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Abstract

Let G be a graph on n vertices. The Laplacian matriz of G, de-
noted by L(G), is defined as L(G) = D(G) — A(G), where A(G) is the
adjacency matriz of G and D(G) is the diagonal matriz of the vertex
degrees of G. A graph G is said to be L-integral if all eigenvalues of
the matriz L(G) are integers. In this paper, we characterize all L-
integral non-bipartite graphs among all connected graphs with at most
two vertices of degree larger than or equal to three.
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1. Introduction

Let G = (V, E) be an undirected graph, without loops or multiple edges.
Let d(G) = (di(G),d2(G),...,d,(G)) be the sequence degree of G, such
that A(G) = di(G) > do(G) > -+ > §(G) = dn(G). The vertex con-
nectivity of G, k(G), is the minimum number of vertices that need to be
removed such that the graph G gets disconnected and P, is a path with
n vertices. We define G; as the family of connected graphs with sequence
degree in a way that d; > 3 and 1 < d; < 2,4 = 2,...,n. Also, we de-
fine Go as the family of connected graphs with sequence degree such that
di >dy >3and 1 < d; <2, ¢ =3,...,n. The sum graph, denoted
by G = G1 + Go, is the graph G such that V = Vi x V5 and each pair
of vertices (u1,u2) and (vi,v2) are adjacent in G if and only if u; = v;
and (ug,vy) € Eg or ug = vy and (uy,v1) € Ei. The Firefly graph, de-
noted by F} ¢, is the graph with 2r + s + 2¢ 4 1 vertices that contains r
triangles, s pendant edges and t pendant paths of length 2 sharing a com-
mon vertex. We write A(G) for the (0,1)-adjacency matrix of a graph and
D(G) for the diagonal matrix of the vertex degrees of G. Also, we write
L(G) = D(G) — A(G) and Q(G) = D(G) + A(G) for the Laplacian ma-
trix and signless Laplacian matrix of G. A graph G is L-integral (resp.
Q-integral) if all of its L-eigenvalues (resp. @-eigenvalues) are integers.
The spectrum of the Laplacian matrix of G is denoted by Specr(G) =
{,ul(G)[nﬂ,,ug(G)[”Q], . ,MS(G)[”S]} , where 1;(G) is the i-th largest Lapla-
cian eigenvalue and n; is its algebraic multiplicity. The algebraic connec-
tivity of G is denoted by a(G) = pp—1(G).

In 1994, Grone and Merris [3] initiated the study of the L-integral graph
and Merris in [11] presented an explicit construction of all maximal graphs
which are L-integral. After this, some infinite families of L-integral graphs
were characterized in the literature as it can be seen in [8, 9, 10, 11, 12].
In particular, Kirkland in [9] determined all Laplacian integral graphs such
that A(G) = 3. Motivated by that, we study all Laplacian integral graphs
with at most two vertices of degree greater than or equal to 3. It is worth
mentioning that Novanta et al. in [13] found all bipartite Q-integral graphs
in G1 and Gs. Since for bipartite graphs the L- and Q-eigenvalues coincide
all L-integral bipartite graphs within those families are determined. In this
paper, we determine all non bipartite L-integral graphs in the families G;
and Go. Thus, we state our main result:

Theorem 1. Let G be a graph on n > 9 vertices with at most two vertices
of degree greater than two. Then G is L-integral if and only if G is one of
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the following: K1 -1, Ko + K1,-3, Kay—2, Fr 50, where s > 1 and r > 1,
KV (rK1UsKy UKy ), wheret > 2 andr+s > 2 or Ko V (n —2)Kj.

The remaining content of the paper is organized as follows. In Section
2, we will give some important results that will be needed in the sequel. In
Section 3, we present all non bipartite L-integral graphs in the family G;.
In Section 4, we present all non bipartite L-integral graphs in the family
Go. In this paper, we use the same demonstration techniques presented in
[13].

2. Preliminaries

In this section, we present some results that will be useful to prove the
main results of the paper.

Lemma 1. Let G be a connected graph. Then a(G) > 0.
Lemma 2. Let G be a non-complete graph. Then a(G) < k(G) < §(G).

Theorem 3. Let G be a non-complete and connected graph on n vertices.
Then k(G) = a(G) if only if G can be written as G = G, V Gy, where G,
is a disconnected graph on (n — k(G)) vertices and Gy, is a graph on k(G)
vertices with a(Gyp) > 2k(G) — n.

Lemma 4. Let A be a block diagonal matrix whith diagonal blokcs Aj;;,
k
for 1 < i < k are blocks of A. Then, det A = H det A;;.

=1

Defintion 5. Given a graph G, and a matrix M = [m;;| associated with
G, a partition m of V(G), V(G) = V1 U---UVj is equitable with respect to
G and M, if for all i,j € {1,2,---,k}

> mg = di

tev;

is a constant d;; for any s € V;.

The matrix M, = [d;j] of order k is called the divisor matrix of M
associated with the partition .

Theorem 6. Any eigenvalue of M, is also an eigenvalue of M.
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Lemma 7. Let G be a graph onn vertices and f an edge of G. If H = G\ f
then

pi(G) = pi(H) = p2(G) = po(H) = ... > pn(G) 2 pn(H).

If H is a subgraph of G obtained by removing r edges, then for each i =
1,....,n—r.
1i(G) = pi(H) 2 pigr (G).

Let A be a matrix of order n and 1 < r < n. The matrix A, of order
r is a principal submatrix of A obtained by deleting n — r rows and the
corresponding columns from A.

Proposition 8. Let A be a Hermitian matrix of order n, let r be an integer
with 1 < r < n, and let A, be a principal submatrix of A of order r with
eigenvalues Ay > --- > A\, and 01 > --- > 0, respectively. Then, for each
1=1,...,r

>\i > ‘91 > )\’L'+n71”'

Remark 9. Let B,,_2 be a principal submatrix of L(G) of order n — 2.
From Proposition 8, we have that 0,,_3(Bp—2) > pn—1(G). If G is connected
and Bj,_o has at least two eigenvalues in the interval (0,1), we conclude
that 0 < pp—1(G) < 1.

Remark 10. For n > 7, there are at least 2 eigenvalues of L(P,) in the
interval (0,1).

Consider a family of p graphs, 7 = {G1,---,G)p}, where each graph G;
has order n;, for j =1,---,p, and a graph H such that V(H) = {1,---,p}.
Each vertex j € V(H) is assigned to the graph G; € F. The H — join
(generalized composition) of Gy,---, Gy is the graph G = H[G1,---,G))
such that V(G) = U];:lV(Gj) and E(G) = ( ?:1 V(Ej) U (Ursepm{uv
u € V(Gy),v € V(Gs)}).

Theorem 11. Let G be a graph on n vertices with at most two vertices
of degree greater than or equal to 3. Then G is Q-integral if and only if G
is one of the following: Kl,n—l; Ko+ Kl’n_g, Kgm_g or P4[K2, K, Kq, KQ].

The following results characterize cographs from forbidden Py and show
that all cographs are L-integral.

Theorem 12. A graph is cograph if and only if it does not have an induced
subgraph isomorphic to Pj.

Theorem 13. If G is cograph then G is a L-integral.
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3. L-integral graphs in G,

In [13], Novanta et al. characterized all L-integral bipartite graphs be-
longing to Gi. In this section, we characterize all L-integral non-bipartite
graphs in G;. The graphs that belong to family G; are graphs that contain
cycles, paths and pending vertices with one vertex, say u, in common such
that d(u) > 3. Notice that the Firefly graphs, F} s, belong to the family
Gi. In particular, Fop,—10 = Kin-1, Fo01 = K12 are L-integral graphs.
Below, we present the main result of this section.

Theorem 1. Let G € Gy be a graph on n vertices. Then, G is L-integral
if only if either G = K11 or G = F. 50, with s > 1 and r > 1.

Proof. Let G € G;. If GG is bipartite, from Theorem 11, G is L-integral
if and only if G = Kj,_1. Now, suppose that G is non-bipartite and L-
integral. From Lemmas 1 and 2, 0 < a(G) < k(G) = 1, and consequently
a(G) = 1. From Theorem 3, G = G, V G}, where V(G}) = {u}. As G € G;
and for any = € V(G), d(x) < 2, we have that G, = r - K1 Us - Ko where
r>1and s > 1. So, G = F, ;o which is a cograph. From Theorem 13, G
is L— integral and the result follows. a

4. L-integral graphs in G,

In [13], Novanta et al. characterized all L-integral bipartite graphs belong-
ing to Go. Let G) be the subfamily of non-bipartite graphs belonging to G.
From Lemmas 1 and 2, we have that 0 < a(G) < k(G) < 2. So, in order
to characterize all L-integral graphs in G5 we need to consider the cases:
a(G) = k(G) and a(G) < k(G).

Case 1: G € G5 and a(G) = k(G).
Theorem 1. Let G € G with n > 7 vertices. Then G is L-integral if and

only if G = K; V (r-KiUs-KyUK,), wheret > 2 and r + s > 2 or
G§K2V<TL—2)‘K1.
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Proof. Let G € G} with n > 7 vertices. Suppose that G is L-integral.
So, a(G) = k(G) = 1 or a(G) = k(G) = 2. Firstly, suppose that a(G) =
kE(G) = 1. From Theorem 3, G = G, V Gp where V(Gp,) = {u} and,
consequently, v € V(G,). Let x € V(G,) such that z # v. As G € Gy,
d(z) < 2, we conclude that G, = r- K; Us - Ko U Ky, where t > 2
and r +s > 2. Now, suppose that a(G) = k(G) = 2. From Theorem 3,
G = G4 V Gy such that Gy is a graph on two vertices. So, u,v € V(Gp)
and G, = Ks. Let 2 € V(G,). As G € Gy and d(z) < 2, we conclude that
Gy = (n—2)- K. Then, G = Ky V (n —2) - K; and the result follows. O

Case 2: G € G} and a(G) < k(G).

In this case, we characterize all L—integral graphs in G} such that
a(G) < k(G) < 2. If k(G) = 1, G is not L-integral. So, we only need
to consider that k(G) = 2. Then, G has only cycles that contain two ver-
tices u and v of degree larger than or equal to 3. Consequently, we need to
analyze the length of paths with end vertices v and v.

Proposition 2. Let G € G, with n > 11 vertices. If G has a subgraph P,
for k > 9, with end vertices u and v, then G is not L-integral.

Proof. Let G € G5 with n > 11 vertices. For k > 9, suppose that G
contains a path P with sequence of vertices uxy ---xp_ov. Let H be the
subgraph of G obtained by removing the edges uz; and zp_sv. So, H =
Hy U Py,_o, where H; is a non bipartite graph and p,(H) = p,—1(H) = 0.
From Remark 10, P;_o has at least 2 eigenvalues in the interval (0,1).
Then, we assume that 0 < pp—2(H) < pp—3(H) < 1. From Lemma 7, we
conclude that 0 < p,—1(G) < pp—3(H) < 1. Therefore, G is not L-integral.
O

From Proposition 2 (Section 4), now we need to consider the remaining
cases when G has a subgraph P, for 3 < k < 8. First, we consider that
G € G) is a graph that contains r paths PP for1<p< A(G) = A with
the sequences of vertices uz! - - -xflr2v such that n, € {3,5,7}. As G isnon
bipartite graph, the vertices u and v should be adjacent. By a convenient
labeling for the vertices, L(G) can be seen written in the following way:

Daxo Tox (n1—2) Tox (na—2) o Toy(na—2)
T(ny—2)x2 Apy—2 Oni—2)x(n2—2) * Omi—2)x(na—2)

L(G) = Tina—2)x2  O(na—2)x(na—2) A(ny—2) o O(na—2)x(na—2)

Tna-2)x2 Oma-2)x(mi—-2) Oma—2)x(ne—2) - Ana—2
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where D = [d;j]ax2 such that d;; = { _AL 2; i;j and 7 =
1 i=j=1
[tijl2xn,_, such that t;; = ¢ —1, i=2and j =n, — 2
0, otherwise.
Observe that A,, 2 € {A1, A3, A5}, where
2 -1 0 0 0
2 -1 0 -1 2 -1 0 0
A1:[2},A3: 1 2 —1]and4s=| 0 -1 2 -1 0
0o -1 2 0 o -1 2 -1

o 0 0 -1 2
Notice that since G is non-bipartite, the vertices u and v should be
adjacent and we will use this fact to prove Proposition 3, 4 and 5.

Proposition 3. Let G € G5 with n > 9 vertices. If G has at least two
subgraphs Py, or at least two subgraphs P; or one subgraph Ps together
with a subgraph P; with end vertices u and v, then G is not L-integral.

Proof. Let G € G} with n > 9 vertices. Suppose that G contains at least
two paths Ps, or at least two paths P; or one path P5 together with a path
P; with the sequence of vertices uz} - - - xflp_Qv such that n, € {5,7} and
i > 2. In all cases, let B,,_2 be the principal submatrix of L(G) obtained
by removing both rows and columns that correspond to the vertices u and
v. It is easy to see that B,,_s is a block diagonal matrix and its blocks are
the matrices A3 and/or As which have eigenvalues in the interval (0,1).
From Proposition 8, we have 0 < p,,—1(G) < 0,,_3(B;,—2) < 1. Then, G is
not L-integral. O

As G is a non-bipartite graph, the following remaining cases are de-
scribed as: (i) G has at least one subgraph P3 and one subgraph Ps, and
(ii) G has at least one subgraph Ps and one subgraph Pr. Next, Proposition
4 proves case (i), and Proposition 5 proves case (ii).

Proposition 4. Let G € Gy withn > 6 vertices. If G has s > 1 subgraphs
Ps3 and one subgraph Ps with end vertices u and v, then G is not L-integral.

Proof. Let G € G} with n > 6 vertices. Recall that uv € G. It is easy
to see that GG is not L-integral graph for s = 1. Suppose that s > 2. From
matrix (I), L(G) can be seen written in the following way:
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Dax2 Tox1 Taxi Tox1 Tox3 |
Tixa A1 011 O1x1 O1x3
Tixa O1x1  As O1x1 O1x3
Tix2 0O1x1 O1x1 Ai o O1x3

| T3x2 03x1 O3x1 O3x1 Az

where A = s + 2. According to Theorem 6, the eigenvalues of the matrix

[ s+2 -1 —-s -1 0 0

-1 s+2 —-s 0 0o -1

Ro_| -1 -1 2 0 0 0
G | 0O 0 2 -1 0
0 0o 0 -1 2 -1

0 -1 0 0 -1 2 |

are eigenvalues of L(G), whose characteristic polynomial is p(\) = A6 +
(=25 — 12)A° + (52 + 185 + 55)A* + (=652 — 565 — 120)A3 + (102 + 70s +
125)A2 + (—4s2 — 305 — 50)A. As p(1) = s> —1 > 0, for s > 2, and
p(2) = —4s < 0, we conclude that there is a root in the interval (1,2), and
consequently G is not L-integral. a

Proposition 5. Let G € G, with n > 8 vertices. If G has at least s > 1
subgraphs Ps and one subgraph P; with end vertices w and v, then G is
not L-integral.

Proof. Let G € G5 with n > 8 vertices. It is easy to see that G is not
L-integral for s = 1. Suppose that s > 2. From matrix (I), L(G) has the
following form:

Dayx2 Tox1 Taxi Tox1 Toxs |
Tixe A1 O1xa1 O1x1 O1xs
Tixa O1x1  Ax O1x1 O1xs
Tix2 0O1x1 O1x1 A1 Oixs

| T5x2 Osx1 Osx1 O5x1  As

where A = s 4+ 2. Applying the Intermediate Value Theorem to the char-
acteristic polynomial associated to matrix obtained by Theorem 6 for the
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matrix L(G), we conclude that there is a root in the interval (3,4), and
consequently G is not L-integral. O

Remark 6. If G € G and G has only subgraph Ps3 with end vertices u
and v, a(G) = k(G) which was analyzed in Case 4.1.

Now let us analyze the cases in which G € Gj is a graph that contains
r paths P}L’p with the sequence of vertices ux} - - - xﬁpﬂv, for1<p<r, and
n, € {4,6,8}. By a convenient labeling to the vertices of G we obtain

Dax2 Tox(n1—2) Toxtna—2 Taxm.—2)
Ty —2)x2 Ani—2 Oni—2)x(n2—2) ** Oni—2)x(ny—2)
L(G) = | Tine-2)x2 O(na—2)x(na—2) Ana—2) 0 Ong—2)x(n—2) | (I1),
Tn—2)x2 Omp—2)x(ni—-2) O(n,—2)x(ne—2) **° An,—2
where
A, if i=3
D = [dijlax2 such that d;jj = ¢ =1, if i#j and u~wv and 7 =
0, if ©1#£j and uAwv
1, if =g =1,
[tij]Qan_Q such that tij = —1, if i=2 and j =MNp — 2,
0, otherwise.

Observe that A,, 2 € {A2, Ay, Ag}, where

2 -1
AQ_l—l 2 ]

2 -1 0 0 0 0

2 -1 0 0 1 2 -1 0 0 0

-1 2 -1 0 0 1 2 1 0 0

A= o o o g jadds=1 0 o 4 9 g
0 0 -1 2 0 0 0 -1 2 -1

0 0 0 0 -1 2

By using the matrix L(G) presented above, we obtain the following
propositions.

Proposition 7. Let G € G, with n > 9 vertices. If G has a subgraph P
with end vertices u and v, then G is not L-integral.
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Proof. Let G € G5 with n > 9 vertices. Suppose that G contains a
path Pg with the sequence of vertices uxi - - - xgv. Let B,,_o be the princi-
pal submatrix of L(G) obtained by removing both rows and columns that
correspond to vertices u and v. Note that B;,,_2 is a block diagonal matrix
and one of its blocks is the matrix Ag, which has two eigenvalues in the
interval (0, 1). From Lemma 4, we have 0 < 6,,_2(Bp—2) < 0,—3(Bp—2) < 1
and consequently from Proposition 8, we conclude that 0 < p,—1(G) =
a(G) < 0,_3(Bp—2) < 1. Therefore, G is not L-integral. O

Proposition 8. Let G € G with n > 7 vertices. If G has a subgraph P
with end vertices u and v, then G is not L-integral.

Proof. Let G € G5 with n > 7 vertices. Suppose that G contains
a > 2 paths Ps with the sequence of vertices uxi’---z4'v for 2 < i < a.
Let B,_2 be the principal submatrix of L(G) obtained by removing both
rows and columns that correspond to vertices u and v. Note that B,,_o is
a block diagonal matrix and a > 2 of its blocks is the matrix A4. It is
easy to see that A4 has one eigenvalue in the interval (0,1). Then, B,_2
contains a > 2 eigenvalues in the interval (0,1). From Lemma 4, we have
0 < 6p—2(Bn—2) < 0,—3(Bp—2) < 1, and consequently, from Proposition
8, we conclude that 0 < p,—1(G) < 0,_3(Bp—2) < 1. Therefore, G is not
L-integral. Now, suppose that GG contains one path Pg with the sequence of
vertices uxy - - - £4v along with one path Ps or one path P;. Therefore the
principal submatrix of L(G) obtained by removing both rows and columns
that correspond to vertices w and v, B,,_2, is a block diagonal matrix wich
has at least two blocks Ag and As or Ag and A7. In both cases, B, _»
contains a > 2 eigenvalues in the interval (0,1) and, consequently, from
Proposition 8, we conclude that 0 < pi,,—1(G) < 6,,_3(Bp—2) < 1. Then, G
is not L-integral. Finally, suppose that G contains one path FPg, with the
sequence of vertices uxq ---x4v, with s > 1 paths P3 and ¢ > 0 path Pj.
So, we need to consider the following cases:

Case 1: G contains t > 1 paths P4, s > 1 paths P3 and one path F;.

Case 1.1: u and v are adjacent.
By a convenient labeling for the vertices, L(G) can be seen represented
in the following way:
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r s+t+2 —1 —1 —1 —1 —1 0 0 —1 0 0 0
—1 s+t4+2 —1 —1 0 0 —1 —1 0 0 0 —1
—1 -1 2 0 0 0 0 0 0 0 0 0
—1 —1 0 2 0 0 0 0 0 0 0 0
-1 0 0 0 2 0 -1 0 0 0 0 0
L(G) = : ; : D Sl S
© —1 0 0 0 0 2 0 —1 0 0 0 0
0 -1 0 0 -1 0 2 0 0 0 0 0
0 —1 0 0 0 —1 0 2 0 0 0 0
-1 0 0 0 0 0 0 0 2 -1 0 0
0 0 0 0 0 0 0 0 -1 2 -1 0
0 0 0 0 0 0 0 0 0 -1 2 -1
L 0 -1 0 0 0 0 0 0 0 0 —1 2

Applying the Intermediate Value Theorem to the characteristic polyno-
mial associated to matrix obtained by Theorem 6 for the matrix L(G), we
conclude that there is a root in the interval (3,4), and consequently G is

not L-integral.

Case 1.2: u and v are non-adjacent.
By a convenient labeling for the vertices, L(G) can be seen written in
the following way:

r s+t+4+1 0 —1 —1 —1 —1 0 0 —1 0 0 0
0 s+t41 —1 —1 0 0 —1 —1 0 0 0 —1
-1 -1 2 0 0 0 0 0 0 0 0 0
—1 —1 0 2 0 0 0 0 0 0 0 0
-1 0 0 0 2 0 -1 0 0 0 0 0
L(G) = . . . . . . . . . . . .
@ —1 0 0 0 0 2 0 —1 0 0 0 0
0 -1 0 0 -1 0 2 0 0 0 0 0
0 —1 0 0 0 —1 0 2 0 0 0 0
-1 0 0 0 0 0 0 0 2 -1 0 0
0 0 0 0 0 0 0 0 -1 2 -1 0
0 0 0 0 0 0 0 0 0 -1 2 -1
L 0 -1 0 0 0 0 0 0 0 0 -1 2

Applying the same technique as in Case 1.1, we conclude that there is
a root in the interval (3,4), and consequently G is not L-integral.

Case 2: (G contains s > 1 paths P3 and one path Ps.

Case 2.1: u and v are adjacent.
From the matrix (I7), L(G) can be seen written in the following way:
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[ Daxo Tox1 Tox1 -+ Tox1 Taxa |
,T1><2 Al 01><1 01><1 01><4
Tixa Oix1 Ar -+ Oix1 Oixa
Tix2 O1x1 O1x1 -+ Ar Oixs

L 7ZL><2 O4><1 O4><1 e 04><1 A4

where A = s+ 2. Applying the same technique as in Case 1.1, we conclude
that there is a root in the interval (1,2), and consequently G is not L-
integral.

Case 2.2: u and v are non-adjacent.

It is easy to see that for s = 1 or s = 2, (G is not L-integral. Suppose
that s > 3. From the matrix (/7), L(G) can be seen written in the following
way:

[ D2><2 7'2><1 7'2><1 7-2><1 7-2><4 ]
Tixa A1 Oix1 -+ O1x1 Oixa
LG = 71'><2 01'><1 41 01.><1 01'><4 |
Tix2 0O1x1 O1x1 -+ A1 Orxa
| Tax2 Oaxi Oaxa -+ Osx1 Asg

where A = s+ 1. Applying the same technique as in Case 1.1, we conclude
that there is a root in the interval (2,3), and consequently G is not L-
integral. |

Proposition 9. Let G € G with n > 6 vertices. If G has a subgraph Py
with end vertices u and v, then G is not L-integral.

Proof. Let G € G} with n > 6 vertices. Suppose that G contains one
path P with the sequence of vertices uxixov and with at least two paths
in the set {Ps, P;}. Let B,_2 be the submatrix principal of L(G) obtained
by removing boths rows and columns corresponding to vertices u and wv.
As B,,_3 is a block diagonal matrix and its blocks belong to the set {43,
As} which have one eigenvalue in the interval (0,1), from Proposition 8
(Section 2), we conclude that 0 < pp—1(G) < 0,_3(Bp—2) < 1. Then, G
is not L-integral. Now, suppose that G contains ¢t > 1 paths Py, with the
sequence of vertices uz{zdv, such that 1 < g < ¢, s > 1 paths P; or/and
one path of the set {Ps, Pr}. So we need to analyse the following cases:
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Case 1: (G contains t > 1 paths P, and s > 1 paths Ps.

Case 1.1: u and v are adjacent.
By a convenient labeling for the vertices, L(G) can be seen written in
the following way:

s+t+1 -1 -1 —1|-1 -1/ 0 0 1
—1 s+t+1]—1 —1] 0 0| -1 -1
—1 —1 2 0|0 0o 0
-1 -1 0 210 00 0
—1 0 0 0] 2 0 |-1 0
-1 0 0 010 210 -1
0 —1 0 0 |—1 0] 2 0

I 0 -1 0O --- 0 0 -~ —=1|0 - 2 |

Applying the Intermediate Value Theorem to the characteristic polyno-
mial associated to matrix obtained by Theorem 6 for the matrix L(G), we
conclude that there is a root in the interval (1,2), and, consequently, G is
not L-integral.

Case 1.2: u and v are non-adjacent.
By a convenient labeling for the vertices, L(G) can be seen written in
the following way:

[ s+t| 0 |-1 -1 -1 -1/ 0 0

0 [s+t]|-1 —1] 0 0 |—-1 —1

1] =112 00 0] o0 0

11 =110 210 010 0

LG =] -1 0 0 0] 2 0| -1 0
-1 0 0 0|0 210 -1

0 -110 0| -1 0] 2 0

0 -110 00 —-1]1 0 2
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According to Theorem 6, the eigenvalues of the matrix

s+t 0 —-s —t 0
0 s+t —s 0 —t

Ryp=| -1 -1 2 0 0
-1 0 0 2 -1
0 -1 0 -1 2

are eigenvalues of L(G), whose characteristic polynomial is p(\) = A5 +
(=25 — 2t — 6)A* + (5% + 2st + 12 + 105 + 10t + 11) A3 + (—4s% — 8st — 4t% —
14s — 14t — 6)\% + (352 + 8st + 4t2 + 65 + 4t)\. Then, we have:
(i) for s = L and t > 2, p(\) = A(A\%2 — A(4 +1t) + 3+ 2¢), whose roots are
0, =B with multiplicity 2, and YEFHH with multiplicity 2
as well. Ast < +Vt2+4 <t+1, p(\) has non-integer roots ;

(ii) for s = 2 and t = 1, Specr,(G) = {4.731 401 2] 12701 o1}
(iif) for s = 2 and t = 2, Specr,(G) = {5.5611), 511 301 221 1 44010 101 olty,

(iv) for s = 2 and t > 3, p(A) = (=2t — 10)A* + \° + (2 + 14t +
35)A3 + (—4t? — 30t — 50)\% + (4t2 4 20t + 24)), whose roots are
O, 2,t + 3, —\/t2+2§+9+t+5’ \/t2+2t;—9+t+5' AS t+ 1< t2 + 2t + 9 <

t + 2, p(\) has non-integer roots ;

(v) fors >3andt > 1, p(2) = —2s2+4s < 0 and p(3) = 6st+3t2—6t > 0.
So, we conclude that there is a root in the interval (2, 3).

Therefore, in all previous cases we obtain that G is not L-integral.
Case 2: (G contains t > 1 paths Py, s > 0 paths Pz, and one path Ps.

Case 2.1: v and v are adjacent. By a convenient labeling for the vertices,
L(G) can be seen written in the following way:

rs+t+2 —1 -1 ... —-1] -1 - —1] 0 -~ 0 ]-1 0 0
—1 s¥t+2| -1 .- —1|] o --- 0 | -1 --- —1]| o0 0 -1
—1 —1 2 0 0 0 0 0 0 0 0
—1 —1 0 2 0 0 0 0 0 0 0
—1 0 0 0 2 0 —1 0 0 0 0
L(@) = : :
—1 0 0 0 0 2 0 —1 0 0 0
0 —1 0 0 —1 0 2 0 0 0 0
0 —1 0 0 0 —1 0 2 0 0 0
-1 0 0 0 0 0 0 0 2 -1 0
0 0 0 0 0 0 0 0 —1 2 —1
L 0 —1 0 0 0 0 0 0 0 —1 2
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Applying the Intermediate Value Theorem to the characteristic polyno-
mial associated to matrix obtained by Theorem 6 for the matrix L(G), we
conclude that there is a root in the interval (0.5,1), and consequently G is
not L-integral.

Case 2.2: u and v are non-adjacent.

For s = 0 and t = 2, it is easy to see that G is not L-integral. By
a convenient labeling for the vertices, L(G) can be seen written in the
following way:

L(G) =

s+t+1 0 -1 —1 -1 —1 0 0 -1 0 0 1
0 s+t+1 —1 —1 0 0 —1 —1 0 0 —1
-1 -1 2 0 0 0 0 0 0 0 0
—1 —1 0 2 0 0 0 0 0 0 0
-1 0 0 0 2 0 -1 0 0 0 0
-1 0 0 0 0 2 0 -1 0 0 0
0 -1 0 0 —1 0 2 0 0 0 0
0 —1 0 0 0 —1 0 2 0 0 0
-1 0 0 0 0 0 0 0 2 -1 0
0 0 0 0 0 0 0 0 -1 2 -1
0 -1 0 0 0 0 0 0 0 -1 2

Applying the same technique as in Case 2.1, we conclude that there is
a root in the interval (0.5,1), and consequently G is not L-integral.

Case 3: G contains t > 1 paths P4, s > 1 paths P3 and one path Ps.

Case 3.1: u and v are adjacent.
By a convenient labeling for the vertices, L(G) can be seen written in
the following way:

[ s+t+2 —1 —1 —1 —1 —1 0 0 —1 0 0 0 0
—1 s+t+2 —1 —1 0 0 —1 —1 0 0 0 0 —1
-1 -1 2 0 0 0 0 0 0 0 0 0 0
—1 —1 0 2 0 0 0 0 0 0 0 0 0
-1 0 0 0 2 0 -1 0 0 0 0 0 0
—1 0 0 0 0 2 0 —1 0 0 0 0 0
0 -1 0 0 -1 0 2 0 0 0 0 0 0
0 —1 0 0 0 —1 0 2 0 0 0 0 0
-1 0 0 0 0 0 0 0 2 -1 0 0 0
0 0 0 0 0 0 0 0 -1 2 -1 0 0
0 0 0 0 0 0 0 0 0 -1 2 -1 0
0 0 0 0 0 0 0 0 0 0 -1 2 -1

L 0 -1 0 0 0 0 0 0 0 0 0 -1 2
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Applying the same technique as in Case 2.1, we conclude that there is
a root in the interval (0.5,1), and consequently G is not L-integral.

Case 3.2: u and v are not adjacent.
By a convenient labeling for the vertices, L(G) can be seen written in
the following way:

s+t+1 0 —1 —1 —1 —1 0 0 —1 0 0 0 0
0 s+t+1 —1 —1 0 0 —1 —1 0 0 0 0 —1
-1 -1 2 0 0 0 0 0 0 0 0 0 0
—1 —1 0 2 0 0 0 0 0 0 0 0 0
-1 0 0 0 2 0 -1 0 0 0 0 0 0
—1 0 0 0 0 2 0 —1 0 0 0 0 0
0 -1 0 0 -1 0 2 0 0 0 0 0 0
0 —1 0 0 0 —1 0 2 0 0 0 0 0
-1 0 0 0 0 0 0 0 2 -1 0 0 0
0 0 0 0 0 0 0 0 -1 2 -1 0 0
0 0 0 0 0 0 0 0 0 -1 2 -1 0
0 0 0 0 0 0 0 0 0 0 -1 2 -1

L 0 -1 0 0 0 0 0 0 0 0 0 —1 2

Applying the same technique as in Case 2.1, we conclude that there is
a root in the interval (0.5,1), and consequently G is not L-integral. a

Theorem 10. Let G € Gy with n > 9 vertices. Then G is L-integral if
and only if G = K1V (r-K1Us- KoUKy ,), wheret > 2 andr+s > 2 or
GgKQ\/(H—Q)-Kl.

Proof. Let G € G) with n > 9 vertices. Suppose that G is L-integral.
From Theorem 1 (Section 4) and Propositions 2, 3, 4, 5, 7, 8 and 9 (Section
4) we conclude that G = K; V (r- K; Us - Ko U Ky 4), where ¢ > 2 and
r+s>2or G=KyV(n—2)-K; and the result follows. O

By Theorems 11 (Section 2), 1 (Section 3) and 10 (Section 4), the proof
of Theorem 1 (Section 1) is complete.
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