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Abstract

This paper studies the regularity of the extensions of a double fuzzy
topological space. The interrelations among certain families of closed
sets in a double fuzzy topological space and its extensions are also
investigated.
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1. Introduction

The study on the extensions of a double fuzzy topological space was ini-
tiated in [8] and the authors examined whether the connectedness and
compactness of a given double fuzzy topological space are carried over to
its extensions. Further, in [11] it is proved that the extensions need not
preserve the normality of a double fuzzy topological space and obtained
some conditions which ensure the normality of the extended space. Re-
cently, some interrelations among the families of (r, s)-regular fuzzy closed
sets in a double fuzzy topological space and its extensions were obtained in
[9, 12]. Also, some studies on mixed fuzzy topological spaces can be seen
in [7, 13, 14, 15, 16].

In this paper, we inquire the regularity of the extension of a regular
double fuzzy topological space. Though the extensions do not preserve
regularity in general, some conditions which ensure the regularity of the
extended space are obtained. Moreover, certain families of closed sets in
a double fuzzy topological space and its extensions are investigated and
some types of extensions under which these families remain unchanged are
identified.

2. Preliminaries
Throughout this paper X stands for a non-empty set and some particular

sets are identified as, I = [0, 1], Ip = (0,1], I; = [0,1) and Ip® 11 = {(r, s) €
Ipx I :r+s<1}.

Definition 2.1. [5] Let (7, 7*) be a pair of functions from IX to I satisfying
(@) 7(f)+ () SLVf el
(ii) 7(0) = 7(1) = L,7(0) = (1) = 0,

(iii) T(f1 A f2) > 7(f1) A7(f2) and T(f1 A f2) < 7F(f1) VT (f2), fi €
I*i=1,2,

@) 7(\/ fi) = N\ 7(fi) and 7°(\/ fi) < \/ 7*(fi). fie I i€ A
[ISTAN

€A i€A €A

Then the pair (1,7*) is called a double fuzzy topology on X and the
triplet (X, 7,7*) is called a double fuzzy topological space or dfts in short.
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Definition 2.2. [3] Let (X, 7,7*) be a dfts. For (r,s) € Io ® I, a fuzzy
set f is called

(i) (r,s)-fuzzy open if 7(f) > r and 7*(f) < s and
(ii) (r,s)-fuzzy closed if f€ is (r, s)-fuzzy open.

The collections of all (r, s)-fuzzy open sets and (r, s)-fuzzy closed sets
are respectively denoted by O, s and Cr 5.

Definition 2.3. [3] Let (X, 7,7*) be a dfts. For each (r,s) € Ip & I,
f € I the operator Cy,+ : I’ x I x I — IX defined by

CTT fTS /\{QEIX‘f<97 ( )ZTaT*(QC)SS}
is called the double fuzzy closure operator on (X, 7, 7).

Definition 2.4. [3] Let (X, 7,7*) be adfts. For each (r,s) € Iy® I, f € IX
the operator I, .= : IX x I x I — I defined by

I+ (f,r,8) = \/{gEIX|j’>g7 (9) >r,7%(g9) < s}
is called the double fuzzy interior operator on (X, 7,7*).
Definition 2.5. [6] Let (X,7,7*) be a dfts, f € IX, (r,s) € I & I. Then
1. fiscalled (r, s)-regular fuzzy open (or (r, s)-rfo) if f = I; = (C’T’T* (fyr,s),m, s).
2. fiscalled (r, s)-regular fuzzy closed (or (r, s)-rfc) if f = Cr = (IT,T* (f,r,s),, s).

We denote the collection of all (r, s)-rfc sets by RC s and the collection
of all (r, s)-rfo sets by ROz .

Abbas [1] introduced the concept of (r, s)-generalized fuzzy closed sets
in a dfts as the following:

Definition 2.6. [1] Let (X,7,7*) be a dfts, f,h € I, (r,s) € Iy® I, then
f is called

1. (r, s)-generalized fuzzy closed (for short, (r, s)-gfc) set if Cr «(f,r,s) <
h whenever f < h and h € O, .
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2. (r,s)-generalized fuzzy open (for short, (r,s)-gfo) set if f¢ is a (r, s)-
gfc set.

We denote the collection of all (r,s)-gfc sets by GC;,s and that of
(r,s)-gfo sets by GOr .

The (r, s)-regular generalized fuzzy open sets and (r, s)-regular gener-
alized fuzzy closed sets were introduced by Ghareeb in [2] as follows:

Definition 2.7. [2] Let (X,7,7*) be a dfts, f,h € I, (r,s) € Io® I, then
f is called

1. (r,s)-regular generalized fuzzy closed (for short, (r,s)-rgfc) set if
Crr+(f,r,s) < h whenever f <h and h € RO, ;.

2. (r,s)-regular generalized fuzzy open (for short, (r,s)-rgfo) set if f¢ is
a (r, s)-gfc set.

We denote the collection of all (r, s)-rgfc sets by RGC;., s and the col-
lection of all (r, s)-rgfo sets by RGOy .

In [4], the authors introduced the concepts of (r, s)-fuzzy b-closed sets
and (r, s)-fuzzy b-open sets in a dfts.

Definition 2.8. [4] Let (X, 7,7*) be a dfts. A fuzzy set f is called
1. (r,s)-fuzzy b-closed (briefly, (r, s)-fbc) if

(IT,T* (CT,T* (f’ T 5)7 U S)) N (OT,T* (IT,T*(fa T, S)a T, S)) < f
2. (r,s)-fuzzy b-open (briefly, (r, s)-fbo) iff f¢ is (r, s)-fbc set.

The collection of all (r, s)-fbc sets is denoted by bCr,. s and that of (r, s)-
fbo sets is denoted by bO;, .

Mohammed et. al.[4] introduced the concepts (r, s)-generalized fuzzy
b-closed sets and (r, s)-generalized fuzzy b-open sets in terms of the double
fuzzy b-closure and double fuzzy b-interior operators as defined below:

Definition 2.9. [4] Let (X, 7,7*) be a dfts. Then double fuzzy b-closure
operator and double fuzzy b-interior operator are defined by
bCr = (f,r,s) =N h € IX:f<handhe bCrrs},

bl (f,m,8) =V{h € IX : h < f and h € bO. .}

where (1,s) € Iy @ 1.
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Definition 2.10. [4] Let (X,7,7*) be a dfts, f € IX,(r,s) € Iy ® Iy, then
f is called

1. (r, s)-generalized fuzzy b-closed (or, (r,s)-gtbc) set if bC; .« (f,r,s) <
h whenever f < h and h € O, .

2. (r, s)-generalized fuzzy b-open (or, (r,s)-gtbo) set if f¢ is a (r, s)-gtbc
set.

We denote the collection of all (r, s)-gfbc sets by GbCr, s and the col-
lection of all (1, s)-gtbo sets by GbO- . s.

Definition 2.11. [8] Let (X, 7,7*) be a dfts and g € IX. For a € Iy and
B € I witha > 7(g), B < 7*(g9) and a + 3 < 1, define 79,75 : I* — I by

(i) 10(g) = o, 75(g9) = B and

(i) for all f € I\ {g},

70(f) =max{7(f),V{r(f1) A7(f2) Ne: (f1, f2) € Ryf }}
70 (f) = min{7*(f), A{T*(f1) V7 (f2) VB : (f1, f2) € Rof }}

where Ry f = {(f1, f2) : f = f1V (fa A g); f1, f2 € I¥}
Then the triplet (X, 19,73) is a dfts called the (g, «, 3)-extension of

(X, 7,7%).

3. Regularity and extensions

This section answers the question, “whether the extensions of a regular
double fuzzy topological space remain regular or not?”.

The regularity axiom in a double fuzzy topological space is defined as
follows:

Definition 3.1. A dfts (X, 7,7*) is said to be regular if for any fuzzy point
xzx in X and any f € O, ,¢ with x) € f, there exists h € O, ¢ such that
xzx € h < Crr+(h,1,s) < f.

In general, the regularity of a dfts is not carried over to its extensions
as shown below:



168 Vivek S. and Sunil C. Mathew

Example 3.2. Let X = {z,y} and 7,7* be as follows:

1, if fe{0,1}
() =% 1 fffE{JS%,ﬂ?l,yl,ﬂ?%\/yl}
0, otherwise.
and
0, if fe{0,1}
() =S 3. iffe {x%,:ﬁl,yl,x% \/yl}
1, otherwise.

Then, (X, 7,7*) is a regular dfts.
Let (X, 10, 75) be the (g, i, %)—extension of (X, 7,7*) with g = y1. Then,
4
the resulting double fuzzy topology (1o, 73) on X is given by,

1, if fe€{0,1}
TO(f): %7 jffe{$%7$179177$%\/ylayiywlvyiymé\/yi}
0, elsewhere
and
0, if fe{0,1}
T()))((f): %7 jffe{37%7351791771%V?Jl,yiaml\/yiax%\/y%}
1, elsewhere.

But (X, 79,73) is not regular since for (r,s) = (1,3), Tx = Y1 and
f=z1V Y1 € O, with x) € f there does not exist h € O, s such that
2
xx € h < Crr«(h,r,s) < f.

Lemma 3.3. Let (X, 70,75) be the (g, a, 5)-extension of a dfts (X, 7,7%)
with 7(f) +7*(f) = 1, Vf € IX and R(7), the range of T, is finite. Let
(r,s) € Io@® I and f € Oy rs. Then there exist fi, fo € Oy, s such that
f=hHV(fang).

Since 7(f) +7*(f) = 1 and R(r) is finite, R(7*) is finite.

Let f € Oy, rs. Then, from the definition of (g, o, §)-extension, we have
either f € O or 7(f) > rand A{T*(f1)VT*(f2) VB : (fi, f2) € Rgf} < s
or V{7 (f1) AT(f2) Nt (f1, f2) € Rgf} > rand 7%(f) < s or V{r(f1) A
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T(f) At (f1, f2) € Ryf} > rand A{7*(f1)VT*(f2) VB : (f1, f2) € Ryf} <

S

Case 1: fc O,
Then, there exist f,0 € Or,  such that (f,0) € Ryf.

Case 2: 7(f) > rand AN{7*(f1) V7*(f2) VB : (f1,f2) € Ryf} <

M () VT (f2) VB (fi, f2) € Ref} < s

= 3(f1, f2) € Ryf such that 7%(f1) V 7*(f2) V B < s, since R(7*) is finite
= 3(f1, f2) € Ryf such that 7%(f1) V7*(f2) < s

= 3(f1, f2) € Ryf such that

() AT(f2) =1 = (T (f1) VT (f2)) 21— s>
Thus, there exist f1, fo € O, s such that f = f1 V (f2a A g).

Case 3: V{7 (fi) AT(f2) Na: (f1,f2) € Rgf} > r and 7*(f) < s
VATA) AT(f) Va: (fi,fa) € Ref} 27

= 3(f1, f2) € Ryf such that 7(f1) A7(f2) AN > r, since R(7) is finite
= 3(f1, f2) € Ryf such that 7(f1) A7(f2) >

= 3(f1, f2) € Ryf such that

(VT (f) =1 (F(f) AT(f2)) S1—7 <5
i.e., there exist f1, fo € Or, s such that f = fi V (f2 A g).

Case 4: V{7(f1) A7(f2) Nev: (f1, f2) € Rgf} =7 and
M (f) V() VB : (fi, f2) € Rgf} <s
Proceeding as in Case 3 we get f1, fo € O, s such that

f=AV(fang) 1

Now, the following theorem gives a sufficient condition for the extension
to be regular.

Theorem 3.4. Let (X, 7,7*) be a regular dfts such that 7(f) + 7°(f) = 1,
Vf € I* and R(7) is finite. Then the (g,1,0)-extension of (X, ,7*) is
regular, provided g € Cr1 0.

Let (X, 70,7) be the (g,1,0)-extension of (X,7,7*) where g € Cr1p
and let f € Oy ;5. Then by lemma 3.3, there exist fi, fo € O, such that
f=hV(fang).

Now for a fuzzy point xy,

€ f = ar€ fiV(faNg)
—>either x)y € frorzy € faAg
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If z) € fi, then 3h € Or, 5 such that z) € h < Crr«(h,7,s) < f1. Clearly,
Jh € Or s such that xy € h < Cpy z«(h,7,8) < f1 < f.

Further, z) € fa A g =z € fo and x) € g. Then, 3h* € O, such that
z\ € h* < Crp+(h*, 7, 5) < fa so that x) € h* < Cr 7+ (R*,7,8) < fo.
Hence, z) € h* N g < Cry 7 (h*ANg,r s) < fa Agand 7 (h* Ag) > 1o(h*) A

70(g) > r. Similarly, 75 (h* A g) <'s. Thus, h* AN g € Oy 5. I

Remark 3.5. The converse of the above theorem is not true in general.
For example, let X = {y, 2z} and 7,7* : I’ — I be as follows:

L, iffe{0,Luy}
r(f)=1 w ff=vs
0, otherwise.

07 lff € {Q7 la yl}
1, otherwise.
Then, (X, 7,7*) is not a regular dfts since for any (r,s) < (35, 35), y1 €
O, and the fuzzy point ! € y1, but not exist h € O, such that
y1 € h < Crr+(h,7,5) <y1. Also, note that 7(f) +7*(f) = 1, Vf € I'X.
2
Now, consider the (g,1,0) extension (X, 1o, 75) of (X, 7,7*), where g =
21 € Cr1,0. Then 19 and 75 are given by

1, iffef0,1,z1,y1}
()= 20 1€y val
0, otherwise.

and

0, iffe{0,1, 2,5}
B =1 B S lypyva)
1, otherwise.

Clearly, (X, 719,73) is a regular dfts since for any fuzzy point x in X
and any f € Or,, (r,s) € Iop & Iy with z) € f, by taking h = f, the
condition for regularity is satisfied.
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The conditions 7(f) + 7*(f) =1 and g € Cr1,0 in Theorem 3.4 is not
necessary as verified below:

Example 3.6. Let X = I and define a double fuzzy topology (1,7*) on X
as follows:

L, if fe€{0,1}
() =4 el Gy @5 (FH)i)
0, otherwise.

and

if f €{0,1}

if f € {31 (&)
otherwise.

T(f) =

= uo O

Clearly, (X, 7,7*) is a regular dfts.

Let (X, 19, 75) be the (g,1,0)-extension of (X, 7,7*) where g = (%) ¢
Cr1,0- Then, 19 and 7§ are given by -

1, iffefo1,3)
wo(f) =14 2 iffe{(%)%,(2—)%,(%)‘%7(2—2)‘%}
0, otherwise.
and
0, iffe 0,;,@7}
B =1 3 it edd)y Gy 05 (B3
1, otherwise.

Now, for any fuzzy point xy and f € Or,, (r,s) € In ® 11 with z) € f,
there exists h = f such that x\ € h < Cr, w«(h,r,s) < f. Hence, (X, 70, 77)
is regular.

Remark 3.7. Consider the double fuzzy topological space (X, 7,7*) and
its extension (X, 70,73 ) as defined in Remark 3.5. Then it follows that the

regularity of the extension does not guarantee the regularity of the original
space.
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4. Closed sets and extensions

In [10], it is shown that the partial ordering in Ip & I; induces an ordering
in the collection of all C; ;. However, the same partial ordering does not
induce an order for GC s, RGC; . s, bCr s and GbC, s as shown below:

Example 4.1. Let X = {a,b, c}, and define a double fuzzy topology on X
as follows:

1, if f€{0,1}
T(f)=4q 1-«a, iff=aaecl\{0,1}
0, otherwise.
and
0, iffefo1}

T(f)=q o iff=aael\{0,1}

1, otherwise.
Now, for (r1,51) = (3,3), Crire (3),71,51) = (
GCrr, s, since the only f € Or,, s such that (g) fis
Again, for (r3,55) = (2,3), Crre ((3),72,82) = (
GCr ry.5, since Cr = ((é),rg, 52) £ (:) where ( ) € Orryso-

ie., GCT’TLSI SZ GCT’,%S2 for (7“1,81),(7“2,82) € Iy ® I, with (TQ,SQ) <

(r1,51).
Again, RO, ,, s, = {0, 1, (%)} and (2) € RGC;,, 5,. But, (é) & RGCr 1y s,

since ( ) € ROrpy 5, and Cr (( )s 7’2,52) (g) £ (é)
Further, (3) € bCr,, 5. But, (3) & bCrry.s, since Cr o= ((é),T’Q,SQ) =
(2) and L7+ (Crre ((3),72,82) 72, 82) = (3).

However, we have the following theorem establishing inclusions among
certain families of closed in a double fuzzy topological space.

) and hence %) €
5 f =

) and hence (

|oo|w

) &

[otee -
|

Theorem 4.2. Let (X, 7,7*) be a dfts. Then, for any (r1,s1), (2, s2) €
Iy @ I; with (7“2,82) < (T’l, 51),

1. CT77’1781 - GCT,Tz,Sz - RGCT,Tz,Sz
2. CT,Tl,Sl g bC7'77"2782 g GbCT,m,Sz

Note that in general, the families GC;, s, RGC; s, bC; s and GbC . o
do not remain intact while taking extensions.
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Example 4.3. Consider the dfts (X, T, 7*) defined in Example 4.1 and the
fuzzy set g defined by

L ife=aorz=»%
g(fﬂ)Z{ ¥
20°

ifx=c

Let (X, 7y,75) be the (9,3, 3)-extension of (X, 7,7*). Then, for (r1,s1) =
(2,1) we have (é) € GCry, 5. But, (2) & GCryri 5, since (é) < g€
O, o s but Ch, s ((g) r1,51) = ¢¢ £ g. Hence, GCyrry sy € GCry ry.5-

Now, g € RO: r, s, since Iy, - (CTO,T(; (9,71,81),71, 31) = Iy rs (¢¢,7r1,81) =
g. Then, ( ) < g but Cry ((5) r1,51) £ g which shows that RGCr,, s, €

RGCy, r, s, since ( ) € RGCrpy s, -
Again, (l) € bCr 51+ Also, Iy 1 (CTO,TS‘ ((é),rl,sl),rl, sl) = Ly 72 (9%71,81) =
g and Cr ( 0,78 ((é), 1, 81),7’1, 81) = Crorz ((ﬁ), 1, 81) =g
e, (§) & bCryyr1 51
Further, (§) € GbCryyys; and bCryr ey = {f € IX 19 < f <1}V {0}
Then, bCr (( ), 7“1,51) = g and therefore (é) ¢ GbCry r, s, since (ﬁ)

Oro,r1,s1 but bCTo,T(’)‘ ((é)» 71, 51) £ (é)
.0y GVCrry 51 L GOCr 1o

However, the following theorem identifies some families that remain
intact under extensions.

Theorem 4.4. Let (X,7,7%) be a dfts and (X, 7y, 75) be its (g,a,)-
extension. Then for any (r,s) € Iy @ I; such that (o, ) < (1,5), GCrps =
GCTQ,T,87 RGCT,T‘,S = RGCTQ,T,87 bCT,T,S = bCTO,r,s and Gbc‘r,r,s = Gbcfg,r,s-

Since 7(fi) AT(fa) Na < a < r, 7*(f1) VT*(f2) VB > B > s for all
fi, fo € I, we have Orrs = O, rs. Therefore, Crrs =Cr s

Hence7 Iﬂ'O,T(;= <f7 T, S) - IT,T*(f7 T, S) and CTO,Tg(fa T, 8) = CT,T*(fa T, 8)7
for all f € IX.

Again, Cr 7= ( rome (firs8), s s) =Cr = (IT,T*(f, r,8),T, s) and
Ir oz (CTO e (firys),m, s) =1 = (CT,T* (f,rys),mr, s). Hence the proof. i
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5. Conclusion

Looking into the regularity of a given double fuzzy topological space and
its extensions, it is found that the regularity of the given space does not
guarantee regularity of the extended space. However, certain situations
under which the regularity of a double fuzzy topological space is carried
over to its extensions are obtained. Further, some types of extensions which
keep the families of certain types of closed sets intact are identified.
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