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Abstract

A blend of matrix summability and FEuler summability transforma-
tion methods is used to define Lacunary sequence spaces defined over
n-normed space. Then we present the properties of this space and
finally, some inclusion relations are presented.
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1. Introduction

Accelerated convergence techniques are useful in computer science espe-

cially in making graphics and to find eigenvalues and eigenvectors of dy-

namical systems. Euler summability plays a prominent role in improving

the convergence of a given series. For a positive real ¢ and a non negative in-

teger n, the Euler transform (see. [1]) E4 of sequence S = (sy,) of the partial
n

sum of a series Y 7o ay is defined as Ei(S) = W Y ov—o K

Vs
A series Y a, is said to be EZ—summable to s if EZ(S) — s, asn — oo,
further, if >, |E{(S) — E{_,(S)| < oo then the sequence is said to be ab-
solutely Ed-summable. Let © = (z,,) be a sequence of scalars, for n > 1 we
will denote by N, (z) the difference E4(x) — E_(z), where E is defined

as above.

Another important transform of numerical analysis is “Abel’s trans-
form” which is defined as Ay = Z?:o {%q ( 7} ) - ( " ; 1 ) ] ¢ U+,
Using Abel’s transform we have

1 n—2 1 -
Nn(x) = _W<§)$]+1A]+Sn—lf4n—l) +W(Sn—q 50)7

and hence, for a scalar A and sequences x = (z,), ¥ = (yn), we have:
Np(z+vy) = Np(z) + Np(y) and N, (Ax) = AN, (z).

In this paper, we study certain properties of a class of sequences (defined
by using Euler transform) over an m-normed space using Musielak-Orlicz
function. We introduce these spaces by using the Euler and some other
matrix transformations. Finally, we present some inclusion relations be-
tween these spaces. Before proceeding further we present some definitions
and results required for the further development of the article.

Definition 1.1. A continuous, convex, non-decreasing function ¢ with
o(x) > 0 for x > 0; ¢(0) = 0 and p(xr) — oo whenever x — 00 is
called an “Orlicz function”.

Orlicz sequence space (8], denoted ¢, is space of sequences x = (z,,) which

[e.e]
satisfy Z @(@) < oo,t > 0.
k=1



Sequence spaces defined via Euler method and matrix ... 1139

Lemma 1.2. [6] ({,,]||.||) is a Banach space, where ||z|| = inf {t >0:

o (17l

() <)

=Nt

Definition 1.3. A “Musielak-Orlicz function” denoted by ® is a sequence
of Orlicz functions ¢;.

For more information about the complementary function of the Musielak
Orlicz function, Musielak Orlicz sequence space, Luxemburg norm we refer
to [8].

Remark 1.4. N,Z, R and C denotes set of natural numbers, integers, real
numbers and complex numbers respectively.

Definition 1.5. A Lacunary sequence [3] is a sequence 6 = (k;) of positive
integers with kg = 0, for 0 < k, < ky4+1 and hy = (k,—ky_1) — oo asr — oo

Intervals I, = (ky_1, k] are determined by 6 and the ratio fj—l is de-

noted as g.
Another important notation that we require for this article is the notation
of an n-norm.

Definition 1.6 (n-norm, see [5, 11]). A real valued function ||-,---,-||
defined on V", where V' is a linear space of dimensiond ,d >n > 2,n € N
over the (real or complex) field K is called an n-norm ([4, 9]) if the following
conditions are satisfied:

1. vy,v,- -, vy, are linearly dependent iff ||(v1,va, -, v,)|| =0 ;

2. ||(v1,ve,- -+, vy)|| is invariant under permutations;

3. [l(avr, v, -+ vn)|| = laf [[(v1,v2, -+, 00)| V @ € K;

4 [+ 09, o) < [0, 0, 00) ||+ ([0, 02, o).
The pair (V(K),||-,--,-||) is called an n-normed space.

Sequence spaces defined by Orlicz function have been introduced and
their different properties have been investigated by Tripathy and Mahanta
[14, 15]. The notion of lacunary sequences have been investigated from
different aspects by introducing different classes of lacunary spaces by Tri-
pathy and Baruah [10], Tripathy and Dutta [12], Tripathy et al. [13], Tri-
pathy and Sen [16] and others. For a detailed account of sequence spaces
we refer the reader to [1, 2].
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2. Main Results

bt R
%11) o w%l)
w w
A==t Py 2
where p = (p;) and w® = (w;)® are some fixed numerical sequences,
t € Z\{0}. For a fixed ky € N we define a finite sequence t,, with k;
24l s odd;
terms by, t, =< _2’ E 12 Zveri . We construct a matrix A, ¢ ) = A,
= -
wh =0V 4> ksandfori=1,2,..., ks we have some fixed sequences w'
and p.

Example 2.1. For ky = 2 we have t; = 1,13 = —1, we define p; = -1V i

and
) { 1, fort=1,-1

w; 0, VtezZ\{0,1,~1} then we have,

)

and hence, At )T = <Zlm¢j£j> =< =61+ 82,6 — &+ 83,8 — &+
J= n
§4,63 =64+ & ... >

For a Musielak-Orlicz function ® = (¢;), we define the following se-
quence space:

E;]L(q):uapasaA(p,wt,jf)? H7 ) H) = {.’IJ = (xj) :hmT' h_lr Zjelr k=*

T
Here, p = (pj) and u = (u;) are the bounded sequence of non-negative
reals and sequence of positive reals; h, is as defined in definition 1.5; and
v, € V.

ui NG (At i T) bj
|:@j<||(u,vl,""vn_l)|| < o0, §>0, for some t>0}.

Lemma 2.2 (Maddox, [7]). If K = max(1,27!) and 0 < p; < supp; =
H then we have, |a; + bj[Pi < K{|a;j[Pi + |bj|Pi} for all j and a;,b; € C.
Further we have, |a|Pi < max(1,|a|") for alla € C .
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Theorem 2.3. E{(®,u,p, s, At k), ||, [|) is a vector space over the
field of complex numbers and is paranormed by the paranorm g(x) defined

by:
(1;) — lnf {tpn/H : (hmr h_lr Zkeb, k_le |:¢]€

1 here H =
ug Ng ( w x) PeN\ T

[t ,m,---,vn1>ll] )H =1 ”:1’2’3"”}’
max(l,supkpk).
Proof. Let7 r = (ZL‘k) andy = (yk) € E;]L(q)>u7p7 S, A(pﬂut,k:f)v H> Ty 'H)vavﬁ €
C. There exist t1,t2 € N such that,

ukN A T Pk
hm— Z k~ [fﬁkH KAty )7'01,"',’071—1)”] < oo and
t1

hy kel,

uka(A wt k) Y) Pi
hm— Zk |:¢k|| ép f) avla"'avn—l)’|:| < 0.
hy kel 2

Since (@) is a sequence of convex and non-decreasing functions. Let
ts = max(2|a|t1, 2|5|t2) then we have,
Uk Ni (At k) (@ + By)) Pk
hm—zk {(/5 ¢ (Pwtf) ,v1,-~-,vn1)!q
hy kel, 3
. wh ) OT)
lim, 2 per, b Lqﬁkm Sowt k) e )]
uka Pk
I o)l
u (A . x)
K limy - e, b M( Bt

Klim, - ey b [¢k||<

Therefore, ax + By € E%(@,u,p,s,A(p7wt7kf), IDRERE
space B} (P, u,p, 8, Ayt k) ||+, ]) is linear.
Further, we have, g(z +y) < g(z) + g(y) and g(z) = g(—=). Now, as
My (0) = 0, we have inf{tP»/H} = 0ifz =0 .
For any number A,
(Az) = inf { tP/H : lim, h% Soper, K7°
g N (A ot g )T) Pk
SR ] < 1= 12,30

implies

(p wt kpﬁy)

Pr
,’Ul,"‘,’Un_l)H:| +

A t y) Pk
(o by) avla”'avnl)’|:|

‘||). Hence, the
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(Az) = inf § (As)P/H 2 lim, 7= 37 k0

up Nk (A, ot %) Dk
|:¢k|’( - £ ,Ul,"',’l)n—l)’|:| §177L—17273,."}’

S

1

where, s = e

1
By Theorem 2.2 we get, |\|[Px/H < (max (|/\|H, 1)) " and this gives us,

) < (e (N 1) ) Tint { (o) < (g Sy, b

up N (A, ot ;%) prN\ 1/H
|:¢k|’( (:7 &) 7U17"'7vn—1)”:| ) §17n:1727

Clearly, g(z) — 0 when x — 0 in E4(®,u, p, s, A(pﬂut’kf), 5y 0]])-
Now let, Ay — 0 and = € E} (P, u, p, $, Ayt k) ||+, |]). For any € > 0,
let ng € N such that

1 _ uka(A wt k $) Pk e

D DI [ 1| M-

" k=no+1€l,

for some t > 0. This gives us

1 _ U N (A (pwt k) T) PNT g
D SR T N ] e
" k=no+1€l,
Let 0 < |A\| < 1, then by using the convexity of (¢), we have
. 1 s )\uka(A(pﬂUt,kf)a:)
hmr R Zk:n0+1€lr k ¢k‘ ||( t y U1, ,’Un_l)H

. 1 prt kf) ) Pk . H
< Alimy 5= g 1er, B~ ol | (— o veel)ll] <5

Since (@) is continuous everywhere on [0, oo), S0

1 & tuk;Nk(A wt x) Dk
B D e ]

is also continuous at zero. Hence, there exists 0 < § < 1 such that for some
0 <t < d we have |h(t)| <e/2.
Let, K(< n) be such that |A,| < § then, we get

)\nuka(A wtk :L‘) Pk
<hm—Zk: [ku i) ,vl,---,vnl)H] ) <
"‘k 1

|-

I RGO}
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Thus for n > K

uka(A wt k .’I}) Pr
(hm_ Zk |:¢k” - t(p f) 71)17"‘7/071—1)H:| ) <e.
hy kel,

x|

Hence, g(Ax) tends to 0 as A tends to 0 and hence the result. O

Theorem 2.4. The space Efl(®, u,p, s, At k) |5+, +||) is complete with
paranorm g(z) as defined in 2.3.

Proof.  The proof is routine verification, hence omitted. O

Theorem 2.5. For “Musielak-Orlicz functions” ® = (¢},) and ®" = (¢})
and for non-negative real numbers s, s1, s3, we have

(j) E%((I)lv u,p, s, A(p,wt,kf)a ||7 I '||)0E%((I)Ua U, Ps S, A(p,wt,kf)a ||7 T ||) -
EY(® + 1,9, 5, At 1+ |

(ii) If sy > s1, then

EZ((D/,'LL,p, 81, A( H) - EZ((D/,'LL,p, 52, A(p,wt,kf)a Ha T H)7

pywtky) Ha Ty

(iii) If " and ®" are equivalent , then
Egz(q),v Uu,p, s, A(p,wt,kf)a ||a ) ||) = E'rqz(q)"a u,p, s, A(p,wt,kf)a ||a R ||)

Proof. The proof of the theorem can be established using standard
techniques, so omitted. O

%(‘Pa u, 7, S, A(p,wt,kf)a ||a T ||) C E%(‘IJ, U, p, S, A(p,wt,kf)>

Theorem 2.6.
||77H)70 < Tk Spk < 0.

Proof. Let, z € E%((I),U,T,S,A(p’wt’kf),||',"','||). Then, there exist
some ¢ > 0 such that
Ni(Apwt k) T) Tk
hm—Zk {gb“ (tpw N7 ,’U1,"',Un1)||:| < 0.

hy kel

upNe(A () x) .
Hence, ¢k||( E (f’ hp) , 01,7+, 0p—1)|] <1 for sufficiently large k. For
some fixed kg € N let, k > k:o As (Mjy) is non-decreasing so

. ug N ( ( t ) Dk
limy 7= s per, k- [¢k|l( 1 ,vlw',’vn—l)”]

uy N A(p wt kf):r)

Tk
< lim, 7 i er, £ [l ool <o

Hence, = € E%(@,u,p,s,A(th,kf), ||, ).
We state the following result without proof in view of Theorem 2.6.
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Theorem 2.7. (i) If 0 < p; < 1, then we have

E%((I)>uapv S, A(p,wt,kf)> ||> R ||) C E%((I),u, S, A(p,wt,kf)a ||a M) ||)
(ii) If pr, > 1 for every natural number k, then
Eg(q)aua S, A(p,wt,kf% ||> ) ||) - EgL(@’ u,p, S, A(p,'wt,kf)a ||a M) ||)

3. Conclusion

We have defined and studied the properties of certain new Lacunary se-
quence spaces defined over an n-normed space. The new space is defined
by using a combination of matrix and Euler summability transformation
methods. Some inclusion relations between these spaces are proved.
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