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Abstract

A well-known conjecture of Bang-Yen Chen says that the only bi-
harmonic Euclidean submanifolds are minimal ones, which affirmed
by himself for surfaces in 3-dimensional Buclidean space, E3. We con-
sider an extended version of Chen conjecture (namely, Ly-conjecture)
on Lorentzian hypersurfaces of the pseudo-Euclidean space Et (i.e.
the Einstein space). The biconservative submanifolds in the Euclidean
spaces are submanifolds with conservative stress-energy with respect
to the bienergy functional. In this paper, we consider an extended
condition (namely, Ly-biconservativity) on non-degenerate timelike
hypersurfaces of the Einstein space Ef. A Lorentzian hypersurface
x: M} — E} is called Ly-biconservative if the tangent part of L%x
vanishes identically. We show that Ly-biconservativity of a timelike
hypersurface of Ef (with constant kth mean curvature and some ad-
ditional conditions) implies that its (k+ 1) th mean curvature is con-
stant.
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1. Introduction

The main geometric motivation of the subject of biconservative hypersur-
faces is a well-known conjecture of Bang-Yen Chen (in 1987) which states
that each biharmonic surface in Euclidean 3-spaces E? is harmonic. In 1992,
Dimitri¢ proved that any biharmonic hypersurface in £™ with at most two
distinct principal curvatures is minimal ([9]). Let ¢ : M™ — E™! denotes
an isometric immersion of a hypersurface M"™ into the (n + 1)-dimensional
Euclidean space with the Laplace operator A, the shape operator S asso-
ciated to a unit normal vector field n and the ordinary mean curvature H
on M"™. The hypersurface M" is said to be harmonic if ¢ satisfies condi-
tion A¢ = 0. It is said to be biharmonic if ¢ satisfies condition A%¢ = 0.
Also, M™ is said to be biconservative if the tangential part of A%¢ vanishes
identically. A famous law due to Beltrami says that A¢ = —nHn, so the
condition A¢ = 0 is equivalent to H = 0 and the condition A%2¢ = 0 is
equivalent to A(Hn) = 0. In 1995, Hasanis and Vlachos proved an exten-
sion of Chen’s result to the hypersurfaces in Euclidean 4-space ([10]). Also,
in 2013, Akutagawa and Maeta ([1]) have generalized Chen’s conjecture on
submanifolds in Euclidean n-space. As an extended case, a hypersurface
T Mg’ — E%, whose mean curvature vector field is an eigenvector of the
Laplace operator A, has been studied, for instance, in [7, 8] for the Eu-
clidean case (where, p = s = 0), and for the Lorentz case in [3, 4] (when
s =1and p =0,1). On the other hand, Chen himself had found a good
relation between the finite type hypersurfaces and biharmonic ones. The
theory of finite type hypersurfaces is a well-known subject interested by
Chen (for instance, in [5, 6]) and also L. J. Alias, S.M.B. Kashani and
others. In [11], Kashani has studied the notion of L;-finite type Euclidean
hypersurfaces as an extension of finite type ones. One can see main results
in Chapter 11 of Chen’s book ([5]).

The map L; is an extension of the Laplace operator Ly = A, which
stands for the linearized operator of the first variation of the 2th mean
curvature of the hypersurface (see, for instance, [2, 12, 16, 17, 19]). This
operator is defined by Li(f) = tr(P; o V2f) for any f € C*®°(M), where
P, = nHI — S denotes the first Newton transformation associated to the
second fundamental from of the hypersurface and V2f is the hessian of
f. It is interesting to generalize the definition of biharmonic hypersur-
face by replacing A by L;. Recently, in [14], we have studied the Li-
biharmonic spacelike hypersurfaces in 4-dimentional Minkowski space Eil.
In this paper, we study the Lg-biconservative Lorentzian hypersurfaces in
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the Einstein space Ef. We show that, every Lj-biconservative Lorentzian
hypersurface = : M7 — Ef, with constant kth mean curvature and some
additional conditions on principal curvatures, has constant (k + 1)th mean
curvature.

2. Preliminaries

In this section, we restate some preliminaries from [2, 12, 13] and [15]-
[18]. The 4-dimensional Minkowski space, denoted by Ef, is the real vector
space R* equipped with the scalar product < z,y >:= —z1y; + EfZQxiyi,
for every =,y € R* Any nondegenerate hypersurface Mg’ of Ef, can be
endowed with a Riemannian or Lorentzian induced metric of index p = 0
or p = 1, respectively. Our study will be on a Lorentzian hypersurface of
E¢, denoted by an isometric immersion z : M} — Ef. The symbols \%
and V stand for the Levi-Civita connection on M; and Ef, respectively.
For every tangent vector fields X and Y on M, the Gauss formula is given
by VxY = VxY+ < SX,Y > n, for every X,Y € x(M), where, n is a
(locally) unit normal vector field on M and S is the shape operator of M
relative to n. Every non null vector X € Ef is called time-like, light-like
or space-like if < X, X > is negative, zero or positive, respectively.

Definition 2.1. For a Lorentzian vector space V;, a basis B := {e1, e2,e3}
is said to be orthonormal if it satisfies < e;,e; >= 6] for i,j = 1,2,3,
where e; = —1 and ¢; = 1 for i = 2,3. As usual, (517 stands for the Kronecker
function. B is called pseudo — orthonormal if it satisfies < e1,e; >=<
eg,e9 >=0, < e1,e3 >= —1 and < ¢;,e; >= 4§/, for i =1,2,3 and j = 3.

As well-known, the shape operator of the Lorentzian hypersurface M3,
as a self-adjoint linear map on the tangent space of M}, can be put into
one of four possible canonical matrix forms, usually denoted by I, I1, 111
and IV. Where, in cases I and IV, with respect to an orthonormal basis of
the tangent space of M3, the matrix representation of the induced metric
on M3 is

-1 0 0
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and the shape operator S of M} can be put into matrix forms

A0 0 kA0
Bl == 0 )\2 0 and B4 = A &k 0 5 ()\ 75 O)
0 0 X3 0 0 7

respectively. For cases I and I11, using a pseudo-orthonormal basis of the
tangent space of M3, the induced metric on M3 has matrix form

010
Go=|1 00
0 01

and the shape operator S of M} can be put into matrix forms

k 0 0 k 0 0
B=11 &k 0 and Bs = 0 1 |,
0 0 X -1 0 &k

respectively. In case I'V, the matrix By has two conjugate complex eigen-
values k £ i\, but in other cases the eigenvalues of the shape operator are
real numbers.

Remark 2.2. In two cases II and III, one can substitute the pseudo-
orthonormal basis B := {e1, e2,e3} by orthonormal basis B := {€7, €2, e3}

where €] = %(61 + e9) and €& = %(61 — €2). Therefore, we obtain new
matrix representations Bs and Bs (instead of By and Bs, respectively) as
K+ % % 0 K 0 @
By = —% K,—% 0 and B3 = 0 K —\/5/2
0 0 A _4 _N2 K

After this changes, to unify the notations we denote the orthonormal
basis by B in all cases.
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Notation: According to four possible matrix representations of the shape
operator of M7, we define its principal curvatures, denoted by unified no-
tations k; for i = 1,2, 3, as follow.

In case I, we put k; := \;, for ¢ = 1,2, 3, where \;’s are the eigenvalues
of Bl.

In cases 11, where the matrix representation of S is B, we take k; := K
for i =1,2, and k3 := A.

In case 11, where the shape operator has matrix representation Bs, we
take k; := K for i = 1,2, 3.

Finally, in the case IV, where the shape operator has matrix represen-
tation By, we put K1 = k + i\, ko = K — i), and K3 1= 7.

The characteristic polynomial of S on M3 is of the form

3

3
Q) = [T(t — i) =D (~1)s;t°,
j=0

=1

where, sg: =1, 51 = Z?’:l Kjy 82 1= D 1<) <ip<3 Kiy Kip and 3 1= K1KaK3.
For k = 1,2,3, the kth mean curvature Hy of M is defined by Hy =
@1)%- When Hy, is identically null, M} is said to be (k — 1)-minimal.
Definition 2.3. (i) A timelike hypersurface = : M7 — Ef, with diago-
nalizable shape operator, is said to be isoparametric if all of it’s principal
curvatures are constant.
(ii) A timelike hypersurface x : Mj — Ef, with non-diagonalizable shape
operator, is said to be isoparametric if the minimal polynomial of the shape
operator is constant.

Remark 2.4. Here we remember Theorem 4.10 from [13], which assures
us that there is no isoparametric timelike hypersurface of Ef with complex
principal curvatures.

The Newton transformations on the hypersurface, Py : x(M) — x(M),
is defined by

(2.1) P():I, Pk:SkI—SOPkfl, (k:1,2,3),
where, [ is the identity map. The explicit formula Py = Zfzo(—l)isk,iSi

(where SY = I) gives that, Py is self-adjoint and it commutes with S (see
2, 16]).
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Now, we define a notation as

k

(2:2) pje = Y (=)' (h—y) Hyar. (1<5<3,1<k<3)
=0

Corresponding to the four possible forms B; (for 1 < i < 4) of S, the
Newton tran§formation P; has different representations. In the case I,
where S, = By, we have P;(p) = diag[p1,;(p), po;;(p), p3:(p)], for j =1,2.

When S = By (in the case I1), we have

K+A—3 —1 0 (k—3)A  —3A 0
P = : K+A+3 0 |, P= N (kDX 0
0 0 2K 0 0 K2

In the case 111, we have S, = B3, and

2k 0 —3§ K2 —% —% —395
P=1 0 2« @ ) Py = T w2+ d @Fa
@ 3§ 2K @/@ 3@5 K2
In the case IV, S = By,
k+n =X 0 KN —An 0
P = A k+n 0 |, Po=1 A &y 0
0 0 2k 0 0 kK2+A?

Fortunately, in all cases we have the following important identities,
similar to those in [2, 16].

(2.3) tT’(Pl) == 6H1, tT‘(PQ) = 3H2, tT(Pl o S) = 6H2, tT(PQ ©) S) == 3H3,

(2.4)trS? = 9H? — 6Ha, tr(Py o S?) = 9H1Hy — 3Hs, tr(Py o S%) = 3H, Hs.

The linearized operator arisen from the first variation of the (j + 1)th
mean curvature of M denoted by L; : C>°(M) — C>°(M) is defined by the
formula L;(f) := tr(Pj o V2f), where, < V2f(X),Y >=< VxVf, Y > for
every X,Y € x(M). Associated to the orthonormal frame {ej,e2,e3} of
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tangent space on a local coordinate system in the hypersurface = : M} —
Et, L;(f) has an explicit expression as

3
(2.5) Li(f) = Z eiftij(eieif — Veeif).

=1

For a Lorentzian hypersurface z : M7 — Ef, with a chosen (local)
unit normal vector field n, for an arbitrary vector a € Ef we use the
decomposition a = a” + ¥ where o’ € TM is the tangential component
of a, a®¥ 1 TM, and we have the following formulae from [2, 16].

(26)V < z,a >=a’, V<n,a>=—-Sa’, Liz = 6Hyn, Lox = 3H3n

Lll’l = —3VH2 - 3[3H1H2 - Hg]n,
(2.7)
LQII = —VHg - [3H1H3]Il,

L%x = G[QPQVHQ — 9H2VH2] + 6[L1H2 — 9H1H22 + 3H2H3]n,
(2.8)
L%JZ = —9H3VHs + 3(L2H3 - 3H1H§)n.

Assume that a hypersurface x : M7 — E{ satisfies the condition L2z =
0 for an integer k € {0, 1,2}, then it is said to be Lg-biharmonic. In the
case k = 0, we have Ly = A and Lg-biharmoniciy is the same ordinary
harmonicity which has been studied in [3, 4]. By equalities (2.8), a hy-
persurface z : M7 — Ef is Li-biharmonic if and only if it satisfies two
following conditions:

(Z) L1H2 = 3(3H1H22 — H2H3) = HQtT’(S2 o Pl),

(2.9) (i1) P2V Hy = $H,V Hs.

A timelike hypersurface = : M3 — E4 is said to be Li-biconservative, if
its 2nd mean curvature satisfies the condition (2.9)(ii).

Also, z : M} — E{ is Lo-biharmonic if and only if it satisfies two
following conditions:

(2.10) (7,) L2H3 = 3H1H§ = H3t7“<S2 o PQ), (ZZ) H3VH3 =0.

A timelike hypersurface x : M3 — Ef is said to be La-biconservative, if
its 3rd mean curvature satisfies the condition (2.10)(ii).
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The structure equations of E{ are given by

4
(2.11) dwi = Zwij VAN Wi, Wij + Wji = 07
j=1
4
(2.12) dwij = Zw“ A wij.
=1

With restriction to M, we have ws = 0 and then,

3
(2.13) 0=dwy = th N wj.
=1

By Cartan’s lemma, there exist functions h;; such that
3
(2.14) wai =Y hijwj,  hij = hji.
j=1

This gives the second fundamental form of M, as B = }_ h;jwwjes.
/[:7j

3
The mean curvature H is given by H = £ 3 hy;. From (2.11) -(2.14) we
=1

1=
obtain the structure equations of M as follow.

3
(2.15) dw; =Y wij Awj, wij 4+ wji =0,
j=1
3 13
(2.16) dwij = Zwik A\ Wkj — 5 Z Rijklwk AWy,
k=1 k=1

for 7,5 = 1,2, 3, and the Gauss equations

(2.17) Rijii = (highji — hahyg),

where R;ji; denotes the components of the Riemannian curvature tensor of
M.

Let h;j;, denote the covariant derivative of h;;.

We have

3 3 3
(2.18) dhij = hijrwr + Y hrjwie + Y higwjp.
k=1 k=1 k=1
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Thus, by exterior differentiation of (2.14), we obtain the Codazzi equa-
tion

(2.19) hijk = hik;-
Now we recall the definition of an Lg-finite type hypersurface from [11],
which is the basic notion of the paper.

Definition 2.5. An isometrically immersed hypersurface z : M3 — Ef is
said to be of Ly-finite type if x has a finite decomposition © = Y i~ x;,
for some positive integer m, satisfying the condition Lix; = B;x;, where,
B; € R and x; : M3 — E{ is smooth maps, for i = 1,2,---,m, and g
is constant point. If all B;’s are mutually different, M™ is said to be of
Li-m-type. An Li-m-type hypersurface is said to be null if for at least one
i (1 <i<m) we have 5; = 0.

Now, we see two examples of Li-biconservative timelike hypersurfaces
in Bf, for k=0,1,2.

Example 2.6. Assume that D;(r) be the product S7(r) x R C Ef where
r > 0. It has another representation as

Dl(T‘) = {(yl, ...,y4) S Eﬂ — y% +y% +y§ — 7,2}’

having the spacelike vector field n(y) = —%(yl, Y2,93,0) as the Gauss map.
Clearly, it has two distinct principal curvatures k1 = ko = %, k3 = 0, and
the constant higher order mean curvatures H; = %ril, Hy = %T*Z and
H; =0.

Example 2.7. Assume that Da(r) be the product Si(r) x E? C E{ where
r > 0. It has another representation as

D?(T) = {(y17 "'7y4) € E%’ - y% + y% = 7"2},

having the spacelike vector field n(y) = —%(yl, Y2,0,0,0) as the Gauss map.
Clearly, it has two distinct principal curvatures k3 = %, ko = k3 = 0, and

the constant higher order mean curvatures Hy = ﬁ, and Hy = H3 = 0.

Example 2.8. Let D3(r) be the product E? x S'(r) C E{ where r > 0. It
can be represented as

Ds(r) = {(y1,....ys) € Ef|yi + v& =17},

with the Gauss map n(y) = —%((), 0,0,y4,y5). it has two distinct principal
curvatures kK1 = kg = 0, k3 = %, and the constant higher order mean
curvatures H; = =, and Hy, = 0 for k = 2, 3.

ar>
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Example 2.9. Consider the pseudo-sphere

S%(T) ={(y1,--,va) € Ef — y% + yg + yg + yz — r2},

(for » > 0) with the Gauss map n(y) = —%(yl,yg,yg,y4). It has three
principal curvatures kK1 = Ko = K3 = % and constant higher order mean
curvatures Hy = Tik, for k=1,2,3.

3. Results

In this section, we give four theorems on the Lg-biconservative connected
orientable timelike hypersurface in E{ with constant ordinary mean curva-
ture. Theorem 3.1 is appropriated to the case that the shape operator on
hypersurface is diagonalizable. Theorems 3.2, 3.3 and 3.4 are related to the
cases that the shape operator on hypersurface is of type I, I1I and IV,
respectively.

Theorem 3.1. Let = : Mj — Ef be a Ly-biconservative timelike hyper-
surface in the Minkowski 4-space, having diagonalizable shape operator (i.e
of type I) with constant kth mean curvature and exactly two distinct prin-
cipal curvatures (for k a nonnegative integer number less than 3). Then, it
has constant (k + 1)th mean curvature.

Proof. By assumption, M3 has two distinct principal curvatures A and
p of multiplicities 2 and 1, respectively. Defining the open subset U of M3
as U := {p € M} : VH? ,(p) # 0}, we prove that U is empty. Assuming
U # 0, we consider {ej,es,e3} as a local orthonormal frame of principal
directions of S on U such that Se; = \;e; for ¢ = 1,2,3. By assumption,
we have

AL =X =, A3 = U

Therefore, we obtain

(3.1) P12 = H22 = /\,u, w32 = )\2, 3Hy = )\2 + 2/\,u.

In the case k = 1, by condition (2.9)(ii), we have

9
(3.2) Py(VHy) = 5 H>V Hy.

Then, using the polar decomposition
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3
(3.3) VHy =) € < VHa,e; > e,
=1

we see that (3.2) is equivalent to
9
€, < VHa,e; > (,uig — §H2) =0
on U for ¢ = 1,2,3. Hence, for every i such that < VHs,e; ># 0 on U we
get

9
(3.4) Hi2 = §H2.

By definition, we have VHs # 0 on U, which gives one or both of the
following states.

State 1. < VHa,e; ># 0, for i = 1 or ¢ = 2. By equalities (3.1) and (3.4),
we obtain

9 2
A A )\2
which gives
5
(3.5) AGH — S X) =0,

If A\ =0 then Hy = 0. Otherwise, we get A = %H, B o= —gH and
Hy = —2H?
2= 735

State 2. < VHay, ez ># 0. By equalities (3.1) and (3.4), we obtain

9 2
2\ = A 1y
2(3 t3 3 )
which gives
11

If A =0 then Hy = 0. Otherwise, we have A = %H, W= —%H and
H, — 216 72
27 121
Therefore, Hs is constant.
In the case k = 0, the main claim is proven in [3, 4]. In the case k = 2,
from condition (2.10)(ii) we get e;(H?) = 0 for i = 1,2,3, which means
that there is nothing to prove. a
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Theorem 3.2. Let k be a nonnegative integer number less than 3 and
x : M} — Ef be an Ly-biconservative connected orientable timelike hy-
persurface with shape operator of type Il which has exactly two distinct
principal curvatures and constant kth mean curvature, then it’s (k + 1)th
mean curvature is constant.

Proof.  Suppose that, Hs is non-constant. Considering the open subset
U={pe M:VH3(p) # 0}, we try to show & = (). By the assumption,
with respect to a suitable (local) orthonormal tangent frame {ej,es,e3}
on M, the shape operator S has the matrix form Bs, such that Se; =
(k + %)el — i%eg, Seq = %61 + (k — %)62, Ses = Ae3z and then, we have
P261 = (Ii — 5)/\61 + %)\62, P262 = —%)\61 + (KJ + %))\62 and P263 = H263.
When k£ = 0, the result is derived from [3, 4]. In the case k = 1, by

3
condition (2.9)(i7), using the polar decomposition VHa = Y €ei(Ha)e;,
i=1
we get
(i) erer(Ha)[(r — 3)A — §Ha] = egea(Ha)5

(3.7) (’LZ) 6262(H2)[(FL + %))\ — gHQ] = —Glel(Hg)%,
(i11) eses(Ha)(k* — 3H) = 0.

Now, we prove some simple claims.
Claim 1: 61(H2) = €2(H2) = 63(H2) =0.

If e;(Hz) # 0, then by dividing both sides of equalities (3.7)(4,47) by
ere1(Hz) we get

ere1(H2)

(i) 22Ul )\ — 9H,) = -2,

(i) (k- DA~ §H, — 22l
ere1(H2) =

(3.8)

which, by substituting (¢) in (i7), gives %(1 +u)? =0, where u := %

Then A = 0 or w = —1. If A = 0, then we get Hy = 0 from (3.8)(4).
Also, by assumption A # 0 we get v = —1 which gives kKA = %Hg, then
K(3k +4X) = 0 and finally kK = —3\ (since k = 0 gives H, = 0 again).
Hence, we have Hy = %m\ = —%)\2 and H; = —%/\, and since Hj is
assumed to be constant, then \ = —%Hl and Hy = —%—gHIQ have to be
constant and we have e;(Hz2) = 0, which is a contradiction. Therefore, the
first claim is proved.

The second part of Claim 1 is ea(Hz) = 0. It can be proven by a similar
manner. If ex(Hy) # 0, then by dividing both sides of equalities (3.7)(4, i)
by ezea(Hs) we get
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. ere1(H 1 9 A
(39) ('L) E;e;EHzg [(’i - §)A - §H2] (: ?
() G5+~ §H> =~
which, by substtuting (1) in (i), gives 3(1+0)? = 0, where v = 293,

Then A = 0 or v = —1. If A = 0, then we get Hy = 0 from (3.9)(7).
Also, by assumption A # 0 we get v = —1 which gives kKA = gHQ, then

k(3k +4X) = 0 and ﬁnally Kk = ——/\ (since kK = 0 gives Hy = 0 again).
Hence, we have Hy = gm\ )\2 and H; = 9/\, and since Hj 1is
assumed to be constant, then A = ——H1 and Hy = %Hf have to be

constant and we have ey (Hg) =0, Whlch is a contradiction. Therefore, the
second part of Claim 1 is proved.

Now, if e3(Hz) # 0, then by (3.7)(iii) we get 2 = $ Ha, then r(k+6)) =
0, which gives Kk = 0 or kK = —6A. If kK = 0, then Hy = 0, and if K = —6A
then since H) = —%)\ is assumed to be constant, we get that Hs is constant
and then e3(Hz) = 0. Which is a contradiction, so we have e3(Hz) = 0.

In the case k¥ = 2, from condition (2.10)(ii) we get e;(H2) = 0 for
1 =1,2,3, which means that there is nothing to prove. O

Theorem 3.3. Let k be a nonnegative integer number less than 3 and
x : M} — Ef be an Ly-biconservative connected orientable timelike hy-
persurface with shape operator of type 111 which has constant kth mean
curvature, then it’s (k 4+ 1)th mean curvature is constant.

Proof. When k£ = 0, the result is derived from [3, 4]. In the case
k = 1, suppose that, Hy is non-constant. Considering the open subset
U= {pe M:VH3(p) # 0}, we try to show & = (). By the assumption,
with respect to a suitable (local) orthonormal tangent frame {ej,es,es}

on M, the shape operator S has the matrix form Bs, such that Se; =

kel + ‘/_63, Ses = Keg — %63, Sez = @el — 462 + keg and then, we

have Pyey = (K2 — $)er — dea — Y2res, Paea = Se1 + (k2 + $)ea + Lries

and Pyeg = @/ﬁel + @neg + K2es.
3
Using the polar decomposition VHs = Y €;e;(H2)e;, from condition
i=1
(2.9)(ii) we get

(i) ele1<H2>[<n2 — 1) = $H) + Lesea(Hs) + Leses(Ha)r = 0,
(3.10)(ii) Zterer(Ho) + 6262(H2)[( +3)— 2H,) + ‘/_eges(Hz)/i =0,
(7i7) 6161(H2)42£/1 + 6262(H2)32£H + eze3(Ha) (k% — —Hg) =0,
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Now, we prove some simple claims.

Claim: 61(H2) = 62(H2) = 63(H2) =0.
If e;(Hs) # 0, then by dividing both sides of equalities (3.10)(¢, 74, 44i) by
e1e1(Hs), and using the identity Ho = x2 in type I11, we get

(Z) —%——Ii2+ ul-i-\/_’LLzli—()

(3.11) i) 2w (L — Ik —l—iug&—O
2 2

(#i7) %/_n + ‘é_u K — Lx%)ug =0,

722253 and ug 1= 72?2%3’ which, by comparing () and (i),

where u; :=
gives k2(uy — 1) = 0. If kK = 0, then Ho = 0. Assuming x # 0, we get
up = 1, which, using (3.11)(7ii), gives ug = 0. Substituting u; = 1 and
ug = 0in (3.11)(7), we obtain again x = 0, which is a contradiction. Hence
e1(Hz) = 0.

Therefore, using the result e;(Hsz) = 0, the system of equations (3.10)
gives

(i) Legea(Ha) + Lezes(Hz)k =0,
(3.12) (i) cacalt)(} — 3%) + iegegwm =0,
(iil) 6262([’[2)@/43 - 363(H2)2 =0.

Comparing parts (4), (#3) and (i73) of (3.12), we get kea(Hz) = 0 and
ke3(Hz) = 0, hence, using (), gives ea(Hz2) = 0. Then, the second claim
(i.e. e2(Hz) = 0) is proved.

Now, using the results ej(Hs) = ea(Hz) = 0, we get res(Hz) = 0,
which, using Hy = x?2, implies re3(x%) = 0 and then e3(x%) = 0, and finally

63(H2) =0.
In the case k = 2, from condition (2.10)(ii) we get e;(H2) = 0 for
1 =1,2,3, which means that there is nothing to prove. O

Theorem 3.4. Let k be a nonnegative integer number less than 3 and
r : M} — Ef be an Ly-biconservative connected orientable timelike hy-
persurface with shape operator of type IV which has constant kth mean
curvature and a constant real principal curvature. Then, its 2nd and 3rd
mean curvatures are constant.

Proof. When k£ = 0, the result is derived from [3, 4]. In the case
k = 1, suppose that, Ho is non-constant. Considering the open subset
U={pe M:VH2(p) # 0}, we try to show U = (). By the assumption
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M3 has three distinct principal curvature, then, with respect to a suitable
(local) orthonormal tangent frame {ej,es,e3} on M, the shape operator
S has the matrix form By, such that Se; = kep — Aea, Sea = Aeq + ke,
Ses = nes and then, we have Pre; = kney + Anea, Paea = —Ane; + knea

and Pyez = (k? + \?)es.
3
Using the polar decomposition VHs = 3 €;e;(Hz)e;, from condition

(2.9)(ii) we get i=1

(1) ere1(Hz)(kn — $Hs) = exea(Ha)An,
(3.13) (ZZ) 6262(H2)(I£77 — %Hg) = —6161(H2))\77,
(i) eses(Ha)(k* + N2 — 3Hy) = 0.

Now, we prove three simple claims.

Claim 1: 61(H2) = 62(H2) = 0.
If e;(Hz) # 0, then by dividing both sides of equalities (3.13)(7,7) by
ere1(Ha) we get
. 9 _ ezea(H:
(i) wn— §H> = 22272,

(i) 22 (k) — §H) = =,

(3.14)

which, by substituting (7) in (i7), gives An(l%—(%ﬁ) =0, then A\np = 0.

Since by assumption A # 0, we get n = 0. So, by (3.14(¢)), we have Hy = 0.
Similarly, if ea(Hz) # 0, then by dividing both sides of (3.13(i,4%)) by
eaea(Ha) we get

(i) 22U (s — $Ho) = M,

.. H.
(i6) K — §Hy = — L2y,

(3.15)

which, by substituting (¢) in (i7), gives An(l%—(%ﬁ) =0, then A\np = 0.

Since by assumption A # 0, we get = 0. So, by (3.15(7)), we have Hy = 0.

Claim 2: e3(Hz) = 0.
If e3(Hy) # 0, then from equality (3.13(ii7)) we have k? + A2 = §Hy, which
gives k2 + A2 = —6kn, where n = 3H; — 2k and n and H; are assumed
to be constant on U. So, x is also constant on U, and then, we obtain
Hy = %4/@77 = §H2 — 4H1k and H3 = —6kn? = —6k(3H; — 2k)%. are
constant on U.

In the case k = 2, from condition (2.10)(ii) we get e;(H2) = 0 for
1 =1,2,3, which means that there is nothing to prove. O
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