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Abstract

In this paper, we define the space Sg' (AT, f) of all (A}, f)-lacunary
statistical convergent sequences of order o with the help of unbounded
modulus function f, lacunary sequence (6), generalized difference op-
erator AT and real number a € (0,1]. We also introduce the space
wg (AL, f) of all strong (ALY, f)-lacunary summable sequences of or-
der a. Properties related to these spaces are studied. Inclusion rela-
tions between spaces Sg(AY, f) and w§ (A, f) are established under
certain conditions.
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1. Introduction

The idea of statistical convergence was introduced by Steinhaus [19] and
Fast [8] in 1951 and later reintroduced by Schoenberg [16] independently
in 1959. Further, it was investigated from the point of view of sequence
spaces and related with summability theory by Fridy [10]. After work of
Fridy, statistical convergence is extensively studied in summability theory
by many researchers till now. Statistical convergence is closely related to
the natural density of subsets positive integers. The natural density of a
subset K of N is defined by

1
I(K) = Jim EHk € K : k <n}|, provided limit exists,

where |A| denotes the cardinality of set A.
A sequence z = () is said to be statistical convergent to the number L if
for every ¢ > 0,

(1.1) S{keN:|zx—L|>¢e}) = 0,
. o1
(1.2) ie., lim EHk <n:lzy—Ll>e} = 0.

Lacunary sequence is an increasing integer sequence 0 = (k) with kg =
0 and h, = (k, — ky—1) — oo as r — oo. In this paper, we denote I, and g,

T

by an interval (k,_1, k.| and the ratio . respectively.

r—1

In 1978, Freedman et al.[9] introduced the space Ny of lacunary strongly
convergent sequences as follows:

Ny = {ZL‘ = (21) € w : there exists L such that h* Z |z — L| — O} ,
kel

where w denotes the space of all sequences of complex numbers.

In 1993, Fridy and Orhan[11] introduced the concept of lacunary statistical
convergence as follows:

A sequence z = (zy) is said to be lacunary statistical convergent to [ if for
every € > 0,

1
lim —{k el |z —1] >e}|=0.
r—00 h,.

In 2014, Sengil and Et [17] introduced lacunary statistical convergent se-
quence of order a(0 < « < 1). The sequence x = (z) is said to be
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Sg'-statistically convergent to [ if for every € > 0,
li L kel,: > =0
it gl (k€ Loy 1) 2 <} =0

where (A7) = ( i %""7117?"”)'

Kizmaz [13] introduced difference operator A for ¢+, c and ¢y. Further,
Et and Colak [4] generalized the notion of difference operator A for fixed
positive integer m by

X(A™) ={x=(zg) ew: A"z € X} for X = l,c and ¢y,

where A™x = (A™xy) = (A™ o —A™ 1z 1) form > 1 and A%z = (xy,).
Et and Esi [5] generalized the space X (A™) by taking the sequence v = (vy)
of non-zero complex numbers. They defined the sequence space X (Al") as
follows:

XA ={z= () ew: A’z € X} for X = {0, c and ¢y,

m
where Az, = (vpxy) and AMxy = Z(—l)i (T) Vgt iTpai, for m > 1.
i=0
In 2005, Tripathy and Et [21] used operator A™ to introduce idea of
A™-lacunary statistical convergent sequences and A™-lacunary strongly
summable sequences. The notion of difference operator was investigated
from different aspects by Tripathy and Mahanta [22], Tripathy and Dutta
[20], Haloi et al.[12], Et and Gidemen[6] and many others over the years.
Following Maddox[14], we recall that f : [0,00) — [0, 00) is called mod-
ulus function if (i) f(z) = 0if and only if x = 0, (ii) f(z+y) < f(x)+ f(y),
(iii) f is increasing, (iv) f is continuous from the right at 0.
In 2014, Aizpuru et al.[1] generalized concept of natural density by introduc-
ing f-density of a subset K of positive integers with the help of unbounded
modulus function f by

NP (([ (13 ST E101)

n—oo0 f(n)
Bhardwaj and Dhawan[7] defined the concepts of f-density and f-statistical
convergence of order . Further, Sengiil and Et [18] introduced f-lacunary
statistical convergence and strong f-lacunary summability of order . In
2019, Et and Gidemen|[6] have introduced A]’( f)-statistical convergence of
order « as follows:

, provided limit exists
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A sequence x = (xy) is said to be Al"(f)-statistical convergent of order «
to L for every € > 0,

Jim e F( < AT @~ 1] 2 <)) =

The set of all (AI", f)-statistical convergent sequences of order « is denoted
by S*(AI", f). Recently, Dowari and Tripathy [2, 3] investigated concepts
of complex uncertain sequences with the help of lacunary convergence and
derived some interesting results.

Aim of this paper is to generalize and unify some well-known results in
the area of lacunary statistical convergence and f-statistical convergence.
In this paper, we have defined (AI", f)-lacunary statistical convergence of
order a by introducing the space Sy (A}, f) with the help of lacunary
sequence 6, generalized difference operator A7 and unbounded modulus
function f. We also introduced space wj (A}, f) of all strongly (A7, f)-
lacunary summable sequences of order . Some inclusion relations between
these spaces are obtained under certain conditions.

Throughout this paper, we assume that f is an unbounded modulus
function, (vg) is a fixed sequence of non-zero complex numbers, m is a
fixed positive integer, § = (k,) is a lacunary sequence and «, ( are real
numbers such that 0 < o < 8 < 1.

1.1. Introduced definitions

Definition 1.1. Let # = (k;) be a lacunary sequence and a € (0,1]. A
sequence x = () is said to be (A]?, f)-lacunary statistical convergent of
order « to L if for every ¢ > 0,

. 1 m _
i s (b € Iy 5[~ L] 2 2} ) =
In this case, we write S§(A}, f)-limz,, = L. The set of all (A}, f)-

lacunary statistical convergent sequences of order « is denoted by Sg (A7, f).
Sg(AY, f) is denoted by Sg(A}) if f(z) =« and by Sp(A}, f) if a = 1.

Definition 1.2. A sequence x = (xj) is said to be strongly (A}, f)-
lacunary summable of order « if there is number L such that

Zf |AY' e — L) =0

o f ) it
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The set of all strongly (A7, f)-lacunary summable sequences of order « is
denoted by wg (A}, f). We write wg' (A7) and we(A}, f) for f(z) = x and
a = 1, respectively.

For f(z) = z,a =1,m = 0 and (vx) = (1,1,1,--), the space wy (A}, f)
coincides with the space Ny, studied by Freedman et al.[9].

Also, the space of all strongly A7'(f)-Cesaro summable of sequences of
order « is defined as:

1 n
WA, f) =<cx €w: lim Zf(|A;”xk—L|) =0, for some L ;.
n—00 f(na) =

2. Main results
Theorem 2.1. Let = (zy) and y = (yx) be any two sequences. Then
1. If Sg (A, f)-limxy, = xp and ¢ € C, then S§'(A}, f)-lim cxy, = cxo.

2. If S (A, f)-lim xy, = xo and S§(A}, f)-lim yi, = yo, then Sy (A}, f)-
lim(zg + yx) = To + Yo-

Proof. Omitted. O

2.1. Results on S§(A}, f) & wg (A, f)

Theorem 2.2. Following inclusions hold for any «;, S with0 < a < < 1:
L S§(AT, f) € SP(AT 1),
2. WG (AT, f) S wy (AT, f).

Proof.  Proof of both parts follows by noting that f(h%) < f(h?) for all

re Nif 0 < a <8 <1 due to increasing property of modulus function f.
O

Theorem 2.3. Let 0 = (k,) be lacunary sequence such that lim irrlf qr > 1,

f be an unbounded modulus function such that for some positive constant
¢, flzy) > ef (x)f(y) for all x > 0,y > 0. Then

1. S*(A™, f) C SH(A™, f),

2. WA, f) CWH(A™, f).
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Proof. Let lim ir#f gr > 1. Then there exists a 6 > 0 such that ¢, > 1+9

for sufficiently large r. This implies

kr,1< 1 :>&> ) NS o
ky ~1+0 ke —1+0 "= (1+o)e

as f is increasing.
This means f(hy) > cf(

cf (@) f(y)-
As modulus function f is increasing and a < 3, so f(h3) > f(h%). This

gives us

[0

1)
ke = 0) = f (gt

504
(14 9)

>f(k:ﬁ‘), due to assumption f(zy) >

«

(2.1) 70> of (g5e ) £ )

1. Let x € S*(A", f). Now, by using increasing property of modulus
function f and inequality (2.1), we have

oy f ([ {E < by o |APzy — L] > €} )
> 7y f(I{k € L+ | A2y — L] > e} )

> of (wlaw) 7oz f (1 {k € Lo |ATa, — L] > <} ).

Taking limit r — oo, we get z € S§'(A}, f) and inclusion follows.

2. Let x € w*(Al", f). Then by inequality (2.1), we have

! e - C o 1 m:[} _
) k%f(mv = f(<1+5)a) f(hg)%f(mv k—L|).

Taking limit 7 — oo on both sides, we can obtain the required inclusion.
O

Theorem 2.4. Let 0 = (k,) be a lacunary sequence such that limsup ¢, <
T

oo and unbounded modulus function f be such that for some positive con-
stant ¢, f(t) < ct for allt > 0. Then

1. Sg(A™, f) C SP(A™, f),
2. w§ (AT, ) C WP (AR, £).
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Proof. (i) If limsup ¢, < oo, then there exist H > 0 such that ¢, < H
T

for all » € N. Let z € S§'(A}", f). Then for any € > 0, there exists ro € N
such that

1
f(ha)fq{keIT|ATxk_L|Z5}|) < eforallr>mrg
a
N,
= " < eforallr >,
f(hr) 0

where N, = f(|{k € I, : |A'xy, — L| > e} ).
Now, let M = max{N, : 1 < r < ro} and n be any integer satisfying
kr—1 < n < k.. By subadditive property of f, we have

f(|{k<n'|Am:Bk—L|>€}|)
FU{k <k |AT'@ — L| > €} )

1
f(nP)

(

T
< 7 + 7 (f(hro+1)%)% e f () )
= 7(" SJYI) + f(ki‘ ) (Supr>r0 f(h'r)) c- (h7"0+1 4ot hr)
< 77 + - cfigty
< iy +e(cH).

Taking limit in above inequality, the inclusion follows.
(ii) Proof is similar to part (i), so we omit it. O

f(h7)
o f(kg)

Theorem 2.5. Let 0 = (k,) be lacunary sequence such that h >

0 and «, 8 be real numbers such that 0 < a < 3 < 1. Then
L S*(AT, f) C Sg(AT 1),
W (AT, f) C wp (AT £).

Proof. (i) Let z € S*(A}", f). Then Jim f({k < n: |ATxg —

R
f(n®)

L| > €}|) = 0, which gives us Jim F{k <k : |AT'ap—L| > €}|) =

1
f(kR)
Let € > 0. Then for each r,
{kel :|Alzx, — L| > e} C{k <k, : |Ax, — L| > ¢}.
By increasing property of modulus function, we get



798 A. K. Verma and Lav Kumar Singh

f({k € I« [AT'zy, — L] 5>5}|) < F({k < kp: |Azy — L| > €}))
> {8 (ke 1 1o~ L1 2 )
F(k < by o [AT2), — L] > })).

f(ko‘

By taking r — oo both sides and using given assumption, inclusion
follows.

(ii) Inclusion follows same as in part (i) by noting that
Z fAYx, — L|) < Z f(JAT'xy — L]), holds for any r € N.
kel k<k:

O

Theorem 2.6. Let o and 8 be real numbers such that 0 < a < g < 1.
Then

SS(A™, f) C SE(Am).

Proof. Let z € S§ (A}, f). Then for every i € N, there exists ng € N
such that whenever n > ng, we have

FHE e I - | A ae — L] 2 e}]) <

| =

1
7h)
= flbe L |ATm - Lz e}) < 1 (SE)

By using subadditive property of modulus function f, we get

fke L apn -1z e <qif ()

hOé

= |{kel,:|ATa, —L| >e}| < —F, as f is increasing
i
1

1 m
= plkehiAla - LIz e <5

Taking limit 7 — oo, we have = € Sg(Avm). O

t—o0 t

Lemma 2.1. [15] For any modulus function f, lim @ = inf {E it > 0}.

Theorem 2.7. Let modulus function f be such that tlim @ > (0. Then

WE(A™, ) C wh(A™).
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Proof. Letxz € wy (A}, f)and tlim @ = . Then v = inf {@ it > O}
by Lemma 2.1. This means ¢t <y~ f(t) for all £ > 0. Now,

1 1

S IATa - L] < > v f(|AY 2 — L)

) kel, F(rY) kel,
41

< Jm & et

By taking limit » — oo, inclusion follows. O

2.2. Inclusion relations between spaces S§'(A}", f) & wg'(A}, f)

Theorem 2.8. Let f be an unbounded modulus function satistying f(xy) >
cf(z)f(y) for some positive constant c¢. Then wg (A}, f) C Sg(A;”, f)-

Proof. Let x € wy(A}', f) and € > 0. Then by using subadditive and
increasing property of modulus function, we have

f(flz,of) >oker, f(|Azy — L[) > f(}llg)f (Xher, |[Axy, — L))

> A f A™ xp, — L
70 2 | |
|A™ g —L|>e
> f(,i/s)f ({k € I : |A'xy, — L] > €} €)
> f(}clé)f(Hk S A |Avm$k - L| > 5}’) f(5)7

using f(zy) > cf (z)f(y).
Taking limit » — oo, we get © € Sg(AT, f). O

Theorem 2.9. Suppose modulus function f and lacunary sequence 6 =

(ky) are such that Jim @ >0 and lim f(he) _ 1. Then Sg(AY', f) N

F(h2)
loo(AT) C wy (AT, f) N Lo (AT,
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Proof.  Suppose tlim @ = ~. Then v = inf {@ it > ()} by Lemma

2.1. This means t <y 1f(¢) for all t > 0. Let = € S§(A™, f) N loo(AT).
Then there exists M > 0 such that |A]'xp — L| < M for all £ € N. For
each € > 0, suppose X; and X5 denote the sums over k € I, |Alxp—L| > ¢
and k € I, |A"xy, — L| < ¢, respectively. Now,

hﬂ) er, [ (1A l‘k — L|) < g5ay (B0 f (|AT 2y, — L) + Zo f (|AT 2y, — L))
S f(ha Elf( )"‘fm EQf( )
< gy Uk € I | ATz — L > e} f(M) + f(ha)f( )
< f(ha)f(Hk €L : |AYxy, — L] > e}]) f(M) + f(h )f( ).

hy
Taking limit » — oo and using lim 1 (hr)

oo f(h)

=1, inclusion follows. O

2.3. Results on lacunary refinements

The lacunary sequence 6’ = {k/.} is called lacunary refinement of lacunary
sequence 0 = {k,} if {k,.} C {k.}. In this case I, C I where I denotes
interval (k/._;,k..]. We denote interval length (k. — k/._ ) by .

Theorem 2.10. Let 8 = {kl.} be lacunary refinement of § = {k,} and
0 < a < 8 < 1. Further, suppose lacunary sequences 0 = {k,}, 0/ = {k..}

hB
and modulus function f satisfy liminf ff((l;)) > (0. Then
T

1 Sg (AR, f) C Sy (AT, ),

Proof. (i) Let z € S§ (A}, f). Since I, C I for all » € N, so for any
€ > 0, we have

{kel, : |AYxp—L| >} C{kel:|AJzp—L| > ¢}
= f({k € I : [ATze — L| 2 e}]) < f({k € I} : [AT'zy — L] = €}]),
as f is increasing
8
= J;f(’g;%m{k el : |Amzy — L
> o)) < 7o F({k € I |ATa, — L] > <),
for all » € N.
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% Yken [(AYmp — L) < 5
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f(h7)

G
inclusion follows.
(ii) Let = € wy (A, f). Inclusion follows by taking limit and using given
assumption in following inequality

Now, by taking limit r — oo and using lim inf > 0, required

\_/

mz (hﬁ My,
f( k;pf|A v — L|) > (l)f(hﬂ)kezjrf |AYx, — L) .

O

Theorem 2.11. Let ¢’ = {k/.} be lacunary refinement of § = {k,} such
that the set {n :n € I\ I} is finite for each r and 0 < o < 3 < 1. Then

L S(AY.f) € Sp(AY £,
2. Wi (AT, f) Nl (AT C wg,(Am ) Nl (AT).
Proof. (i) Let = € S§(A}, f). I, C I} implies that k,_; < k,—1 <k, <

k! for all » € N. Let ¢ > 0. Then by subadditive property of f, we can
write

F({k € I | Ao, — LI > e}l) < %f(!{/f/ 1 <k <k |AYwe — L] > }))

lﬁ F{kr—1 <k < ky o |ATay — L] > €}))

b f(1{he < < B2 AT, — L] 2 2})

Fler 1=Ky m
< S+ ey Mk € 1 A~ 1] o))
CaS)

)
Now, taking limit » — oo on both sides and using finiteness of set
{n:n €I\ I,} and continuity of f, we get x € Sg,(Ag"”, ).
(ii) Let € w§ (A, f) N loo(A]?). Then there exists M > 0 such that
|Al'x, — L] < M for all k. Now, for any r € N, we can write

(Zke[’\h FUAY g — L) + X ker, f(1AY 2r — LI))
(ha) Zkel/\lr (M) + —f(i%) Sker, F|AM Ty, — L)
h“)f( )+ f(llzg) Zkelr f(JAT 2y, — L]).

By taking limit » — oo and using finiteness of set {n : n € I\ I,.},
inclusion follows. O

<
<!
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