 1eNy C Ny or rENy = {0}, for some k € ZT. Therefore,
Ny is a g-secondary submodule of M. a

Theorem 2.18. Let R; be a G-graded gr-Noetherian ring, M; a graded
R;-module, N; = ©4cqN;, a graded submodule of M; for i« = 1,2 and
g € G. Let R = Ry x Ry and M = M x M, such that M, is a fully
g-coidempotent R.-module. Then:

1. Ny, is a strongly g-G2-absorbing second submodule of M, if and
only if N1, x {0}z, Is a strongly g-G2-absorbing second submodule of
M,.

2. N, is a strongly g-G2-absorbing second submodule of My, if and
only if {0}1, X Na, Is a strongly g-G2-absorbing second submodule of
M,.

3. If Ny, is a g-secondary submodule of My, and Na, is a g-secondary
submodule of My, then N1, X N3, is a strongly g-G2-absorbing second
submodule of M.

Proof. (i) Since M, is a fully g-coidempotent R.-module, M;, is a fully
g-coidempotent R;_-module, for ¢ = 1,2 by Lemma 2.16. Now, suppose that
Ny, is a strongly g-G2-absorbing second submodule of M , then by The-
orem 2.10, we get Anng, (N1,) is an e-2-absorbing primary ideal of R, .
Since Anng, (N1, x {0}2,) = Anng, (N1,) X Ra,, Anng, (N1, x {0}2,) is an
e-2-absorbing primary ideal of R, by [6, Theorem 3.6]. Hence, by Theorem
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2.12, we get N1, x {0}, is a strongly g-G2-absorbing second submodule of
My. Conversely, suppose that N1, x {0}z, is a strongly g-G2-absorbing sec-
ond submodule of M, then Anng, (N1, x{0}2,) = Anng, (N1,)x Rz, is an
e-2-absorbing primary ideal of Re by Theorem 2.10. Hence, Anng, (N1,)
is an e-2-absorbing primary ideal of R;, by [6, Theorem 3.6]. Thus, by
Theorem 2.12, we get Ny, is a strongly g-G2-absorbing second submodule
of Mlg .

(74) The proof is similar to that in part (7).

(ii7) Let N;, be a g-secondary submodule of M; , then by Lemma 2.17,
we get Anng, (N;,) is an e-primary ideal of R;,, for i = 1,2. Now, since
Annpg, (N1, x Na,) = Anng, (N1,) X Anng, (Na,), Anng, (N1, X Na,) is an
e-2-absorbing primary ideal of R, by [6, Theorem 3.6]. Therefore, N1, x N,
is a g-G2-absorbing submodule of M, by Theorem 2.12. |

Theorem 2.19. Let R; be a G-graded gr-Noetherian ring, M; a graded
Ri-module, N; = ©4eqN;, a graded submodule of M; fori = 1,2 and g € G.
Let R = Ry x Ry, M = M x My such that M, is a fully g-coidempotent
R.-module and N = Ny x Ns. Then the following statements are equivalent:

1. Ny is a strongly g-G2-absorbing second submodule of M.

2. Either N1, = {0}1, and Ny, is a strongly g-G2-absorbing second sub-
module of Ma, or Ny, = {0}2, and Ny, is a strongly g-G2-absorbing
second submodule of My, or N1, and N», are g-secondary submodules
of My, and Ma,, respectively.

Proof. (i) = (i1) Assume that N, = Ni, x Ny, is a strongly g-
G2-absorbing second submodule of M,. So, by Theorem 2.10, we get
Anng,(Ng) = Anng, (N1,) X Anng, (Na,) is an e-2-absorbing primary
ideal of R.. Thus, by [6, Theorem 3.6] we get either Anng, (N1,) = R1, and
Anng, (Na,) is an e-2-absorbing primary ideal of Ry, or Anng, (N2,) =
Ra, and Anng, (N1,) is an e-2-absorbing primary ideal of Ry, or Anng, (N1,)
and Anng, (N2,) are e-primary ideals of R;, and Ry, respectively. Now,
if Annpg, (N1,) = R1, and Anng,(N2,) is an e-2-absorbing primary ideal
of Ry,, then Ny, = {0}1, and Ny, is a strongly g-G2-absorbing second
submodule of Mp, by, Theorem 2.12. Similarly, if Anng, (N2,) = Ra,
and Anng,, (ng) is an e-2-absorbing primary ideal of R;,, then Np =
{0}2, and Ny, is a strongly g-G2-absorbing second submodule of My . If
Anng, (Ni,) is an e-primary ideal of R;,, since M;, is a g-comultiplication
R;,-module by Lemma 2.17, N;, is a g-secondary submodule of M; , for
1=1,2.
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(1) = (i) Clearly, by Theorem 2.18. O
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