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Abstract

An equitable coloring of a graph G is a proper coloring of the
vertices of G such that the number of vertices in any two color classes
differ by at most one. The equitable chromatic number χ=(G) of
a graph G is the minimum number of colors needed for an equitable
coloring of G. In this paper, we obtain the equitable chromatic number
of weak modular product of two graphs G and H, denoted by G ¦H.
First, we consider the graph G¦H, where G is the path graph, and H
be any simple graph like the path, the cycle graph, the complete graph.
Secondly, we consider G and H as the complete graph and cycle graph
respectively. Finally, we consider G as the star graph and H be the
complete graph and star graph.
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1. Introduction

All graphs considered in this paper are finite, undirected graphs with nei-
ther loops nor multiple edges. Let V (G) and E (G) be the vertex set and
edge set of a graph G. A proper k-coloring of a graph G is a labeling
f : V (G) → {1, 2, . . . , k} such that the adjacent vertices have different la-
bels. The labels are called colors; the vertices of one color form a color
class. The chromatic number of a graph G, written χ(G), is the least k
such that G has a proper k-coloring. A graph G is said to be equitably
k-colorable [1, 2, 3, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 18, 19] if its vertices
can be partitioned into k-classes V1, V2, . . . , Vk such that each Vi is an in-

dependent set and the condition
¯̄̄
|Vi| − |Vj |

¯̄̄
≤ 1 holds for every i, j. The

smallest integer k for which G is equitably k-colorable is known as the eq-
uitable chromatic number of G and is denoted by χ=(G). For any graph G,
we have χ=(G) ≥ χ(G). Every time when we have to divide a system with
binary conflicting relations into equal or almost equal conflict free subsys-
tems we can model this situation by means of equitable graph coloring.
The notion of equitable coloring was introduced by Meyer in 1973 [16].
The application given by Tucker [17] where vertices represented garbage
collection routes and two such vertices were joined when the corresponding
routes should not be run on the same day, motivated Meyer to introduce
equitable coloring. Application of equitable coloring is found scheduling
and timetabling problem.

In 1964, Erdös [4] conjectured that any graph G with maximum degree
∆(G) ≤ k has an equitable (k + 1)-coloring. This conjecture was later
proved by Hajnal and Szemerédi in 1970 [5]. In 1973, Meyer [16] gave
the conjecture which states that “For any connected graph G, other than
the complete graph and the odd cycle, χ=(G) ≤ ∆(G)”. Later in 1994,
Chen et al. [2] proposed the following conjecture which states that, “If
G is a connected graph with maximum degree ∆ other than K∆+1, K∆,∆

and odd cycle, then G is equitably ∆-colorable”. The Equitable ∆-coloring
conjecture has been proved for outerplanar graphs [10, 19], planar graphs
with ∆ ≥ 13 [18] and for some other families of graphs [12, 13, 14]. In
1998, Chen et al. [3] has written a manuscript, concerning the equitable
coloring of graph products. The results were then extended by Furmańczyk
[6] in 2006. W.H.Lin and G.J.Chang [15] in 2012 establish the exact value
of equitable chromatic numbers of Cartesian products of an odd cycle or
an odd path with a bipartite graph, an even cycle or an even path with a
complete bipartite graph and two stars. They also gave the upper bounds
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on the equitable chromatic number of Cartesian product of two complete
bipartite graphs. In 2013, Furmańczyk et al. [8] give the exact value of the
equitable chromatic number of corona product of graphs G and H where G
is an equitable 3- or 4-colorable graph and H is an r-partite graph, a path,
a cycle, or a complete graph. These results were then extended for corona
multiproducts of graphs [7].

2. Preliminaries

A trail is called a path if all its vertices are distinct. A closed trail whose
origin and internal vertices are distinct is called a cycle. A star graph is a
complete bipartite graph in which n− 1 vertices have degree 1 and a single
vertex have degree (n− 1). It is denoted by K1,n. We consider the vertex
set of K1,n be the order of n. V (K1,n) = {u0} ∪ {ui : 1 ≤ i ≤ n}. A graph
G is complete if every pair of distinct vertices of G are adjacent in G. A
complete graph on n vertices is denoted by Kn.

Graph products were first defined by Sabidussi 1960 and Vizing 1963.
The weak modular product [9] of two graphs G and H denoted by G ¦ H
is the graph with vertex set V (G)× V (H) in which two vertices (a, b) and
(c, d) ∈ V (G ¦H) are adjacent if;

ac ∈ E(G) and bd ∈ E(H), or
ac /∈ E(G) and bd /∈ E(H).

In this paper, we obtain the equitable chromatic number of weak mod-
ular product of two graphs G and H. First, we consider the graph G be the
path graph or complete graph and H be the path graph or the complete
graph. Second, we consider the graph G be the path graph and H be the
cycle graph. Third, we consider the graph G and H be the cycle graphs.
Fourth, we consider the graph G be the complete graph and H be the cycle
graph respectively. Finally, we consider the graph G be the star graph and
H be the complete graph and star graph.

3. Main Results

First we consider G and H be the graphs of order m and n. Let graph G
be isomorphic to the path graph, the complete graph and the cycle graph
of m and H be isomorphic to the path graph, complete graph and cycle
graph of n. Let V (G) = {ui : 1 ≤ i ≤ m} and V (H) = {vj : 1 ≤ j ≤ n}.
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By the definition of the weak modular product, we denote the vertices of
G ¦H as follows:

V (G ¦H) =
m[
i=1

{si,j : 1 ≤ j ≤ n},

where si,j are the vertices (ui, vj) (1 ≤ i ≤ m, 1 ≤ j ≤ n).

Theorem 1. Let G and H be the path graphs or complete graphs of order
m > 1 and n > 1, then the equitable chromatic number of weak modular
product of G and H is m for m ≤ n.

Proof: Define the mapping f : V (G ¦H)→ N , as follows:

f(si,j) = i, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Since, each color (1, 2, . . . ,m) appears exactly m times. Hence, the
difference does not exceed one.

Now we assume that χ=(G ¦ H) ≤ m. Since there exists cliques of
order m in V (G ¦H), we have χ(G ¦H) ≥ m and also since χ=(G ¦H) ≥
χ(G ¦H) ≥ m, hence χ=(G ¦H) ≥ m. Therefore, χ=(G ¦H) = m. 2

Theorem 2. Let G ∼= Pm be of order m > 1 and H ∼= Cn be of order
n > 2, n ≥ m, then

χ=(G ¦H) =
(
2, when m is even, n = 3
m, otherwise.

Proof:

Case (i): When m is even and n = 3
Define the mapping f : V (G ¦H)→ {1, 2} as follows:
For 1 ≤ j ≤ 3,

f(s2i−1,j) = 1, 1 ≤ i ≤
»
m

2

¼
;

f(s2i,j) = 2, 1 ≤ i ≤
¹
m

2

º

Obviously, χ=(G ¦H) = 2.
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Case (ii): When m is not even and n = 3 or m is not even and n 6= 3 or
m is even and n 6= 3.
Define the mapping f : V (G ¦H)→ N , as follows:

f(si,j) = i, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Since, each color (1, 2, . . . ,m) appears exactly m times. Hence, the
difference does not exceed one.

Now we assume that χ=(G ¦ H) ≤ m. Since there exists cliques
of order m in V (G ¦ H), we have χ(G ¦ H) ≥ m and also since
χ=(G ¦ H) ≥ χ(G ¦ H) ≥ m, hence χ=(G ¦ H) ≥ m. Therefore,
χ=(G ¦H) = m.

2

Theorem 3. Let G ∼= Cm be of order m > 2 and H ∼= Cn be of order
n > 2, m ≥ n, then

χ=(G ¦H) =
(
2, when m is even, n = 3
n, otherwise.

Proof:

Case (i): When m = 3 and n is even
Define the mapping f : V (G ¦H)→ {1, 2} as follows:
For 1 ≤ i ≤ 3,

f(si,2j−1) = 1, 1 ≤ j ≤ n

2
;

f(si,2j) = 2, 1 ≤ j ≤ n

2
.

Obviously, χ=(G ¦H) = 2.
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Case (ii): When m ≥ n
Define the mapping f : V (G ¦H)→ {1, 2, . . . , n}, n ≥ 3, as follows:

Figure 1: Equitable Coloring of C5 ¦ C5 is 5.

f(si,j) = j, 1 ≤ i ≤ m, 1 ≤ j ≤ n.
Thus χ=(G ¦H) ≤ n. Since χ(G ¦H) ≥ n and also since
χ=(G ¦ H) ≥ χ(G ¦ H) ≥ n, we have χ=(G ¦ H) ≥ n. Therefore,
χ=(G ¦H) = n. Hence χ=(G ¦H) = n.

2

Theorem 4. Let G be the path graph of order m > 1 and H be the
complete graph of order n > 1, then

χ=(G ¦H) =
(
2, when m is even, n > 2 or m > 1, n = 2
3, otherwise.

Proof: The graph G ¦H is a bipartite graph (X ∪ Y,E) such that every
second row belongs to Y .

(i.e.,) |X| =
lm
2

m
n and |Y | =

jm
2

k
n.

Case (i): Define the mapping f : V (G ¦H)→ {1, 2} as follows:

pc
fo-1
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Subcase (i): When m is even and n > 2
For 1 ≤ i ≤ m, 1 ≤ j ≤ n,

f(si,j) =

(
1, i ≡ 12,
2, i ≡ 02.

Obviously, χ=(G ¦H) = 2.
Subcase (ii): When m > 1 and n = 2

For 1 ≤ i ≤ m,

f(si,j) =

(
1, for j = 1,
2, for j = 2.

Obviously, χ=(G ¦H) = 2.

Since, each color 1 and 2 appears
l
m
2

m
n and

j
m
2

k
n times. Hence, the

difference does not exceed one.

Case (ii): When m is odd and n ≥ 3.
Define the mapping f : V (G ¦H)→ {1, 2, 3} as follows:

Figure 2: Equitable Coloring of P5 ¦K5 is 3.

pc
fo-2
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Subcase (i): When m = 3k, k ≥ 1, k is odd
For 1 ≤ i ≤ m, 1 ≤ j ≤ n,

f(si,j) =

⎧⎪⎨⎪⎩
1, for i ≡ 13,
2, for i ≡ 23,
3, for i ≡ 03,

Subcase (ii): We first color the i-th row with i mod 3, then change
the colors of some vertices in the first and last row in the follow-
ing ways.

1. If m = 6k + 1, k ≥ 1, vertices in the first and last row are
colored with 1. We change the color of

»
(n− 2)
3

¼
vertices

in the first row to 3 and

»
(n− 1)
3

¼
vertices in the last row

to 2.

2. If m = 6k−1, k ≥ 1, then we change the colors of n−
»
2n

3

¼
vertices from the first row and n−

»
(2n− 1)

3

¼
vertices from

the last row to 3.

So, the obtained colorings are equitable. Moreover, since m is
odd, |X|− |Y | = n, n ≥ 3 and therefore we cannot use less than
three colors.

2

Theorem 5. Let G be isomorphic to the star graph of order m + 1 and
H ∼= Kn or K1,n be of order of n > 1, then the equitable chromatic number
of weak modular product of G and H is m+ 1 for n ≥ m+ 1.

Proof: Let V (G) = {u1} ∪ {ui : 2 ≤ i ≤ m+ 1}.

Case (i): Let H ∼= Kn. Let V (H) = {vj : 1 ≤ j ≤ n}. By the definition
of the weak modular product, the vertices of G ¦ H are denoted as

follows: V (G ¦H) =
m+1S
i=1
{si,j : 1 ≤ j ≤ n}, where si,j are the vertices

(ui, vj) (1 ≤ i ≤ m+ 1, 1 ≤ j ≤ n).
Define the mapping f : V (G ¦ H) → {1, 2, . . . ,m + 1}, m ≥ 1 as
follows:

f(si,j) = i, 1 ≤ i ≤ m+ 1, 1 ≤ j ≤ n.
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Since, each color (1, 2, . . . ,m+1) appears exactlym+1 times. Hence,
the difference does not exceed one.
Now we assume that χ=(G ¦H) ≤ m + 1. First we assign the color
1, 2, . . .m to the vertices si,j in such a way that, they have received
the same colors in any one pair of vertices . Which is a contradiction.
So we need one more color. Hence χ=(G ¦H) ≥ m + 1. Therefore,
χ=(G ¦H) = m+ 1.

Case (ii): Let H ∼= K1,n. Let V (H) = {v1} ∪ {vj : 2 ≤ j ≤ n + 1}. By
the definition of the weak modular product, the vertices of G ¦H are

denoted as follows: V (G ¦H) =
m+1S
i=1
{si,j : 1 ≤ j ≤ n+ 1}, where si,j

are the vertices (ui, vj) (1 ≤ i ≤ m+ 1, 1 ≤ j ≤ n+ 1).

Define the mapping f : V (G ¦H)→ {1, 2, . . . ,m+ 1} as follows:

f(si,j) = i, 1 ≤ i ≤ m+ 1, 1 ≤ j ≤ n+ 1.

Since, each color (1, 2, . . . ,m+1) appears exactlym+1 times. Hence,
the difference does not exceed one.

Now we assume that χ=(G ¦H) ≤ m + 1. Since there exists cliques
of order m + 1 in V (G ¦ H), we have χ(G ¦ H) ≥ m + 1 and also
since χ=(G ¦H) ≥ χ(G ¦H) ≥ m + 1. Hence χ=(G ¦H) ≥ m + 1.
Therefore, χ=(G ¦H) = m+ 1.

2

Acknowledgments

The authors sincerely thank an anonymous referee for the numerous com-
ments that helped them to improve the presentation of this paper.

References

[1] M. M. Akbar Ali, K. Kaliraj and J. Vernold Vivin, “On equitable coloring of 
central graphs and total graphs”, Electronic notes in discrete mathematics, vol. 33, 
pp. 1-6, 2009. doi: 10.1016/j.endm.2009.03.001



1060 Kaliraj K., Narmadha Devi R. and Vernold Vivin J.

[2] B. L. Chen, K. W. Lih and P. L. Wu, “Equitable coloring and the maximum 
degree”, European journal of combinatorics, vol. 15, pp. 443-447, 1994. doi:  
10.1006/eujc.1994.1047

[3] B. L. Chen, K. W. Lih and J. H. Yan, “Equitable coloring of graph products”, 
manuscript, 1998.

[4] P. Erdös, Problem 9, In: M. Fielder (Ed.), Theory of graphs and its applications, 
159. Prague: Czech Academy of Sciences Publications, 1964.

[5] A. Hajnal and E. Szemerédi, Proof of a conjecture of P. Erdos, In: P. Erdos, A. 
Renyi, V.T. Sos (Eds.), Combinatorial Theory and Applications, North-Holland.

[6] H. Furmánczyk, “Equitable coloring of graph products”, Opuscula 
mathematica, vol. 26, no. 1, pp. 31-44, 2006.

[7] H. Furmánczyk, M. Kubale and V. V. Mkrtchyan, “Equitable colorings of 
corona multiproducts of graphs”, Discussiones mathematicae graph theory, vol. 
37, no. 4, pp. 1079-1094, 2017. doi:  10.7151/dmgt.1992

[8] H. Furmánczyk, K. Kaliraj, M.Kubale and J. Vernold Vivin, “Equitable 
coloring of corona products of graphs”, Advances and applications in discrete 
mathematics, vol.11, pp. 103-120, 2013.

[9] R. H. Hammack, W. Imrich and S. Klavžar, Handbook of product graphs. CRC 
Press, 2011.

[10] A.V. Kostochka, “Equitable colorings of outerplanar graphs”, Discrete 
mathematics, vol. 258, no. 1-3, pp. 373-377, 2002. doi: 10.1016/s0012-365x(02) 
00538-1

[11] K Kaliraj, J. Veninstine Vivik and J. Vernold Vivin, “Equitable coloring on 
corona graph of graphs”, Journal of combinatorial mathematics and 
combinatorial computing, vol. 81, pp. 191-197, 2012.

[12] A. V. Kostochka and K. Nakprasit, “Equitable colorings of k-degenerate 
graphs”, Combinatorics, probability and computing, vol. 12, pp. 53-60, 2003.

[13] A. V. Kostochka and K. Nakprasit, “On equitable ∆-coloring of graphs with 
low average degree”, Theoretical computer science, vol. 349, pp. 82-91, 2005.



Equitable chromatic number of weak modular product of some ... 1061

[14] K. W. Lih and P.L. Wu, “On equitable coloring of bipartite graphs”, Discrete 
mathematics, vol. 151, no. 1-3, pp. 155-160, 1996. doi: 10.1016/0012-365x(94) 
00092-w

[15] W. H. Lin and G. J. Chang, “Equitable colorings of cartesian products of 
graphs”, Discrete applied mathematics, vol. 160, no. 3, pp. 239-347, 2012. doi: 
10.1016/j.dam.2011.09.020

[16] W. Meyer, “Equitable coloring”, American mathematical monthly, vol. 80, no. 8, 
pp. 920-922, 1973. doi: 10.2307/2319405

[17] A. Tucker, “Perfect graphs and an application to optimizing municipal 
services”, SIAM reviews, vol. 15, no. 3, pp. 585-590, 1973. doi: 10.1137/1015072

[18] H. P. Yap and Y. Zhang, “Equitable colorings of planar graphs”, Journal of 
combinatorial mathematics and combinatorial computing, vol. 27, pp. 97-105, 1998.

[19] H. P. Yap and Y. Zhang, “The equitable ∆-coloring conjecture holds for 
outerplanar graphs”, Bulletin of the institute of mathematics academia sinica, vol. 
25, pp. 143-149, 1997.



1062 Kaliraj K., Narmadha Devi R. and Vernold Vivin J.

K. Kaliraj
Ramanujan Institute for Advanced Study in Mathematics,
University of Madras,
Chennai 600 005, Tamil Nadu,
India,
e-mail: kaliraj@unom.ac.in
sk.kaliraj@gmail.com

R. Narmadha Devi
Ramanujan Institute for Advanced Study in Mathematics,
University of Madras,
Chennai 600 005,
Tamil Nadu,
India,
e-mail: narmir95@gmail.com

and

J. Vernold Vivin
Department of Mathematics,
University College of Engineering Nagercoil,
(Anna University Constituent College),
Konam, Nagercoil 629 004,
Tamil Nadu,
India,
e-mail: vernoldvivin@yahoo.in


