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Abstract

In this paper we introduce the concept of lacunary ideal conver-
gence of triple sequences in fuzzy normed spaces and the relation be-
tween lacunary convergence and lacunary ideal convergence is inves-
tigated for triple sequences in fuzzy normed spaces. Concept of limit
point and cluster point for triple sequences in fuzzy normed spaces and
theorems related to these concepts are also given.
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1. Introduction

The theory of fuzzy sets was introduced by Zadeh [34] in 1965. Subse-
quently several authors discussed various aspects of the theory and appli-
cations of fuzzy sets such as fuzzy topological spaces, similarity relations
and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical
programming. In 2005 Saadati and Vaezpour [19] introduced Fuzzy normed
spaces by means of definition that was closely modeled on the theory of
(classical) normed spaces. Matloka [16] introduced the notion of conver-
gence of sequence of fuzzy numbers. Nanda [18] studied the sequences of
fuzzy numbers and Sencimen and Pehlivan [23] introduced the notions of a
statistically convergent sequence and a statistically Cauchy sequence in a
fuzzy normed linear space. The concepts of I-convergence, I*-convergence,
and I Cauchy sequence were studied by Hazarika [9] in a fuzzy normed
linear space.

A triple sequence (real or complex) is a function z : NxNxN — R(C),
where N, RandC are the set of natural numbers, real numbers, and com-
plex numbers respectively. We denote by sw the class of all complex triple
sequence (pqr), where p,q,7 € N. Then under the coordinate wise addi-
tion and scalar multiplication sw is a linear space. A triple sequence can
be represented by a matrix in the form of a box in three dimensions, like
in case of double sequences matrix is in the form of a square.

The different types of notions of triple sequences and their statistical
convergence were introduced and investigated initially by Sahiner et. al
[21]. Later Debnath et.al [1, 2], Esi et.al [3, 4, 5], and many authors have
studied it further and obtained various results [25, 28, 31].

Statistical convergence was introduced by Fast [6] and later on it was
studied by Fridy [7, 8] from the sequence space point of view and linked
it with summability theory. The notion of statistical convergent double
sequence was introduced by Mursaleen and Edely [17].

I-convergence is a generalization of the statistical convergence. Kostyrko
et. al. [20] introduced the notion of I-convergence of real sequence and
studied its several properties. Later Jalal [10, 11], Salat et. al. [20] and
many other researchers contributed in its study. Sahiner and Tripathy
[22] studied I-related properties in triple sequence spaces and showed some
interesting results. Tripathy [24] extended the concept of I-convergent
to double sequence and later Kumar [15] obtained some results on I-
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convergent double sequence. Recently Jalal and Malik [12, 13] extended
the concept of n-norms to triple sequence spaces and proved several alge-
braic and topological properties.

A sequence x = (xy,) of fuzzy numbers is said to be convergent to a fuzzy
number z if there exists a positive integer kg such that D(zy,x0) < ¢, for
every € > 0 and k > kg. A sequence z = () of fuzzy numbers convergent
to level wise to xp if and only if klgg} [zk], = [®o], and klinolo [zk]d = [zo]},

where [z1], = [(sck);r,(:ck)ﬂ and [zg], = [(mo)+ (o), } for every a €
(0,1).

A sequence x = (xp) of fuzzy numbers is said to be statistically conver-
gent to a fuzzy number xq if every ¢ > 0,

hm }{k<n d(xy, x0) >e}| =0.

Let X be a vector space over R, ||-|| : X — L*(R), and let the mappings
L,R:[0,1]x[0,1] — [0, 1] be symmetric, non-decreasing in both arguments,
and satisfy L(0,0) = 0 and R(1,1) = 1. The quadruple (X, | - ||, L, R) is
called a fuzzy normed linear space (briefly, (X, | -||) FNS) and | - || is a
fuzzy norm if the following axioms are satisfied:

(1) ||lz|| = 0 if and only if = =0,
2) lrzll = r| © [lz]| for z € X,r € R,
(3) For all z,y € X,

o+ yli(s 1) > L(ll(s), lyl|(£)),] whenever s < a7, ¢ < [yll

and s+t < |z +yli.

b) llz+yl(s +1) < R(llzll(s), [yl|(£)).] whenever s > ||zt = ylly

and s+t > ||z +yl7-

Let (X, ]|-]|) be a fuzzy normed linear space. A sequence ()~ ; in X is
convergent to L € X with respect to the fuzzy norm on X and it is denoted
by x, FN—L, provided (D) — nl1_>no10 |zn — L|| = 0, i.e., for every € > 0 there

exists an N(¢) € N such that D(||z,L||,0) < ¢, for all n > N(g). This
means that for every € > 0 there exists an integer N(g) € N such that

sup |lzn — LII§ = llzn — LII§ <&,
a€l0,1
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for all n > N(e).

From now on wards we write TFNS for “Triple Fuzzy Normed Space”.
Let (X, ||-]|) be an TFNS, if for every € > 0 there exist a number N = N(¢)
such that

D (|l — L,0])) <

for all, p,q,7 > N, then the triple sequence z = (zpq-) is said to be con-
vergent to I, € X with respect to the fuzzy norm on X, and we denote it
by Zpgr[]TFNL. Which means that for every € > 0 there exists a number
N = N(¢)such that sup ||zpgr—L||E = ||[2per—L|I§ < ¢, forallp,q,r > N.

agl0,1

2. Definitions and Preliminaries

Let K C N x N x N and Cjj;, be the number of (p,q,r) € K such that p <

C.

1,q < 7,7 < k. If the sequence Y kk has a limit in Pringsheim’s sense
Z . J .

then we say that the sub-sequence K has triple natural density denoted by

Ciin
03(K) = —r
3(K) i,j,llcrgooi-j-k
If for every € > 0,

0 ({(i,,k) € N x N x N: D (|l — L,0]]) > e}) =0,

then the triple sequence & = (z;;) is said to be statistically convergent to
L € X with respect to the fuzzy norm on X.

This implies that ||z;;; — L||{ < ¢ for almost all i, j, k and each & > 0,
and we denote it as F\S3 — lim ||z;;, — L|| = 0 or z;;3[]FSsL.

A class I of subsets of X is said to be ideal if the following conditions
hold good
(i) AABel=AUBel
(i) e [ BCA=Bel
If X ¢ I, Iis anontrivial ideal. If {z} € I for each « € X, the nontriv-
ial ideal I in X is called admissible.

If X # ¢, afilter in X is a class of subsets of X, having the following
properties
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(i) A, Be= ANBe
(1i) Ae,BC A= B¢
Let I be a nontrivial ideal in X # ¢. The class
(I)={M CcX:3Ael)(M=X\A)} is a filter associated with I on X.

Definition 2.1. [21] A triple sequence (Zpq,) is said to be convergent to L
in Pringsheim’s sense if for every € > 0, there exists N € N such that

|Tpgr — L| < ¢ whenever p>N,q>N,r >N

and write as  lim  xpg = L.
p7q7’rﬂm

Note: A triple sequence is convergent in Pringsheim’s sense may not be
bounded [21].

Example Consider the sequence (x,q,) defined by

——  otherwise.

{ p+q forallp=qgandr=1
Lpgr =
p2qr

Then x4 — 0 in Pringsheim’s sense but is unbounded.

Definition 2.2. A triple sequence (z,qr) is said to be I-convergent to a
number L if for every ¢ > 0,

{(p,q,7) e NX N XN : |zpy — L|) >} € 1.
In this case we write I — lim xpg = L.

Definition 2.3. A triple sequence (xpq,) is said to be I-null if L = 0. In
this case we write I — limxp, = 0.

Definition 2.4. [21] A triple sequence (xpq) is said to be Cauchy sequence
if for every € > 0, there exists N € N such that

|ZTpgr — Timn| <€ whenever p>1>N,g>m>N,r>n>N.

Definition 2.5. A triple sequence (xpq,) is said to be I—Cauchy sequence
if for every € > 0, there exists N € N such that

{(p,q,7) E N XN X N [zpgr — tymn| = €} €1

whenever p>1>N,q>m > N,r >n > N.
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Definition 2.6. [21] A triple sequence (xpq) is said to be bounded if there
exists M > 0, such that |zpq-| < M for all p,q,r € N.

Definition 2.7. A triple sequence (xpq) is said to be I—bounded if there
exists M > 0, such that {(p,q,r7) € N XN X N : |zpe| > M} € I for all
p,q,7 € N.

Let (X, - ||) be a fuzzy normed space. A sequence z = (xp),eN in X
is said to be I-convergent to L € X with respect to fuzzy norm on X if for
each € > 0, the set A(e) = {n € N : ||lz,L||J > ¢} belongs to I. In this
case,we write x, F'I—L. The element L is called the I-limit of x in X.

A sequence (z,,) in X is said to be I*-convergent to L in X with respect
to the fuzzy norm on X if there exists a set M € F(I), M = {t; < t2 <
---} C N such that limy_,o ||z¢, L|| = 0.

Let (X, -]]) be a fuzzy normed space. A sequence x = (z;j;) in X is
said to be I3-convergent to L € X with respect to fuzzy norm on X, if for
each € > 0, the set A(e) = {(4,5,k) € N x N x N : ||z;;.L||§ > €} belongs
to I3. In this case, it is denoted by x;;,F'I3—L. The element L is called
the I3-limit of x in X.

The triple sequence 03 = {(r%, S;,tm)} is called a triple lacunary se-
quence if there exist three increasing sequences of integers such that
ro =0, hg =rgrg1 — 00,80 =0, Iy = 81811 — 00,
and ty=0,hy =tptm_1 — 00, as k,l,m — oo.
We use following notations in the sequel:

Tk = 1risktt , hj = hihghy,

Cij ={(r,s,t) :rim1 <r <rj,sj_1 <s<sjand ty_1 <7 < t3}.

Different properties of lacunary sequence spaces can be found in [26, 27,
29, 30, 32].

In this paper we introduce the concept of F3—convergence and Flg,—
convergence. We gave the definition of F'ly,—limit point and F'Iy, —cluster
point.

Definition 2.8. A sequence x = (Scrst)(r,s,t)eNxNxN in X is said to be
F6s-convergent to Ly € X with respect to fuzzy norm on X if for each
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e > 0, there exists ng € N such that

1 ~
Z D([|xrst — L1]],0) < €

h
kim (Tysyt)ecklm

for all k,l,m > ng. In this case, we write x,s;F03—L; or x,s — L1(F03),

or F'o3 — lim Trst = L1. The element Ly is called the F'03-limit of x in
r,8,t—00
X.

Definition 2.9. A sequence x = (x,5) in X is said to be lacunary FI3
—convergent to Il € X with respect to fuzzy norm on X if for each ¢ > 0,
the set

1 _
{(j,k,l)eNxNxN:— D(||xrst—l1H,O)25}
hijki .

(T,S,t)GC]kl

belongs to Is. In this case, we write xys[|Flg,ly or xrg — 11(F1p,), or
Flg, — lim .4 = l3. The number [y is called the Flp,—limit of (z,st)

r,8,1—00
in X.
3. Lacunary [3-Convergence

Theorem 3.1. If z = (x,5) in X is FO3—convergent, then Ffs — limx is
unique.

Proof. Let, FO3—limx = [; and Ff3 —limx = ls. Then, for any € > 0,
there exists ni,ne € N such that

1 €
— S e — g < 5 ¥ klLm=m
kim (T,s,t)Gcklm
and
1 L €
y— Sz — lll§ < 5 ¥ klm>mn,.
klm (T,s,t)ECklm

Let ng = max{ni,na}, then for k,I,m > ng, we have for (a,b,c) € N x
N x N,

1 €
Zabe — Lillg < - Sz — Ll < B
klm (T,S,t)ecklm
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and )
€
lwabe = lollg < 5— " 3 llarse = llly <5
kim (T‘,S,t)ecklm
Therefore,
Hll - lQH(J)r < |lzape — ll”oJr + Hxabc - ZQH(J)r <E.
Since, € > 0 is arbitrary, we have [y = ls. O

Lemma 3.2. For every € > 0, the following statements are equivalent

(a) Flp, — rsl%eriloo Trst = 11,

(b) {(Jvkv l) €ENXNxN: — Z(r,s,t)ECjkl ||xT5t - l1||0+ > E} S I3

Rkt
() {G. kD) ENXNxN: g5 e Nana — Ll <e} € ()
(d) Flpy— lim |z — b =0.

Theorem 3.3. If x = (x,4) in X is lacunary Is—convergent with respect
to fuzzy norm on X, then F'lp, — limz is unique.

Proof.  The proof of this theorem is similar to proof of Theorem 3.1. O

Theorem 3.4. Let x = (x,5) and y = (yrst) be the two triple triple
sequences in X. Then

(i) if Flg, —limz,q = 11, and Flp, —limy,s = lp, then Flp, —lim(z,s +
yrst) = ll + l2;

(ii) if Flp, —limx,s = Iy, then Flp, — limcx,s = I3, for c € R — {0}.

Proof. For any € > 0, we define the following sets

1
Al:{(j,k,l)GNXNXN:T Z ||IIJ'7»5t11H8—2%},
kil (T7S,t)€Cjkl
and

. 1 €
AQZ{(j,k,DGNXNXNZh—' Hyrst—lzua—zi}
Ikl (T,S,t)EC]'M
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Since, Flp, — limx,s = l1, and Flg, — limy,s = l2, using Lemma 3.2, we
have A;, Ay € I3 for all € > 0.

Now, let A3 = A; U Az. Then, Az € I3, so the complement (A3)¢ is a
nonempty set in (I3). We claim that

. 1
(AB)C C {(j,k,l) ENxN xN: h—kl ||(.’I,'rst +yrst) — (ll +l2)||ar < E} .
J

(r,8,t)EC; 11

Let (j,k,1) € (A3)¢, then we have

1 € 1 €
. zrse — lillg < 5 and [yrst — l2ll§ < 5
M (Tvsvt)ecjkl Jkl (T,S,t)GCJ’kl
Now, for (a,b,c) € N x N x N, we have
;1 + &
[Zabe — lillg < T Z st — lillg < bk
gkl (T‘,S,t)ecj'kl
and
4 1 L €
||yabc - l2||0 < h— Z Hyrst - ZQHO < 5

Ik (r,s,t)€C k1

Then, we have

| (Zabe + Yave) — (1 + )T < N1Tave — LlI§ + [Yare — L2l|§ <e.

Hence,

. 1
(A3)° C {(],k,l) ENXNXxN: o (@rst + yrst) — (I + l2)||§ < 8} .
j

(T757t)€Cjkl

Since, (A3)¢ € (I3), we have

1
{(j,k,l)eNxNxN:—
Pk

||(-Trst + yrst) - (ll + l2)||8_ > 5} € Is.
(T,S,t)GC]‘kl

Therefore, Flg, — lim(x,st + yrst) = U1 + l. This proves part (i) of the
theorem.
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Again, let Flp, —limxz,g = l;. Then, for ¢ > 0 and ¢ € R — {0}, we define
the following sets:

1
D={(k) eENXNxN:— S |,y —bL|§<—r¢.
hit ]
( ,S,t)ECjkl
So, D € (I3). Let (j,k,1) € D, then we have
ﬁZ(r,s,t)eCjkl ||55r8t llHO < \c\

= 2Ly

Poxt 2<(r,5,t)EC |zt — llHo < || x |c|

jk:l Z(T‘St ECJM |C‘H:‘C7‘St ll”bi» <€

1
= [ Z(Tvsvt)eojkl ||C$7"5t - Cl1||8_ <e.
Therefore,

1
D C {(Jakl>€NXNXN h_ E HCIETSt—ChH(—)’—<E}
(r,5,t)€Cjr1

and

1
{(j,k,l) ENXNXxN:— Z lczrst — cla|l§ <8} € (I3).

hjkl (T,S,t)eojkl
Hence, F'lp, —limc x5 = clj. O

Theorem 3.5. Letx = (z,4) be a triple sequence in X . If Ffs—limz = [y,
then Flp, — limx = ;.

Proof. Assuming, F'f5—limz = [, we have for every € > 0, there exists
ng € N such that )
Tom Yo s —hllf <e

(7’ S t)ECJM

for all j,k,l > ng. Therefore, the set

(G D) eNXNXN: 530 e, e = Ll > e}

C(NxNx{1,2,...,(no—1)}H)U{L,2,...,(np— 1)} x N xN).
So, we have E € I3. Hence, Flp, —limz = ;. O
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Theorem 3.6. Letx = (z,4) be a triple sequence in X. If Ff5—limz = [y,
then there exists a subsequence (,,s;1,) such that x,,s.¢, [|TF NI

Proof. Let F03 —limx = [. Then, for every € > 0, there exists ng € N

such that
o zra —hllf <e
(r,s,t)ECabc

1

abc

for all a, b, ¢ > ng. Clearly, for each a, b, c > ng, we select a (1, s, tx) € Cape
such that

1

Z erst_llu(—)i— <e

Hxnsjtk - l1||(—)|— <
abe (r,5,t)ECape

It follows that x,s,¢, [|TFNIy. O

4. Limit point and cluster point

In this section, we introduce the notions of F'Ip, —limit point and F'I, —cluster
point for triple sequences in a fuzzy normed space. Also, we examine the
relations between F'Ig,—limit point and FIp,—cluster point of triple se-
quences in fuzzy normed space.

Definition 4.1. An element L € X is said to be an Flp,—limit point of
x = (wpg) if there is a set M1 = {r1 <rg < -+ <71y < -} CN, My =
{si<sa<---<sp<---}CNand Ms={t; <teg<---<t.<---}CN
such that the set M' = {(j,k,l) € Nx N XN : (rq, s,tc) € Cjii} & I3, and
FO3 —limxz,, 6 = 1.

We denote the set of all F'Ig,—limit points of x as A?i” (x).

Definition 4.2. An element L € X is said to be an F'Ig,—cluster point of
x = (x5 ) if for every € > 0, we have

1
{(j,k,l)GNXNXNIh—‘ Z ||.’I,'7»5t—lH8_<€}¢13.
gkl (T,S,t)ECjkl

We denote the set of all FIy,—cluster point of = as F;fi” ().

Theorem 4.3. For each x = (z,5) in X, we have Aif?’ (x) C F?i” (x).
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Proof. Let!l € A?:” (x), then there exists three sets My, My, M3 C N
such that M’ & I3, where My, My, M3 and M’ are as in Definition 4.1, and
also F'03 — limx,,s,¢, = [. Thus, for every ¢ > 0 there exists ng € N such
that )
E Z ||x71a3btc - l||a’ < 8’

J

! (ra,spite)€CjR

for all j,k,l > ng. Then we get

{G:kD eNXNXN: g5 ec, o — 1§ <<}

D M — {{Tl,T’Q,...,T’nO} X {51,52,.. .,Sno} X {tl,tg,...,tno}}.
Therefore, we have

M — {{7’1,1“2,. . .,T’no} X {81,52, .. .,SnO}IX {tl,tg,. .. ,tno}} € I3
and as such D ¢ I3. Consequently, [ € ['2%(z). O

Theorem 4.4. For every triple sequence x = (x,s), the following state-
ments are equivalent:

(i) 1 is an Flp,—limit point of x,

(ii) there exists two triple sequences y = (yrst) and z = (zpst) in X such
that x = y+z, F03 —limy =1 and {(j,k,1) e N XN xN: (r,s,t) €
Cjil, zrst # 0} € I3.

Proof.  Suppose (i) hold, then there exists sets My, Ma, M3 and M’ as
in Definition 4.1 such that M’ € I3 and F63 — lim Tps;t, = . Define the
sequences y and z as follows:

| e, if (rys,t) € i, (4, k1) € MY,
Irst =9 1, otherwise

and
0, if (T,S,t) GCjkl,(j,k,l) S M/,
Zrst = .
Trst — I, otherwise.

It suffices to consider the case (r,s,t) € Cji, such that (j,k,1) € N x
N x N\ M’. For each &€ > 0, we have ||yst —l||§ =0 < &. Thus,

1
T Z ||yrst - l”(—)’— =0<e.
gkl (T,S,t)ECjkl
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Therefore, F'f3 —limy = [. Now
{(J,k,1) eENX N XN :(r,8,8) € Cjt, 2rst 0} C N x N x N\ M.
But, N x N x N\ M’ € I3, and so
{(4,k,1) e NXN xN:(r,s,t) € Cji, zrst # 0} € I3.
Now, suppose that (ii) holds. Let
M ={(j,k,l) e Nx N xN:(r,s,t) € Cji, zrst = 0} . Then, clearly M’ €
F(I3) and so it is an infinite set. Construct the sets M; = {r; < ry <
< g < b CNy My = {s1 < s9< - < 8 < -} C N and
M3 = {tl <ty < oo <t < } C N such that (’I“Z',Sj,tk) S Cjkl and
ZTiSjtk =0. SiIlCG, fL‘Tisjtk = yT’LSjtk: and F03 — hmy = l,
We obtain Ff3 —limz,s;¢, = [.
This completes the proof. a

Theorem 4.5. If there is an Fly,—convergent sequence y = (yrst) € X
such that {(r,s,t) € N x N X N : ypst # Xpst} € I3, then z = (x,4) is also
FIy,—convergent.

Proof.  Suppose that {(r,s,t) € N X N X N : yps # @y} € I3 and Flg,—
limy = [. Then, for every € > 0, the set

1
{(j,k,l) eNxNxN:T S st — IS 25} € Is.
Jkl (T7S,t)€Cjkl

For every € > 0, we get
{(]a ka l) ENXNxN: ﬁ Z(r,s,t)ecjkl H:‘CTSt - lH(J)r = 6}
C
{(4,k,1) e NX N X N:ypst # xpst} U

Thered {}(137 k, l) €ENXxNxN: ﬁ Z(T,S,t)ecjkl Hyrst - ZH(—)’— > 5} :
ereiore, we nave

1
{(j,k,l) ENXNxN:iz— > faw—g zg} e Is.
Jkl (T,s,t)ECjkl

This completes the proof of the theorem. a

Acknowledgement: The authors are thankful to the reviewers for their
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