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Abstract

Let G be a directed graph on n vertices. The domination polyno-
mial of G is the polynomial D(G,x) =

Pn
i=0 d(G, i)x

i, where d(G, i)
is the number of dominating sets of G with i vertices. In this paper,
we prove that the domination polynomial of G can be obtained by using
an ordinary generating function. Besides, we show that our method
is useful to obtain the minimum-weighted dominating set of a graph.
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1. Introduction

Domination polynomial in undirected graphs have been extensively studied
in the literature, see for instance [1, 2, 3, 6], while domination in digraphs
has not gained the same amount of attention.

Let G = (V,E) be a digraph with vertex set V (G) = {1, 2, . . . , n} and
arc set E(G) such that each arc (u, v) ∈ E(G) is directed and u is said to
be a predecessor of v, v is a successor of u, and u dominates v. Assume
that G contains no loops or multiple arcs. For any vertex v ∈ V , the
open in-neighborhood of v is the set N−(v) = {u ∈ V : (u, v) ∈ E} and
the closed in-neighborhood of v is the set N−[v] = N−(v) ∪ {v}. For a
subset S ⊆ V, the open in-neighborhood of S is N−(S) =

S
v∈S N

−(v),
and the closed in-neighborhood of S is N−[S] =

S
v∈S N

−[v]. Analogously,
for any vertex v ∈ V , we define the open out-neighborhood of v is the
set N+(v) = {u ∈ V : (v, u) ∈ E} and the closed out-neighborhood of
v is the set N+[v] = N+(v) ∪ {v}. For a set S ⊆ V , the open out-
neighborhood of S is N+(S) =

S
v∈S N

+(v) and the closed out-neighborhood
of S is N+[S] =

S
v∈S N

+[v]. A subset S ⊆ V is an in-dominating set of
G, if N−[S] = V , that is, every vertex in V \ S dominates at least one
vertex in S. The in-domination number γ−(G) is the minimum cardinality
of an in-dominating set in G. A subset S ⊆ V is a out-dominating set of
G, if N+[S] = V , or equivalently, every vertex in V \ S is dominated by at
least one vertex in S. The out-domination number γ+(G) is the minimum
cardinality of an out-dominating set in G. A subset S ⊆ V is a total in-
dominating set of a graph G with no isolated vertices, if N−(S) = V ,
or equivalently, every vertex in V is dominated by at least one vertex in
S. In [4], the authors proved that the sum of the in- and out-domination
is bounded above by 4n/3. The total in-domination number γ−t (G) is the
minimum cardinality of a total in-dominating set in G. A subset S ⊆ V
is a total out-dominating set of a graph G with no isolated vertices, if
N+(S) = V , or equivalently, every vertex in V dominated at least one
vertex in S. The total out-domination number γ+t (G) is the minimum
cardinality of a total out-dominating set in G. For more information on
domination in digraphs we refer the reader to [4, 5].

Let d−(G, i) be the cardinality of the in-dominating sets of size i, and let
d+(G, i) be the cardinality of the out-dominating sets of size i of a digraph
G. Then the in-domination polynomial D−(G,x) and the out-domination
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polynomial D+(G,x) of G are defined as follows:

D−(G,x) =
nX

i=γ−(G)

d−(G, i)xi,

D+(G,x) =
nX

i=γ+(G)

d+(G, i)xi.

Analogously, let D−t (G, i) be the family of total in-dominating sets of
a graph G (or D+t (G, i) for total out-dominating sets) with cardinality i
and let d−t (G, i) = |D−(G, i)| (or d+t (G, i) = |D+(G, i)|). Then the total in-
domination polynomial D−(G,x) and the total out-domination polynomial
D+(G,x) of G are defined as

D−t (G,x) =
nX

i=γ−(G)

d−t (G, i)x
i,

D+
t (G,x) =

nX
i=γ+(G)

d+t (G, i)x
i.

We use a similar notation when G is an undirected graph. In this
scenario, G is a particular case of a digraph such that N+(v) = N−(v) for
all v ∈ V. Thus, when G is an undirected graph we will use the following
notation:

D(G,x) = D+(G,x),
Dt(G,x) = D+

t (G,x).

In this paper, we present an extension of the domination polynomial of
an undirected graph to the domination polynomials of a digraph by using
an ordinary generating function. This implies that we obtained in- and
out-domination polynomials of digraphs by using an ordinary generating
function. Besides, we show how our approach can be extended to the
Minimum-Weighted Dominating Set problem developed (see for instance,
[8]) which consists of determining the dominating set of a (di)graph which
has the minimum sum of its vertices weights .

The paper is organized as follows. In Section 2, we present a generating
function approach to the polynomial domination of a digraph, which can be
extended to an undirected graph. In Section 3, we present examples of using
the generating function approach to obtain the domination polynomial for
graphs and digraphs. In Section 4, we show how our approach can be useful
to the Minimum-Weighted Dominating Set problem.
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2. Main results

Let Z = {1, . . . ,m}. To each element i ∈ Z we are going to assign a variable
xi and, with those variables, we are going to use the ordinary generating
function F (x1, . . . , xm) given by

F (x1, . . . , xm) =
mY
i=1

(1 + xi) =
X
S⊆Z

ÃY
i∈S

xi

!
,(2.1)

where the term
Q

i∈S xi of F (x1, . . . , xm) is uniquely determined by S ⊆ Z.
In other words, each term of F (x1, . . . , xm) represents a subset of Z. Re-
placing each xi at Equation (2.1) by xi x, we obtain the ordinary generating
function F (x1 x, . . . , xm x) given by

F (x1 x, . . . , xm x) =
mY
i=1

(1 + xi x),(2.2)

F (x1 x, . . . , xm x) =
X
S⊆Z

Ã
x|S|

Y
i∈S

xi

!
,(2.3)

F (x1 x, . . . , xm x) =
mX
i=0

pi(x1, . . . , xm)x
i,(2.4)

where on each term x|S|
Q

i∈S xi of (2.3), the power of the variable x is the
size of the subset S that uniquely determines

Q
i∈S xi. Therefore, each term

of pi(x1, . . . , xm), i = 1, . . . ,m, is uniquely determined by a subset with
exactly i elements and, consequently, pi(x1, . . . , xm) is uniquely determined
by all subsets of Z with exactly i elements. Thus, setting xi = 1, for
i = 1, . . . ,m, we get that, pi(1, . . . , 1) is the number of the subsets of Z
with exactly i elements. From now on, we are going to use the following
notation

F (x, x1, . . . , xm) = F (x1 x, . . . , xm x).(2.5)

Manipulating the generating function F (x, x1, . . . , xm) we attempt to
find directly the domination polynomials ofG, i.e., the in- and out-domination
polynomials and total in- and total out-domination polynomials. Let both
x = (x1, . . . , xn) and y = (y1, . . . , yn) be vectors of the order of the graph
G such that each xi and yi are variables assigned to every vertex i ∈ V (G).
Next, we prove that the out-domination polynomial can be obtained by
manipulating the generating function of (2.4).
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Theorem 1. Let G be a digraph of order n. Then, using the following
expression Z 1

0
. . .

Z 1

0

∂nf

∂y1∂y2 . . . ∂yn
(x,x,y)dy1dy2 . . . dyn

we obtain that:

(a) the out-domination polynomial of G if

f(x,x,y) = F+(x,x,y) = F

⎛⎝x, x1
⎛⎝ Y
j∈N+[1]

yj

⎞⎠ , . . . , xn

⎛⎝ Y
j∈N+[n]

yj

⎞⎠⎞⎠ ;
(b) the total out-domination polynomial of G if

f(x,x,y) = F+t (x,x,y) = F

⎛⎝x, x1
⎛⎝ Y
j∈N+(1)

yj

⎞⎠ , . . . , xn

⎛⎝ Y
j∈N+(n)

yj

⎞⎠⎞⎠ ;
(c) the in-domination polynomial of G if

f(x,x,y) = F−(x,x,y) = F

⎛⎝x, x1
⎛⎝ Y
j∈N−[1]

yj

⎞⎠ , . . . , xn

⎛⎝ Y
j∈N−[n]

yj

⎞⎠⎞⎠ ;
(d) the total in-domination polynomial of G if

f(x,x,y) = F−t (x,x,y) = F

⎛⎝x, x1
⎛⎝ Y
j∈N−(1)

yj

⎞⎠ , . . . , xn

⎛⎝ Y
j∈N−(n)

yj

⎞⎠⎞⎠ ;
Proof. For each i = 1, 2, . . . , n, consider replacing xi in Equation (2.5)
by

xi

⎛⎝ Y
j∈N+[i]

yi

⎞⎠ .

Thus, we obtain the following generating function

F+(x,x,y) = F

µ
x, x1

µY
j∈N+[1]

yj

¶
, . . . , xn

µY
j∈N+[n]

yj

¶¶
=
Yn

i=1

µ
1 + x xi

µY
j∈N+[i]

yj

¶¶
=

X
S⊆V (G)

µ
x|S|

Y
i∈S xi

µY
j∈N+[i]

yj

¶¶

=
nX
i=0

pi(x,y)x
i.
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For each contribution of pi(x,y) there exist subsets of vertices Y ,X ⊆
V = {1, 2, . . . , n} such that this contribution is equal to

Y
k∈X

xk
Y
j∈Y

y
tj
j ,

where tj is the number of vertices in X such that j are in its closed out-
neighbourhood, and |X| = i. Thus, Y represents the vertices that belongs
to the subdigraph of G induced by the closed out-neighbourhood of the
vertices in X. In particular, if Y = V the subdigraph obtained is G itself,
and in this case we have that X is an out-dominating set, and, reciprocally,
if X is an out-dominating set then Y = V . Therefore, when we consider

H+(x,x) =
Z 1

0
. . .

Z 1

0

∂nF+
∂y1∂y2 . . . ∂yn

(x,x,y)dy1dy2 . . . dyn =
nX
i=0

qi(x)x
i,

(2.6)

we have that qi(x) lists the out-domination sets of G with exactly i points,
i.e., if x = 1n, where 1n is the n-dimensional vector of all ones, we get

D+(G,x) = H+(x,1n).

From the fundamental theorem of calculus, we can rewriteH+ as follows

H+(x,x) =
¡
F+(x,x,y)

¢
|1y1=0|

1
y2=0 . . . |

1
yn=0

or, equivalently,

H+(x,x) =
X

v∈{0,1}n
(−1)n−v>1nF+(x,x, v),

where v>1n represents the inner product between vectors 1n and v. The
proof of item (a) is complete.

For items (b), (c) and (d), we can use the same idea to the generating
functions below:
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F−(x,x,y) =
nY
i=1

⎛⎝1 + xxi

⎛⎝ Y
j∈N−[i]

yj

⎞⎠⎞⎠ ,

F+t (x,x,y) =
nY
i=1

⎛⎝1 + xxi

⎛⎝ Y
j∈N+(i)

yj

⎞⎠⎞⎠ ,

F−t (x,x,y) =
nY
i=1

⎛⎝1 + xxi

⎛⎝ Y
j∈N−(i)

yj

⎞⎠⎞⎠ ,

and we obtain D−(G,x),D+
t (G,x) and D−t (G,x), respectively. 2

In particular, if G is undirected we will use the following notation:

F(x,x,y) = F+(x,x,y),
H(x,x) = H+(x,x),
Ft(x,x,y) = F+t (x,x,y),
Ht(x,x) = H+t (x,x).

In the next section examples are explored to show how our method
works for undirected and directed graphs.

3. Undirected and directed graph examples

In order to show our method, consider the graph G = (V,E) with vertex
set given by V = {1, 2, 3, 4, 5, 6} and edge set
E = {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {4, 5}, {4, 6}, {5, 6}}, as it is shown by Fig-
ure 1. At first, we consider the undirected case of the graph, after that we
will put a orientation on its edges in order to obtain a digraph to show a
more general example. To construct the generating functions mentioned in
the previous section we will represent the i-th vertex, i ∈ {1, 2, 3, 4, 5, 6},
in V using the variables xi and yi.

Figure 1: Example of an undirected graph G.

pc
f-1
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3.1. When G is an undirected graph

In this case we will consider the graph of the Figure 1. We use variables xi
and yj with i, j ∈ {1, 2, 3, 4, 5, 6} to represent the vertices in V, and get the
following generating function:

Ft(x,x,y) = (1 + xx1y2y3y4)(1 + xx2y1y3)
(1 + xx3y1y2)(1 + xx4y1y5y6)
(1 + xx5y4y6)(1 + xx6y4y5)

=
6X

i=0

pi(x,y)x
i,

where x = (x1, x2, x3, x4, x5, x6) and y = (y1, y2, y3, y4, y5, y6). Note that
the xi coefficients given by pi(x,y) are equal toY

k∈X
xk
Y
j∈Y

y
pj
j ,

where X is a subset of {1, 2, 3, 4, 5, 6}, Y is the set of all vertices that are
in the neighborhood of X, and pj is the degree of vertex j in the subgraph
induced by the vertices inX∪N+(X). Notice that Y = V if and only ifX is
a total dominating set of G. If we derive the generating function Ft in terms
of the variables y1, y2, y3, y4, y5 and y6, any contribution in pi(x,y) will be
zero if it has not all yi’s, i ∈ {1, 2, 3, 4, 5, 6}, that is, the only contributions
that will not be zero by the derivation are the ones which represent a total
dominating set. Because of the derivation we will obtain some unnecessary
coefficients and the variables yi’s, i ∈ {1, 2, 3, 4, 5, 6} are unnecessary as
well. To solve this problem, we integrate the obtained function from 0 to
1 in yi’s, i ∈ {1, 2, 3, 4, 5, 6}. Formally, we obtain the following generating
function

Ht(x,x) =
R 1
0 . . .

R 1
0

∂6Ft
∂y1∂y2 . . . ∂y6

(x,x,y)dy1dy2 . . . dy6

= x2x1x4 + x3x1x2x4 + x3x1x3x4 + x4x1x2x3x4
+x3x1x4x5 + x4x1x2x4x5 + x4x1x3x4x5 + x4x2x3x4x5
+x5x1x2x3x4x5 + x3x1x4x6 + x4x1x2x4x6
+x4x1x3x4x6 + x4x2x3x4x6 + x5x1x2x3x4x6
+x4x1x2x5x6 + x4x1x3x5x6 + x4x2x3x5x6
+x5x1x2x3x5x6 + x4x1x4x5x6 + x5x1x2x4x5x6
+x5x1x3x4x5x6 + x5x2x3x4x5x6 + x6x1x2x3x4x5x6

=
6X

i=0

qi(x)x
i.
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Since each contribution of qi(x) represents a total dominating set, when we
apply x = 1n in Ht(x,X), we obtain the total domination polynomial:

Dt(G,x) = x2 + 4x3 + 11x4 + 6x5 + x6.

Therefore, the total domination number of G is 2, and the coefficient of x2

in Ht(x,x) is given by x1x4 and it represents all the total dominating sets
with 2 elements.

Now, using the generating function F(x,x,y) = F+(x,x,y), we get the
following:

F(x,x,y) = (1 + xx1y1y2y3y4)(1 + xx2y2y1y3)
(1 + xx3y3y1y2)(1 + xx4y4y1y5y6)
(1 + xx5y5y4y6)(1 + xx6y6y4y5)

=
6X

i=0

pi(x,y)x
i,

We have that for each contribution pi(x,y) there exists subsets of ver-
tices Y ,X ⊆ {1, 2, 3, 4, 5, 6} = V such that this term is equals toY

k∈X
xk
Y
j∈Y

y
pj
j ,

where pj is the number of vertices in X such that j are in its closed neigh-
bourhood, and |X| = i. So, Y = V if and only if X is a dominating set of
G. By applying the same procedure used before, we obtain the generating
function

H(x,x) = x2x1x4 + x2x2x4 + x3x1x2x4 + x2x3x4 + x3x1x3x4 + x3x2x3x4
+x4x1x2x3x4 + x2x1x5 + x2x2x5 + x3x1x2x5 + x2x3x5 + x3x1x3x5
+x3x2x3x5 + x4x1x2x3x5 + x3x1x4x5 + x3x2x4x5 + x4x1x2x4x5
+x3x3x4x5 + x4x1x3x4x5 + x4x2x3x4x5 + x5x1x2x3x4x5 + x2x1x6
+x2x2x6 + x3x1x2x6 + x2x3x6 + x3x1x3x6 + x3x2x3x6 + x4x1x2x3x6
+x3x1x4x6 + x3x2x4x6 + x4x1x2x4x6 + x3x3x4x6 + x4x1x3x4x6
+x4x2x3x4x6 + x5x1x2x3x4x6 + x3x1x5x6 + x3x2x5x6 + x4x1x2x5x6
+x3x3x5x6 + x4x1x3x5x6 + x4x2x3x5x6 + x5x1x2x3x5x6
+x4x1x4x5x6 + x4x2x4x5x6 + x5x1x2x4x5x6 + x4x3x4x5x6
+x5x1x3x4x5x6 + x5x2x3x4x5x6 + x6x1x2x3x4x5x6

=
6X

i=0

qi(x)x
i,
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where each contribution of qi(x) represents a dominating set of size i. Notice
that the coefficient of x2 in Ht(x,x) is given by

x1x4 + x2x4 + x3x4 + x1x5 + x2x5 + x3x5 + x1x6 + x2x6 + x3x6,

which represents all the dominating sets with 2 elements. Taking x = 1n
in H(x,x), we obtain the domination polynomial:

D(G,x) = 9x2 + 18x3 + 15x4 + 6x5 + x6.

Therefore, the domination number of G is equal to 2 and the number of
vertex subsets with cardinality two that are domination sets is equal to 9.

3.2. When G is a directed graph

In order to exemplify the technique for a digraph, we give an orientation to
graph G, which is represented in Figure 2. In this case, V = {1, 2, 3, 4, 5, 6}
and E = {(1, 2), (2, 3), (3, 1), (1, 4), (4, 6), (6, 5), (5, 4)}.

Figure 2: Directed graph G.

The variables xi and yj , with i, j ∈ {1, 2, 3, 4, 5, 6}, represent the vertices in
V . We construct the functions related to the out-domination polynomial,
total out-domination polynomial, in-domination polynomial, and total in-
domination polynomial, which we represent in the following four cases.

Case 1: To construct the out-domination polynomial D+(G,x), we first
construct the following generating function:

F+(x,X, Y ) = (1 + xx1y1y2y4)(1 + xx2y2y3)(1 + xx3y1y3)
(1 + xx4y4y6)(1 + xx5y4y5)(1 + xx6y5y6)

Thus, from (2.6) we obtain

pc
f-2
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H+(x,x) = x4x1x2x4x5 + x4x1x3x4x5 + x4x2x3x4x5 + x5x1x2x3x4x5
+x3x1x2x6 + x3x1x3x6 + x4x1x2x3x6 + x4x1x2x4x6
+x4x1x3x4x6 + x4x2x3x4x6 + x5x1x2x3x4x6
+x4x1x2x5x6 + x4x1x3x5x6 + x4x2x3x5x6
+x5x1x2x3x5x6 + x5x1x2x4x5x6 + x5x1x3x4x5x6
+x5x2x3x4x5x6 + x6x1x2x3x4x5x6

=
6X

i=0

qi(x)x
i,

where each coefficient qi(x) represents an out-dominating set. Taking x =
1n in H+(x,x), we get the out-domination polynomial:

D+(G,x) = 2x3 + 10x4 + 6x5 + x6.

Therefore, the out-domination number of G is equal to 3, and the coefficient
of x3 in H+(x,x) given by

x1x2x6 + x1x3x6,

represents all the out-dominating sets with 3 vertices.

Case 2: To construct the total out-domination polynomial D+t (G,x), we
first construct the following generating function:

F+t (x,x,y) = (1 + xx1y2y4)(1 + xx2y3)(1 + xx3y1)
(1 + xx4y6)(1 + xx5y4)(1 + xx6y5).

From (2.6), we obtain the generating function

H+t (x,x) = x5x1x2x3x4x6 + x6x1x2x3x4x5x6.

Taking x = 1n inH+(x,x), we obtain the total out-domination polynomial:

D+(G,x) = x5 + x6,

and so the total out-domination number of G is equal to 5. The coefficient
of x5 in H+(x,x), x1x2x3x4x6, represents all the total out-dominating sets
with 5 elements.

Case 3: To construct the in-domination polynomial D−(G,x), we first
construct the following generating function:

F−(x,X, Y ) = (1 + xx1y1y3)(1 + xx2y1y2)(1 + xx3y2y3)
(1 + xx4y1y4y5)(1 + xx5y5y6)(1 + xx6y4y6).
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From (2.6), we obtain
H−(x,x) = x4x1x2x4x5 + x3x3x4x5 + x4x1x3x4x5 + x4x2x3x4x5

+x5x1x2x3x4x5 + x4x1x2x4x6 + x3x3x4x6 + x4x1x3x4x6
+x4x2x3x4x6 + x5x1x2x3x4x6 + x4x1x2x5x6 + x4x1x3x5x6
+x4x2x3x5x6 + x5x1x2x3x5x6 + x5x1x2x4x5x6
+x4x3x4x5x6 + x5x1x3x4x5x6 + x5x2x3x4x5x6
+x6x1x2x3x4x5x6

=
6X

i=0

qi(x)x
i,

where each contribution of qi(x) represents an in-dominating set, then when
we apply x = 1n in H−(x,x), we obtain the in-domination polynomial:

D−(G,x) = 2x3 + 10x4 + 6x5 + x6.

Therefore, the in-domination number of G is 3, and the coefficient of x3 in
H−(x,x),

x3x4x5 + x3x4x6,

represents all the in-dominating sets with 3 vertices.

Case 4: To construct the total in-domination polynomial D−t (G,x), first
we construct the following generating function:

F−t (x,x,y) = (1 + xx1y3)(1 + xx2y1)(1 + xx3y2)
(1 + xx4y1y5)(1 + xx5y6)(1 + xx6y4)

Thus, applying (2.6), we obtain the generating function

H−t (x,x) = x5x1x3x4x5x6 + x6x1x2x3x4x5x6,

then when we apply x = 1n in H−(x,x), we obtain the total in-domination
polynomial

D−(G,x) = x5 + x6.

Therefore the total in-domination number of G is 5, and the coefficient of
x5 in H−(x,x), x1x3x4x5x6, represents the unique in-dominating set with
5 vertices of graph G.
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4. An application to the Minimum-Weighted Dominating Set
problem

In this section, we apply the technique of Section 2 to the Minimum-
Weighted Dominating Set problem. We assume that G = (V,E,w) is an
undirected graph where a weight wi > 0 is assigned to each vertex vi for
i = 1, . . . , n.

The Minimum-Weighted Dominating Set problem consists of finding the
dominating set with smallest weight, i.e., it consists of finding the weighted
dominating set for which the sum of the weights of the vertices that belongs
to the set is the smallest possible. Write W for the set defined as

W = {w(j1)+. . .+w(ji) : (i, j1, . . . , ji ∈ {1, . . . , n})∧(jk 6= jl for all k 6= l)}.

From the set W, we can define the following generating function

W(x,x,y) = F
µ
x, xw(1)−1 x1

µY
j∈N [1] yj

¶
, . . . , xw(n)−1 xn

µY
j∈N [n] yj

¶¶
=
Yn

i=1

µ
1 + xw(1) xi

µY
j∈N [i] yj

¶¶
=
X
i∈W

pi(x,y)x
i,

where each coefficient pi(x,y) is equal toY
k∈X

xk
Y
j∈Y

y
pj
j ,

such that X,Y are subsets of V = {1, . . . , n}, and pj is the number of
vertices in X such that j is in its closed neighbourhood,

P
k∈X w(k) = i. So

Y contains the vertices that belong to the graph G induced by the closed
neighbourhood of the vertices in X. In particular, if Y = V the graph
obtained is G itself, and in this case notice that X is a weighted dominating
set of weight

P
k∈X w(k). Reciprocally, if X is a weighted dominating set

then Y = V . Therefore, by construction, when we take

Hw(x,x) =
R 1
0 . . .

R 1
0

∂nW
∂y1∂y2 . . . ∂yn

(x,x,y)dy1dy2 . . . dyn =
X
i∈W

qi(x)x
i,

we have that qi(x) lists all weighted domination sets of G with weight
exactly equals to i, i.e., if x = 1n, where 1n is the n-dimensional vector of
ones, then

Dw(G,x) = H(x,1n),
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where Dw(G,x) is the weighted domination polynomial of G. It is easy to
see that we can obtain the same equation if we construct the generating
function H(x,X) of the graph G ignoring the node weight function. In this
way,

Hw(x,X) = H(x, xw(1)−1 x1, . . . , xw(n)−1 xn).

In order to illustrate our approach, consider the graph G = (V,E,w) of the
Figure 1 such that the weights are given by

w(1) = 7, w(2) = 8, w(3) = 4, w(4) = 8, w(5) = 6, w(6) = 3.

Besides, we will use the variables xi and yj , with i, j ∈ {1, 2, 3, 4, 5, 6}, to
represent the vertices in V and to construct the generating function

W(x,x,y) = (1 + x7x1y1y2y3y4)(1 + x8x2y1y2y3)(1 + x4x3y1y2y3)
(1 + x8x4y1y4y5y6)(1 + x6x5y4y5y6)(1 + x3x6y4y5y6)

=
X
i∈W

pi(x,y)x
i.

By applying (2.6), we obtain the generating function

Hw(x,x) = x15x1x4 + x16x2x4 + x23x1x2x4 + x12x3x4 + x19x1x3x4
+x20x2x3x4 + x27x1x2x3x4 + x13x1x5 + x14x2x5 + x21x1x2x5
+x10x3x5 + x17x1x3x5 + x18x2x3x5 + x25x1x2x3x5+
x21x1x4x5 + x22x2x4x5 + x29x1x2x4x5 + x18x3x4x5
+x25x1x3x4x5 + x26x2x3x4x5 + x33x1x2x3x4x5
+x10x1x6 + x11x2x6 + x18x1x2x6 + x7x3x6
+x14x1x3x6 + x15x2x3x6 + x22x1x2x3x6 + x18x1x4x6
+x19x2x4x6 + x26x1x2x4x6 + x15x3x4x6 + x22x1x3x4x6+
x23x2x3x4x6 + x30x1x2x3x4x6 + x16x1x5x6 + x17x2x5x6
+x24x1x2x5x6 + x13x3x5x6 + x20x1x3x5x6 + x21x2x3x5x6
+x28x1x2x3x5x6 + x24x1x4x5x6 + x25x2x4x5x6+
x32x1x2x4x5x6 + x21x3x4x5x6 + x28x1x3x4x5x6
+x29x2x3x4x5x6 + x36x1x2x3x4x5x6

=
X
i∈W

qi(x)x
i,

where each contribution of qi(x) represents a weighted dominating set with
weight exactly equal to i. Taking x = 1n in H(x,x), we obtain the weighted
domination polynomial

Dw(G,x) = x7 + 2x10 + x11 + x12 + 2x13 + 2x14 + 3x15 + 2x16

+2x17 + 4x18 + 2x19 + 2x20 + 4x21 + 3x22 + 2x23 + 2x24

+3x25 + 2x26 + x27 + 2x28 + 2x29 + x30 + x32 + x33 + x36.
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Therefore, the minimum weighted dominating number of G is 7, and the
coefficient of x7 in Hw(x,x) given by x3x6 represents all the weighted dom-
inating sets of weight equal to 7.
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