
Sequence spaces defined via Euler method and
matrix transformations

Pranav Sharma
IIMT University, India

Received : October 2020. Accepted : February 2021

Proyecciones Journal of Mathematics
Vol. 40, No 5, pp. 1137-1145, October 2021.
Universidad Católica del Norte
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Abstract

A blend of matrix summability and Euler summability transforma-
tion methods is used to define Lacunary sequence spaces defined over
n-normed space. Then we present the properties of this space and
finally, some inclusion relations are presented.
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1. Introduction

Accelerated convergence techniques are useful in computer science espe-
cially in making graphics and to find eigenvalues and eigenvectors of dy-
namical systems. Euler summability plays a prominent role in improving
the convergence of a given series. For a positive real q and a non negative in-
teger n, the Euler transform (see. [1]) Eq

n of sequence S = (sn) of the partial

sum of a series
P∞

k=0 ak is defined as E
q
n(S) =

1
(1+q)n

Pn
v=0

Ã
n
v

!
qn−vsv.

A series
P

an is said to be E
q
n−summable to s if Eq

n(S) → s, as n → ∞,
further, if

P
k |E

q
k(S) − Eq

k−1(S)| < ∞ then the sequence is said to be ab-
solutely Eq

n-summable. Let x = (xn) be a sequence of scalars, for n ≥ 1 we
will denote by Nn(x) the difference E

q
n(x)− Eq

n−1(x), where E
q
n is defined

as above.

Another important transform of numerical analysis is “Abel’s trans-

form” which is defined as Ak =
Pk

j=0

⎡⎣ q
1+q

Ã
n
j

!
−
Ã

n− 1
j

!⎤⎦qn−(j+1).
Using Abel’s transform we have

Nn(x) = −
1

(1 + q)n−1

µ n−2X
j=0

xj+1Aj + sn−1An−1

¶
+

1

(1 + q)n

µ
sn− qn−1s0

¶
,

and hence, for a scalar λ and sequences x = (xn), y = (yn), we have:
Nn(x+ y) = Nn(x) +Nn(y) and Nn(λx) = λNn(x).
In this paper, we study certain properties of a class of sequences (defined
by using Euler transform) over an n-normed space using Musielak-Orlicz
function. We introduce these spaces by using the Euler and some other
matrix transformations. Finally, we present some inclusion relations be-
tween these spaces. Before proceeding further we present some definitions
and results required for the further development of the article.

Definition 1.1. A continuous, convex, non-decreasing function ϕ with
ϕ(x) > 0 for x > 0; ϕ(0) = 0 and ϕ(x) −→ ∞ whenever x −→ ∞ is
called an “Orlicz function”.

Orlicz sequence space [8], denoted cϕ is space of sequences x = (xn) which

satisfy
∞X
k=1

ϕ

µ |xk|
t

¶
<∞, t > 0.
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Lemma 1.2. [6] (cϕ, ||.||) is a Banach space, where ||x|| = inf

½
t > 0 :

∞X
j=1

ϕ

µ |xj |
t

¶
≤ 1

¾
.

Definition 1.3. A “Musielak-Orlicz function” denoted by Φ is a sequence
of Orlicz functions φi.

For more information about the complementary function of the Musielak
Orlicz function, Musielak Orlicz sequence space, Luxemburg norm we refer
to [8].

Remark 1.4. N,Z,R andC denotes set of natural numbers, integers, real
numbers and complex numbers respectively.

Definition 1.5. A Lacunary sequence [3] is a sequence θ = (kr) of positive
integers with k0 = 0, for 0 < kr < kr+1 and hr = (kr−kr−1)→∞ as r→∞
.

Intervals Ir = (kr−1, kr] are determined by θ and the ratio kr
kr−1

is de-
noted as qr.
Another important notation that we require for this article is the notation
of an n-norm.

Definition 1.6 (n-norm, see [5, 11]). A real valued function ||·, · · · , ·||
defined on V n, where V is a linear space of dimension d , d ≥ n ≥ 2, n ∈ N
over the (real or complex) fieldK is called an n-norm ([4, 9]) if the following
conditions are satisfied:

1. v1, v2, · · · , vn are linearly dependent iff ||(v1, v2, · · · , vn)|| = 0 ;

2. ||(v1, v2, · · · , vn)|| is invariant under permutations;

3. ||(αv1, v2, · · · , vn)|| = |α| ||(v1, v2, · · · , vn)|| ∀ α ∈ K;

4. ||(v + v0, v2, · · · , vn)|| ≤ ||(v, v2, · · · , vn)||+ ||(v0, v2, · · · , vn)||.
The pair (V (K), ||·, · · · , ·||) is called an n-normed space.

Sequence spaces defined by Orlicz function have been introduced and
their different properties have been investigated by Tripathy and Mahanta
[14, 15]. The notion of lacunary sequences have been investigated from
different aspects by introducing different classes of lacunary spaces by Tri-
pathy and Baruah [10], Tripathy and Dutta [12], Tripathy et al. [13], Tri-
pathy and Sen [16] and others. For a detailed account of sequence spaces
we refer the reader to [1, 2].
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2. Main Results

Let

A = [aij ] =

⎡⎢⎢⎢⎢⎢⎣
p1 w

(1)
1 w

(2)
1 . . .

w
(−1)
1 p2 w

(1)
2 . . .

w
(−2)
1 w

(−1)
2 p3 . . .

...
...

...
...

⎤⎥⎥⎥⎥⎥⎦
where p = (pi) and w(t) = (wi)

(t) are some fixed numerical sequences,
t ∈ Z\{0}. For a fixed kf ∈ N we define a finite sequence tn with kf

terms by, tn =

(
n+1
2 , n is odd;
−n
2 , n is even.

. We construct a matrix A(p,wt,kf ) = A,

wti = 0 ∀ i > kf and for i = 1, 2, . . . , kf we have some fixed sequences w
ti

and p.

Example 2.1. For kf = 2 we have t1 = 1, t2 = −1, we define pi = −1 ∀ i
and

w
(t)
i =

(
1, for t = 1,−1
0, ∀ t ∈ Z\{0, 1,−1} then we have,

A = [aij ] =

⎡⎢⎢⎢⎢⎣
−1 1 0 . . .
1 −1 1 . . .
0 1 −1 . . .
...

...
...

...

⎤⎥⎥⎥⎥⎦
and hence, A(p,wt,2)x =

*
∞P
j=1

mijξj

+
n

=< −ξ1 + ξ2, ξ1 − ξ2 + ξ3, ξ2 − ξ3 +

ξ4, ξ3 − ξ4 + ξ5 . . . > .

For a Musielak-Orlicz function Φ = (ϕj), we define the following se-
quence space:

Eq
n(Φ, u, p, s,A(p,wt,jf ), ||·, · · · , ·||) =

½
x = (xj) : limr

1
hr

P
j∈Ir k

−s∙
ϕj

µ
||(

ujNj(A(p,wt,jf )
x)

t , v1, · · · , vn−1)||
¶¸pj

<∞, s ≥ 0, for some t > 0

¾
.

Here, p = (pj) and u = (uj) are the bounded sequence of non-negative
reals and sequence of positive reals; hr is as defined in definition 1.5; and
vi ∈ V .

Lemma 2.2 (Maddox, [7]). If K = max(1, 2H−1) and 0 ≤ pj ≤ sup pj =
H then we have, |aj + bj |pj ≤ K{|aj |pj + |bj |pj} for all j and aj , bj ∈ C.
Further we have, |a|pj ≤ max(1, |a|H) for all a ∈ C .
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Theorem 2.3. Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||) is a vector space over the

field of complex numbers and is paranormed by the paranorm g(x) defined
by:

(x) = inf

½
tpn/H :

µ
limr

1
hr

P
k∈Ir

1
ks

∙
φk

||(
ukNk(A(p,wt,kf )

x)

t , v1, · · · , vn−1)||
¸pk¶ 1

H

≤ 1, n = 1, 2, 3, · · ·
¾
,

here H =

max(1, supk pk).

Proof. Let, x = (xk) and y = (yk) ∈ Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||),α, β ∈

C. There exist t1, t2 ∈N such that,

lim
r

1

hr

X
k∈Ir

k−s
∙
φk||(

ukNk(A(p,wt,kf )x)

t1
, v1, · · · , vn−1)||

¸pk
<∞ and

lim
r

1

hr

X
k∈Ir

k−s
∙
φk||(

ukNk(A(p,wt,kf )y)

t2
, v1, · · · , vn−1)||

¸pk
<∞.

Since (φk) is a sequence of convex and non-decreasing functions. Let
t3 = max(2|α|t1, 2|β|t2) then we have,

lim
r

1

hr

X
k∈Ir

k−s
∙
φk||(

ukNk(A(p,wt,kf )(αx+ βy))

t3
, v1, · · · , vn−1)||

¸pk
limr

1
hr

P
k∈Ir k

−s
∙
φk||(

ukNk(A(p,wt,kf )
αx)

t3
, v1, · · · , vn−1)||+

||(
ukNk(A(p,wt,kf )

βy)

t3
, v1, · · · , vn−1)||

¸pk
K limr

1
hr

P
k∈Ir k

−s
∙
φk||(

ukNk(A(p,wt,kf )
x)

t1
, v1, · · · , vn−1)||

¸pk
+

K limr
1
hr

P
k∈Ir k

−s
∙
φk||(

ukNk(A(p,wt,kf )
y)

t2
, v1, · · · , vn−1)||

¸pk <∞.

Therefore, αx + βy ∈ Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||). Hence, the

space Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||) is linear.

Further, we have, g(x + y) ≤ g(x) + g(y) and g(x) = g(−x). Now, as
Mk(0) = 0, we have inf{tpn/H} = 0 if x = 0 .
For any number λ,

(λx) = inf

½
tpn/H : limr

1
hr

P
k∈Ir k

−s∙
φk||(

λukNk(A(p,wt,kf )
x)

t , v1, · · · , vn−1)||
¸pk
≤ 1, n = 1, 2, 3, · · ·

¾
implies
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(λx) = inf

½
(λs)pn/H : limr

1
hr

P
k∈Ir k

−s∙
φk||(

ukNk(A(p,wt,kf )
x)

s , v1, · · · , vn−1)||
¸pk
≤ 1, n = 1, 2, 3, · · ·

¾
,

where, s = t
|λ| .

By Theorem 2.2 we get, |λ|pk/H ≤
µ
max

³
|λ|H , 1

´¶ 1
H

and this gives us,

(λx) ≤
µ
max

³
|λ|H , 1

´¶ 1
H

inf

½
(s)pn/H :

µ
limr

1
hr

P
k∈Ir k

−s∙
φk||(

ukNk(A(p,wt,kf )
x)

t , v1, · · · , vn−1)||
¸pk¶1/H

≤ 1;n = 1, 2, · · ·
¾
.

Clearly, g(x)→ 0 when x→ 0 in Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||).

Now let, λn → 0 and x ∈ Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||). For any � > 0,

let n0 ∈ N such that

lim
r

1

hr

X
k=n0+1∈Ir

k−s
∙
φk||(

ukNk(A(p,wt,kf )x)

t
, v1, · · · , vn−1)||

¸pk
<

ε

2

for some t > 0. This gives us

µ
lim
r

1

hr

X
k=n0+1∈Ir

k−s
∙
φk||(

ukNk(A(p,wt,kf )x)

t
, v1, · · · , vn−1)||

¸pk¶ 1
H

≤ ε

2
.

Let 0 < |λ| < 1, then by using the convexity of (φk), we have

limr
1
hr

P
k=n0+1∈Ir k

−s
∙
φk

µ
||(

λukNk(A(p,wt,kf )
x)

t , v1, · · · , vn−1)||
¸pk

< |λ| limr
1
hr

P
k=n0+1∈Ir k

−s
∙
φk||(

ukNk(A(p,wt,kf )
x)

t , v1, · · · , vn−1)||
¸pk

<

µ
ε
2

¶H
.

Since (φk) is continuous everywhere on [0,∞), so

h(t) = lim
r

1

hr

n0X
k=1

k−s
∙
φk||(

tukNk(A(p,wt,kf )x)

t
, v1, · · · , vn−1)||

¸pk
is also continuous at zero. Hence, there exists 0 < δ < 1 such that for some
0 < t < δ we have |h(t)| < ε/2 .
Let, K(< n) be such that |λn| < δ then, we get

µ
lim
r

1

hr

n0X
k=1

k−s
∙
φk||(

λnukNk(A(p,wt,kf )x)

t
, v1, · · · , vn−1)||

¸pk¶ 1
H

<
ε

2
.
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Thus for n > Kµ
lim
r

1

hr

X
k∈Ir

k−s
∙
φk||(

λnukNk(A(p,wt,kf )x)

t
, v1, · · · , vn−1)||

¸pk¶ 1
H

< ε.

Hence, g(λx) tends to 0 as λ tends to 0 and hence the result. 2

Theorem 2.4. The spaceEq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||) is complete with

paranorm g(x) as defined in 2.3.

Proof. The proof is routine verification, hence omitted. 2

Theorem 2.5. For “Musielak-Orlicz functions” Φ0 = (φ0k) and Φ
00 = (φ00k)

and for non-negative real numbers s, s1, s2, we have
(i)Eq

n(Φ
0, u, p, s,A(p,wt,kf ), ||·, · · · , ·||)∩Eq

n(Φ
00, u, p, s,A(p,wt,kf ), ||·, · · · , ·||) ⊆

Eq
n(Φ

0 +Φ00, u, p, s,A(p,wt,kf ), ||·, · · · , ·||),
(ii) If s2 ≥ s1, then

Eq
n(Φ

0, u, p, s1,A(p,wt,kf ), ||·, · · · , ·||) ⊆ Eq
n(Φ

0, u, p, s2,A(p,wt,kf ), ||·, · · · , ·||),

(iii) If Φ0 and Φ00 are equivalent , then
Eq
n(Φ

0, u, p, s,A(p,wt,kf ), ||·, · · · , ·||) = Eq
n(Φ

00, u, p, s,A(p,wt,kf ), ||·, · · · , ·||).

Proof. The proof of the theorem can be established using standard
techniques, so omitted. 2

Theorem 2.6.
q
n(Φ, u, r, s,A(p,wt,kf ), ||·, · · · , ·||) ⊆ Eq

n(Φ, u, p, s,A(p,wt,kf ),

||·, · · · , ·||), 0 < rk ≤ pk <∞.

Proof. Let, x ∈ Eq
n(Φ, u, r, s,A(p,wt,kf ), ||·, · · · , ·||). Then, there exist

some t > 0 such that

lim
r

1

hr

X
k∈Ir

k−s
∙
φk||(

ukNk(A(p,wt,kf )x)

t
, v1, · · · , vn−1)||

¸rk
<∞.

Hence, φk||(
ukNk(A(p,wt,kf )

x)

t , v1, · · · , vn−1)|| ≤ 1 for sufficiently large k. For
some fixed k0 ∈ N let, k ≥ k0. As (Mk) is non-decreasing so

limr
1
hr

P
k≥k0∈Ir k

−s
∙
φk||(

ukNk(A(p,wt,kf )
x)

t , v1, · · · , vn−1)||
¸pk

≤ limr
1
hr

P
k≥k0∈Ir k

−s
∙
φk||(

ukNk(A(p,wt,kf )
x)

t , v1, · · · , vn−1)||
¸rk

<∞.

Hence, x ∈ Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||). 2

We state the following result without proof in view of Theorem 2.6.
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Theorem 2.7. (i) If 0 < pk ≤ 1, then we have
Eq
n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||) ⊆ Eq

n(Φ, u, s,A(p,wt,kf ), ||·, · · · , ·||).
(ii) If pk ≥ 1 for every natural number k, then
Eq
n(Φ, u, s,A(p,wt,kf ), ||·, · · · , ·||) ⊆ Eq

n(Φ, u, p, s,A(p,wt,kf ), ||·, · · · , ·||).

3. Conclusion

We have defined and studied the properties of certain new Lacunary se-
quence spaces defined over an n-normed space. The new space is defined
by using a combination of matrix and Euler summability transformation
methods. Some inclusion relations between these spaces are proved.
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