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Abstract

In a graph G, a chordless path is called a monophonic path. A col-
lection ψm of monophonic paths in G is called a monophonic graphoidal
cover of G if every vertex of G is an internal vertex of at most one
monophonic path in ψm and every edge of G is in exactly one mono-
phonic path in ψm. The monophonic graphoidal covering number
ηm(G) of G is the minimum cardinality of a monophonic graphoidal
cover of G. In this paper, we find the monophonic graphoidal covering
number of corona product of some standard graphs.
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1. Introduction

In a finite, undirected connected graph G = (V,E), the order and size
of G are denoted by |V (G)| and |E(G)| respectively. For basic definitions
and results we refer to Harary [6]. In [2], Acharya and Sampathkumar
introduced a new graph theoretical parameter called graphoidal covering
number and it was further studied in [1, 3, 7, 8, 9].

A graphoidal cover of a graph G is a collection ψ of (not necessarily
open) paths in G such that every vertex of G is an internal vertex of at
most one path in ψ and every edge of G is in exactly one path in ψ.
The monophonic graphoidal covering number ηm(G) of G is the minimum
cardinality of a monophonic graphoidal cover of G.

In a graph G, if no member of a graphoidal cover ψ is cycle, then ψ
is called an acyclic graphoidal cover of G and the minimum cardinality of
an acyclic graphoidal cover of G is called the acyclic graphoidal covering
number ηa(G) of G. The concept of acyclic graphoidal cover was introduced
by Arumugam and Suresh Suseela [4]. If every member of a graphoidal
cover ψ is a shortest path in G, then ψ is called a geodesic graphoidal cover
of G and the minimum cardinality of a geodesic graphoidal cover of G is
called the geodesic graphoidal covering number ηg(G) of G. The concept of
geodesic graphoidal cover was introduced by the same authors in [5].

A chord of a path v1, v2, ..., vn in G is an edge vivj with j ≥ i + 2.
A chordless path is also called as a monophonic path. The monophonic
distance between any two vertices u and v is the length of a longest mono-
phonic path joining the vertices u and v, and it is denoted by dm(u, v).
For any vertex x in G, the monophonic eccentricity of a vertex x is defined
as em(x) = max{dm(x, y) : y ∈ V }. The monophonic radius radm(G) is
the minimum monophonic eccentricity among the vertices of G and the
monophonic diameter diamm(G) is the maximum monophonic eccentric-
ity among the vertices of G. The monophonic distance was introduced by
Santhakumaran and Titus [10] and further studied by the same authors in
[11].

A monophonic graphoidal cover of a graph G is a collection ψm of mono-
phonic paths inG such that every vertex ofG is an internal vertex of at most
one monophonic path in ψm and every edge of G is in exactly one mono-
phonic path in ψm. The minimum cardinality of a monophonic graphoidal
cover of G is called the monophonic graphoidal covering number of G and
is denoted by ηm(G). The monophonic graphoidal covering number was
introduced in [12] and further studied in [13].
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Product graphs have been used to generate mathematical models of
complex networks which inherits properties of real networks. By using
basic graphs, corona graphs are defined by taking corona product of the
basic graphs.

Definition 1.1. The corona of two graphs G and H is the graph G ◦ H
formed from one copy of G and |V (G)| copies of H, where the ith vertex of
G is adjacent to every vertex in the ith copy of H.

2. Monophonic Graphoidal Covering Number

Theorem 2.1. If G = Pr ◦ Ps(r, s ≥ 2), then ηm(G) = r(s+ 1)− 1.

Proof. Let Pr : u1, u2, . . . , ur and Ps : v1, v2, . . . , vs be paths of lengths
r and s, respectively, where r, s ≥ 2. Let G be the corona product of Pr
and Ps; and the graph G is shown in Figure 2.1.

Figure 2.1: G

Let M1 : v1,1, u1, u2, . . . , ur, vr,s; Mi+1 : vi,1, vi,2, . . . , vi,s (1 ≤ i ≤ r)
and S =

Sr
i=1

Ss
j=1(ui, vi,j). It is clear that every Mi(1 ≤ i ≤ r + 1) is

a monophonic path and every element in S is a monophonic path. Hence
ψm = {M1,M2, . . . ,Mr+1}∪(S−{(u1, v1,1), (ur, vr,s)}) is a minimum mono-
phonic graphoidal cover of G and so ηm(G) = r+1+ rs− 2 = r(s+1)− 1.
2

Result 2.2. If G = Ps ◦ Pr(r, s ≥ 2), then ηm(G) = s(r + 1)− 1.

Result 2.3. If 2 ≤ r < s, then ηm(Pr ◦ Ps) < ηm(Ps ◦ Pr).

Theorem 2.4. If G = Cn ◦ Pr, then ηm(G) = n(r + 1).

pc
fu-1




306 P. Titus, M. Subha and S. Santha Kumari

Proof. Let Cn : u1, u2, . . . , un, u1 be a cycle of order n and let Pr :
v1, v2,. . . , vr be a path of order r. Let G be the corona product of Cn and
Pr.

Case 1. n = 3. The graph G is shown in Figure 2.2.

Figure 2.2: G

Let M1 : v1,1, u1, u2, v2,1;
M2 : u2, u3, v3,1;
M3 : u1, u3;
M4 : v1,1, v1,2, . . . , v1,r;
M5 : v2,1, v2,2, . . . , v2,r;
M6 : v3,1, v3,2, . . . , v3,r;
and S =

S3
i=1

Sr
j=2(ui, vi,j).

It is clear that every Mi(1 ≤ i ≤ 6) is a monophonic path and every
element in S is a monophonic path. Hence ψm = S∪{M1,M2, . . . ,M6} is a
minimum monophonic graphoidal cover of G and so ηm(G) = 3(r−1)+6 =
3(r + 1).
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fu-2



Monophonic graphoidal covering number of corona product graphs ...307

Case 2. n > 3. The graph G is shown in Figure 2.3

Figure 2.3: G

Let M1 : v1,1, u1, u2, . . . , un−1, vn−1,1;
M2 : u1, un, un−1;
Mi+2 : vi,1, vi,2, . . . , vi,r(1 ≤ i ≤ n);
and S =

Sn
j=1

Sr
k=1(uj , vj,k).

It is clear that everyMi(1 ≤ i ≤ n+2) is a monophonic path and every
element in S is a monophonic path. Hence ψm = {M1,M2, . . . ,Mn+2} ∪
(S−{(u1, v1,1), (un−1, vn−1,1)}) is a minimum monophonic graphoidal cover
of G and so ηm(G) = n+ 2 + nr − 2 = n(r + 1). 2

Theorem 2.5. IfG = Pr◦Cn, then ηm(G) =

(
6r − 1 if n = 3
r(n+ 2)− 1 if n > 3.

Proof. Let Pr : v1, v2, . . . , vr be a path of order r and let Cn : u1, u2, . . . , un, u1
be a cycle of order n. Let G be the corona product of Pr and Cn. The
graph G is shown in Figure 2.4.
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Figure 2.4 : G

Case 1. n = 3. Let M : u1,1, v1, v2, . . . , vr, ur,1. Then ψm = (E(G) −
E(M)) ∪ {M} is a minimum monophonic graphoidal cover of G and so
ηm(G) = (7r − 1)− (r + 1) + 1 = 6r − 1.

Case 2. n > 3.
Let M : u1,1, v1, v2, . . . , vr, ur,1;

Mi : ui,1, ui,2, ui,3(1 ≤ i ≤ r);

M 0
i : ui,3, ui,4, . . . , ui,n, ui,1(1 ≤ i ≤ r);

and S =
Sr
j=1

Sn
k=1(vj , uj,k).

It is clear that M,Mi and M 0
i(1 ≤ i ≤ r) are monophonic paths, and

every element in S is a monophonic path. Hence

ψm =
©
M,M1,M2, . . . ,Mr,M

0
1,M

0
2, . . . ,M

0
r

ª
∪ (S − {(v1, u1,1), (vr, ur,1)})

is a minimum monophonic graphoidal cover of G and hence
ηm(G) = (2r + 1) + rn− 2 = r(n+ 2)− 1. 2

Theorem 2.6. If G = Cr ◦ Cs, then

ηm(G) =

(
6r if r ≥ 3 and s = 3
r(s+ 2) if r ≥ 3 and s > 3.
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Proof. Let Cr : u1, u2, . . . , ur, u1 and Cs : v1, v2, . . . , vs, v1 be two cycles
of orders r and s respectively.

Case 1. r = s = 3. The graph G is shown in Figure 2.5.

Figure 2.5: G

Let M1 : v1,1, u1, u2, v2,1;
M2 : u2, u3, v3,1;
and M3 : u1, u3.

Then ψm = (E(G)− {E(M1) ∪E(M2) ∪E(M3)}) ∪ {M1,M2,M3} is a
minimum monophonic graphoidal cover of G and so ηm(G) = 21− 6 + 3 =
18 = 6r.

Case 2. r > 3 and s = 3. The graph G is shown in Figure 2.6.
Let M1 : v1,1, u1, u2, . . . , ur−1, vr−1,1; and M2 : u1, ur, ur−1.
Then ψm = (E(G) − {E(M1) ∪E(M2)}) ∪ {M1,M2} is a minimum

monophonic graphoidal cover of G and so ηm(G) = (7r− (r+2))+ 2 = 6r.
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Figure 2.6: G

Case 3 . r = 3 and s > 3. The graph is G is shown in Figure 2.7.

Let M1 : v1,1, u1, u2, v2,1;

M2 : u2, u3, v3,1;

M3 : u1, u3;

Ni : vi,1, vi,2, . . . , vi,s−1(1 ≤ i ≤ 3);
N 0
i : vi,1, vi,s, vi,s−1(1 ≤ i ≤ 3);

and S =
S3
j=1

Ss
k=1(uj , vj,k).

Then ψm = {M1,M2,M3, N1, N2,N3, N
0
1, N

0
2, N

0
3}∪(S−{(u1, v1,1), (u2, v2,1),

(u3, v3,1)}) is a minimummonophonic graphoidal cover ofG. Hence ηm(G) =
9 + (3s− 3) = 3(s+ 2) = r(s+ 2).
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Figure 2.7: G

Case 4. r > 3 and s > 3. The graph G is shown in Figure 2.8.
Let M1 : v1,1, u1, u2, . . . , ur−1, vr−1,1;

M2 : u1, ur, ur−1;
Ni : vi,1, vi,2, . . . , vi,s−1(1 ≤ i ≤ r);
N 0
i : vi,1, vi,s, vi,s−1(1 ≤ i ≤ r);

and S =
Sr
j=1

Ss
k=1(uj , vj,k).

Then ψm = {M1,M2, N1, N2, . . . , Nr, N
0
1, N

0
2, . . . , N

0
r}∪ (S − {(u1, v1,1),

(ur−1, vr−1,1)}) is a minimum monophonic graphoidal cover of G and so
ηm(G) = (2r + 2) + (rs− 2) = r(s+ 2). 2

pc
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Figure 2.8: G

Theorem 2.7. (i) If G = Pr ◦Kn, then ηm(G) =
r
2(n

2 + n)− 1.
(ii) If G = Kn ◦ Pr, then ηm(G) =

n
2 (n+ 2r − 1).

Proof. Let Pr : u1, u2, . . . , ur be a path of order r and let Kn be a
complete graph of order n with the vertex set {v1, v2, . . . , vn}.
(i) Let G be the corona product of Pr and Kn; the graph G is shown in
Figure 2.9.

Let M : v1,1, u1, u2, . . . , ur, vr,1. Then ψm = (E(G) − E(M)) ∪ {M} is
a minimum monophonic graphoidal cover of G and so
ηm(G) = r(n(n−1)2 + n)− 1 = r

2(n
2 + n)− 1.
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Figure 2.9: G

(ii) Let G be the corona product of Kn and Pr; and it is shown in Figure
2.10.

Figure 2.10: G

Let Mi : ui,1, vi, vi+1(1 ≤ i ≤ n− 1);
Mn : un,1, vn, v1;
Ni : ui,1, ui,2, . . . , ui,r(1 ≤ i ≤ n);
and Mj,k : vj , uj,k(1 ≤ j ≤ n and 1 ≤ k ≤ r).

Then ψm = (
Sn
j=1

Sr
k=1Mj,k)∪(

Sn
i=1(Mi, Ni))∪E(Kn)−{(v1, v2), (v2, v3),

. . . , (vn−1, vn), (vn, v1), (u1,1, v1), (u2,1, v2), . . . , (un,1, vn)} is a minimummono-
phonic graphoidal cover of G. Hence
ηm(G) = nr + 2n+ n(n−1)

2 − 2n = n
2 (n+ 2r − 1). 2

Theorem 2.8. (i) If G = Cr ◦Kn, then ηm(G) =
nr
2 (n+ 1).

(ii) If G = Kn ◦ Cr, then ηm(G) =

(
3n
2 (n+ 1) if r = 3
n
2 (2r + n+ 1) ifr > 3.
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Proof. Let Cr : u1, u2, . . . , ur, u1 be a cycle of order r and let Kn be the
complete graph with the vertex set {v1, v2, . . . , vn}.
(i) Let G be the corona product of Cr and Kn; the graph G is shown in
Figure 2.11.

Figure 2.11: G

Case 1. r = 3.
Let M1 : v1,1, u1, u2;
M2 : v2,1, u2, u3; and M3 : v3,1, u3, u1.

Then ψm = (E(G)−
S3
i=1E(Mi))

S {M1,M2,M3} is a minimum mono-
phonic graphoidal cover of G. Hence ηm(G) = 3(

n(n−1)
2 + n+ 1)− 6 + 3 =

3n
2 (n+ 1) =

nr
2 (n+ 1).
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Case 2. r > 3. Let M1 : v1,1, u1, u2, . . . , ur−1, vr−1,1 and M2 : u1, ur, ur−1.
Then ψm = (E(G) − S2i=1E(Mi)) ∪ {M1,M2} is a minimum monophonic

graphoidal cover of G. Hence ηm(G) = r(n(n−1)2 + n + 1) − (r + 2) + 2 =
nr
2 (n+ 1).
(ii) Let G be the corona product of Kn and Cr, and the graph G is shown
in Figure 2.12.

Figure 2.12: G

Case 1. r = 3.
Let M1 : u1,1, v1, v2;
M2 : u2,1, v2, v3;
and M3 : u3,1, v3, v1.

Then ψm = (E(G)−
S3
i=1E(Mi))∪ {M1,M2,M3} is a minimum mono-

phonic graphoidal cover of G. Hence ηm(G) = 3 + 3n(n−1)
2 + 3n − 3 =

3n
2 (n+ 1).
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fu-12




316 P. Titus, M. Subha and S. Santha Kumari

Case 2. r > 3.
Let Mi : ui,1, vi, vi+1(1 ≤ i ≤ n− 1);
Mn : un,1, vn, v1;
Ni : ui,1, ui,2, . . . , ui,r−1(1 ≤ i ≤ n);
N 0
i : ui,1, ui,r, ui,r−1(1 ≤ i ≤ n);

Mj,k : vj , uj,k (1 ≤ j ≤ n and 2 ≤ k ≤ r);
and S = V (Kn)− {(v1, v2), (v2, v3), . . . , (vn−1, vn), (vn, v1)}.
Then ψm =

Sn
i=1 {Mi, Ni, N

0
i} ∪ (

Sn
j=1

Sr
k=2Mj,k) ∪ S is a minimum

monophonic graphoidal cover of G. Hence ηm(G) = 3n+n(r−1)+ n(n−1)
2 −

n = n
2 (n+ 2r + 1). 2

Theorem 2.9. If G = Kr ◦ Ks, then ηm(G) =
r
2(s

2 + s + r − 3), where
r, s ≥ 3.

Proof. LetKr andKs be the complete graphs with V (Kr) = {u1, u2, . . . , ur}
and V (Ks) = {v1, v2, . . . , vs}. The graph G is shown in Figure 2.13.

Figure 2.13: G

Let Mi : vi,1, ui, ui+1(1 ≤ i ≤ r − 1) and Mr : vr,1, ur, u1. Then
ψm = (E(G)−

Sr
i=1E(Mi))∪{M1,M2, . . . ,Mr} is a minimum monophonic

graphoidal cover of G. Hence ηm(G) = (
r(r−1)
2 + r. s(s−1)2 + rs)− 2r + r =

r
2(s

2 + s+ r − 3). 2
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