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Universidad Católica del Norte
Antofagasta - Chile

Abstract

In this paper we introduce the concept of lacunary ideal conver-

gence of triple sequences in fuzzy normed spaces and the relation be-

tween lacunary convergence and lacunary ideal convergence is inves-

tigated for triple sequences in fuzzy normed spaces. Concept of limit

point and cluster point for triple sequences in fuzzy normed spaces and

theorems related to these concepts are also given.
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1. Introduction

The theory of fuzzy sets was introduced by Zadeh [34] in 1965. Subse-
quently several authors discussed various aspects of the theory and appli-
cations of fuzzy sets such as fuzzy topological spaces, similarity relations
and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical
programming. In 2005 Saadati and Vaezpour [19] introduced Fuzzy normed
spaces by means of definition that was closely modeled on the theory of
(classical) normed spaces. Matloka [16] introduced the notion of conver-
gence of sequence of fuzzy numbers. Nanda [18] studied the sequences of
fuzzy numbers and Sencimen and Pehlivan [23] introduced the notions of a
statistically convergent sequence and a statistically Cauchy sequence in a
fuzzy normed linear space. The concepts of I-convergence, I∗-convergence,
and I Cauchy sequence were studied by Hazarika [9] in a fuzzy normed
linear space.

A triple sequence (real or complex) is a function x : N×N×N→ R(C),
where N,RandC are the set of natural numbers, real numbers, and com-
plex numbers respectively. We denote by 3ω the class of all complex triple
sequence (xpqr), where p, q, r ∈ N. Then under the coordinate wise addi-
tion and scalar multiplication 3ω is a linear space. A triple sequence can
be represented by a matrix in the form of a box in three dimensions, like
in case of double sequences matrix is in the form of a square.

The different types of notions of triple sequences and their statistical
convergence were introduced and investigated initially by Sahiner et. al
[21]. Later Debnath et.al [1, 2], Esi et.al [3, 4, 5], and many authors have
studied it further and obtained various results [25, 28, 31].

Statistical convergence was introduced by Fast [6] and later on it was
studied by Fridy [7, 8] from the sequence space point of view and linked
it with summability theory. The notion of statistical convergent double
sequence was introduced by Mursaleen and Edely [17].

I-convergence is a generalization of the statistical convergence. Kostyrko
et. al. [20] introduced the notion of I-convergence of real sequence and
studied its several properties. Later Jalal [10, 11], Salat et. al. [20] and
many other researchers contributed in its study. Sahiner and Tripathy
[22] studied I-related properties in triple sequence spaces and showed some
interesting results. Tripathy [24] extended the concept of I-convergent
to double sequence and later Kumar [15] obtained some results on I-
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convergent double sequence. Recently Jalal and Malik [12, 13] extended
the concept of n-norms to triple sequence spaces and proved several alge-
braic and topological properties.

A sequence x = (xk) of fuzzy numbers is said to be convergent to a fuzzy
number x0 if there exists a positive integer k0 such that D(xk, x0) < ε, for
every ε > 0 and k > k0. A sequence x = (xk) of fuzzy numbers convergent
to level wise to x0 if and only if lim

k→∞
[xk]

−
α = [x0]

−
α and lim

k→∞
[xk]

+
α = [x0]

+
α ,

where [xk]α =
�
(xk)

+
α , (xk)

+
α

�
and [x0]α =

�
(x0)

+
α , (x0)

+
α

�
, for every α ∈

(0, 1).

A sequence x = (xk) of fuzzy numbers is said to be statistically conver-
gent to a fuzzy number x0 if every ε > 0,

lim
n

1

n

���k ≤ n : d̄(xk, x0) ≥ ε
��� = 0.

Let X be a vector space over R, �·� : X → L∗(R), and let the mappings
L,R : [0, 1]×[0, 1]→ [0, 1] be symmetric, non-decreasing in both arguments,
and satisfy L(0, 0) = 0 and R(1, 1) = 1. The quadruple (X, � · �, L,R) is
called a fuzzy normed linear space (briefly, (X, � · �) FNS) and � · � is a
fuzzy norm if the following axioms are satisfied:

(1) �x� = 0̃ if and only if x = 0,

(2) �rx� = |r| ⊙ �x� for x ∈ X, r ∈ R,

(3) For all x, y ∈ X,

a) �x+ y�(s+ t) ≥ L(�x�(s), �y�(t)), ] whenever s ≤ �x�−1 , t ≤ �y�
−
1

and s+ t ≤ �x+ y�−1 .
b) �x+ y�(s+ t) ≤ R(�x�(s), �y�(t)), ] whenever s ≥ �x�−1 , t ≥ �y�

−
1

and s+ t ≥ �x+ y�−1 .
Let (X, �·�) be a fuzzy normed linear space. A sequence (xn)

∞
n=1 in X is

convergent to L ∈ X with respect to the fuzzy norm on X and it is denoted
by xnFN→L, provided (D)− lim

n→∞
�xn−L� = 0̃, i.e., for every ε > 0 there

exists an N(ε) ∈ N such that D(�xnL�, 0̃) < ε, for all n ≥ N(ε). This
means that for every ε > 0 there exists an integer N(ε) ∈ N such that

sup
α∈[0,1]

�xn −L�+α = �xn −L�+0 < ε,
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for all n ≥ N(ε).
From now on wards we write TFNS for “Triple Fuzzy Normed Space”.

Let (X, �·�) be an TFNS, if for every ε > 0 there exist a number N = N(ε)
such that

D
�
�xpqr − L, 0̃�

�
< ε

for all, p, q, r ≥ N , then the triple sequence x = (xpqr) is said to be con-
vergent to L ∈ X with respect to the fuzzy norm on X, and we denote it
by xpqr[]TFNL. Which means that for every ε > 0 there exists a number
N = N(ε) such that sup

α∈[0,1]
�xpqr−L�+α = �xpqr−L�+0 < ε, for all p, q, r ≥ N .

2. Definitions and Preliminaries

Let K ⊂N×N×N and Cijk be the number of (p, q, r) ∈ K such that p ≤

i, q ≤ j, r ≤ k. If the sequence

�
Cijk

i · j · k

	
has a limit in Pringsheim’s sense

then we say that the sub-sequence K has triple natural density denoted by

δ3(K) = lim
i,j,k→∞

Cijk

i · j · k
.

If for every ε > 0,

δ3

�

(i, j, k) ∈ N×N×N : D

�
�xijk − L, 0̃�

�
≥ ε

��
= 0,

then the triple sequence x = (xijk) is said to be statistically convergent to
L ∈ X with respect to the fuzzy norm on X.

This implies that �xijk − L�+0 < ε for almost all i, j, k and each ε > 0,
and we denote it as FS3 − lim �xijk − L� = 0̃ or xijk[]FS3L.

A class I of subsets of X is said to be ideal if the following conditions
hold good

(i) A,B ∈ I ⇒ A ∪B ∈ I

(ii) ∈ I, B ⊂ A⇒ B ∈ I

If X �∈ I, I is a nontrivial ideal. If {x} ∈ I for each x ∈ X, the nontriv-
ial ideal I in X is called admissible.

If X �= φ, a filter in X is a class of subsets of X, having the following
properties
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(i) A,B ∈⇒ A ∩B ∈
(ii) A ∈, B ⊆ A⇒ B ∈
Let I be a nontrivial ideal in X �= φ. The class

(I) = {M ⊂ X : (∃A ∈ I)(M = X \A)} is a filter associated with I on X.

Definition 2.1. [21] A triple sequence (xpqr) is said to be convergent to L

in Pringsheim’s sense if for every ε > 0, there exists N ∈ N such that

|xpqr − L| < ε whenever p ≥N, q ≥N, r ≥N

and write as lim
p,q,r→∞

xpqr = L.

Note: A triple sequence is convergent in Pringsheim’s sense may not be
bounded [21].

Example Consider the sequence (xpqr) defined by

xpqr =

�
p+ q for all p = q andr = 1
1

p2qr
otherwise.

Then xpqr → 0 in Pringsheim’s sense but is unbounded.

Definition 2.2. A triple sequence (xpqr) is said to be I-convergent to a
number L if for every ε > 0,

{(p, q, r) ∈ N×N×N : |xpqr − L|) ≥ ε} ∈ I.

In this case we write I − limxpqr = L.

Definition 2.3. A triple sequence (xpqr) is said to be I-null if L = 0. In
this case we write I − limxpqr = 0.

Definition 2.4. [21] A triple sequence (xpqr) is said to be Cauchy sequence
if for every ε > 0, there exists N ∈ N such that

|xpqr − xlmn| < ε whenever p ≥ l ≥N, q ≥ m ≥N, r ≥ n ≥N.

Definition 2.5. A triple sequence (xpqr) is said to be I−Cauchy sequence
if for every ε > 0, there exists N ∈ N such that

{(p, q, r) ∈ N×N×N : |xpqr − almn| ≥ ε} ∈ I

whenever p ≥ l ≥N, q ≥ m ≥N, r ≥ n ≥N.
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Definition 2.6. [21] A triple sequence (xpqr) is said to be bounded if there
exists M > 0, such that |xpqr| < M for all p, q, r ∈ N.

Definition 2.7. A triple sequence (xpqr) is said to be I−bounded if there
exists M > 0, such that {(p, q, r) ∈ N ×N ×N : |xpqr| ≥ M} ∈ I for all
p, q, r ∈ N.

Let (X, � · �) be a fuzzy normed space. A sequence x = (xn)n∈N in X

is said to be I-convergent to L ∈ X with respect to fuzzy norm on X if for
each ε > 0, the set A(ε) = {n ∈ N : �xnL�

+
0 ≥ ε} belongs to I. In this

case,we write xnFI→L. The element L is called the I-limit of x in X.

A sequence (xn) in X is said to be I∗-convergent to L in X with respect
to the fuzzy norm on X if there exists a set M ∈ F (I), M = {t1 < t2 <

· · ·} ⊂N such that limk→∞ �xtkL� = 0.

Let (X, � · �) be a fuzzy normed space. A sequence x = (xijk) in X is
said to be I3-convergent to L ∈ X with respect to fuzzy norm on X, if for
each ε > 0, the set A(ε) = {(i, j, k) ∈ N×N×N : �xijkL�

+
0 ≥ ε} belongs

to I3. In this case, it is denoted by xijkFI3→L. The element L is called
the I3-limit of x in X.

The triple sequence θ3 = {(rk, sl, tm)} is called a triple lacunary se-
quence if there exist three increasing sequences of integers such that

r0 = 0 , hk = rkrk1 →∞, s0 = 0 , hl = slsl1 →∞,

and t0 = 0, hm = tmtm−1 →∞, as k, l,m→∞.

We use following notations in the sequel:

rjkl = rjsktl , hjkl = hjhkhl,

Cijk = {(r, s, t) : ri−1 < r ≤ ri, sj−1 < s ≤ sj and tk−1 < r ≤ tk} .

Different properties of lacunary sequence spaces can be found in [26, 27,
29, 30, 32].
In this paper we introduce the concept of Fθ3−convergence and FIθ3−
convergence. We gave the definition of FIθ3−limit point and FIθ3−cluster
point.

Definition 2.8. A sequence x = (xrst)(r,s,t)∈N×N×N in X is said to be
Fθ3-convergent to L1 ∈ X with respect to fuzzy norm on X if for each
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ε > 0, there exists n0 ∈ N such that

1

hklm



(r,s,t)∈Cklm

D(�xrst − L1�, 0̃) < ε

for all k, l,m ≥ n0. In this case, we write xrstFθ3→L1 or xrst → L1(Fθ3),
or Fθ3 − lim

r,s,t→∞
xrst = L1. The element L1 is called the Fθ3-limit of x in

X.

Definition 2.9. A sequence x = (xrst) in X is said to be lacunary FI3
−convergent to l1 ∈ X with respect to fuzzy norm on X if for each ε > 0,
the set




(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

D
�
�xrst − l1�, 0̃

�
≥ ε






belongs to I3. In this case, we write xrst[]FIθ3l1 or xrst → l1(FIθ3), or
FIθ3 − lim

r,s,t→∞
xrst = l1. The number l1 is called the FIθ3−limit of (xrst)

in X.

3. Lacunary I3-Convergence

Theorem 3.1. If x = (xrst) in X is Fθ3−convergent, then Fθ3 − limx is
unique.

Proof. Let, Fθ3− limx = l1 and Fθ3− limx = l2. Then, for any ε > 0,
there exists n1, n2 ∈ N such that

1

hklm



(r,s,t)∈Cklm

�xrst − l1�
+
0 <

ε

2
∀ k, l,m ≥ n1

and
1

hklm



(r,s,t)∈Cklm

�xrst − l2�
+
0 <

ε

2
∀ k, l,m ≥ n2.

Let n0 = max{n1, n2}, then for k, l,m ≥ n0, we have for (a, b, c) ∈ N ×
N×N,

�xabc − l1�
+
0 <

1

hklm



(r,s,t)∈Cklm

�xrst − l1�
+
0 <

ε

2
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and

�xabc − l2�
+
0 <

1

hklm



(r,s,t)∈Cklm

�xrst − l1�
+
0 <

ε

2
.

Therefore,

�l1 − l2�
+
0 ≤ �xabc − l1�

+
0 + �xabc − l2�

+
0 < ε.

Since, ε > 0 is arbitrary, we have l1 = l2. �

Lemma 3.2. For every ε > 0, the following statements are equivalent

(a) FIθ3 − lim
r,s,t→∞

xrst = l1,

(b)


(j, k, l) ∈ N×N×N : 1

hjkl

�
(r,s,t)∈Cjkl

�xrst − l1�
+
0 ≥ ε

�
∈ I3

(c)


(j, k, l) ∈ N×N×N : 1

hjkl

�
(r,s,t)∈Cjkl

�xrst − l1�
+
0 < ε

�
∈ (I3)

(d) FIθ3 − lim
r,s,t→∞

�xrst − l1�
+
0 = 0.

Theorem 3.3. If x = (xrst) in X is lacunary I3−convergent with respect
to fuzzy norm on X, then FIθ3 − limx is unique.

Proof. The proof of this theorem is similar to proof of Theorem 3.1. �

Theorem 3.4. Let x = (xrst) and y = (yrst) be the two triple triple
sequences in X. Then

(i) if FIθ3− limxrst = l1, and FIθ3− lim yrst = l2, then FIθ3− lim(xrst+
yrst) = l1 + l2;

(ii) if FIθ3 − limxrst = l1, then FIθ3 − lim cxrst = l1, for c ∈ R− {0}.

Proof. For any ε > 0, we define the following sets

A1 =




(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�xrst − l1�
+
0 ≥

ε

2




 ,

and

A2 =




(j, k, l) ∈N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�yrst − l2�
+
0 ≥

ε

2




 .
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Since, FIθ3 − limxrst = l1, and FIθ3 − lim yrst = l2, using Lemma 3.2, we
have A1, A2 ∈ I3 for all ε > 0.

Now, let A3 = A1 ∪ A2. Then, A3 ∈ I3, so the complement (A3)
c is a

nonempty set in (I3). We claim that

(A3)
c ⊂




(j, k, l) ∈N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�(xrst + yrst)− (l1 + l2)�
+
0 < ε




 .

Let (j, k, l) ∈ (A3)
c, then we have

1

hjkl



(r,s,t)∈Cjkl

�xrst − l1�
+
0 <

ε

2
and

1

hjkl



(r,s,t)∈Cjkl

�yrst − l2�
+
0 <

ε

2
.

Now, for (a, b, c) ∈N×N×N, we have

�xabc − l1�
+
0 <

1

hjkl



(r,s,t)∈Cjkl

�xrst − l1�
+
0 <

ε

2
,

and

�yabc − l2�
+
0 <

1

hjkl



(r,s,t)∈Cjkl

�yrst − l2�
+
0 <

ε

2
.

Then, we have

�(xabc + yabc)− (l1 + l2)�
+
0 ≤ �xabc − l1�

+
0 + �yabc − l2�

+
0 < ε.

Hence,

(A3)
c ⊂




(j, k, l) ∈N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�(xrst + yrst)− (l1 + l2)�
+
0 < ε




 .

Since, (A3)c ∈ (I3), we have




(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�(xrst + yrst)− (l1 + l2)�
+
0 ≥ ε




 ∈ I3.

Therefore, FIθ3 − lim(xrst + yrst) = l1 + l2. This proves part (i) of the
theorem.
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Again, let FIθ3 − limxrst = l1. Then, for ε > 0 and c ∈ R−{0}, we define
the following sets:

D =




(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�xrst − l1�
+
0 <

ε

|c|




 .

So, D ∈ (I3). Let (j, k, l) ∈ D, then we have
1
hjkl

�
(r,s,t)∈Cjkl

�xrst − l1�
+
0 < ε

|c|

⇒ |c|
hjkl

�
(r,s,t)∈Cjkl

�xrst − l1�
+
0 < |c| × ε

|c|

⇒ 1
hjkl

�
(r,s,t)∈Cjkl

|c|�xrst − l1�
+
0 < ε

⇒ 1
hjkl

�
(r,s,t)∈Cjkl

�cxrst − cl1�
+
0 < ε.

Therefore,

D ⊂




(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�cxrst − cl1�
+
0 < ε






and



(j, k, l) ∈N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�cxrst − cl1�
+
0 < ε




 ∈ (I3).

Hence, FIθ3 − lim c xrst = cl1. �

Theorem 3.5. Let x = (xrst) be a triple sequence in X. If Fθ3−limx = l1,

then FIθ3 − limx = l1.

Proof. Assuming, Fθ3− limx = l1, we have for every ε > 0, there exists
n0 ∈ N such that

1

hjkl



(r,s,t)∈Cjkl

�xrst − l1�
+
0 < ε

for all j, k, l ≥ n0. Therefore, the set
=


(j, k, l) ∈ N×N×N : 1
hjkl

�
(r,s,t)∈Cjkl

�xrst − l1�
+
0 ≥ ε

�

⊂ (N×N× {1, 2, . . . , (n0 − 1)}) ∪ ({1, 2, . . . , (n0 − 1)} ×N×N) .
So, we have E ∈ I3. Hence, FIθ3 − limx = l1. �
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Theorem 3.6. Let x = (xrst) be a triple sequence in X. If Fθ3−limx = l1,

then there exists a subsequence (xrisjtk) such that xrisjtk []TFNl1

Proof. Let Fθ3 − limx = l1. Then, for every ε > 0, there exists n0 ∈ N

such that
1

habc



(r,s,t)∈Cabc

�xrst − l1�
+
0 < ε

for all a, b, c ≥ n0. Clearly, for each a, b, c ≥ n0, we select a (ri, sj, tk) ∈ Cabc
such that

�xrisjtk − l1�
+
0 <

1

habc



(r,s,t)∈Cabc

�xrst − l1�
+
0 < ε

It follows that xrisjtk []TFNl1. �

4. Limit point and cluster point

In this section, we introduce the notions of FIθ3−limit point and FIθ3−cluster
point for triple sequences in a fuzzy normed space. Also, we examine the
relations between FIθ3−limit point and FIθ3−cluster point of triple se-
quences in fuzzy normed space.

Definition 4.1. An element L ∈ X is said to be an FIθ3−limit point of
x = (xrst) if there is a set M1 = {r1 < r2 < · · · < ra < · · ·} ⊂ N, M2 =
{s1 < s2 < · · · < sb < · · ·} ⊂ N and M3 = {t1 < t2 < · · · < tc < · · ·} ⊂ N

such that the set M ′ = {(j, k, l) ∈ N×N×N : (ra, sb, tc) ∈ Cjkl} �∈ I3, and
Fθ3 − limxrasbtc = l.

We denote the set of all FIθ3−limit points of x as Λ
Iθ3
F (x).

Definition 4.2. An element L ∈ X is said to be an FIθ3−cluster point of
x = (xrst) if for every ε > 0, we have




(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�xrst − l�+0 < ε




 �∈ I3.

We denote the set of all FIθ3−cluster point of x as Γ
Iθ3
F (x).

Theorem 4.3. For each x = (xrst) in X, we have Λ
Iθ3
F (x) ⊂ Γ

Iθ3
F (x).
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Proof. Let l ∈ Λ
Iθ3
F (x), then there exists three sets M1,M2,M3 ⊂ N

such that M ′ �∈ I3, where M1,M2,M3 and M ′ are as in Definition 4.1, and
also Fθ3 − limxrasbtc = l. Thus, for every ε > 0 there exists n0 ∈ N such
that

1

hjkl



(ra,sb,tc)∈Cjkl

�xrasbtc − l�+0 < ε,

for all j, k, l ≥ n0. Then we get
=


(j, k, l) ∈ N×N×N : 1
hjkl

�
(r,s,t)∈Cjkl

�xrst − l�+0 < ε
�

⊇M ′ − {{r1, r2, . . . , rn0} × {s1, s2, . . . , sn0} × {t1, t2, . . . , tn0}} .
Therefore, we have

M ′ − {{r1, r2, . . . , rn0} × {s1, s2, . . . , sn0} × {t1, t2, . . . , tn0}} �∈ I3

and as such D �∈ I3. Consequently, l ∈ Γ
Iθ3
F (x). �

Theorem 4.4. For every triple sequence x = (xrst), the following state-
ments are equivalent:

(i) l is an FIθ3−limit point of x,

(ii) there exists two triple sequences y = (yrst) and z = (zrst) in X such
that x = y+ z, Fθ3− lim y = l and {(j, k, l) ∈ N×N×N : (r, s, t) ∈
Cjkl, zrst �= 0} ∈ I3.

Proof. Suppose (i) hold, then there exists sets M1, M2, M3 and M ′ as
in Definition 4.1 such that M ′ �∈ I3 and Fθ3 − limxrisjtk = l. Define the
sequences y and z as follows:

yrst =

�
xrst, if (r, s, t) ∈ Cjkl, (j, k, l) ∈M ′,

l, otherwise

and

zrst =

�
0, if (r, s, t) ∈ Cjkl, (j, k, l) ∈M ′,

xrst − l, otherwise.

It suffices to consider the case (r, s, t) ∈ Cjkl, such that (j, k, l) ∈ N×
N×N \M ′. For each ε > 0, we have �yrst − l�+0 = 0 < ε. Thus,

1

hjkl



(r,s,t)∈Cjkl

�yrst − l�+0 = 0 < ε.
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Therefore, Fθ3 − lim y = l. Now

{(j, k, l) ∈ N×N×N : (r, s, t) ∈ Cjkl, zrst �= 0} ⊂N×N×N \M ′.

But, N×N×N \M ′ ∈ I3, and so

{(j, k, l) ∈ N×N×N : (r, s, t) ∈ Cjkl, zrst �= 0} ∈ I3.

Now, suppose that (ii) holds. Let
M ′ = {(j, k, l) ∈N×N×N : (r, s, t) ∈ Cjkl, zrst = 0} . Then, clearlyM ′ ∈
F (I3) and so it is an infinite set. Construct the sets M1 = {r1 < r2 <

· · · < ra < · · ·} ⊂ N, M2 = {s1 < s2 < · · · < sb < · · ·} ⊂ N and
M3 = {t1 < t2 < · · · < tc < · · ·} ⊂ N such that (ri, sj, tk) ∈ Cjkl and
zrisjtk = 0. Since, xrisjtk = yrisjtk and Fθ3 − lim y = l,

We obtain Fθ3 − limxrisjtk = l.

This completes the proof. �

Theorem 4.5. If there is an FIθ3−convergent sequence y = (yrst) ∈ X

such that {(r, s, t) ∈ N×N×N : yrst �= xrst} ∈ I3, then x = (xrst) is also
FIθ3−convergent.

Proof. Suppose that {(r, s, t) ∈ N×N×N : yrst �= xrst} ∈ I3 and FIθ3−
limy = l. Then, for every ε > 0, the set




(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�yrst − l�+0 ≥ ε




 ∈ I3.

For every ε > 0, we get

(j, k, l) ∈ N×N×N : 1

hjkl

�
(r,s,t)∈Cjkl

�xrst − l�+0 ≥ ε
�

⊆
{(j, k, l) ∈ N×N×N : yrst �= xrst} ∪



(j, k, l) ∈ N×N×N : 1

hjkl

�
(r,s,t)∈Cjkl

�yrst − l�+0 ≥ ε
�
.

Therefore, we have



(j, k, l) ∈ N×N×N :
1

hjkl



(r,s,t)∈Cjkl

�xrst − l�+0 ≥ ε




 ∈ I3.

This completes the proof of the theorem. �
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