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1. Introduction

The Lebesgue integral, which somehow serves as one of the fundamentals
in calculus, is widely used in almost all areas of mathematics. However, the
Lebesgue approach to integration requires a strong foundation of measure
theory. Hence, one of the notable integrals that were introduced which
encompasses the Lebesgue integral is the Henstock integral. This integral
was studied independently by Henstock and Kurzweil in the 1950s and
later known as the Henstock-Kurzweil integral. The Henstock-Kurzweil
integral gives an alternative definition of the Lebesgue integral and avoids
an extensive study of measure theory and utilizes only the concepts of §-fine
and coverings. This approach to integration is known as the generalized
Riemann approach or Henstock approach. Since then, numerous authors
have been interested to study Henstock integration, see [6, 7, 8, 9, 12, 13,
14, 15, 16, 23].

In the classical approach to stochastic integration, the definition of the
stochastic integral is almost similar in defining the Lebesgue integral of
a measurable function. To reduce the technicalities in the classical way
of defining the stochastic integral of the the real-valued process, Henstock
approach to stochastic integration had been studied and investigated by
some authors, see [2, 17, 18, 24, 25, 26, 27].

In [28], the authors used the generalized Riemann approach to define the
Stratonovich integral of a real-valued process with respect to a Brownian
motion. This newly defined integral encompasses the classical Stratonovich
integral and satisfies the ideal It6’s formula.

In this paper, we define the Stratonovich-Henstock integral of an operator-
valued stochastic process with respect to a Hilbert space-valued -Wiener
process. We also formulate a version of Itos formula for the Stratonovich-
Henstock integral.

2. Preliminaries

Let U and V be separable Hilbert spaces. Denote by L(U, V') the space of
all bounded linear operators from U to V, L(U) := L(U,U), Qu = Q(u)
if @ € L(U,V), and L?(2,V) the space of all square-integrable random
variables from Q to V. An operator ) € L(U) is said to be nonnegative
definite if for every v € U, (Qu,u); > 0. If Q@ € L(U) is nonnegative
definite, then the trace of @ is defined by tr Q = >°72, (Qej, €;),;, where
{e;} is an orthonormal basis (abbrev. as ONB) in U. The trace of @ is well-
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defined and may be defined in terms of an arbitrary ONB, see [20, p.206].
An operator @ : U — U is said to be trace-class if tr [Q)] := tr (QQ*)% < 0.
Denote by Lq(U) the space of all trace-class operators on U, which is a
Banach space [20, p.209] with norm [|Q||; = tr [Q].

If @ € L(U) is a symmetric nonnegative definite trace-class operator,
then there exists an ONB {e;} C U and a sequence of nonnegative real
numbers {\;} such that Qe; = A\je; for all j € N, {)\;} € ¢!, and \; — 0
as j — oo, see [20, p.203]. We shall call the sequence of pairs {);,e;}
an eigensequence defined by ). The subspace Ug := Q%U of U equipped
with the inner product (u, v>UQ = <Q‘1/2u, Q‘1/2v>U, where Q1/2 is being
restricted to [KerQ'/?]* is a separable Hilbert space with {\/Ae;} as its
ONB, see [3, p.90], [5, p.23]. Denote by La(Ug, V) the space of all Hilbert-
Schmidt operators from Ug to V, which is a separable Hilbert space with
norm HSHLQ(UQ,V) =/ ||Sfj||%,, see [19, p.112]. The Hilbert-Schmidt
operator S € La(Ug, V') and the norm ||S||L2(UQ7V) may be defined in terms
of an arbitrary ONB, see [3, p.418], [19, p.111]. We note that L(U,V) is
properly contained in Ly(Ug, V'), see [5, p.25]. We also note that Ly(Ug, V')
contains genuinely unbounded linear operators from U to V.

Let @ : U — U be a symmetric nonnegative definite trace-class oper-

ator, {\;,e;} be an eigensequence defined by @, and {B;} be a sequence
of independent Brownian motions (abbrev. as BM) defined on a filtered

oo
probability space (2, F, {F;},P). A process W, = Z \/AjBj(t)e;j, is called
j=1

a Q-Wiener process in U, with the series converging in L2(Q, U). For every

u € U, denote Wy(u) := Z \/AjBj(t) {ej,u),;, with the series converging
j=1

in L?(Q2, R). Since the operator ) is assumed to be symmetric nonneg-
ative definite trace-class, there exists a U-valued process W, known as a
U-valued Q-Wiener process, such that W;(u)(w) = (Wy(w), u),; P-almost
surely (abbrev. as P-a.s.). It should be noted that the process W is a

multi-dimentional BM, and if we assume that A\; > 0 for all j, W#(;L),
J

j = 1,2,..., is a sequence of real-valued BM defined on ({2, F,{F;}, P),
see [3, p.87).

A filtration {F}} on a probability space (€, F, P) is called normal if (i)
Fpy contains all elements A € F such that P(A) = 0, and (ii) F}; = Fiy :=
ﬂ Fs for all t € [0,T]. A @Q-Wiener process Wy, t € [0,T] is called a Q-

s>t
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Wiener process with respect to a filtration {F}} if (i) W is adapted to {F}},
t € [0,7] and (ii) W; — Wy is independent of Fy for all 0 < s <t <T. A
U-valued Q-Wiener process W (t), t € [0,T], is a Q-Wiener process with
respect to a normal filtration, see [19, p.16]. From now onwards, a filtered
probability space (2, F,{F;},P) shall mean a probability space equipped
with a normal filtration.

3. Stratonovich-Henstock Integral

In this section, we shall define the Stratonovich-Henstock integral of an
operator-valued stochastic process and enumerate some of its standard
properties. This type of integral was first used in [28] for the real-valued
stochastic process with respect to a Brownian motion. Throughout this
paper, the given closed interval [0, 7] is nondegenerate, i.e. 0 < 7" and can
be replaced with any closed interval [a,b]. If no confusion arises, we may

n
write (D) Z instead of Z for the given finite collection D. By a gauge,
i=1
we mean a positive function. From now onwards, assume that U and V are
separable Hilberts spaces, @ : U — U is a symmetric nonnegative definite
trace-class operator, {);,e;} is an eigensequence defined by @), and W is a
U-valued @-Wiener process.

Definition 3.1. Let § be a gauge on [0,T). A finite collection D =
{([&,vi), &)} of inteval-point pairs is a d-fine belated partial division of
[0, T if {[&,vi]}i—; Is a collection of non-overlapping subintervals of [0, T]
and each [&;,v;] is §-fine belated, i.e., [&,v;] C [&,& + (&)

The term partial division is used in the above definition to emphasize
that the finite collection of non-overlapping subintervals of [0, 7] may not
cover the entire interval [0,7]. Using the Vitali covering theorem, the
following concept can be defined.

Definition 3.2. Given n > 0, a given §-fine belated partial division D =
{([¢,v],€)} is said to be a (J,n)-fine belated partial division of [0,T] if it
fails to cover [0,T] by at most length 7, that is,

T (D)6 <n

Definition 3.3. Let f : [0,7] x Q — L(U,V) be an adapted process. We
say that f is Stratonovich-Henstock integrable, or SH-integrable, on [0, T
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with respect to W provided there exists a random variable A : Q0 — V such
that for every v > 0 and every € > 0, there is a gauge § on [0,7) and a
constant 1 > 0 such that
2ol <o
1%

llelle‘/er D = {([é‘z’v 751)} ., (57 ) 9 . .

In this case, f is SH-integrable to A on [0,7] and A is called the SH-
integral of f. For simplicity, we can denote

P{weﬂ:

ilfgr (W, =g, ) - A
P

n T
S(D,f,6,m) = fer (in - ng) and A := (SH)/O frodWi.
i=1
When no confusion arises, let £ = %, for a given subinterval [, v] C
[0, T7.
Example 3.4. Let f : [0,T] x Q@ — L(U,R) defined by fi(w) = (W4, v,
for all't € [0,T] and w € 2. Then f is SH-integrable on [0,T] and

T 1
1) [ fodw, = 51wl

Proof.  We need to consider the following claims:
Claim 1. Let D = {[{,v]} be a finite collection of non-overlapping

M
subintervals of [0,7] and v > 0. Then P{w € Q: [I| > A} < 27 (D) E (v—
1 1
€)%, where I = (D) 3_ {(We, Wo, = We v — 5 (IWallf = IWellf) + 50—

o0
OtrQ} and M = 3" N < oo,
j=1
By Chebyshevs inequality and [21, Example 1, Claim 1], we have

PlweQ:|I| >~}

= P{w € Q= |(D) Y2 {IW = Wellp — (v - Q)| > 27}

< B[O {1 - weth - 0 - owe) ]
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This proves the first claim.
1
Claim 2. f is SH-integrable to 3 HWTH?] on [0,T].
Let v > 0 and € > 0. Choose a constant function § on [0,7") defined

2
Rl _ Ve _
by 0(§) = TMT and a number 1 = B0 Let D = {([¢,v],€)} be a
(6,m)-fine belated partial division of [0,7]. Let D¢ be the collection of all

subintervals of [0, 7] which are not included in D. Then

P {w e :|(D) X fer %, W) = 3 Wil | = 7}
>7},

P{oe:|D) i+ b+ o} - (09 X5 (1Ml - IWel }| =

1
= (Wer, Wy = Weshor = 5(IWally
where L2
= (We, Wer = Weyu — 5(IWe- Iy — IWellp) + 5(6° = @
I3
= [|We- = Wellp, - (€ - O)r Q.
It can be shown that f is Ito-Henstock integrable (see [21, Example 1])
1 1
= ||WT||2U — —TtrQ on [0,T] and it is known that F is AC?[0,T]

[WelI7) + (v — €)trQ

to F':=
(see [10, Definition 3.9, Theorem 3.10]. It follows that

B |09 5 (Il - 1wvel)|
< 2E U<DC> S {IWllg = IWelly = (v - WQ}H

2 QPE [0 - o]

2 2 2
ey s € ey
< oy PArQ) W(trQ)2 25

By Claim 1, we have
M
PlocQ: (D)} n|>)}< (D) =€)
and

Plweq:|D) 212‘>A}§2£ (D) (" —©)2.
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Using [21, Example 1, Claim 1], we have

Plue: (D)} I > 2} < i—ﬂj(D)Z(f* —¢)°

Plocn: D)5 - w0 - 2wl =4}
P{weQ: \(D)Zh\ > ;—3}+P{we9; ‘(D)ZIQ > %}
+P {w cQ:|(D)Y 1> %}
|

By Chebyshevs inequality, we have

IN

+P e |09 T SOWlE - I1wel)

5 5
27—24@) St zv—%m S (e )2

2TM €
o (D)€~ + g

< S4iierion2
4 4 € 2— €.

>

"=

IN

T 1
Consequently, (S’H)/ frodW; = B} ||WTH2U 0
0

The following results show that the SH-integral possesses the standard
properties of an integral. The proofs are omitted since they are standard
in Henstock-Kurzweil integration.

(1) The SH-integral of an adapted process f : [0,7] x Q@ — L(U,V) is
unique almost surely.

(2) Let @ € R. If f and g are SH-integrable on [0, 7], then
(i) f+ g is SH-integrable on [0, 7], and

T T T
(SH)/O (f+9g)odW; = (SH)/O ftOth—i-(S'H)/O frodWy;
(ii) af is SH-integrable on [0,77], and

(SH) /OT(aft) o dWi = a- (SH) /OT F, 0 dIV.
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(3) If f:]0,T] xQ — L(U,V) is SH-integrable on [0, a] and [a,T] where
€ (0,7, then f is SH-integrable on [0,7] and

T a T
(SH) /0 fi o dW, = (SH) /O fi o dW, + (SH) / f,0dWV,.

(4) If f:[0,7] x Q2 — L(U,V) is SH-integrable on [0, 7], then f is also
SH-integrable on any subinterval [c, d] of [0, T

(5) (Sequential definition). A process f : [0,T] x Q@ — L(U,V) is SH-
integrable on [0,77] if and only if there exist a random variable A :
) — V', a decreasing sequence of gauges {d,,} on [0,7"), and a decreas-
ing sequence of positive numbers {7, } such that for any (d,,n,)-fine
belated partial division D,, of [0,T], we have

nanéo S(f, Dpn,0n,nn) = A in probability.

T
In this case, A := (SH)/ fr o dWy.
0

(6) (Cauchy criterion). A process f : [0,T] x Q — L(U,V) is SH-
integrable on [0,7] if and only if for every v > 0 and e > 0, there
exist a gauge ¢ on [0,7") and a constant > 0 such that for any two
(0,m)-fine belated partial divisions D; and Dy of [0, T, we have

P{w GQ: HS(Dlaf75777) _S(D27f75777)||v ZFY} <e

(7) (Saks-Henstock lemma). Let f be SH-integrable on [0,7] and define
Flu,v] := (SH) / frodW; for any [u,v] C [0,T]. Then for any v > 0

and € > 0, there exist a gauge 0 on [0,T") and a constant 7 > 0 such
that

P{weq:||[(D)Y {fe (W, - W) —F[g,v]}HV >y} <e

whenever D = {([{,v],€)}i, is a (d,n)-fine belated partial division
of [0,T7.

Next, we show that the SH-integral is P-a.s. continuous and adapted.
We shall consider first the following concept.
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Definition 3.5. A process F' : [0,T] x Q — V is said to be ACP[0,T] if
for every € > 0 and ~ > 0, there exists a constant n > 0 such that for any
finite collection D = {[{,v]} of non-overlapping subintervals of [0,T] with

(D) Z(v — &) <n, we have P {w €N H(D) Z(FU - Fg)HV > ’y} < €.

The following lemma can be proved using the same argument used in
[21, Lemma 3.

Lemma 3.6. Let f : [0,7] x Q@ — L(U,V) be an SH-integrable process.
Then for every v > 0 and € > 0, there exists a gauge § on [0,T) and a
constant n > 0 such that

P{w € Q:||(D)Y fer (Wo —We) |, = ’y} <e
for any ¢-fine belated partial division D = {([§,v], &)} of [0,T] with

(D) (v—=&) <.
Theorem 3.7. Let f:[0,7] x Q@ — L(U,V) be an SH-integrable on [0, T
t
and define Fy = (SH)/ fs 0 dWs. Then F is ACP[0,T].
0

Proof. Let e > 0 and v > 0. By Lemma 3.6, there exist a gauge J on
[0,T) and a positive number n such that

P{w cQ: H(D)ng*(Wv - Wg))HV > %} <

for any J-fine belated partial division D = {([{,v],&)} of [0, 7] with

(D) (v—=&) <.
For every [u,v] C [0,T7], let Flu,v] := F, — Fy,. Let {[a;,b;]}]L; be a finite

m
collection of non-overlapping subintervals of [0, 7] with Z(bj —aj) <.
j=1
Note that f is also SH-integrable on each [a;,b;]. Hence, for each j =
1,2,...,m, there exists a gauge d; > 0 and a constant 7; such that if D; is
a (d;,n;)-fine belated partial division of [a;, b;], we have

P{w cQ: HS(f, Dj6j,m;) — F[@j>bj]}HV > 27711} < 2j€+1‘
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We can choose {d;}72; and {n;}72; such that §;(§) < §(§) for all j and
doieym; <n. Let P =D1UDyU---U Dy, which is a é-fine belated partial
division of [0,T] with

(P)Y (=8 <> (bj—aj) <n.

m
j=1

This implies

P%@Q;ngy@m@_mmng}<

[NCR e

Hence,

P {w €: HZT:1 F[aj’bj]HV = 7}
< P{w cQ: HZT:l {S(f; Djéjvnj)}HV > %}

+P{w €0 HZ}”_l {F[ajvbj] - S(f, Dj5j»"7j)}HV >

ok

}

<5+Zﬁﬂ{weQWFwwﬂ—&ﬁDW%%wvzﬁ%}

S YL S g i SiHsse
Thus, F is ACT[0,T). O

[\Cle

Theorem 3.8. Let f:[0,7] xQ — L(U,V) be an SH-integrable on [0, T

t

and define F; := (SH)/ fs o dWs. Then F is P-a.s. continuous and
0

adapted.

Proof. In view of Theorem 3.7, F' is P-a.s. continuos on [0,7]. Let
t € [0,T]. We note that f is also SH-integrable on [0,¢]. In view of the
sequential definition, there exist a decreasing sequence of gauges {J,} on
[0,T), and a decreasing sequence of positive numbers {n,} such that for
any (0,7, )-fine belated partial division D,, of [0, 7], we have

lim S(f, Dn,dn,nn) = A in probability,

n—oo

in which the limit holds almost surely for some subsequence. Since f and W
are adapted, for 0 < & < v <t, S(f, Dy, 0n,nm) = (Dy) ng* (Wv — Wg)
is Fy-measurable. Accordingly, F; is Fi-measurable. O
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4. Ideal It6’s Formula

In this section, we present a version of It6’s formula for the Stratonovich-
Henstock integral, which turns out to be “ideal” [28] in the sense that
the “tail” term has been removed. As a consequence, we can give the
relationship between the Ito-Henstock and Stratonovich-Henstock integrals
for the operator-valued stochastic process.

For the discussions on Fréchet derivatives, regulated mappings, prim-
itives, billinear mappings, Riemann integrability on Banach spaces, and
Taylor’s formula, one may refer to [1], [4], [11], and [22].

We may use an analogous argument in [22, Lemma 4.7] to prove the
following lemma.

Lemma 4.1. Let f : [0,7] x Q@ — L(U,V) be an SH-integrable process.
Given v > 0 and € > 0, there exist a gauge § on [0,7T) and a constant n > 0
such that if D = {([{,v],€) is a (0,n)-fine belated partial division of [0,T],
then

T
P{w cO: HS(D U D", f,8,1) — (SH)/O f,0 thHV > 7} <e

where {[&,v] : ([§,v],&) € D} is the collection of all subintervals of [0, T]
which are not included in the set {[{,v] : ([¢,v],€) € D} and

S(DUDC, f,8,1) == (DUD) Y fer (WU - Wg).
In view of Lemma 4.1, we have the following result.

Lemma 4.2. Let f : [0,7] x Q@ — L(U,V) be an SH-integrable process.
Then there exist a sequence of gauges {d,} on [0,T] and a sequence of
positive constants {ny,} such that

n—oo

T

lim S(D, UDy, f,0n,mm) = (SH)/ ft odW,; in probability
0

where D,, is any (0y,n,)-fine belated partial division of [0, T].

The following result is an enhancement of [11, Lemma 4.18] since the
function f is assumed to be continuous.
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Lemma 4.3. Let f: U — L(U x U, V) be a continuous function. Then for
every € > 0, there exists a 0 > 0 such that for any partition P = {[¢,v]} of
[0,T] with d(P) < 0,

1S(f, P, o) z2 vy <

where
S0 2.8 = (P [ 0= (507 = 5 ) 00 — Wer) D),
W i= Wes + t(We — Wex), and ¢ € [0, 1].
Proof. Let € > 0 be given. Following the same argument as in [11,
Lemma 4.18], we have E {HWg* — W5||4] (€ —¢)? (22)\2 ) .

Since tr@Q < oo, let M € R™ such that 22)\? + (tr@Q)? < M. Since
j=1
f is continuous, there exists d; > 0, 01 < € such that if |u —w||; < d1,

€
then u) — f(w < ——=—. Also, since W is continuous on a
1) = Fy < 7o
compact interval [0,7], there exists 6 > 0 such that if |v — £| < 4, then
Wy — Well, < d1. Let P = {[5, v]} of [0, T] be a partition of [0,7] with
d(P) < 6. Since |£* —¢| < 4, (1 —=1) [Wee — Well,; < 01 for

t € [0,1]. It follows that Hf f(Wg)HL(U,V) < ﬁ Hence,
H?(f, P, ) L2(Q,V)
< @Y /lu—wE [Hf<w>—f<wauiw o = well ] o
< % Z\/ T \/— —€2M
< % %(D)Z(é*—ﬁ) g%-%-T«.

|

Lemma 4.4. Let f : U — L(U x U,V) be a continuous function. Then
there exists a sequence of positive numbers {d,,} such that for any partition
P, ={[¢,v]} of [0,T] with d(P,) < 4,

lim S(f, P,,d,) = 0 in probability.

n—oo
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where
p— 1 J—
S(f, Pasdn) = (Pa) > { /0 (1= 6)(F(W) = F(We) ) (We — Wf*)(g)dt}
Similarly, the following result holds.

Lemma 4.5. Let f : U — L(U x U, V) be a continuous function. Then
there exists a sequence of positive numbers {9, } such that for any partition
P, ={[¢,v]} of [0,T] with d(P,) < 4,

lim §(f, P,,0,) =0 in probability.

n—o0

where
g(fv P, 5) = (P’fl) Z { /01(1 - t)(f(W) - f(Wﬁ*))(WU - WE*)@)dt}?
W i= Wee + (W, — Wex) and t € [0,1].

We shall now state the ideal It6’s formula for the Stratonovich-Henstock
integral and give its proof using the above-mentioned lemmas.

Theorem 4.6. (It6’s formula). Let f : U — V be a function such that
the first and second Fréchet derivatives of f are continuous on U. Suppose
that

(i) f'(Wy) is SH-integrable on [0,T];

(it) E[ Hf”(Wt)H%z(UQxUva) is bounded on [0,T]; and

o0
(1it) My := Z I"(Wi)(ej, €;) is Riemann-integrable on [0, T.
j=1

Then .
F(Wr) — f(Wo) = (SH) /0 £/(W) o dW;

for almost all w € €.
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Proof. By Taylor’s formula, for any v > £*, we have
W) = f(We) = F/(Wer)(Wo = Wee) + 3 1" (Wes ) (W, — Wee)
i /01<1 =" (W) = ' (We))(Wo — We) Dt
where W := Wer 4+ t(Wy — We+). Similarly, for any £* > £, we have
PV~ f(Wer) = /(We) (We = Wee) + 2 (We) (We — Wee)®
+ [ () — ) Ve~ W) D
where W := Wex + t(We — Wes). It follows that
Wy) = f(We) = f('(Wg*)(Wv —We)
+3 " (Wee)(Wy = W) — S (We) (We — We- )
+ e (A=) (" (W) = f"(We)) (W, — Wee )Pt
— Jo (L= D" (W) = 1" (We)) (We — We) Pt
By Lemma 4.2, there exist a sequence of gauges {d,,} on [0,7] and a

sequence of positive numbers {n/,} such that for any (], 7} )-fine belated
partial division D}, of [0,T],

(DU D) S Wer) Wy~ We) — (870) [ /(W) oy

in probability. By Lemma 4.5, there exists a sequence of positive numbers
{0} such that for any partition P, = {[£,v]} of [0, T] with d(P,,) < 0n,

1 —
B [ =0 (F07) = £ (W))W, = Wer) Dt} — 0
0
in probability. Similarly, by Lemma 4.4, there exists a sequence of positive

numbers {6, } such that for any partition P, = {[¢,v]} of [0, T] with d(P,,) <
On,

(Pn) Z { /01(1 — ) (f//(W) - f”(Wg)) (We — Wg*)(z)dt} —0
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in probability. In view of [11, Lemma 4.20], there > exists a sequence of
positive numbers {4, } such that for any partition P, = {[{,v]} of [0,T]
with d(P,) < n,

lim () 3 { £/ (We) (W, — Wen)®) — 7 (Wen) (W — W)@ = 0

n—oo

in probability. Choose 4,(§) < min{d;, (), O Oy 0n} for all € € [0,7T) and
N < min{n, 0n, 0n, 0 }. Let Dy = {([£,0],€)} be a (8, n,)-fine belated
partial division of [0, T, which is also a (d;,, 77;,)-fine belated partial division
of [0, T]. Also, (D,UDS) is a partition of [0, 7] with d(D,UDS) < 6y, 6, 6.
Hence,

(DU DE) SHFOW,) = F(We)} — F(Wi) — F(Wa)
(Do UDE) S LWy — We) — (SH) /0 L o aw,,
(Dau DS [ 0= () = 1 (Wer)) O = Wee) e} —
Do S [ = 0(5@W) = 510V ) We - We Pt} — o,

and
(Do U D) Y {7 (Wer) (W = Wee) P — £ (We) (We = We) D} — 0
in probability. The assertion holds for some subsequence. O

Corollary 4.7. Let f : U — V be a function such that the first and second
Fréchet derivatives of f are continuous on U. Suppose that

(1) f'(Wy) is TH-integrable and SH-integrable on [0, T';

(i) E |:||f”(Wt)||%2(UQXUQ7V):| is bounded on [0,T]; and
o0

(ii) My:=>_ f"(Wi)(ej,e;) is Riemann-integrable on [0, T.
j=1

Then
SH/ F/(Wh) o dW; = IH/ £ th+ / M, dt

for almost all w € €.
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5. Conclusion and Recommendations

In this paper, we establish a version of It6’s formula for the Stratonovich-
Henstock integral of an operator-valued stochastic process with respect to
a Hilbert space-valued ()-Wiener process, which turns out to be ideal since
the tail term has been removed. A worthwhile direction for further inves-
tigation is to give a version of fundamental theorem for the Stratonovich-
Henstock integral and establish different versions of convergence theorems.

References

[1] J.-P. Aubin, Applied functional analysis: Aubin/applied, 2nd ed. Nashville, TN:
John Wiley & Sons, 2011. doi: 10.1002/9781118032725

[2] T.S.Chew, T.L. Toh,andJ. Y. Tay, “The non-uniform Riemann approach to
Itd's integral,” Real Analysis Exchange, vol. 27, no. 2, pp. 495-514, 2002. doi:
10.14321/realanalexch.27.2.0495

[3] G. Da Prato and J. Zabczyk, Encyclopedia of mathematics and its applications
volume 44: Stochastic equations in infinite dimensions. Cambridge: Cambridge
University Press, 1992. doi:10.1017/CB09780511666223

[4] J. Dieudonné, Foundations of modern analysis. San Diego, CA: Academic Press,
1969. doi:10.1126/science.132.3441.1759-a

[5] L. Gawarecki and V. Mandrekar, Stochastic differential equations in infinite
dimensions: With applications to stochastic partial differential equations. Berlin:
Springer, 2013. doi: 10.1007/978-3-642-16194-0

[6] R. A. Gordon, The integrals of Lebesgue, Denjoy, Perron and Henstock. Providence,
RI: American Mathematical Society, 1994. doi: 10.1090/gsm/004



Stratonovich-Henstock integral for the operator-valued ... 1127

[7] R. Henstock, Lectures on the theory of integration. Singapore: World Scientific

Publishing, 1988. doi: 10.1142/0510

[8] J. Kurzweil, Henstock-Kurzweil integration: Its relation to topological vector spaces.

[9]

[10]

Singapore, Singapore: World Scientific Publishing, 2000. doi: 10.1142/0510

J. Kurzweil and S. Schwabik, “McShane equi-integrability and Vitali's
convergence theorem”, Mathematica Bohemica, vol. 129, no. 2, pp. 141-157,
2004. doi: 10.21136/MB.2004.133903

M. Labendia and J. Arcede, “A descriptive definition of the It6-Henstock
integral for the operator-valued stochastic process”, Advances in Operator
Theory, vol. 4, no. 2, pp. 406-418, 2019. doi: 10.15352/a0t.1808-1406

[11] M. Labendia, T. R. Teng, and E. De Lara-Tuprio, “It6-Henstock integral and

Ité’s formula for the operator-valued stochastic process”, Mathematica
Bohemica, vol. 143, no. 2, pp. 135-160, 2018. doi: 10.21136/MB.2017.0084-16

[12] P. Y. Lee, Lanzhou lectures on Henstock integration. Singapore: World Scientific

Publishing, 1989. doi: 10.1142/0845.

[13] P. Y. Lee and R. Vyborny, The Integral: An Easy Approach after Kurzwiel

and Henstock. Australian mathematical society lecture series 14.
Cambridge: Cambridge University Press, 2000.

[14] T. Y. Lee, Henstock-Kurzweil integration on euclidean spaces. Singapore: World

Scientific Publishing, 2011. doi:10.1142/7933

[15] J. T. Lu and P. Y. Lee, “The primitives of Henstock integrable functions in

Euclidean space”, Bulletin of the London Mathematical Society, vol. 31, no. 2, pp.
173-180, 1999. doi: 10.1112/S0024609398005347



1128 Recson G. Canton, Mhelmar A. Labendia and Tin Lam Toh

[16]

[17]

[21]

[23]

Z. M. Ma, Z. Grande, and P. Y. Lee, “Absolute integration using Vitali
covers”, Real Analysis Exchange, vol. 18, no. 2, pp. 409-419, 1992. doi:
10.2307/44152284

E. J. McShane, “Stochastic integrals and stochastic functional equations”,
SIAM Journal on Applied Mathematics, vol. 17, no. 2, pp. 287-306, 1969. doi:
10.1137/0117029

Z. R. Pop-Stojanovic, “On McShane’s belated stochastic integral”, SIAM
Journal on Applied Mathematics, vol. 22, no. 1, pp. 87-92, 1972. doi:
10.1137/0122010

C. Prévét and M. Rockner, A concise course on stochastic partial differential
equations. Berlin: Springer, 2007. doi: 10.1007/978-3-540-70781-3

M. Reed and B. Simon, Methods of modern mathematical physics: Functional
analysis, v. 1. San Diego, CA: Academic Press, 1972. doi: 10.1016/B978-0-12-
585001-8.X5001-6

R. Rulete and M. Labendia, “Backwards Itd-Henstock integral for the
Hilbert-Schmidt-valued stochastic process”, European Journal of Pure and
Applied  Mathematics, vol. 12, no. 1, pp. 58-78, 2019. doi:
10.29020/nybg.ejpam.v12il.3342

R. Rulete and M. Labendia, “Backwards It6-Henstock's version of 1t0's
formula”, Annals of Functional Analysis, vol. 11, no. 1, pp. 208-225, 2020. doi:
10.1007/s43034-019-00014-3

C. W. Swartz, Introduction to gauge integrals. Singapore: World Scientific
Publishing, 2001. doi: 10.1142/4361

[24] T. L. Tohand T. S. Chew, “On belated differentiation and a characterization

of Henstock-Kurzweil-1td integrable processes”, Mathematica Bohemica, vol.
130, no. 1, pp. 63-72, 2005. doi: 10.21136/MB.2005.134223



Stratonovich-Henstock integral for the operator-valued ... 1129

[25] T. L. Toh and T. S. Chew, “On It6-Kurzweil-Henstock integral and
integration-by-part formula”, Czechoslovak Mathematical Journal, vol. 55, no. 3,
pp. 653-663, 2005. doi: 10.1007/s10587-005-0052-7

[26] T. L. Toh and T. S. Chew, “On the Henstock-Fubini theorem for multiple
stochastic integrals”, Real Analysis Exchange, vol. 30, no. 1, pp. 295-310, 2005.
doi: 10.14321/realanalexch.30.1.0295

[27] T. L. Toh and T. S. Chew, “The Riemann approach to stochas tic integration
using non-uniform meshes”, Journal of Mathematical Analysis and Applications,
vol. 280, no. 1, pp. 133-147, 2003. doi: 10.1016/S0022-247X(03)00059-3

[28] H. Yang and T. L. Toh, “On Henstock-Kurzweil method to Stratonovich
integral”, Mathematica Bohemica, vol. 141, no. 2, pp. 129-142. doi.
10.21136/MB.2016.11



1130  Recson G. Canton, Mhelmar A. Labendia and Tin Lam Toh

Recson G. Canton

Department of Mathematics and Statistics,

Mindanao State University-Iligan Institute of Technology,
9200 Iligan City,

Philippines

e-mail: recson.canton@g.msuiit.edu.ph

Mhelmar A. Labendia

Department of Mathematics and Statistics,

Mindanao State University-Iligan Institute of Technology,
9200 Iligan City,

Philippines

e-mail: mhelmar.labendia@g.msuiit.edu.ph
Corresponding author

and

Tin Lam Toh

National Institute of Education,

Nanyang Technological University (NIE/NTU),
1 Nanyang Walk, 637616 Singapore,

Republic of Singapore

e-mail: tinlam.toh@nie.edu.sg



