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1. Introduction

Many applied problems modeling various phenomena in physics, epidemi-
ology, combustion theory and mechanics (see, e.g., [2] and the references
therein) are governed by boundary value problems (bvps for short) posed
on the half-axis [0,+∞); we quote for instance the propagation of a flame
in a long tube.
Because of their mathematical and physical interest, the study of second
order differential equations posed on the half line and subject to various
boundary conditions have received a great deal of attention during the lat-
ter two decades; see [6]-[11] and references therein.

The positivity of solutions is interpreted by the fact that physical pa-
rameters and unknowns such as temperature, density or displacement,
among others, are positive.
The existence of solutions of infinite boundary value problem of second or-
der ordinary differential equations have been studied by many authors; see
[6]-[11] and the references therein.
In [11], the author presented some existence of positive bounded and un-
bounded solutions to the singular boundary value problem⎧⎨⎩ −u

00 = f(t, u), t ∈ (0,+∞),

u (0) = 0, t→ +∞limu0(t) = y∞ ≥ 0,
(1.1)

where f ∈ C((0,+∞)× (0,+∞),R+) may be singular at t = 0 and u = 0.

In [9], D. O’Regan et al. consider the Problem (1.2) with φ (u) = u and
f may be singular at u = 0. They obtain existence and multiplicity results
for positive solutions in the functional space constituted by the functions
u ∈ C (R+,R+) satisfying lim

t→∞
u(t)/ (1 + t) = 0 endowed with the norm

kuk = supt∈R+

|u(t)|
1 + t

. Clearly, the choice of this space is motivated by

the boundary condition in Problem (1.2) , u0(+∞) = 0 and fortunately,
this space provide a good framework where the fixed point index theory
or theorems of cone expansion and compression in a Banach space can be
used.

The unique disadvantage of this framework is that we know nothing
about the boundeness of the obtained positive solutions.
From a mathematical point of view, a differential operator (fractional or
integer-order) may be extended to p-Laplacian order operators. Notice that
the latter is only linear for p = 2. The case of the φ-Laplacian is again a
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more general extension of the p-Laplacian. This is our main motivation to
consider in this work such general homeomorphism operator. In this paper,
we will consider the more general problem⎧⎨⎩ − (φ (u

0))0 (t) = a(t) f(t, u(t)), t ∈ (0,+∞),

u (0) = 0, t→ +∞limu0(t) = 0
(1.2)

where φ : R → R is an increasing homeomorphism with φ(0) = 0, φ ∈
C1(R), a : (0,+∞)→ R+ is a measurable function and f ∈ C((0,+∞)×
(0,+∞),R+) may be singular at u = 0 and satisfies

• (H1) There exists λ, µ ∈ R such that λ < 0 < µ and N,M > 0 with
0 < N ≤ 1 ≤M satisfying for all t ≥ 0 and u ≥ 0
cµ f(t, u) ≤ f(t, cu) ≤ cλ f(t, u), 0 < c ≤ N
cλ f(t, u) ≤ f(t, cu) ≤ cµ f(t, u), c ≥M.

• (H2)
I1 =

R 1
0 z

λ a(z)f(z, 1)dz < +∞, I2 =
R+∞
1 zµ−λ (1 + z)µ a(z)f(z, 1)dz < +∞,

lim
t→∞

1

1 + t

Z t

1
ψ

µZ +∞

s
zµ−λ (1 + z)µ a(z) f(z, 1)dz

¶
ds = 0.

• (H3) lim
x→∞

xψ
³R+∞

x a(z)f(z, 1)dz
´
= +∞.

where ψ denotes the inverse function of φ.
A typical example of weight a and nonlinearity f satisfying (H1), I1 and
I2 is

a(t) =
1

(1 + t)m
and f(t, u) =

1
ν
√
u(1 + t)n

, m, n > ν > 2,

where λ = −1
ν and µ = 1

ν .
Recent papers have also investigated the case of the so-called p−Laplacian
operator. Existence of three positive solutions for singular p−Laplacian
problems is obtained by means of the three functional fixed point theorem
in [7] and [8].
Note that in general the φ−Laplacian operator is not linear and non ho-
mogenous, this makes the study of differential equations involving φ-Laplacian
more complicated than the case where p-Laplacian. Throughout this paper
we assume that:

There exists α, β ∈ R with 0 < α < β such that
φ−(t)φ(x) ≤ φ(tx) ≤ φ+(t)φ(x) for all x ≥ 0 and t ≥ 0.(1.3)
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where φ+,φ− be the function defined on R+ by

φ+ (t) =

(
tα if t ≤ 1
tβ if t ≥ 1 φ− (t) =

(
tβ if t ≤ 1
tα if t ≥ 1.

Typical examples of a functions f satisfying (1.3) are φ (u) = up1 + up2

where p1, p2 > 0.
It follows from (1.3) that for all t ≥ 0 and x ≥ 0

ψ− (t)ψ(x) ≤ ψ(tx) ≤ ψ+ (t)ψ(x).(1.4)

Where ψ+,ψ− be the function defined on R+ by

ψ+ (t) =

(
t
1
β if t ≤ 1
t
1
α if t ≥ 1

ψ− (t) =

(
t
1
α if t ≤ 1

t
1
β if t ≥ 1.

We mean, by a non-negative solution to problem (1.2) , a function u ∈
C1(R+,R) with φ(u0) ∈ C1((0,+∞),R) and u(t0) > 0 for some t0 > 0
satisfying all equation in (1.2). We will examine and provide sufficient
conditions to obtain a unbounded positives solutions and in turn existence
of at least one and twin solution. In contrast, the method taken is via
theorem of cone expansion and compression in a Banach space unlike that
of [4] who uses fixed point index theory on cones of Banach spaces and the
upper and lower solution technique to obtain just existence of solutions for
boundary value problem (1.2) where the singularity of the nonlinearity is
treated by regularization and approximation. The paper is organized as
follows. In section 2, we recall first, some lemmas where we present a fixed
point formulation of BVP (1.2). In section 3, we present our main results
and their proofs and it is ended by illustrative examples to the theoretical
results.

2. Preliminaries

In this section, we gather together some definitions and lemmas we need in
the sequel.

2.1. Auxiliary results

Definition 2.1. A nonempty subset P of a Banach space E is called a
cone if it is convex, closed and satisfies the conditions

i) αx ∈ P for all x ∈ P and α ≥ 0

ii) x,−x ∈ P implies that x = 0.
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Definition 2.2. A mapping T : E → E is said to be completely continous
if it is continous and maps bounded sets into relatively compact sets.

Theorem 2.3. ([5], p94) Let E be a Banach space and P be a cone of E.
Assume Ω1,Ω2 are open bounded subsets of E with 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2 and
let T : P ∩ (Ω2 \ Ω1) → P be a completely continous operator such that
either

i) kTuk ≤ kuk for all u ∈ P ∩ ∂Ω1 and kTuk ≥ kuk for all u ∈ P ∩ ∂Ω2,

ii) kTuk ≤ kuk for all u ∈ P ∩∂Ω2 and kTuk ≥ kuk , for all u ∈ P ∩∂Ω1.

Then T has at least one fixed point in P ∩ (Ω2 \Ω1).

In all this paper E denotes the Banach space defined

E =

½
u ∈ C(R+,R) : lim

t→∞
u(t)

1 + t
= 0

¾

equipped with the norm .E, defined for u ∈ E by uE = t ≥ 0sup
¯̄̄̄
u(t)

1 + t

¯̄̄̄
.

In order to prove the compactness of some operator we will use the following
Lemma. Let

Cl(R
+,R) =

½
x ∈ C(R+,R) : lim

t→∞
x(t) exists

¾
Endowed with the norm xl = t ≥ 0sup |u(t)| this is a Banach space. We
recall a classical compactness criterion:

Lemma 2.4. ([3], p 62) Let M ∈ Cl(R
+,R). Then M is relatively com-

pact in Cl(R
+,R) if the following conditions hold:

• M is uniformly bounded in Cl(R
+,R).

• The functions belonging to M are almost equicontinuous on R+, i.e.
equicontinuous on every compact interval of R+.

• The functions from M are equiconvergent, that is, given ε > 0, there
corresponds A(ε) > 0 such that |x(t)− x(+∞)| < ε for any t ≥ A(ε)
and x ∈M.

We easily deduce
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Lemma 2.5. Let M ⊆ E. Then M is relatively compact in E if the
following conditions hold

a) M is bounded in E.

b) The functions belonging to

½
u : u(t) =

x(t)

1 + t
, x ∈M

¾
are locally

equicontinous onR+, that is equicontinous on every compact interval
of R+.

c) The functions belonging to

½
u : u(t) =

x(t)

1 + t
, x ∈M

¾
are equicon-

vergent at +∞, that is given ε > 0, there corresponds A(ε) > 0 such
that: |x(t)− x(+∞)| < ε for any t ≥ A(ε).

3. Main results

Throughout this paper, P is the cone of E given by

P = {u ∈ E : u ≥ 0 and uis concave in (0,+∞)} .

Consider the operator T : P → P defined for u ∈ P by

Tu(x) =

Z x

0
ψ

µZ +∞

s
a(z)f(z, u(z))dz

¶
ds.

Lemma 3.1. If u ∈ P, then u is nondecreasing on R+.

Proof.
Let t1, t2 ∈ R+ be such that t1 < t2 and ξ = t2− t1. Since u is nonnegative
and concave, then for all n ∈ N , we have

u(t2) = u(t1 + ξ) = u
³
(1− 1

n)t1 +
1
n(t1 + nξ)

´
≥ (1− 1

n)u(t1) +
1
nu(t1 + nξ))

≥ (1− 1
n)u(t1)

Therefore

u(t2) ≥ lim
n→∞

(1− 1
n
)u(t1) = u(t1)

and our claim follows. 2

Lemma 3.2. Let u ∈ P and σ ∈ (1,+∞). Then we have

u(t) ≥ 1

σ
uE, ∀t ∈

∙
1

σ
, σ

¸
.
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Proof. First, since the function v(t) =
u(t)

1 + t
is continuous and satisfies

v(0) = v(+∞) = 0, then it archieves its maximum at t0 > 0. Then, since u

is concave and nondecreasing on (0,+∞), we have for all t ∈
h
1
σ , σ

i
u(t) ≥ t ∈

h
1
σ , σ

i
minu(t) = u

³
1
σ

´
= u

³
σ−1+σt0
σ+σt0

1
σ−1+σt0 +

t0
σ+σt0

´
≥
³
σ−1+σt0
σ+σt0

´
u
³

1
σ−1+σt0

´
+ 1

σ+σt0
u(t0)

≥ 1
σ+σt0

u(t0)

= 1
σuE.

2

Similary of the proof of Lemma on [4], we can proof the following
Lemma:

Lemma 3.3. Let u ∈ P , then

u(t) ≥ γ(t)uE, ∀t ∈ [0,+∞)

where

γ(t) =

⎧⎨⎩ t t ∈ [0, 1]
1

t
t ∈ (1,+∞)

Proof. Let t ∈ [0,+∞) and distinguish between four cases:

• If t = 0, then u(0) = 0 = γ(0)uE.

• If t ∈ (0, 1), then 1

t
∈ (1,+∞)

u(z) ≥ tuE , ∀z ∈
∙
t,
1

t

¸
.

For z = t, we have u(t) ≥ tuE.

• If t ∈ (1,+∞), then 1

t
∈ (0, 1), we have

u(z) ≥ 1
t
uE, ∀z ∈

∙
1

t
, t

¸
.

For z = t, u(t) ≥ 1
t
uE.
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• If t = 1. Let (δn)n be a sequence such that δn > 1 and δnn −→ +∞−→1.
From the previous case, we have

u(δn) ≥
1

δn
uE, ∀n ≥ 1.

It follows

lim
n−→+∞

u(δn) ≥ lim
n−→+∞

1

δn
uE = uE.

As a result u(1) ≥ γ(1)uE.

2

Lemma 3.4. Assume that (H1), (H2) and (1.4) hold. Then the operator
T is well defined.

Proof. Let u ∈ P and v = Tu. For x ∈ (0,+∞), we have

v(x) =

Z x

0
ψ

µZ +∞

s
a(z)f(z, u(z))dz

¶
ds > 0.

We show for any fixed x ∈ (0,+∞), that the integralR x
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds is convergent. We have for all s ∈ R+R+∞

s a(z)f(z, u(z))dz ≤
R+∞
0 a(z)f(z, u(z))dz

=
R 1
0 a(z)f(z, u(z))dz +

R+∞
1 a(z)f(z, u(z))dz.

Choose c > 0 such that 2cuE ≤ N and
1

c
> M. Thus cu(z) ≤ N for

z ∈ [0, 1].
We have by Lemma 3.3R 1

0 a(z)f(z, u(z))dz =
R 1
0 a(z)f

³
z, 1c cu(z)

´
dz

≤
R 1
0 c

λ |u(z)|λ a(z)f
³
z, 1c

´
dz

≤ cλ−µ
R 1
0 |u(z)|

λ a(z)f(z, 1)dz
≤ cλ−µI1uλE
<∞.

Choose δ > 0 sufficiently large such that δuE ≥ M and
1

δ
≤ N . Thus

δzu(z) ≥M and
1

δz
≤ N for z ≥ 1. Analogously, it follows thatR+∞

1 a(z)f(z, u(z))dz =
R+∞
1 a(z)f

³
z, 1δz δzu(z)

´
dz

≤
R+∞
1 (δz)µ−λ |u(z)|µ a(z)f(z, 1)dz

≤
R+∞
1 (δz)µ−λ (1 + z)µ uµE a(z)f(z, 1)dz

≤ δµ−λI2u
µ
E

< +∞.
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This guaranties that
R+∞
s a(z)f(z, u(z))dz is convergent for all s ≥ 0

and sinceZ x

0
ψ

µZ +∞

s
a(z)f(z, u(z))dz

¶
ds ≤ x ψ

³
cλ−µuλE I1 + δµ−λuµE I2

´
<∞.

Then the integral
R x
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds is convergent for all

x ∈ (0,+∞).

Furthermore, we have for all t ∈ (1,+∞)
v(t)

1 + t
=

1

1 + t

R t
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

≤ 1

1 + t

R 1
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

+
1

1 + t

R t
1 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

≤ 1

1 + t
ψ
³R+∞
0 a(z)f(z, u(z))dz

´
+

1

1 + t

R t
1 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds.

Choose c > 0 such that cuE ≥ M and
1

c
≤ N . Thus czu(z) ≥ M and

1

cz
≤ N for z ≥ 1. For s ≥ 1, we haveR+∞

s a(z)f(z, u(z))dz =
R+∞
s a(z)f

³
z, 1cz czu(z)

´
dz

≤
R+∞
s (cz)µ−λ |u(z)|µ a(z)f(z, 1)dz

≤
R+∞
s (cz)µ−λ (1 + z)µ uµE a(z)f(z, 1)dz

= cµ−λ
³R+∞

s zµ−λ (1 + z)µ a(z)f(z, 1)dz
´
uµE.

Immediately it follows from (1.4), (H1) and (H2)
v(t)

1 + t
≤ 1

1 + t

h
ψ
³R+∞
0 a(z)f(z, u(z))dz

´i
+c

µ−λ
α u

µ
α
E

1

1 + t

hR t
1 ψ

³R+∞
s zµ−λ (1 + z)µ a(z)f(z, 1)dz

´
ds
i
.

Using (3)− (3) and (H2), we get

t→ +∞lim v(t)

1 + t
= 0.

We have obviously that v(0) = 0 and (φ (v0))0 (t) = −a (t) f(t, u(t)) ≤ 0.
Thus, the facts that φ is increasing and lim

t→∞
v0(t) = 0 imply that v0 is
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non increasing and nonnegative on (0,+∞) . That is, v is concave. Then
Tu ∈ P . 2

Lemma 3.5. Suppose that (H1), (H2) and (1.4) hold. Then the operator
T : PR \ Pr → P is completely continous, for any 0 < r < R and Pr =
{u ∈ P, u < r} .

Proof.
• In order to prove that T is continuous. Let u ∈ PR \ Pr and (un)n ⊂
PR \ Pr be such that lim

n→∞
un = u in E. We have lim

n→∞
f(t, un(t)) =

f(t, u(t)), ∀t ≥ 0.

We have for s ≥ 0¯̄̄R+∞
s a(z)f(z, un(z))dz −

R+∞
s a(z)f(z, u(z))dz

¯̄̄
≤
R+∞
0 a(z) |f(z, un(z))− f(z, u(z))| dz

=
R 1
0 a(z) |f(z, un(z))− f(z, u(z))| dz

+
R+∞
1 a(z) |f(z, un(z))− f(z, u(z))| dz.

Choose c > 0 such that 2cr ≤ N,
1

c
≥M, then cu(z) ≤ N for z ∈ [0, 1]

and
1

c
≥M.

Similarly to the proof of Lemma 3.4, we getR 1
0 a(z) |f(z, un(z))− f(z, u(z))| dz ≤ cλ−µ rλI1 + cλ−µ rλI1

≤ 2cλ−µ rλI1
≤ +∞.

Choose δ > 0 such that δR ≥ M,
1

δ
≤ N. Thus δzu(z) ≥ M and

1

δz
≤ N, for z ≥ 1.

We haveR+∞
1 |a(z)f(z, un(z))− a(z)f(z, u(z))| dz ≤ δµ−λ RµI2 + δµ−λ RµI2

≤ 2δµ−λ RµI2
< +∞.

The sequence
³R+∞

s a(z)f(z, un(z))dz
´
n
converge uniformly toR+∞

s a(z)f(z, u(z))dz by Lebesgue dominated convergence theorem. The
uniform continuity of ψ on compact intervals of R+ implies that for all
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ε > 0, there exists a positive integer nε such that for all n ≥ nε and for
s ≥ 0, we have¯̄̄̄

ψ

µZ +∞

s
a(z)f(z, un(z))dz

¶
− ψ

µZ +∞

s
a(z)f(z, u(z))dz

¶¯̄̄̄
≤ ε.

Then
Tun − TuE

= t ∈ R+ sup
¯̄̄̄
1

1 + t

R t
0

h
ψ
³R+∞

s a(z)f(z, un(z))dz
´

−ψ
³R+∞

s a(z)f(z, u(z))dz
´
ds

≤ t ∈ R+ sup
¯̄̄̄
¯
R t
0 ε

1 + t

¯̄̄̄
¯

= ε.

• We prove that T (PR \ Pr) is relatively compact.

1. Let u ∈ PR \Pr and we show that T (PR \Pr) is uniformly bounded.
From (3) and (3), we get

TuE = t ∈ R+sup
∙
1

1 + t

R t
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

¸
≤ t ∈ R+sup

∙
t

1 + t

¸
ψ
³R+∞
0 a(z)f(z, u(z))dz

´
= ψ

³R+∞
0 a(z)f(z, u(z))dz

´
< +∞.

This means that T (PR \ Pr) is uniformly bounded.
2. T (PR\Pr)

1+t is almost equicontinous. Let A > 0 and t1, t2 ∈ [0, A] with
t1 < t2, we have for u ∈ PR \ Pr¯̄̄̄

Tu(t1)

1 + t1
− Tu(t2)

1 + t2

¯̄̄̄
≤ 1

1 + t1

R t2
t1
ψ
³R+∞

s a(z)f(z, u(z))dz
´
ds

+

¯̄̄̄
1

1 + t2
− 1

1 + t1

¯̄̄̄ R t2
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

≤
R t2
t1
ψ
³R+∞

s a(z)f(z, u(z))dz
´
ds

+

¯̄̄̄
1

1 + t2
− 1

1 + t1

¯̄̄̄ R T
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds.
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The uniform continuity of the function t 7→
R t
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds,

on the interval [0, A] imply that T (PR \ Pr) is equicontinuous on [0, A].
3. T (PR \ Pr) is equiconvergent at ∞.
Let u ∈ (PR \ Pr), we have¯̄̄̄

Tu(t)

1 + t
− t→ +∞limTu(t)

1 + t

¯̄̄̄
=

Tu(t)

1 + t

≤ 1

1 + t

R t
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds.

This together with hypothesis (H2), we have lim
t→∞

Tu(t)

1 + t
= 0.

As a result lim
t→∞

¯̄̄̄
Tu(t)

1 + t
− t→ +∞limTu(t)

1 + t

¯̄̄̄
= 0.

Therefore, we deduce from Lemma 2.5 that T (PR\Pr) is relatively compact
in E and we conclude by Definition 2.2 that T is a completely continuous
operator. 2

Lemma 3.6. Assume that (H1) and (H2) hold. Then u is a positive solu-
tion to problem (1.2) if and only if u is a positive fixed point of T .

Proof. Let u is a positive solution to problem (1.2) . By integration, we
have: Z +∞

s
φ
¡
u0(r)

¢
dr =

Z +∞

s
a(r) f(r, u(r))dr.

Imply

φ
¡
u0
¢
(s) =

Z +∞

s
a(r) f(r, u(r))dr.

Consequently, u0(s) = ψ
³R+∞

s a(r) f(r, u(r))dr
´
.

Integrating between 0 and t, we obtainZ t

0
u0(r)dr =

Z t

0
ψ

µZ +∞

s
a(r) f(r, u(r))dr

¶
ds.

Leads to u(t) = Tu(t), which imply that u is a fixed point of T.

Inversely, let u a fixed point of T. We have

u(t) =

Z t

0
ψ

µZ +∞

s
a(r) f(r, u(r))dr

¶
ds.

See that u(0) = 0. By derivating with respect to t, we get

u0(t) = ψ

µZ +∞

t
a(r) f(r, u(r))dr

¶
.
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See that t→ +∞limu0(t) = 0. Consequently, we have

φ
¡
u0
¢
(t) =

Z +∞

t
a(r) f(r, u(r))dr.

Derivating, we get that u is a positive solution to problem (1.2) .
This completes the proof. 2

Lemma 3.7. Assume that (1.4) and (H1) − (H3) hold with 0 < µ < α.
Then any positive solution u of problem (1.2) is unbounded.

Proof. Let u be a positive solution of problem (1.2) . We have from
Lemma that

u(x) =
R x
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

≥ x ψ
³R+∞

x a(z)f(z, u(z))dz
´

Choose c > 0 such that cu(z) ≤ N for z ≥ 1 and 1
c
≥ M. Thus, for

x ∈ [1,+∞), we have
ψ
³R+∞

x a(z)f(z, u(z))dz
´
= ψ

³R+∞
x a(z)f

³
z, cu(z)1c

´
dz
´

≥ ψ
³R+∞

x |cu(z)|µ c−λ a(z)f(z, 1)dz
´

≥ ψ
³R+∞

x cµ−λ uµ(x) a(z)f(z, 1)dz
´

≥ u
µ
α (x) c

µ
α
−λ
β ψ

³R+∞
x a(z)f(z, 1)dz

´
.

Consequently

u(x)1−
µ
α ≥ c

µ
α
−λ
β x ψ

µZ +∞

x
a(z)f(z, 1)dz

¶
.

Suppose that u is bounded and let

l∞ = lim
x→∞

u(x) > 0.

Using the condition (H3), we have the contradiction

∞ > l
1−µ

α∞ = lim
x→∞

u(x)1−
µ
α ≥ c

µ
α
−λ
β lim

x→∞
x ψ

µZ +∞

x
a(z)f(z, 1)dz

¶
= +∞.

which imply that u is unbounded and this proves Lemma. 2

Lemma 3.8. Assume that (1.4), (H1), (H2) and the following hypothesis
hold
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lim
x→∞

x
α+λ
α ψ

µZ 2x

x

a(z)

zµ
f(z, 1)dz

¶
= +∞(3.1)

where λ ∈ (−α, 0). Then any positive solution u of problem (1.2) is un-
bounded.

Proof. Let u be a positive solution of the problem (1.2).

Choose c > 0 such that cu ≥ M and
1

c
≤ N. It follows for z ≥ 1 that

czu(z) ≥M and
1

cz
≤ N.

for all x ∈ [1,+∞), we have from lemma 3,that

u(2x) =
R 2x
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

≥
R x
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

≥ x ψ
³R+∞

x a(z)f(z, u(z))dz
´

≥ x ψ
³R 2x

x a(z)f(z, u(z))dz
´
.

It follows that
u(2x) ≥ x ψ

³R 2x
x a(z)f(z, u(z))dz

´
= x ψ

³R 2x
x a(z)f

³
z, czu(z). 1cz

´
dz
´

≥ x ψ
³R 2x

x |czu(z)|λ
³
1
cz

´µ
a(z)f(z, 1)dz

´
≥ x ψ

³R 2x
x cλ−µ (2x)λ uλ(2x) z−µa(z)f(z, 1)dz

´
≥ 1

2 (2x)
λ
α
+1 c

λ
α
−µ
β u

λ
α (2x) ψ

³R 2x
x a(z)z−µf(z, 1)dz

´
.

Leads to

u1−
λ
α (2x) ≥ Λα,β,λ,µ (2x)

λ
α
+1 ψ

µZ 2x

x
a(z)z−µf(z, 1)dz

¶

where Λα,λ,µ =
c
λ
α
−µ
β

2
.

Then from 3.1, we have

u
α−λ
α (2x) ≥ Λα,β,λ,µ (2x)

α+λ
α ψ

µZ 2x

x
a(z)z−µf(z, 1)dz

¶
−→ +∞, as x −→ +∞.

As in the proof of the previous Lemma, we conclude that u is unbounded.
This proves Lemma. 2

Let for R > 0, PR = P ∩ BR (0E) where BR (0E) is the open ball of
radius R centred at 0E, and let ∂PR = P ∩ ∂BR (0E) be its boundary.
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Theorem 3.9. Assume that (1.4) and (H1)−(H3) with µ < α hold. Then
BVP (1.2) has at least one unbounded positive solution.

Proof. In order to make use of Theorem 2.3, let us prove there exists a
sufficiently small r > 0 such that

TuE ≥ uE, ∀u ∈ ∂Pr.(3.2)

Let c =
1

M
and r = min

Ã
N

2c
,

∙
1
4 M

µ
β
− λ
α ψ

³R 1
1
2
zµa(z)f(z, 1)dz

´¸ α
α−µ

!
.

It follows cu(z) ≤ 2cr ≤ N for u ∈ ∂Pr and z ∈ [0, 1].
We have

TuE = x ∈ R+sup
¯̄̄
Tu(x)
1+x

¯̄̄
≥ Tu(1)

2

= 1
2

R 1
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

≥ 1
2

R 1
2
0 ψ

³R 1
s a(z)f(z, u(z))dz

´
ds

≥ 1
2

R 1
2
0 ψ

³R 1
s c

µ−λ uµ(z) a(z)f(z, 1)dz
´
ds

≥ 1
4 ψ

³R 1
1
2
cµ−λ zµ uµE a(z)f(z, 1)dz

´
≥ 1

4 c
λ
α
−µ
β u

µ
α
E ψ

³R 1
1
2
zµa(z)f(z, 1)dz

´
=

∙
1
4 M

µ
β
− λ
α ψ

³R 1
1
2
zµa(z)f(z, 1)dz

´¸
u
µ
α
E

≥ r = uE, ∀u ∈ ∂Pr.

Which implies that (3.2) holds.
We show there exists a sufficiently large R > r such that

TuE ≤ uE, ∀u ∈ ∂PR.(3.3)

Choose R1 > r satisfying 2R1
N ≥ M. Let c > 0 such that c = N

2R1
then

1
c ≥M .

Choose R2 > R1 satisfying R2 ≥MN and let

R = max

⎛⎝R2,
"³

N
2

´λ−µ
α ψ(I1 + I2)

# µ
µ−α

⎞⎠ > 0. From (H1) and similarly

to prove of Lemma 3.4, we have from (3) and (3) that
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TuE = x ∈ R+sup
¯̄̄̄
1

1 + x

R x
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

¯̄̄̄
≤ x ∈ R+sup

¯̄̄̄
x

1 + x

¯̄̄̄
ψ
³R+∞
0 a(z)f(z, u(z))dz

´
= ψ

³R 1
0 a(z)f(z, u(z))dz +

R+∞
1 a(z)f(z, u(z))dz

´
≤ ψ

µ³
N
2

´λ−µ
Rµ
1 I1 + 2

λ−µ
³
N
2

´λ−µ
Rµ
2 I2

¶
.

This implies

TuE ≤ ψ

µ³
N
2

´λ−µ
Rµ (I1 + I2)

¶
≤
³
N
2

´λ−µ
α ψ(I1 + I2) R

µ
α

≤ R1−
µ
α R

µ
α

= R = uE.
This implies that (3.3) hold.

We deduce from ii) of Theorem 2.3 that T admits a fixed point u ∈ K
with r < kukE < R which is, by Lemmas 3.6 and 3.7 a positive unbounded
solution to Problem (1.2) . 2

Corollary 3.10. Assume that (1.4), (H1), (H2), (3.1) hold and µ < α.
Then BVP (1.2) has at least one unbounded positive solution.

The next theorem generates a multiplicity result for BVP (1.2) .

Theorem 3.11. Assume that (1.4) and (H1) − (H3) hold. In addition
suppose that

(H4) cλ−µI1 + δµ−λI2 < φ(1),

where c = min
³
N
2 ,

1
M

´
, δ = max

³
1
N ,M

´
.

(H5) There exists µ∗ ∈ R such that 0 < µ∗ < β satisfying

f(t, cu) ≥ cµ∗ φ(u), c ≥M.

Then BVP (1.2) has at least two unbounded positive solutions u, v ∈ P
such that

0 < u < 1 < v <∞.
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Proof. Similarly to the proof of the previous theorem, we can prove that
there exists a sufficiently small r ∈ (0, 1) to guarantee TuE ≥ uE ,∀u ∈ ∂Pr.
Secondly, we show that

TuE < uE, ∀u ∈ ∂P1.(3.4)

Choose c > 0 such that 2c ≤ N, 1c > M and choose δ > 0 such that
δ ≥M, 1δ ≤ N. Thus δzu(z) ≥M and 1

δz ≤ N.

We have

Tu = x ∈ R+sup
¯̄̄̄
1

1 + x

Z x

0
ψ

µZ +∞

s
f(z, u(z))dz

¶
ds

¯̄̄̄
≤ ψ

µZ +∞

0
f(z, u(z))dz

¶
= ψ

µZ 1

0
a(z)f(z, u(z))dz +

Z +∞

1
f(z, u(z))dz

¶
= ψ

µZ 1

0
a(z)f

µ
z,
1

c
cu(z)

¶
dz +

Z +∞

1
a(z)f

µ
z,
1

δz
δu(z)

¶
dz

¶
≤ ψ

µ
cλ−µuλ

Z 1

0
zλa(z)f(z, 1)dz + δµ−λuµ

Z +∞

1
zµ−λ (1 + z)µa(z)f(z, 1)dz

¶
= ψ

µ
cλ−µ

Z 1

0
zλa(z)f(z, 1)dz + δµ−λ

Z +∞

1
zµ−λ (1 + z)µa(z)f(z, 1)dz

¶
< ψ(φ(1))

= 1 = uE .

This implies that (3.4) holds. We deduce from ii) of Theorem 2.3 that
T admits a fixed point u ∈ K with r < kukE < 1 which is, by Lemmas 3
and 3.7 a positive unbounded solution to Problem (1.2) .

Now, we show there exists a sufficiently large R > 1 such that TuE ≥
uE, ∀u ∈ ∂PR, where

R = max

⎛⎝MN,

µ
5

6
ψ−(φ(1))ψ−(N

µ−µ∗
β ) ψ

³R 10
5 z−λ∗a(z)dz

´¶ β
β−µ

⎞⎠ .

Let c =
1

N
and u ∈ ∂PR. We have zu(z) ≥ uE = R for z ∈ [1,+∞). Thus

czu(z) ≥M and
1

zc
=

N

z
≤ N .

Using (H5) and (1.4), we have
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TuE = x ∈ R+sup
¯̄̄̄
Tu(x)

1 + x

¯̄̄̄
≥ Tu(5)

6

≥ 1
6

R 5
0 ψ

³R+∞
s a(z)f(z, u(z))dz

´
ds

=
5

6
ψ
³R 10
5 a(z)f(z, u(z))dz

´
=
5

6
ψ

µR 10
5 a(z)f

µ
z,
1

cz
czu(z)

¶
dz

¶
≥ 5
6

ψ

µR 10
5 |czu(z)|µ∗

µ
1

cz

¶µ
a(z)φ(1)dz

¶
=
5

6
ψ
³R 10
5 cµ∗−µ z−µ uµ∗E a(z)φ(1)dz

´
≥ 5
6

ψ−(c
µ∗−µ
β ) u

µ∗
β

E ψ
³R 10
5 z−µ a(z)φ(1)dz

´
≥ 5
6
ψ−(φ(1)) ψ−(N

µ−µ∗
β ) R

µ∗
β ψ

³R 10
5 z−µ a(z)dz

´
≥ R.

We deduce from i) of Theorem 2.3 that T admits a fixed point v ∈ K
with 1 < kvkE < R which is, by Lemmas 3.6 and 3.7 a positive unbounded
solution to Problem (1.2) . This completes the proof. 2

Remark 3.12. In the previous theorem, we can get the same results if we
replace the condition (3.1) by the hypothesis (H3).

Example 3.13. Consider the boundary value problem (1.2) with φ (u) =

up−1+ uq−1, 2 < p < q, a(t) =
1

1 + t
and f(t, u) =

1
8
√
u(1 + t)

. Clearly

(1.4) is satisfied with α = p− 1, β = q− 1 and (H1) is satisfied with µ = 1
8

and λ = −18 .

Straightforward computations lead toZ 1

0
tλ a(z)f(t, 1)dt =

Z 1

0
t−

1
8

1

(1 + t)2
dt ≤

Z 1

0

dt
8
√
t
<∞.

and for s > 1, we have:Z +∞

s
tµ−λ (1 + t)µ a(t)f(t, 1)dt ≤

Z +∞

s

dt

(1 + t)
13
8

<∞.

Leads Z +∞

s

dt

(1 + t)
13
8

=
8

5

1

(1 + s)
5
8

.
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Then we have

R t
1 ψ

³R+∞
s zµ−λ (1 + z)µ a(z) f(z, 1)dz

´
ds

≤ ψ
³
8
5

´ R t
1

³
1
1+s

´ 5
8(q−1) ds

=
³
1− 5

8(q−1)

´
ψ
³
8
5

´ ∙
(1 + t)

1− 5
8(q−1) − 21−

5
8(q−1)

¸
.

Thus, we get

lim
t→∞

1

1 + t

∙
(1 + t)

1− 5
8(q−1) − 21−

5
8(q−1)

¸
= 0,

and thus (H2) is satisfied.

By simple computations we get

lim
x→∞

xψ
³R+∞

x a(z)f(z, 1)dz
´
= lim
x→∞

xψ
³

1
1+x

´
= lim
x→∞

x
³

1
1+x

´ 1
p−1

≥ lim
x→∞

2−
1

p−1 x
p−2
p−1 = +∞.

Thus (H3) is satisfied.
Thus, we conclude from Theorem 3.9 that Problem (1.2) has at least one
positive unbounded solution.

Example 3.14. Consider the boundary value problem (1.2) with φ (u) =

u3 + u, a(t) = 1
28

1

(1 + t)9
and f(t, u) =

1√
u(1 + t)2

+ u3 + u. Clearly (1.4)

is satisfied with α = 1, β = 3 and (H1) is satisfied with µ = 3 and λ = −12 .

Straightforward computations lead toZ 1

0
t−

1
2 a(t)f(t, 1)dt ≤ 1

26

Z 1

0

dt√
t
≤ 1

25
<∞.

and for all s ≥ 1, we have:Z +∞

s
tµ−λ (1 + t)µ a(t)f(t, 1)dt ≤ 1

26

Z +∞

s

dt

(1 + t)2
=
1

26
1

(1 + s)
.

Leads Z +∞

1
tµ−λ (1 + t)µ a(t)f(t, 1)dt ≤ 1

27
<∞.

Then we haveR t
1 ψ

³R+∞
s tµ−λ (1 + t)µ a(t)f(t, 1)dt

´
ds ≤

R t
1 ψ

³
1
26

1
(1+s)

´
ds

≤
R t
1 ψ

³
1
26

´ ³
1

(1+s)

´ 1
3 ds

= 3
2

h
(1 + t)

2
3 − 2 23

i
.
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Thus, we get

lim
t→∞

1
1+t

R t
1 ψ

³R+∞
s tµ−λ (1 + t)µ a(t)f(t, 1)dt

´
ds

≤ lim
t→∞

1
1+t

R t
1 ψ

³
1
26

³
1
1+s

´´
ds = 0,

and thus (H2) is satisfied.

By simple computations we get c = 1
2 , δ = 1 and

2
7
2 I1 + I2 ≤ 24

1

25
+
1

27
=
1

2
+
1

27
< 1 < 2 = φ(1).

Furthermore, for c > 1 we have µ = 1, because

f(t, cu) ≥ cφ(u).

Thus (H4) and (H5) are satisfied.
Thus, we conclude from Theorem 3.11 that Problem (1.2) has at least two
positive unbounded solution.
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