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1. Introduction

The fuzzy concept has overrun almost all branches of mathematics since
the definition of the concept by Zadeh [30]. Fuzzy sets have applications
in many fields such as information [5] and control [3]. The theory of fuzzy
topological spaces was defined and developed in the first time by Chang [5]
and since then various notions in general topology have been generalized
to Chang’s fuzzy topological spaces. Resently, Tripathy and Debnath [27,
28, 29] studied various notions in fuzzy bitopological spaces. It has been
developed in many directions. Šostak [26] also published a survey article
of the developed areas of fuzzy topological spaces. The topologistes used
to call Chang’s fuzzy topology by “topology” and Kubiak-Šostak’s fuzzy
topology by “fuzzy topology” where L is any an appropriate lattice. In
[3], Atanassove introduced the idea of intuitionistic fuzzy sets, then Coker
[6, 7], introduced the concept of intuitionistic fuzzy topological spaces. On
the other hand, as a generalization of fuzzy topological spaces Samanta and
Mondal [23], introduced the concept of intuitionistic gradation of openness.
In 2005, the term intuitionistic is ended by Garcia and Rodabaugh [14].
They proved that the term intuitionistic is unsuitable in mathematics and
applications and they replaced it by double. Many other topologies (see
[4, 9, 10, 11, 12, 13, 15, 18, 19, 20, 21, 31]) studied various notions in double
fuzzy topological space.

2. Preliminaries

Throughout this paper, let X be a non-empty set, I the unit interval [0,
1], I0 = (0, 1] and I1 = [0, 1). The family of all fuzzy sets on X is denoted
by IX . By 0̄ and 1̄, we denote the smallest and the greatest fuzzy sets
on X. For a fuzzy set λ ∈ IX , 1̄ − λ denotes its complement. Given a
function f : IX −→ IY and its inverse f−1 : IY −→ IX are defined by
f(λ)(y) =

W
f(x)=y λ(x) and f−1(µ)(x) = µ(f(x)), for each λ ∈ IX , µ ∈ IY

and x ∈ X, respectively. All other notations are standard notations of
fuzzy set theory.

Definition 2.1. [1] Let F : (X, τ) → (Y, σ), then F is called a fuzzy
multifunction if, and only if F (x) ∈ IY for each x ∈ X. The degree
of membership of y in F (x) is denoted by F (x)(y) = GF (x, y) for any
(x, y) ∈ X ×Y . The domain of F , denoted by dom(F ) and the range of F ,
denoted by rng(F ) for any x ∈ X and y ∈ Y , are defined by: dom(F )(x) =
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W
y∈Y

GF (x, y) and rng(F )(x) =
W

x∈X
GF (x, y).

Definition 2.2. [1] Let F : (X, τ)→ (Y, σ) be a fuzzy multifunction. Then
F is called:

1. normalized if, and only if for each x ∈ X, there exists y0 ∈ Y such
that GF (x, y0) = 1.

2. a crisp if, and only if GF (x, y0) = 1 for each x ∈ X and y ∈ Y .

Definition 2.3. [1] Let F : (X, τ)→ (Y, σ) be a fuzzy multifunction. Then

F (λ)(y) =
W

x∈X
(GF (x, y) ∧ λ(x)).the lower inverse of µ ∈ IY is an L-fuzzy

set F l(µ) ∈ IX defined by F l(µ)(x) =
W
y∈Y

(GF (x, y) ∧ µ(y)). the upper

inverse of µ ∈ IY is an L-fuzzy set Fu(µ) ∈ IX defined by F u(µ)(x) =V
y∈Y

(Gc
F (x, y) ∨ µ(y)).

1.2. Definition 2.4. [1] Let F : (X, τ)→ (Y, σ) be a fuzzy multifunction. Then

1. F (λ1) ≤ F (λ2) if λ1 ≤ λ2.

2. F l(µ1) ≤ F l(µ2) and Fu(µ1) ≤ Fu(µ2) if µ1 ≤ µ2.

3. F l(µc) ≤ (Fu(µ))c.

4. Fu(µc) ≤ (F l(µ))c.

5. F (F u(µ)) ≤ µ if F is a crisp.

6. Fu(F (λ)) ≥ λ if F is a crisp.

Definition 2.5. [1] Let F : (X, τ) → (Y, σ) and H : (Y, σ) → (Z, η)
be two fuzzy multifunctions. Then the composition H ◦ F is defined by
((H ◦ F )(x))(z) = W

y∈Y
(GF (x, y) ∧GH(y, z)).

Theorem 2.6. [1] Let F : (X, τ)→ (Y, σ) and H : (Y, σ)→ (Z, η) be two
fuzzy multifunctions. Then we have the following

1. H ◦ F = F (H).

2. (H ◦ F )u = Fu(Hu).

3. (H ◦ F )l = F l(H l).
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Theorem 2.7. [1] Let F : (X, τ)→ (Y, σ) be a fuzzy multifunction. Then

1. (
S
i∈Γ

Fi)(λ) =
W
i∈Γ

Fi(λ).

2. (
S
i∈Γ

Fi)
l(µ) =

W
i∈Γ

F l
i (µ).

3. (
S
i∈Γ

Fi)
u(µ) =

W
i∈Γ

Fu
i (µ).

Definition 2.8. A fuzzy point xt in X is a fuzzy set taking value t ∈ I0
at x and zero elsewhere, xt ∈ λ if and only if t ≤ λ(x). x ∈ X such that
λ(x) + µ(x) > 1. Otherwise λqµ.

Definition 2.9. [7] A double fuzzy topology on X is a pair of maps τ, τB :
IX → I, which satisfies the following properties:

1. τ(λ) ≤ 1− τB(λ) for each λ ∈ IX .

2. τ(λ1 ∧λ2) ≥ τ(λ1)∧ τ(λ2) and τB(λ1 ∧λ2) ≤ τB(λ1)∨ τB(λ2) for each
λ1, λ2 ∈ IX .

3. τ(
W
i∈Γ

λi) ≥
V
i∈Γ

τ(λi) and τ
B(
W
i∈Γ

λi) ≤
W
i∈Γ τ

B(λi) for each λi ∈ IX , i ∈
Γ.

The triplet (X, τ, τB) is called a double fuzzy topological space.

Remark 2.10. Let (X, τ) be a smooth fuzzy topological space. Then for
each r ∈ I0, τr = {µ ∈ IX : τ(µ) ≥ r} is Chang’s fuzzy topology on X.

Definition 2.11. [8] Let (X, τ, τB) be a double fuzzy topological space.
For each λ ∈ IX , r ∈ I0, an operator Cτ,τ : IX × I0 → IX is defined as
follows: Cτ,τ (λ, r, s) = ∧{µ : µ ≥ λ, τ(1 − µ) ≥ r}. For λ, µ ∈ IX and
r, s ∈ I0, it satisfies the following conditions:

1. Cτ,τ (0, r, s) = 0.

2. λ ≤ Cτ,τ (λ, r, s).

3. Cτ,τ (λ, r, s) ∨Cτ,τ (µ, r, s) = Cτ,τ (λ ∨ µ, r, s).

4. Cτ,τ (λ, r, s) ≤ Cτ,τ (λ, s) if r ≤ s.

5. Cτ,τ (Cτ,τ (λ, r, s), r, s) = Cτ,τ (λ, r, s).
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Proposition 2.12. [8] Let (X, τ, τB) be a double fuzzy topological space.
For each λ ∈ IX , r ∈ I0, an operator Iτ,τ : IX × I0 → IX is defined as
follows: Iτ,τ (λ, r, s) = ∨{µ : µ ≤ λ, τ(µ) ≥ r}. For λ, µ ∈ IX and r, s ∈ I0,
it satisfies the following conditions:

1. Iτ,τ (1− λ, r, s) = 1− Cτ,τ (λ, r, s).

2. Iτ,τ (1, r, s) = 1.

3. λ ≥ Iτ,τ (λ, r, s).

4. Iτ,τ (λ, r, s) ∧ Iτ,τ (µ, r, s) = Iτ,τ (λ ∧ µ, r, s).

5. Iτ,τ (λ, r, s) ≥ Iτ,τ (λ, s), if r ≤ s.

6. Iτ,τ (Iτ,τ (λ, r, s), r, s) = Iτ,τ (λ, r, s).

Definition 2.13. Let (X, τ, τB) be a double fuzzy topological space. For
each λ ∈ IX , r ∈ I0 and s ∈ I1,

1. λ is called (r, s)-fuzzy α-open if λ ≤ Iτ,τ (Cτ,τ (Iτ,τ (λ, r, s), r), r).

2. λ is called (r, s)-fuzzy semi-open if λ ≤ Cτ,τ (Iτ,τ (λ, r, s), r, s).

3. λ is called (r, s)-fuzzy preopen if λ ≤ Iτ,τ (Cτ,τ (λ, r, s), r, s).

4. λ is called (r, s)-fuzzy β-open if λ ≤ Cτ,τ (Iτ,τ (Cτ,τ (λ, r, s), r, s), r, s).

5. λ is called (r, s)-fuzzy α-closed if 1− λ is (r, s)-fuzzy α-open.

6. λ is called (r, s)-fuzzy semiclosed if 1− λ is (r, s)-fuzzy semiopen.

7. αCτ,τ (λ, r, s) = ∧{µ ∈ IX : µ ≥ λ and µ is (r, s)-fuzzy α-closed} is
called (r, s)-fuzzy α-closure of λ.

8. αIτ,τ (λ, r, s) = ∨{µ ∈ IX : µ ≤ λ and µ is (r, s)-fuzzy α-open} is
called (r, s)-fuzzy α-interior of λ.

9. SCτ,τ (λ, r, s) = ∧{µ ∈ IX : µ ≥ λ and µ is (r, s)-fuzzy semiclosed}
is called (r, s)-fuzzy semiclosure of λ.

10. SIτ,τ (λ, r, s) = ∨{µ ∈ IX : µ ≤ λ and µ is (r, s)-fuzzy semiopen} is
called (r, s)-fuzzy semiinterior of λ.

f : (X, τ, τ B)→ (Y, σ, σB) be a function. Then



1462 V. Suganya, P. Gomathi Sundari and N. Rajesh

Definition 2.14. [24] Let F : (X, τ, τB)→ (Y, σ, σB) be a fuzzy multifunc-
tion. Then F is called:

1. double fuzzy upper α-continuous at a fuzzy point xt ∈ dom(F ) if
xt ∈ Fu(µ) for each µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there exists an
(r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ such that λ ∧ dom(F ) ≤
Fu(µ).

2. double fuzzy lower α-continuous at a fuzzy point xt ∈ dom(F ) if
xt ∈ Fu(µ) for each µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there exists an
(r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ such that λ ≤ F l(µ).

3. double fuzzy upper (lower) α-continuous if it is double fuzzy upper
(lower) α-continuous at every xt ∈ dom(F ).

Proposition 2.15. [24] If F is normalized, then F is fuzzy upper α-
continuous at a fuzzy point xt ∈ dom(F ) if, and only if xt ∈ F u(µ) for
each µ ∈ IY and σ(µ) ≥ r, there exists λ ∈ IX , τ(λ) ≥ r, τB(λ) ≤ s and
xt ∈ λ such that λ ≤ Fu(µ).

3. Double fuzzy almost α-continuous multifunctions

Definition 3.1. Let F : (X, τ, τB) → (Y, σ, σB) be a fuzzy multifunction.
Then F is called:

1. double fuzzy upper almost α-continuous at a fuzzy point xt ∈ dom(F )
if xt ∈ Fu(µ) for each µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there exists
an (r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ such that λ∧dom(F ) ≤
Fu(SCτ,τ (µ, r, s)).

2. fuzzy lower almost α-continuous at a fuzzy point xt ∈ dom(F ) if xt ∈
Fu(µ) for each µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there exists an (r, s)-
fuzzy α-open set λ ∈ IX and xt ∈ λ such that λ ≤ F l(SCτ,τ (µ, r, s)).

3. fuzzy upper (lower) almost α-continuous if it is fuzzy upper (lower)
almost α-continuous at every xt ∈ dom(F ).

Proposition 3.2. If F is normalized, then F is fuzzy upper almost α-
continuous at a fuzzy point xt ∈ dom(F ) if, and only if xt ∈ Fu(µ) for each
µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there exists λ ∈ IX , τ(λ) ≥ r, τB(λ) ≤ s
and xt ∈ λ such that λ ≤ Fu(SCτ,τ (µ, r, s)).
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Theorem 3.3. For a function F : (X, τ, τB) → (Y, σ, σB), the following
statements are equivalent:

1. F is fuzzy lower almost α-continuous.

2. F l(µ) is (r, s)-fuzzy α-open for any µ is r-fuzzy regular open.

3. Fu(µ) is (r, s)-fuzzy α-closed for any µ is (r, s)-fuzzy regular closed.

4. F l(µ) ≤ αIτ,τ (F
l(SCσ,σ (µ, r, s)), r, s) if σ(µ) ≥ r and σB(µ) ≤ s.

5. αCτ,τ (F
u(SIσ,σ (µ, r, s)), r, s) ≤ Fu(µ) if σ(1 − µ) ≥ r and σB(1 −

µ) ≤ s.

Proof. (1)⇒(2): Let xt ∈ dom(F ), µ ∈ IY , µ be (r, s)-fuzzy regu-
lar open and xt ∈ F l(µ). Then there exist (r, s)-fuzzy α-open set λ ∈
IX and xt ∈ λ such that λ ≤ F l(SCσ,σ (µ, r, s)) = F l(µ). Since λ ≤
Iτ,τ (Cτ,τ (Iτ,τ (λ, r, s), r, s), r, s) ≤ Iτ,τ (Cτ,τ (Iτ,τ (F

l(µ), r, s), r, s), r, s).
Therefore, we obtain F l(µ) ≤ Iτ,τ (Cτ,τ (Iτ,τ (F

l(µ), r, s), r, s), r, s). Then,
F l(µ) is (r, s)-fuzzy α-open.
(2) ⇒(3): Let µ ∈ IY and µ be (r, s)-fuzzy regular closed hence by (2),
F l(1 − µ) = 1 − Fu(µ) is (r, s)-fuzzy α-open. Then F u(µ) is (r, s)-fuzzy
α-closed.
(3) ⇒ (4): Let µ ∈ IY , σ(µ) ≥ r, σB(µ) ≤ s and xt ∈ F l(µ). Then
we have xt ∈ F l(SCσ,σ (µ, r, s)) = 1 − [Fu(1 − SCσ,σ (µ, r, s))]. Since
1−SCσ,σ (µ, r, s) is (r, s)-fuzzy regular closed. Then F

u(1−SCσ,σ (µ, r, s))
is (r, s)-fuzzy α-closed and F l(SCσ,σ (µ, r, s)) is (r, s)-fuzzy α-open. Hence
xt ∈ αIτ,τ (F

l(SCσ,σ (µ, r, s)), r, s). Then, we obtain
F l(µ) ≤ αIτ,τ (F

l(SCσ,σ (µ, r, s)), r, s).
(4) ⇒(5): Let µ ∈ IY , σ(1 − µ) ≥ r and σB(1 − µ) ≤ s. Then 1 −
Fu(µ) = F l(1 − µ) ≤ αIτ,τ (F

l(SCσ,σ (1 − µ, r, s)), r, s) = αIτ,τ (F
l(1 −

SIσ,σ (µ, r, s)), r, s) = αIτ,τ (1− [Fu(SIσ,σ (µ, r, s))], r, s) =
1−αCτ,τ (F

u(SIσ,σ (µ, r, s)), r, s). Then αCτ,τ (F
u(SIσ,σ (µ, r, s)), r, s) ≤

Fu(µ).
(5) ⇒(4) This follows from that fact that 1− F l(µ) = Fu(1− µ) for every
µ ∈ IY .
(4) ⇒ (1) Let xt ∈ dom(F ), µ ∈ IY ,σ(µ) ≥ r and σB(µ) ≤ s with
xt ∈ F l(µ) by (4), F l(µ) ≤ αIτ,τ (F

l(SCσ,σ (µ, r, s)), r, s). Since xt ∈
αIτ,τ (F

l(SCσ,σ (µ, r, s)), r, s) = λ (say) and hence λ is (r, s)-fuzzy α-
open such that λ ≤ F l(SCσ,σ (µ, r, s)). Then F is fuzzy lower almost
α-continuous. 2

In view of Theorem 3.3, we formulate the following result without proof.
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Theorem 3.4. For a function F : (X, τ, τB) → (Y, σ, σB), the following
statements are equivalent:

1. F is fuzzy upper almost α-continuous.

2. Fu(µ) is (r, s)-fuzzy α-open for any µ ∈ IY is (r, s)-fuzzy regular
open.

3. F l(µ) is (r, s)-fuzzy α-closed for any µ ∈ IY is (r, s)-fuzzy regular
closed.

4. Fu(µ) ≤ αIτ,τ (F
u(SCσ,σ (µ, r, s)), r, s) if σ(µ) ≥ r and σB(µ) ≤ s.

5. αCτ,τ (F
l(SIσ,σ (µ, r, s)), r, s) ≤ F u(µ) if σ(1−µ) ≥ r and σB(1−µ) ≤

s.

Corollary 3.5. Let F : (X, τ, τB) → (Y, σ, σB) be a fuzzy multifunction.
Then we have the following

1. F is normalized implies F is fuzzy upper almost α-continuous at
xt ∈ dom(F ) if, and only if xt ∈ Fu(µ) for each µ ∈ IY is (r, s)-fuzzy
regular open there exists an (r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ
such that λ ≤ Fu(µ).

2. F is fuzzy lower almost α-continuous at xt ∈ dom(F ) if, and only if
xt ∈ F l(µ) for each µ ∈ IY is (r, s)-fuzzy regular open there exists an
(r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ such that λ ≤ F l(µ).

Proposition 3.6. 1. Every fuzzy upper α-continuous multifunction is
fuzzy upper almost α-continuous.

2. Every fuzzy lower α-continuous multifunction is fuzzy lower almost
α-continuous.

The following example shows that the converses of the Proposition 3.6
are not true.

Example 3.7. Let X = {x1, x2}, Y = {y1, y2, y3} and F : (X, τ, τB) →
(Y, σ, σB) be a fuzzy multifunction defined byGF (x1, y1) = 0.1, GF (x1, y2) =
1, GF (x1, y3) = 0.3, GF (x2, y1) = 0.5, GF (x2, y2) = 0.1, and GF (x2, y3) =
0. Define fuzzy topologies τ : IX → I and σ : IY → I as follows:
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τ(λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if λ = 0 or 1

1
2 if λ ∈ 0.5

0 otherwise

τB(λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if λ = 0 or 1

1
2 if λ ∈ 0.5

1 otherwise

σ(λ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

if λ = 0 or 1

1
2

if λ = 0.5

1
3

if λ = 0.3

0
otherwise.

σB(λ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

if λ = 0 or 1

1
2

if λ = 0.5

2
3

if λ = 0.3

1
otherwise.

Then F is double fuzzy upper weakly α-continuous but none of double
fuzzy upper almost α-continuous and double fuzzy upper α-continuous.

Theorem 3.8. For a fuzzy multifunction F : (X, τ, τB) → (Y, σ, σB), then
the following are equivalent:

1. F is double fuzzy lower almost α-continuous.

2. αCτ,τ (F
u(µ), r, s) ≤ Fu(Cσ,σ (µ, r, s)) for any µ is (r, s)-fuzzy β-

open.

3. αCτ,τ (F
u(µ), r, s) ≤ Fu(Cσ,σ (µ, r, s)) for any µ is (r, s)-fuzzy semiopen.

4. F l(µ) ≤ αIτ,τ (F
l(Iσ,σ (Cσ,σ (µ, r, s), r, s)), r, s) for any µ is (r, s)-

fuzzy preopen.

Proof. (1) ⇒ (2): Let µ ∈ IY and µ be (r, s)-fuzzy β-open. Since
Cσ,σ (µ, r, s) is (r, s)-fuzzy regular closed, by Theorem 3.3 (3) we have
Fu(Cσ,σ (µ, r, s)) is (r, s)-fuzzy α-closed and Fu(µ) ≤ Fu(Cσ,σ (µ, r, s)).
Then, we have αCτ,τ (F

u(µ), r, s) ≤ F u(Cσ,σ (µ, r, s)).
(2) ⇒ (3): This is obvious from every (r, s)-fuzzy semiopen set is (r, s)-
fuzzy β-open set.
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(3) ⇒(1): Let µ ∈ IY and µ be (r, s)-fuzzy regular closed. Then µ is
(r, s)-fuzzy semiopen and αCτ,τ (F

u(µ), r, s) ≤ Fu(µ). Therefore, Fu(µ) is
(r, s)-fuzzy α-closed. Then, F is double fuzzy lower almost α-continuous.
(1)⇒ (4): Let µ ∈ IY be (r, s)-fuzzy preopen. Since Iσ,σ (Cσ,σ (µ, r, s), r, s)
is rfuzzy regular open, by Theorem 3.3 (2), F l(Iσ,σ (Cσ,σ (µ, r, s), r, s)) is
(r, s)-fuzzy α-open. Hence F l(µ) ≤ F l(Iσ,σ (Cσ,σ (µ, r, s), r, s))
= αIτ,τ (F

l(Iσ,σ (Cσ,σ (µ, r, s), r, s)), r, s).
(4) ⇒ (1): Let µ ∈ IY and µ be (r, s)-fuzzy regular open. Since µ
is (r, s)-fuzzy preopen, F l(µ) ≤ αIτ,τ (F

l(Iσ,σ (Cσ,σ (µ, r, s), r, s)), r, s) =
αIτ,τ (F

l(µ), r, s). Then, F l(µ) is (r, s)-fuzzy α-open. It follows from The-
orem 3.3 (2) that F is double fuzzy lower almost α-continuous. 2

In view of Theorem 3.8, we formulate the following result without proof.

Theorem 3.9. For a fuzzy multifunction F : (X, τ, τB) → (Y, σ, σB), then
the following are equivalent:

1. F is double fuzzy upper almost α-continuous.

2. αCτ,τ (F
l(µ), r, s) ≤ F l(Cσ,σ (µ, r, s)) for any µ is (r, s)-fuzzy β-open.

3. αCτ,τ (F
l(µ), r, s) ≤ F l(Cσ,σ (µ, r, s)) for any µ is (r, s)-fuzzy semiopen.

4. Fu(µ) ≤ αIτ,τ (F
u(Iσ,σ (Cσ,σ (µ, r, s), r, s)), r, s) for any µ is (r, s)-

fuzzy preopen.

Theorem 3.10. If F : (X, τ, τB) → (Y, σ, σB) is double fuzzy lower α-
continuous multifunction and H : (Y, σ) → (Z, η) is a double lower al-
most α-continuous function, the H ◦ F is a double fuzzy lower almost α-
continuous multifunction.

Proof. Let F be double fuzzy lower α-continuous, H be double fuzzy
almost α-continuous and γ ∈ IZ , η(γ) ≥ r. Then we have, (H ◦ F )l(γ) =
F l(H l(γ)) is (r, s)-fuzzy α-open with σ(H l(γ)) ≥ η(γ) ≥ r and γ is (r, s)-
fuzzy regular open. Thus H ◦F is double fuzzy lower almost α-continuous.
2

In view of Theorem 3.10, we formulate the following result without
proof.

Theorem 3.11. If F : (X, τ, τB) → (Y, σ, σB) is double fuzzy upper α-
continuous multifunction, H : (Y, σ) → (Z, η) is a double fuzzy upper
α-continuous function and F and H are normalized, the H ◦ F is a double
fuzzy upper almost α-continuous multifunction.
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Theorem 3.12. Let {Fi : i ∈ Γ} be a family of double fuzzy lower almost
α-continuous. Then

S
i∈Γ

Fi is double fuzzy lower almost α-continuous.

Proof. Let µ ∈ IY , then (
S
i∈Γ

Fi)
l(µ) =

W
i∈Γ

F l
i (µ). Since {Fi : i ∈

Γ} is a family of double fuzzy lower almost α-continuous multifunctions,
F l
i (µ) is (r, s)-fuzzy α-open for any µ is (r, s)-fuzzy regular open. Then
(
S
i∈Γ

Fi)
l(µ) =

W
i∈Γ

F l
i (µ) is (r, s)-fuzzy α-open for any µ is (r, s)-fuzzy regular

open. Hence
S
i∈Γ

Fi is fuzzy lower almost α-continuous. 2

Definition 3.13. Let F : (X, τ)→ (Y, σ) be a fuzzy multifunction. Then
F is called:

1. double fuzzy upper weakly α-continuous at a fuzzy point xt ∈ dom(F )
if xt ∈ Fu(µ) for each µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there exists
an (r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ such that λ∧dom(F ) ≤
Fu(Cτ,τ (µ, r, s)).

2. double fuzzy lower weakly α-continuous at a fuzzy point xt ∈ dom(F )
if xt ∈ Fu(µ) for each µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there
exists an (r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ such that λ ≤
F l(Cτ,τ (µ, r, s)).

3. double fuzzy upper (lower) weakly α-continuous if it is double fuzzy
upper (lower) weakly α-continuous at every xt ∈ dom(F ).

Proposition 3.14. If F is normalized, then F is double fuzzy upper weakly
α-continuous at a fuzzy point xt ∈ dom(F ) if, and only if xt ∈ Fu(µ) for
each µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s, there exists λ ∈ IX , τ(λ) ≥ r,
τB(λ) ≤ s and xt ∈ λ such that λ ≤ Fu(Cτ,τ (µ, r, s)).

Theorem 3.15. For a fuzzy multifunction F : (X, τ, τB)→ (Y, σ, σB), then
the following are equivalent:

1. F is double fuzzy lower weakly α-continuous.

2. F l(µ) ≤ Iτ,τ (Cτ,τ (Iτ,τ (F
l(Cσ,σ (µ, r, s)), r, s), r, s), r, s) if σ(µ) ≥ r

and σB(µ) ≤ s.

3. Cτ,τ (Iτ,τ (Cτ,τ (F
u(Iσ,σ (µ, r, s)), r, s), r, s), r, s) ≤ F u(µ) if σ(1 −

µ) ≥ r and σB(1− µ) ≤ s.



1468 V. Suganya, P. Gomathi Sundari and N. Rajesh

4. αCτ,τ (F
u(Iσ,σ (µ, r, s)), r, s) ≤ F u(µ) if σ(1−µ) ≥ r and σB(1−µ) ≤

s.

5. αCτ,τ (F
u(Iσ,σ (Cσ,σ (µ, r, s), r, s)), r, s) ≤ Fu(Cσ,σ (µ, r, s)).

6. F l(Iσ,σ (µ, r, s)) ≤ αIτ,τ (F
l(Cσ,σ (Iσ,σ (µ, r, s), r, s)), r, s).

7. F l(µ) ≤ αIτ,τ (F
l(Cσ,σ (µ, r, s)), r, s) if σ(µ) ≥ r and σB(µ) ≤ s.

8. αCτ,τ (F
u(Iσ,σ (µ, r, s)), r, s) ≤ F u(µ) for any µ is (r, s)-fuzzy regular

closed.

9. αCτ,τ (F
u(µ), r, s) ≤ Fu(Cσ,σ (µ, r, s)) if σ(µ) ≥ r and σB(µ) ≤ s.

Proof. (1) ⇒ (2): Let xt ∈ dom(F ), µ ∈ IY , σ(µ) ≥ r and σB(µ) ≤ s
and xt ∈ F l(µ). Then there exist (r, s)-fuzzy α-open set λ ∈ IX and
xt ∈ λ such that λ ≤ F l(Cσ,σ (µ, r, s)). Since λ is (r, s)-fuzzy α-open, we
have xt ∈ λ ≤ Iτ,τ (Cτ,τ (Iτ,τ (F

l(Cσ,σ (µ, r, s)), r, s), r, s), r, s) and hence
F l(µ) ≤ I(Cτ,τ (I(F

l(Cσ,σ (µ, r, s)), r, s), r, s), r, s).
(2) ⇒ (3): Let σ(1 − µ) ≥ r and σB(1 − µ) ≤ s. By (2), F l(1 − µ) ≤
I(Cτ,τ (Iτ,τ (F

l(Cσ,σ (1− µ, r, s)), r, s), r, s), r, s). Then we have
Cτ,τ (I(Cτ,τ (F

u(Iσ,σ (µ, r, s)), r, s), r, s), r, s) ≤ Fu(µ).
(3) ⇒ (4): Let σ(1 − µ) ≥ r and σB(1 − µ) ≤ s. By (3), we have
Cτ,τ (I(Cτ,τ (F

u(Iσ,σ (µ, r, s)), r, s), r, s), r, s) ≤ Fu(µ). It follows that
αCτ,τ (F

u(Iσ,σ (µ, r, s)), r, s) ≤ Fu(µ).
(4) ⇒ (5): Let µ ∈ IY . Then σ(1 − [Cσ,σ (µ, r, s)]) ≥ r by (4), we have
αCτ,τ (F

u(Iσ,σ (Cσ,σ (µ, r, s), r, s)), r, s) ≤ Fu(Cσ,σ (µ, r, s)).
(5) ⇒ (6): Let µ ∈ IY . Then 1− [F l(Iσ,σ (µ, r, s))]
= Fu(Cσ,σ (1− µ, r, s)) ≥ αCτ,τ (F

u(Iσ,σ (Cσ,σ (1− µ, r, s), r, s)), r, s)
= αCτ,τ (1− [F l(Cσ,σ (Iσ,σ (µ, r, s), r, s))], r, s)
= 1 − [αIτ,τ (F l(Cσ,σ (Iσ,σ (µ, r, s), r, s)), r, s)]. Hence F

l(Iσ,σ (µ, r, s)) ≤
αIτ,τ (F

l(Cσ,σ (Iσ,σ (µ, r, s), r, s)), r, s).
(6) ⇒(7): The proof is obvious.
(7) ⇒ (1): Let xt ∈ dom(F ), µ ∈ IY and σ(µ) ≥ r and σB(µ) ≤ s with
xt ∈ F l(µ), we have by (7), xt ∈ F l(µ) ≤ αIτ,τ (F

l(Cσ,σ (µ, r, s)), r, s) = λ
(say). Thus, there exist (r, s)-fuzzy α-open set λ ∈ IX and xt ∈ λ such
that λ ≤ F l(Cσ,σ (µ, r, s)). Then, F is fuzzy lower weakly α-continuous.
(4) ⇒(8): The proof is obvious.
(8) ⇒ (9): Let µ ∈ IY and σ(µ) ≥ r and σB(µ) ≤ s then Cσ,σ (µ, r, s)
is (r, s)-fuzzy regular closed set and by (8), we have αCτ,τ (F

u(µ), r, s) ≤
αCτ,τ (F

u(Iσ,σ (Cσ,σ (µ, r, s), r, s)), r, s) ≤ Fu(Cσ,σ (µ, r, s)).
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(9) ⇒ (7): Let µ ∈ IY and σ(µ) ≥ r and σB(µ) ≤ s. Then
1 − [αIτ,τ (F l(Cσ,σ (µ, r, s)), r, s)] = αCτ,τ (1 − [F l(Cσ,σ (µ, r, s))], r, s) =
αCτ,τ (F

u(1− [Cσ,σ (µ, r, s)]), r, s) ≤ Fu(Cσ,σ (1− [Cσ(µ, r, s)], r, s)) = 1−
[F l(Iσ,σ (Cσ,σ (µ, r, s), r, s))]. Then, F

l(µ) ≤ F l(Iσ,σ (Cσ,σ (µ, r, s), r, s)) ≤
αIτ,τ (F

l(Cσ,σ (µ, r, s)), r, s). 2

Proposition 3.16. 1. Every double fuzzy upper almost α-continuous
multifunction is double fuzzy upper weakly α-continuous.

2. Every double fuzzy lower almost α-continuous multifunction is double
fuzzy lower weakly α-continuous.

The following example shows that the converses of the Proposition 3.16
are not true.

Example 3.17. Let X = {x1, x2}, Y = {y1, y2, y3} and F : (X, τ, τB) →
(Y, σ, σB) be a fuzzy multifunction defined byGF (x1, y1) = 0.1, GF (x1, y2) =
GF (x2, y1) = 1, GF (x1, y3) = GF (x2, y2) = 0, and GF (x2, y3) = 0.3. Define
µ(y1) = 0.3, µ(y2) = 0, µ(y3) = 0.5. Define fuzzy topologies τ : IX → I
and σ : IY → I as follows:

τ(λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if λ = 0 or 1

1
2 if λ ∈ 0.6

0 otherwise

τB(λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if λ = 0 or 1

1
2 if λ ∈ 0.6

1 otherwise

σ(λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if λ = 0 or 1

1
2 if λ = µ

0 otherwise.

σB(λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if λ = 0 or 1

1
2 if λ = µ

1 otherwise.

Then F is double fuzzy upper weakly α-continuous but none of double
fuzzy upper almost α-continuous and double fuzzy upper α-continuous.

Acknowledgement. The authors wish to express their sincere thanks
to the referees for the valuable suggestions which lead to an improvement
of this paper.



1470 V. Suganya, P. Gomathi Sundari and N. Rajesh

References

[1] S. E. Abbas, M. A. Hebeshi and I. M. Taha, “On upper and lower 
contra-continuous fuzzy multifunctions”, Punjab University Journal of Mathematics, 
vol. 47, no. 1, pp. 105-117, 2015. [On line]. Available: https://bit.ly/3fBIWkI

[2] M. Alimohammady, E. Ekici, S. Jafari and M. Roohi, “On fuzzy upper and lower 
contra-continuous multifunctions”, Iranian Journal of Fuzzy Systems, vol. 8, no. 3, 
pp. 149-158, 2011. [On line]. Available: https://bit.ly/3UaVaQt

[3] K. Atanassov, “New operators defined over the intuitionistic fuzzy sets”, Fuzzy 
Sets and Systems, vol. 61, no. 2, pp. 137-142, 1994. doi: 10.1016/0165-0114(94)90229-1

[4] M. Azab Abd-Allah, Kamal El-Saady and A. Ghareeb, “(r, s)-Fuzzy F-open sets 
and (r, s)-fuzzy F-closed spaces”, Chaos, Solitons and Fractals, vol. 42, pp. 649-656, 
2009. doi: 10.1016/j.chaos.2009.01.031

[5] C. L. Chang, “Fuzzy topological spaces”, Journal of Mathematical Analysis and 
Applications, vol. 24, no. 1, pp. 182-190, 1968. doi: 10.1016/0022-247X(68)90057-7

[6] D. Coker, “An introduction to fuzzy subspaces in intuitionistic topological 
spaces”, The Journal of fuzzy mathematics, vol. 4, pp. 749-764, 1996. 

[7] D. Coker, “An introduction to intuitionistic fuzzy topological spaces”, Fuzzy Sets 
and Systems, vol. 88, no. 1, pp. 81-89, 1997. doi: 10.1016/s0165-0114(96)00076-0

[8] M. Demirci and D. Coker, “An introduction to intuitionistic fuzzy topological 
spaces in Sostak’s sense”, BUSEFAL, vol. 67, pp. 67-76, 1996. [On line]. Available: 
https://bit.ly/3A8vFr0 

[9] Fatimah. M. Mohammed, M. S. M. Noorani and A. Ghareeb, “Generalized fuzzy 
b-closed and generalized ⋆-fuzzy b-closed sets in double fuzzy topological 
spaces”, Egyptian Journal of Basic and Applied Science, vol. 3, pp. 61-67, 2016. doi: 
10.1016/j.ejbas.2015.09.001

[10] F. M. Mohammed, M. S. Noorani, and A. Ghareeb, “Somewhat slightly 
generalized double fuzzy semicontinuous functions”, International Journal of 
Mathematics and Mathematical Sciences, vol. 2014, pp. 1–7, 2014. doi: 
10.1155/2014/756376

[11] F. M. Mohammed, M. S. Noorani, and A. Ghareeb, “New notions from (r, 
s)-generalised fuzzy preopen sets”, Gazi University Journal of Science, vol. 30, no. 1, 
pp. 311-331, 2017.



Weak forms of double fuzzy α-continuous multifunctions 1471

[12] A. Ghareeb, “Normality of double fuzzy topological spaces”, Applied mathematics 
letters, vol. 24, no. 4, pp. 533-540, 2011. doi: 10.1016/j.aml.2010.11.008

[13] A. Ghareeb, “Weak forms of continuity in I-double gradation fuzzy topological 
spaces”, Springer Plus, pp. 1-19, 2012. doi: 10.1186/2193-1801-1-19

[14] J. Gutierrez Garcia and S. E. Rodabaugh, “Order-theoretic, topological, 
categorical re-dundancies of interval-valued sets, grey sets, vague sets, 
interval-valued; intuitionistic sets, intuitionistic fuzzy sets and topologies”, 
Fuzzy Sets and Systems, vol. 156, no. 3, pp. 445-484, 2005. doi: 
10.1016/j.fss.2005.05.023

[15] E. Kamal El-Saady and A. Ghareeb, “Several types of (r, s)-fuzzy compactness 
defined by an (r, s)-fuzzy regular semi open sets”, Annals of fuzzy 
mathematics and informatics, vol. 3, no. 1, pp. 159-169, 2012. 
https://bit.ly/3WAuYjO

[16] T. Kubiak, On Fuzzy Topologies. Adam Mickiewicz University, Poznan, 1985. 
(Ph.D. thesis).

[17] E. P. Lee and Y. B. Im, “Mated fuzzy topological spaces”, Journal of fuzzy logic and 
intelligent systems, vol. 11, 161-165, 2001.

[18] E. P. Lee, “Semiopen sets intuitionistic fuzzy topological spaces in sostak′s 
sense”, Journal of Korean Institute of Intelligent Systems, vol. 14, no. 2, pp. 234–238, 
2004. doi: 10.5391/jkiis.2004.14.2.234

[19] S.-O. Lee and E.-P. Lee, “Fuzzy (R, s)-preopen sets”, International Journal of Fuzzy 
Logic and Intelligent Systems, vol. 5, no. 2, pp. 136–139, 2005. doi: 
10.5391/ijfis.2005.5.2.136

[20] S. Lee and E. P. Lee, “Fuzzy strongly (r, s)-semiopen sets”, International Journal of 
Fuzzy Logic and Intelligent Systems, vol. 6, no. 4, pp. 299-303, 2006. doi: 
10.5391/ijfis.2006.6.4.299

[21] S. J. Lee and J. T. Kim, “Fuzzy (r, s)-irresolute maps”, International Journal of 
Fuzzy Logic and Intelligent Systems, vol. 7, no. 1, pp. 49-57, 2007. doi: 
10.5391/ijfis.2007.7.1.049

[22] N. S. Papageorgiou, “Fuzzy topology and fuzzy multifunctions”, Journal of 
Mathematical Analysis and Applications, vol. 109, pp. 397-425, 1985. doi: 
10.1016/0022-247x(85)90159-3

[23] S. K. Samanta and T. K. Mondal, “On intuitionistic gradation of openness”, 
Fuzzy Sets and Systems, vol. 131, no. 3, pp. 323-336, 2002. doi: 
10.1016/s0165-0114(01)00235-4

[24] V. Suganya, P. Gomathisundari and N. Rajesh, “Double fuzzy α-continuous 
multifunctions” (submitted).



1472 V. Suganya, P. Gomathi Sundari and N. Rajesh

[25] A.P. Šostak, “On a fuzzy topological structure”, Rendiconti Ciecolo Matematico 
Palermo (Suppl. Ser. II), vol. 11, pp. 89-103, 1985.

[26] A. P. Šostak, “Basic structure of fuzzy topology”, Journal of Mathematical 
Sciences, vol. 78, pp. 662-701, 1996. doi: 10.1007/bf02363065

[27] B.C. Tripathy and S. Debnath, “γ-open sets and γ-continuous mappings in 
fuzzy bitopological spaces”, Journal of Intelligent and Fuzzy Systems, vol. 24, no. 
3, pp. 631-635, 2013. doi: 10.3233/ifs-2012-0582

[28] B.C. Tripathy and S. Debnath, “On fuzzy b-locally open sets in bitopological 
spaces”, Songklanakarin Journal of Science and Technology, vol. 37, no. 1, pp. 93-96, 
2015. [On line]. Available: https://bit.ly/3UxSQT8

[29] B.C. Tripathy and S. Debnath, “Fuzzy m-structures, m-open multifunctions 
and bitopological spaces”, Boletim da Sociedade Paranaense de Matematica, vol. 
37, no. 4, pp. 119-128, 2019. doi: 10.5269/bspm.v37i4.35152

[30] L. A. Zadeh, “Fuzzy sets”, Information and Control, vol. 8, no. 3, pp. 338-353, 
1965. doi: 10.1016/S0019-9958(65)90241-X

[31] A. M. Zahran, M. Azab Abd-Allah and A. Ghareeb, “Several types of double 
fuzzy irresolute functions”, International Journal of computational cognition, vol. 
8, no. 2, pp. 19-23, 2010. [On line]. Available: https://bit.ly/3t1vCt9



Weak forms of double fuzzy α-continuous multifunctions 1473

V. Suganya
Department of Mathematics
Vivekanandha College of Arts and Science for Women
Tiruchengode-637 205
Tamilnadu,
India
e-mail: suganjo115sai@gmail.com

P. Gomathi Sundari
Department of Mathematics
Rajah Serfoji Government College
(affiliated to Bharathidasan University)
Thanjavur-613005
Tamilnadu,
India
e-mail: gomathi.rsg@gmail.com

and

N. Rajesh
Department of Mathematics
Rajah Serfoji Government College
(affiliated to Bharathidasan University)
Thanjavur-613005
Tamilnadu,
India
e-mail: nrajesh topology@yahoo.co.in
Corresponding author


