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Abstract

In this paper we study a nonlinear boundary eigenvalue problem
governed by the one-dimensional p-Laplacian operator with impulse,
we give some properties of the first eigenvalue Ny and we prove the
existence of eigenvalues sequence {/\”}nEN* by using the Lusternik-
Schnirelman principle, as well as by the characterization of the se-
quence of eigenvalues, we discuss the strict monotonicity of the first
etgenvalue and we prove that the eigenfunction corresponding to sec-
ond eigenvalue Ao changes sign only once on [0, 1].
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1. Introduction

Impulsive differential equations describe several phenomena in many fields.
The idea of studying processes which can change state suddenly is natural
and appears to be a good model for some applications in real world. For
example, one of these applications cited in [1], is a pharmacokinetic model,
involving first-order processes for drug release, this last is known as Kruger-
Thiemer model. In this model the authors assume that the drug taken by
a patient is nearly digested. Thus the time of the very process of absorbing
is abandoned. Such a model of the process leads to impulsive differential
equations, with impulses which take place when the drug is taken. Impul-
sive differential equation also study models in epidemiology [2], chemistry
[3], economics [4], optimal control theory [5], nonlinear mechanics [6]. For
the general theory of impulsive differential equations, we refer the reader to
the references [7] and [8]. Some approaches have been used to study such
problems in the literature. These approaches include the degree theory [9],
the techniques of upper and lower solutions [10], and the fixed point the-
orems [11]. On the other hand, many researchers have used a variational
method to the existence and multiplicity of solutions with impulsive effect
(see [12], [13], [14], [15], [16] and [17]). The spectrum of the equations that
involve the one-dimensional p-Laplacian operator with the different bound-
ary condition, has been studied by several authors, for literature we quote
here some works [18], [19], [20] and [21].

In the latter the authors studied the linear eigenvalue problem of the
second order impulsive differential equation

(1.1) — (p()d' () + q(t)u(t) = Ap(t)u(t),t # tx, a.e. t € J,

(1.2) Au'(tk) = aku(tk), k= 1, Ce ,’i,

with the Dirichlet boundary conditions

(1.3) w(0) = u(1) = 0,

where the functions p(t),q(t) and p(t) are such that p € C(J, [0, +o0|), q €
C(J,[0,+00]) and p € C*(J, [, +o0[), where J = [0,1] and § is a positive
constant. Au/(tg) = u/(tf) —u/(t;), 0=ty <t1 <ta <...<t; <tiy1 =1,
u'(t)) and u/(t;) represents the right limit also the left one of u/(t) at
tr respectively. In [21], the authors characterized the first eigenvalue Aq
related to the problem (1.1) — (1.3), by
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(1.4) Ay = inf {/Ol[p(t)(u’(t) () (u(t))?)dt + Z ap(u(ty))? |u e O }

1
where Q = {u € H([0,1]) : / p(t)(u(t))?dt = 1}.
They have shown that thg infimum A; in (1.4) is achieved at some

u € 1. Moreover, the latter is an eigenfunction associated to Ay which has
a constant sign. Also, they have established the existence of an eigenvalues
sequence for the problem (1.1) — (1.3) that is unbounded, and when aj =0
for all & = 1,2,...,4, the problem (1.1) — (1.3) becomes an eigenvalue
problem of the following ordinary differential
equation

— () (1)) + q(t)u(t) = Ap(t)u(t),t € J,

u(0) =u(1l) = 0.

Several results have been obtained on this type of eigenvalue problems of
differential equations, see, for instance, [22], [23] and [24]. A principal result
is that (1.5) — (1.6) has a non-decreasing sequence of eigenvalues {\, },,cN+
which tend to co as n — oo. More precisely, in [24] the authors studied
a eigenvalue problems of differential equations with impulsive effects which
is given as below

by
—p(t)u' (1)) + q(t)u(t) = Ap(t)u(t), t € [0, a[Ua, b],
u(a”) = ou(a®), w'(a") = Bl (a*),
u(0) = u(b) = 0.

They proved that the eigenvalue problem (1.7)—(1.9) has an unbounded
sequence of eigenvalues { A\, },,cn+. In the present paper, we will study the
general case of problem (1.1) — (1.3) when p # 2. That is, we consider the
following nonlinear eigenvalue problem with impulsive

effects
—(r(®)u/ () P2 (1)) + s(t)|u(t \ ( ) = Am(t)|[u(t)[P2u(t), t # ty, a.e.
Apt! (tr) = aglu(tp) [P 2ulty), k =1,... 14,
u(0) =u(1) =0,

where s(t),m(t) and r(t) are such that s € C(J,]0, +o00[), m € C(J,]0, +00]),
r € CYJ,[5,+[), J = [0,1], § a positive constant and A,u/ (tk) =
[ ()P~ (6) — [ ()P~ (8,).-

ted
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A function u € Wol’p([(), 1]) is not a solution of (1.10) — (1.12), because
this latter is not continuous throughout the interval J = [0, 1].

So, let’s define a set ' = {u € Wy([0,1]) : Wt teen] € WPtk trga[), k =
0,1,...,4}, which makes it possible to give a meaning to the solution of the
problem (1.10) — (1.12).

Motivated by [21], we will establish some new properties for the eigen-
value problem (1.10) —(1.12). This paper is organized as follows. In Section
2, we present some preliminary results. In Section 3, the main results of
this paper will be presented.

2. Preliminaries

Let WO1 P([0,1]) and LP([0,1]) respectively be the Sobolev and Lebesgue
spaces equipped by the norms

1
p

1 1 1
ul| = (/0 |u'(t)|pdt>p , for all u € W?([0, 1) and Jul| 1» = (/0 |u(t)\pdt) ,
for all w € LP(]0, 1]).

Lemma 2.1. The impulsive differential equation (1.10), (1.11) with initial
value condition

(2.1) u(0) = up,u’(0) =g

has a unique solution. Denote the initial value problem (1.10),(1.11) and
(2.1) by IVP(ugp, o).

Proof.  Let y(t) = r(t)|u/(¢)[P~2u/(t) = r(t)®,(u/(t)) and h(t) = s(t) —
Am(t), where ®,(s) = |s[P"2s if s # 0, ®,(0) =0, p > 1, and &, = &,

1 1
with . +a = 1. Then, for k = 1, the problem IVP(ug,%p) is lied as follows

W (1) = h(E) () P=2u(t), o/ () = B, (%) b4t and t € [0,1],

B2 @, (() — @p(u(17)) = anfults) P2u(ty),

u(0) = up, v’ (0) = up.
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We reformulate the problem (2.2) to a Cauchy problem through which
we distinguish two cases.
Firstly, when ¢ € [0,¢1], we have the following Cauchy problem

Xi(t) = f(t, X1(t)),t € [0, 1],
(2.3)

X1(0) = (y(0),u(0))",

T
where X1(t) = (y(t),u(t))” and f(t, X1(t)) = (h(t)@;;(u(t)), ?q (%))

which is locally Lipschitzian with respect to the second variable X; in a
neighborhood Vi which contains X7(0). In fact, we provide the space R? by
the Euclidean norm and let W (t) = (y(t),u(t))T, Z(t) = (2(t),v(t))T € V1,
such that we have

(8 W () = f(£ Z(2))ll2

] o (M0 g (2D
= [roy @y - 200, (57) - 0. (55)) 2
_ P MONNED
- Wz(tn@p( ®) - 2, + @, T(t))2 % (59)
< wz?(t)Kmu(t) ool + k3|43 - 5

KQ
< \/h2 K2|u<t> (O + S lu(t) - =(0)
< Kl —v@F T o0 —=0F = K[W(0) - 20

KZ
where hy = trél[éulc] h(t), K = ,| max <h2 K2, 52q>, as well that K, and K,

are the Lipschitz constants of ®, and ®, respectively.

Then by Cauchy-Lipschitz theorem, we have the existence and unique-
ness of solution in a neighborhood which contains 0.
Finally, when ¢ € [t1, 1], we have a new Cauchy problem that is given

as follows
Xj(t) = f(t, Xa(t)),t € [t1,1],

Xa(t1) = (y(t1), u(t))”,
where y(t1) = r(t1)®p (v (t1)), u(t1) = u(ty) and «'(t1) = v/ (t7) + aru(tr).

(2.4)
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Similarly to the above, by applying the Cauchy-Lipschitz theorem we
show the existence and uniqueness of solution in a neighborhood which
contains t1. Thus, for k& = 1, the problem (2.2) has a unique solution as
follows

X1(t), if t € [0,t1],
X(t) =
Xo(t), if t € [ty,1].

The other cases k = 2,3,...,7 are treated in the same way as in the
case k = 1. Consequently, we have the existence and uniqueness of solution
for the problem (2.2), which is given as follows

X1(t),t €[0,tq]
X(t) = Z(t),t € [t1, to]
Xr1(t),t €t 1]

d

Lemma 2.2. Lety and z, the two solutions of (1.10), (1.11) with the same
value X. Then, there exists a constant c such that y = cz or z = cy.

Proof. If 4/(0) = 2/(0), by Lemma 2.1, we have y(t) = z(t). If ¥/(0) #
2'(0), then at least one of ¥/ (0) and 2’(0) is not equal to zero. Choose y'(0) #
0 and let ¢ = 2/(0)/y'(0). Since y is a unique solution of IVP(0,4(0)), cy
is a unique solution of IVP(0,cy’(0)). On the other hand, z is a unique
solution of IVP(0, 2/(0)). Thus, z = cy. O

Lemma 2.3. Let u € Wy?([0,1]), then

1
P < b,
e @) < o llul”-

1 1
Proof. Letu(§) = trél[g)li] |u(t)| with £ €]0, 1] and 5—1—5 = 1. By Hélder’s

)

inequality, we have

p

()P < (1—¢) §/|u (6)|Pdt and [u(&)P < (¢ a/yu (t)|Pdt,
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which implies that

1
-+ z| @ < [ ()Pt
lﬁ (1- )5] /

We consider the function g defined on |0, 1] by ¢g(§) =

for all € €]0,1[.

We see that ¢ is differentiable on ]0, 1[ with ¢'(§) =

for all £ €]0,1].

1
In addition, ¢’(£) = 0 if and only if £ = 5 then g admits a minimum

1
at £ = 5 So, we have

1 2 1 /1
a(6) > g (5) — 25— 9P and |u(6)? < ﬁ/ [ (£)Pdt, for all € €]0,1].
0
Hence
1
P < b,
e [u(®)” < o ol

Definition 2.1. For u € Wy ([0,1]), we define the norm

HWW—(EV®W@P+WWMWMQ%

Lemma 2.4. For the space Wol’p([(], 1]), the norms |jull1, and ||u| are
equivalent, and there is coo > 0 such that ||ulleo < coollu]|-

Proof. Let ||7]|co = trrl{g}f]r( ) and |[|s]|co = m[gol(]s( ). We have
€10,

. =(/W<m<w+mmmmﬁf - ([ ronopa]”

# ([ wor]

= 57 ful].

Y
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On the other hand, we have

I L
lulp = (OF + s(olu(o)) dt)

< \pdt} i [ /0 1 s(t)\u(t)\pdt} ]
< 27l / wora] + ik [/ o’ ]
<

1(\\ruoo+u BT

= 27 (I + sl ) ol

For u € Wo ’p [0, 1]), it follows from the mean value theorem that

() = /0 Cu(r)ydr

for some ¢ € [0,1]. Hence, for ¢t € [0,1], using Holder’s inequality with

1 1
w(C) + / rdr| < /|u T+/\u J|dr

S 4=
p q

u(t)] =

< (/ |u(T |pd7> (/ |u (T |pd7')
< - u(T pdT)
" (ess inf s(t))% </0 ( )| ( )|
telo,1]
1
1 P
+ —— ([ o npar)
(ess inf r(t))P 0
te0,1]
< 27 max L L full,,
(ess inf s(t))P (ess inf 7(t))P ’
t€[0,1] t€[0,1]
which completes the proof. a

Theorem 2.1. ([25]) Suppose V is a reflexive Banach space with the norm
Il and let M C V be a weakly closed subset of V. Suppose E : M —
R U {+o0} is coercive and (sequentially) weakly lower semi-continuous on
M with respect to V, that is, suppose the following conditions are fulfilled



Eigenvalue problem of an impulsive differential equation ... 225

(1) E(u) — o0 as ||ully — oo, u € M.

(2) For any u € M, any sequence {uy} in M such that u, — u weakly in
V' there holds
E(u) < liminf E(uy,).

n——:ao0

Then, E is bounded from below on M and is attained its infimum in
M.

3. Main results
1

Lot O = {u e W ([0,1]) / m(®)|u(t)|Pdt = 1} and
0

1 1
Flu) = [ FOR@F + sOh)P]dt+ Y arfu(to)]”
k=1
In what follows, we assume that Z a;, < 2P§, where a;, = max{—ay,0}
k=1
for ar € R.

Theorem 3.1. There exists a function u; € Wy*([0,1]) such that F(u;) =

1€n£ F(u) = A1 and A = \; is the minimal eigenvalue of (1.10) — (1.12).
ueh

Proof. Forall u e Wol’p([(], 1]), by Lemma 2.3, we have

F) = [ POROP +sOROP) e+ adu(bl?
k=1

1 %
> / Ol P+ 3 aluty)?
0 k=1
> SllullP+ > arlute) P
k:ll
1 <
S (5 - ?;k> Jull? = ol

Let {un},eNn be a minimizing sequence on € such that F(u,) — A\
as n — +o0o. Hence, the above inequality implies that there exists ¢y > 0
such that F'(uy) > co||lun|P. Therefore, the sequence {up },enN is bounded.
Since Wol P(10,1]) is a reflexive Banach space, up to a subsequence, still
denoted by {u,} such that u, — u in Wol’p([(], 1]) and

u, — w in LP([0,1]),
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up(t) — u(t) a.e t € [0,1].
Notice that

R = [ OWOF SO d+ S autt
k=1
= \uH —i-zak]utk

IN

%
. . p . .
lim fnf |un 7, + %ij;of; aglun (te) [P

= liminf(unlf , + > arlun(te)P)

noteo k=1
= liminf F(uy) = A\1.
n—-+4o0o

Since u € Q1, by Theorem 2.1 there exists u; € W&’p([O, 1]) such that
F(up) = 1€n£ F(u) = A1.
ue

It remains to show that u; is a solution of (1.10) — (1.12), we have

(3.1) A= inf
WyP([0,1])
ue u#o[ D / mi(t \pdt

let u € W, ?([0,1]), and consider the function

_Flaft) )
/0 m(t)us () + su(t)Pdt

p(s) =

We set ¢1(s) = F(ui(t) + su(t)) and pa(s / m(t)|ui(t) + su(t)Pdt.

By (3.1), we have ¢(s) > ¢(0) = A1 which implies that ¢1(s) > A1pa(s)
for all s € R. Next, by applying Taylor’s formula for ¢; and @2, we get

1(s) = Flan(®) + spl [ 1 O (0

i 2,,(2)
+ /01 s(8)|ug () [P~ 2ug (t)u(t)dt]+sp Z arlug (tg) [P~ 2uy (tk)u(tk)+(pl—(())+0(32),

k=1 2
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and

2 (2)
S 9022 (0)+O(82)

pals) = | () un (1) P s / () ()P 2un (£t i+

1
As ¢1(0) = F(u1) = A1 and ¢2(0) = / m(t)|uy(t)|Pdt = 1. Then, for
0
s > 0, we have
p1(s) — 1(0) = Arpa(s) — 1(0) = A1(p2(s) — ¢2(0)),
which implies that

v1(s) — 1(0) > )\1902(8) — 2(0)

S S

)

by passing to the limit when s — 0%, we obtain ¢/ (0) > \1¢5(0).
Similarly, in the case where s < 0, we have ¢} (0) < A1¢5(0). Thus, for
all s € R, we get

(3.2) ©1(0) = A1 (0).
From (3.2) it follows that

[ OO P-2uon @+ [ sto)hus ()P~ (o
0 0

(3.3) + i aglur (te) [P~ 2ug (b)) u(ty) = M /01 m(t)|ug (8) [P~ 2y (t)u(t)dt.
k=1

For k € {0,1,...,i}, choose u € Wy"([0,1]) with u(t) = 0 for all
t € [0,t5] U [tkt1, 1], then

/ POk 0 (1)t + | SOl ()2 ()

ty

~ / )l () P2y (B)u(t)dt,

tg

which implies that

(34) — (A OF2ur(8) + s(O)|ur ()P 2ua () = Avm(t)ur (1) ua ()
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a.e. on t €ltg,tys1[. Hence, uy € W2P(Jty, tx11]) and uy satisfy (1.1) a.e
on [0,1].

Now, multiplying the above equation by u € Wol ?([0,1]) and integrat-
ing between 0 to 1, we get

1
[ @ @u 0+ [ solha@F 2a@u
0

(3.5) +Z (t6) At (1) = Ay / (8 [ua (8)[P 2w (£)u(t)dt.
k=1

Combining (3.3) with (3.5), we have

i

Zu(tk)Apul tr) = Zak|u1 te) [P ul(tk) (tg).

k=1 k=1
Hence, Apuf (tr) = aglug (t)|P~2ur (tg), for all k € {1,2,...,i}. This means
that u; is a solution of (1.10) — (1.12). O

Corollary 3.1.1. Let u; € §; such that F(u;) = inf F(u), then u; is

ue
either positive or negative in |0, 1[.

Proof. Let w1 € €1 be an eigenfunction that corresponds to the first
eigenvalue A\;. Then, u; satisfies the following equations

/ m |u1 |Pdt =1 / |u1 |P + s( )|u1(t)|p] dt+z ak|U1(tk)|p =\
k=1

The eigenfunction y = |uy| satisfies the above equations. Hence, y is also
a solution of (1.10) — (1.12) with A = A;. By Lemma 2.2 there exists ¢ # 0
such this u; = cy or y = cu;. Hence, u; does not change its sign. Let’s
assume that u; > 0 then u; > 0 because if there exists z¢ €]0, 1[ such that
ui(xg) = 0, by Harnack’s inequality for all positive eigenfunction, we have

r%agx up < Cp r%ign U1,
with B, = B(zo,¢) =|xo — €, 20 + €[ and B(z,2¢) C [0,1]. It follows that
u1 = 0 on B. for all ¢ > 0. In conclusion, u; = 0 which is impossible,
because u; is an eigenfunction. Therefore, |ui| > 0 on [0,1]. Thus, u; is of
constant sign. O
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Proposition 3.1. The first eigenvalue Ay is simple, i.e., if u and v are two
eigenfunctions associated with A1, then there exists a constant ¢ such that
u = cv.

Proof. See lemma 2.2. O

Theorem 3.2. ([26]) Let v > 0, u > 0 be functions on an interval Q and
differentiable a.e. on 2. Denote

uP uP~! —
L(u,v) = [W/'[" + (p— 1)5 '[P — Pt [ 2o

P !/
Ruso) = WP+ 107720 ()

Then, we have
(1) L(u,v) = R(u,v).
(2) L(u,v) >0 a.e. on §.
(3) L(u,v) =0 a.e. on  if and only if u = &v for some £ € R.

Proposition 3.2. Let u be an eigenfunction which corresponds to A # A1.
Then, u changes sign on J = [0, 1].

Proof.  Assume by contradiction that w > 0. By strong maximum princi-
ple, it follows that u(t) > 0 for all ¢ € [0,1]. Let u; > 0 be an eigenfunction
associated to A;. For any € > 0, we apply the Picone’s identity to the pair
(u1(t),u(t) + €). Then, we have

/ ()L (), ult) + )t = / (O R (), u(t) + £)dt > 0,
0 0

and
/ r(8)R(ur (t), u(t) + )dt = / r(t) [, ()P dt
0 0
! / p—2 ujlg(t) /
—/0 r(t) |u' (8)]7 " (1) (W) dt,
where

[ as=x [ m@ laora - [ s P
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(3.6) S o (k)P
k=1

! / p—2 uzlj(t) I
| rloree (—(u(t) s )> dt

B 1 B up(t)
- )\/0 m(t) Ju(®) [P~ u(t) <W> dt

1 p—2 ()
_/0 s(t) [u(®) """ u(t) ((u(t) 15)171) “

(3.7) S ot P2 () (M> |
k=1 (u(ty

Combining (3.6) with (3.7), we have

/0 L R(un (), u(t) + o)t

_ [ P A\ lu®)P2u _ow(t)

+ /0 Cs(t) (mwp*m# — Jua(t) rp) di
(38)  + i W <|u<tk>r” ulty) a0 _ rm(tk)l”) :
(ulty) + )P T

Tending ¢ tend towards 0 in (3.8), we obtain
1
(39) | m®0n =X (@) de o,
0

1
Since A > A1 and / m(t) |ui(t)|P dt > 0, we get a contradiction. Therefore,
0
u changes sign in [0, 1]. O
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3.1. The Ljusternik-Schnirelman principle

Let Wol ?(10, 1]) be a real reflexive Banach space and F, G be two functionals
on Wol ?(]0,1]). Consider the following eigenvalue problem

(3.10) G (u) = pF' (u),u € Sp, p € R.

where Sp = {u € Wol’p([(], 1]) : F(u) = 1}. We assume that

(Hy) F,G : Wy*([0,1]) — R are even functionals and that
F,G e CY(W,7([0,1]), R) with F(0) = G(0) = 0.

(Hs) G'is strongly continuous (i.e. u, — uin W, ?(]0,1]) implies G’ (u,) —
G'(u)) and (G'(u),u) = 0,u € coSF implies G(u) = 0, where coSF is
the closed convex hull of Sp.

(H3) F' is continuous, bounded, and satisfies condition (Sp), i.e. as n —
+00,

Up — Uy F (un) = v, (F (un), upn) — (v, u) implies u, — u.
(Hy) The set Sp is bounded and u # 0 implies

(F'(u),u) > 0, lim_F(tu) = +oo, inf (F'(u),u) > 0.

uESE

It is known that (u, 1) solves (3.10) if and only if u is a critical point of
G with respect to Sp.

For any positive integer n, denoted by C, the class of all compact,
symmetric subsets K of Sp such that G(u) > 0 on K and v(K) > n,
where (K') denotes the genus of K, ie., y(K) =inf{k e N:Jh: K —
R*\{0} such that h is continuous and odd }. Let

sup inf G(u), C 0, ) :
b Sup inf, (u), Cpn# andX:{sup{nEN.bn>0} if by >0,
0 . =0 0 if by = 0.

(3.11)

Lemma 3.1. (/27]) Let Q be a domain in R and let ® : RT — R™" be a
Young function which satisfies a As-condition, i.e., there is ¢ > 0 such that
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<I>(2t) < ¢®(t) for all t > 0. If {u,} be a sequence of integrable functions
n [0, 1], such that

linri un(t) = u(t), a.e. t €0, 1] and/ O(|u(t)])dt = hn+1 / D(|un(t)
then

lim /1 & (|un (t) — u(t)|)dt = 0.

n—-+o0 Jo

Theorem 3.3. ([28]) Under the assumptions (Hy) — (Hy), the following
assertions hold:

(1) If b, > 0, then (3.10) possesses a pair (—un,+uy) of eigenfunctions
and eigenvalues p,, # 0. Furthermore, G(u,) = b,.

(2) If x = o0, (3.10) has infinitely many pairs (—u, +u) of eigenfunctions
which correspond to nonzero eigenvalues.

(3) oo >by >by>--->0andb, — 0 as n — +oo.

(4) If x = oo and G(u) = 0,u € coSF(coSF is a convex envelope of Sp)
implies (G(u),u) = 0, then there exists an infinite sequence {p,} of
distinct eigenvalues of (3.10) such that pi, — 0 as n — +o0.

(5) Assume that G(u) = 0, u € coSF implies u = 0. Then x = oo and

there exists a sequence of eigenpairs {(un, pin)} of (3.10) such that
Up =0, pp — 0 asn — +oo and py, # 0 for all n.

Proof. For the proof, we can see [25] or [29]. O

We define on Wol P([0,1]) the norm ||.|}1, and let be the following func-
tionals

1 1
:/ m(t)|u(t)[Pdt and F(u) :/ [r(0)|u (8)P + s(t)|u(t)|P] dt
0 0

(3.12) + Z ag|u(ty)[?

as before, we define Sp = {u € W&’p([(), 1]) : F(u) = 1}. The functionals F
and G are the class C1([0, 1]).

7
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1 1,
Let A= EG , B= ]—)F and ax € R. Then for all u,v € Wol’p([O, 1]), we
have
1
(3.13) (A(u),v) = / m(t)|u(t) [P 2u(t)o(t)dt
0

and

(B(u).v) = | OO P2 000 + sO O 2] de

(3.14) + i: arlu(te) [P~ 2u(ty)v(ty),

We consider the elgenvalue problem Au = pBu, where € R and
= 1. Thus for any v € W,?([0,1]),

/ m(®lu(®)2u(t)o(t)dt
= u ( /0 PO )P (' (@) + s(@)[u(t) P u)o()] dt

(3.15) + 3 aklulte) P ulte)o(te).
We claim that F' and G satisfy the already mentioned hypotheses (Hj)-
(Hy).

Proposition 3.3. Let G be defined in (3.12), then G’ satisfies (Hz).

Proof.  Weshow that A is strongly continuous. Let u, — win W ([0,1]),
we want to show that Au,, — Auin (W, ([0,1]))*. For any v € W, ?([0,1]),
by Hoélder’s inequality, it follows that

(A = Au)] < | [ ) O 20 Rl 2u)ote)ct|

[ /0 [un (D172 () — u() P~2u(t)| [v(2)] dt

Imlloollftin[P=2tn — [ulP=2ull_ e lv]|Lr,

IN N

where [|m||e = tm[g)l(] m(t).
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Next, we show that |w,|[P~2u, — |u[P~2u in L7t ([0,1]). To check that,
let wy, = |ty [P~ 2u, and w = |u[P~2u. Since u, — u € WyP([0,1]),up —
u € LP([0,1]), it follows that

1 1
wp(t) — w(t), a.e.in [0,1] and / ‘wn(t)’% dt _>/ \w(t)]ﬁ &t
0 0

(3.16)

By Lemma 3.1, we deduce that w,, — w in Lot ([0, 1]), which implies
that Au, — Au in (Wy?([0,1]))*. O

Proposition 3.4. Let B be defined in (3.14). Then for any u,v € Wol’p([O, 1)),
one has

(Bu = Bv,u—v) = ([[ullf,, = [IIT ) (lullip = vllp)
+ 3 a(ulte) P~ = o) P (ulte)] — [o(t)]).
k=1
Proof. Through technical calculations, we have
1

(Bu—Buv,u—v) = /0 r()[[a (O + [0 () — [ ()P~ (8)0' (1)
- !v/l(t)\p’zv’(t)u/(t)]dt
+ /0 sOu@®)P + [o@) — [u(®) P~ u(t)o(t)
— o) 2u(t)u(t)dt
+ > awflute) [P+ o) [P — [ulte) P~ 2u(ty)o(tr)

=1
— Ju(te) P 2o (tr)ulty)]-

Since
Zak[ ()P + Jo(te) [P = Ju(te) P2 ulti)o(te) — [o(te) [P U(tk:)u(tk:)]
> zak[ ()P + ot — )P o(t) — o)l u(t)]
>

Zak(\U(tk)!p_l = [o(tr) P (Julte) = o (t))-
k=1
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Therefore
(Bu — Bv,u — v)
1 / D / p / p—2 / / p—2 /
> [Cr@ [P + W OF - [ OF o 000 - [ OF Vel o) d
1
[ s [P + @F - @ ut) - P o) d
1
= IIUIIQf,pﬂL||v||219,p—/0 [r(t) | ()P~ ()" (2) + s(t) [u(t) P> u(t)v(t))dt
1
= [ O RO @) + 50 o ot dr

By Holder’s inequality, we get

[ O RGP w000 + 50 bl (o)

(L) ([arsor)
(3.17) +( /0 \pdt> ( |pdt).

Using the following inequality
(a+b)S(c+d) ¢ >aSc ¢ + b5,
-1
which holds for any ¢ €]0,1[ and a > 0,5 >0, ¢ >0, d > 0. Set ( = pT

and

a= [ rop@rae = [ sopuoP,

/ Bl (t)Pdt, d = / (t)Pdt.

Then, we can deduce that

/01[7“(75) [/ ()] o ()0 (£) + s(8) |u(®) P2 u(to(0)]dt < [Jull o]l

and

/ol[?”(t) [ @) (0 (1) + () [o(®) [P o @)u()]d < ol lullp-
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Therefore, we have

-1 -1
(Bu— Bv,u—v) 2 |lullf , + [0l[1, = lullf, [vllp = [0l lellp

3 an(u() P — o)) (ut)] — o)

k=1

> ([[ullf," = ol ) Nullp = lollp) + D7 ar(fulte)
k=1
= o) ") (Jute)] = v (t))-

|

Proposition 3.5. The functionals F' and G satisfy the hypotheses (H)
and (Hy).

Proof. Let’s show that F’ and G’ are continuous. Denote by ||.||«
the norm of the dual space Wol’p([(), 1]). Let {un},en be a sequence in
Wol’p([O, 1]), such that u,, — w in W&’p([O, 1])

1

[(F"(un) = F'(u),v)] < /0T(t)Hu%(t)!”_Qu%(t)—IU’(t)\p_QU'(t)Hv'(t)t
1
+/O s(t)]Jun (01~ un () — [u(®) P u(®) Ju(t)t

S i n () Pt — (i) P2t o)
k=1
By Hélder’s inequality with the compact embedding of W, ([0,1]) in
LP([0,1]) and Lemma 2.4, we have

[(F (un) = F'(w), 0)| < [Illoollur P~2uy, — [0/ P720|| 2 (V'] o

Hislloo [ [P~ - [ulP 2l e v

(2
+ max Jag[[v]loo Y e (t) P~ un (k) — |u(te) P~ ult)]

< Irlloollun[P~2up — [/ P72 || 2 [lo]l + epllslloo | un P~ un

—2
—ulP"Pull | ol

7
esollol] max [ag] 3l ()P 2un te) — [t P 2ulte)]
Tl k=1

dividing the last inequality by ||v||, we obtain



Eigenvalue problem of an impulsive differential equation ... 237

1F" (un) = F' ()« < [Irlloollfun [P~ 2ur, — [/ P72 2.
+CpHSHooH\un\p’2% il Ll
7
Feoo MaAX lar] Y [en (t) [P 2un ()

S |
—Ju(t) [P 2u(ty),

as in Proposition 3.3 how that |u/, [P~2u/ P2y in L71([0,1
position 3.3, we show tha ’;J,n’ up, — |u/ P74 in L?-1([0,1])
and |up, [P~ 2u, — |ulP~2u in  L»-1(]0,1]) and we also have

K3
Z |t () P20 (t) — Ju(ty) P 2u(ty)| — 0 as n — +oo.
k=1
Which implies the continuity of F’. The proof of the continuity of G’
is the same as F”.

On the other hand, from (3.14), we have (F’(u),u) > 0 and so
inf (F'(u),u) > 0, also by (3.12) the functions F,G are even and F(0) =

ueSE

G(0) = 0. Finally by Theorem 3.1, there exists ¢g > 0 such that F(u) >

col|u|[P that implies tlim F(tu) = +00. O
—00

Proposition 3.6. Let F' be defined in (3.12), then F’ satisfies (Hs).

1.
Proof.  We have already shown that B = —F" is continuous and bounded

in Proposition 3.5. Now, it remains to showpthat B satisfies the condition
(Sp). This means, if {u, },cN is a sequence in I/VO1 P(]0,1]) such that remains
to show that B satisfies the condition (Sp). This means, if {u,},eN is a
sequence in Wy ?([0,1]) such that

Up, — U, Bu, — v and (Bugy, un) — (v, u),

for some v € (W3 ([0,1]))* and u € Wy*([0,1]). By the Sobolev compact
embedding theorem, we have u, — wu in LP([0,1]), and wu,(t) — u(t)
uniformly for ¢ € [0, 1].
Since VVO1 ?(]0,1]) is a reflexive Banach space, then it is isomorphic to
a locally uniformly convex Banach space. Thus, to show u, — u in
Wol’p([O, 1]), we need to show ||up||1, — |Ju|l1p. Firstly, remark that
lim (Bu,—Bu,up—u) = lim ((Bup,un)—{(Buy,u)—(Bu,u,—u)) = 0.

n—-s-—4o0o n—---+o00

Now, it follows from Proposition 3.4 that
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(Bun — Bu,un — u) = Z are(un(t) P~ = Jult) ) (Jun (8)] = u(ti)])
k=1

> (lunlly p = ey ) (lunllp = [lullLp),
i
and when wu,(ty) — u(tx) as n — +o00, we have Zak(|un(tk)
k=1
lu(ti) P (Jun (te)] — |u(tr)]) — 0 as n — 4o00. So, we deduce that
tnll1p — ||lull1p as n — +o00. Then, u, — u in W, ?([0,1]). Therefore,
B satisfies condition (Sp). O

-

Theorem 3.4. ([28]) Let F', G be the two functionals defined on Wol’p([(), 1))
in (3.16). Then, there exists a nonincreasing sequence of nonnegative
eigenvalues {u,} obtained from the (L-S) principle such that p, — 0
as n — oo where

3.18 n = sup inf G(u
(3.18) fn = sup inf (u)

and each {uy,} is an eigenvalue of G'(u) = pF’(u).

Proof. By the Theorem 3.3-(5), we have the existence of such a sequence
{pn}. To verify (3.18) we observe, using (3.12), (3.13) and (3.14), that

fin = pnF'(un) = pn (Bun, un) = (Atn, un) = G(un) = by,
compared this latter with b, in (3.11), we obtain (3.18). O

Theorem 3.5. ([28]) Let F', G be the two functionals defined on Wol’p([O, 1])
in (3.12). Then there exists a nondecreasing sequence of nonnegative eigen-

values {\,} — o0 asn — oo, A\, = — where {u,} is an eigenvalue of

the corresponding equation G'(u) = pF'(u) defined in (3.18).

Proof. G'(u) = puF'(u) is equivalent to
1

| m@r-ud -

0

I (/01 [r(t)|u/(t)|p*2u/(t)q/(t) 4 3(t)|u(t)|p72u(t)v(t)} o
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3 anfult)PZult)o(t), Vo € WEP(0, 1))
k=1

_1r m(t)|w(t) P 2u(t)v(t)dt
1 Jo '

By applying Theorem 3.5, we obtain the result. ad
3.2. Characterization of the eigenvalues sequence

By (3.18), the eigenvalues sequence is given by

. G
(19 pWe R o)

where J = [0,1] and G(u), F(u) are defined in (3.12), C, = {H C Sp :
H compact, H=—H,v(H) > n},

Sp = {u e W([0,1]) : /01 (&) ()P + s(2)u(t)[?] dt+i: aglu(ty)P = 1}.
k=1

v is the genus function defined below.

Definition 3.1. ([30]) Let X be a Banach space, and ¥ = {A C X :
A closed, A symmetric }. The genus function +y is defined as follows

v:Y — NU{oo}
A —y(4),

where v(A) = min{k € N : 3p € C(A,R*\{0}), o(u) = —p(—u)}, and we
define y(A) = +oo if the infimum does not exist.

We also define the set B, = {C € C,, : C C Q}. Then, (3.19) can be

rewritten as

1
- )P
(3.20) T ;gg Lrél]{ll/ m(t)|u(t)|Pdt.
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A simple variational formulation is given by
(3.21) 1 sup min / m(t)|u(t)|Pdt,
An(m, J) Eeg uw€ENSE
where &, = {F : E is a k-dimensional subspace of Wo P(10,1])}.
Definition 3.2. ([18]) A nodal domain is a set defined by J\Z(u), where

Z(u) = {t € J : u(t) = 0}, where u is a solution of the problem (1.10) —
(1.12).

Lemma 3.2. ([18]) The restriction of a solution (u, A(m,J)) of the prob-
lem (1.10) — (1.12), on a nodal interval I is an eigenfunction of the same
problem on I, and we have

(3.22) A(m, J) = Xi(my, I).

Proposition 3.7. ([18]) The first eigenvalue \1(m, J) satisfies the strict
monotonicity property with respect to the weight m and the domain J,
ie., if mi,mg >0, my(t) < ma(t) and my(t) < ma(t) on a subset of J of
non-zero measure for all t € J and mi(t) < me(t) in some subset of J of
nonzero measure, then

(323) Al(mZaJ) < Al(mh‘])?

and, if I is a strict sub-interval of .J such that m r is positive, then
(3.24) )\1(77"&, J) <)\1(m/],1).

Proof. Let m; and mg be such that m(t) < ma(t), for all t € J.
We know previously that the first eigenfunction u; € Sr corresponding to
A1(m, J) has no zero in J, i.e ui(t) # 0 for all ¢t € J.

According to (3.20), we have

1

- - )P P
ST /m1 st |dt</ ma () s (£) Pl

< sup/ ma(t)|u(t)|Pdt
UESF

)\l(m27 J)
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To prove the second inequality, we consider I a sub interval of J and
m,r a weight defined on I. Let u; € Sp be a positive eigenfunction asso-
ciated to A\; (m/I, I), and denote by u; the extension by zero on J. Then,
we have

At(myp, I) /m )| (t)[Pdt = /m )| w1 (t)|Pdt
< sup [ m(t)|u(t)|Pdt
ueSg JJ
_ 1
B Al(mv J)

Therefore, the last strict inequality holds from the fact that u; vanishes
in J\/. Thus, the latter cannot be a eigenfunction which correspond to the
first eigenvalue Aj(m, J). O

Proposition 3.8. Any solution (u, A(m,J)) of problem (1.10) — (1.12) has
a finite number of simple zeros.

Proof.  We start by showing that un has a finite number of nodal do-
mains. Assume that there exists a sequence Jg, k > 1, of nodal domains,
NIy =0foril+# I'. Combining Lemma 3.2 with Proposition 3.7, we get

Ao 1) = o ) 2 Sl ) = o =

(3.25)

where ||m||s = tg%g%g]m(t). Therefore, by (3.25), we get

)

/\1(17 ]0’ 1[)

1
p

ARSI U VY for all k € N7,

[[m oo (m, J))

meas (Jg) > (

which implies that

meas (J) = Z meas (Ji) = +00
k>1

which is a contradiction with the fact that J is bounded.
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Let {J1, J2,..., Ji} a finite set of nodal domains for u. Put J; =|a;, b;],
jeA{,2,...,k} where 0 < a3 < by <ag <by <...<ap <b, <1l It
is evidently that the restriction of w on ]0,b1] is a nontrivial eigenfunction
with constant sign that correspond to A\(m, J). By the principal maximum,
we have u(t) > 0 or u(t) < 0 for all ¢ €]0,b;[, then a; = 0, u/(a1) # 0 and
u/(by) # 0. Similarly, we prove that by = ag,bs = ag,...,br = 1. Hence,
any eigenfunction associated to an eigenvalue A(m,J) has a finite number
of simple zeros. O

Proposition 3.9. The eigenfunction uw which correspond to the second
eigenvalue Aa2(m, J), has a unique zero c in |0, 1], i.e., u(cz) = 0.

Proof.  We need to show u changes the sign only once on J. Consider
J1 =]0, ¢[ and J; =], 1], two nodal domains of u. By Lemma 3.2, we have

A2(m, J) = M(my g, J1) = A(my g, J2).

Assume that ¢ < ¢(similarly for ¢’ < ¢), choose d €]c, [ and put I =]0,d|
and I =]d, 1]. Hence, I; N I; = () and it is easy to see that for k = 1,2, we
have Jy C Iy strictly and m/;, > 0 on a set of non-zero measure. Thus, by
applying the inequality (3.24) in Proposition 3.7, we get

(3.26) )\1(771/[1,]1) < Al(m/Jl,Jl) = )\Q(m, J),
and
(3.27) )\1(772/]2,I2) < Al(m/h, JQ) = Ag(m, J)

Let uj, € Sp be an eigenfunction which correspond to Ai(my, , Ix), we
have for k =1,2

(3.28) m - /I (b ()P

Let uy the extension by zero of uy for k = 1,2, and consider the two
dimensional subspace E = Vect(u1,u2). Let Ko = ENSp € Wol’p([O, 1)),
evidently v(K2) = 2, and remark that

w = auy + Pug, F(w) =1 <= |afP + 8P = 1.

Hence, by (3.20), (3.26), (3.27) and (3.28), we obtain



Figenvalue problem of an impulsive differential equation ... 243

v

ey 2 [ mOurd

~ i <|a|p /hm(t)|u1(t)|pdt—|—\5|p /Izm(t)|u2(t)|pdt>

w=aui+Lu2
= laol? [ m@ORa@)Pat + 15l [ mit)ua(t)Fds
1 2
|aol” + [6ol”
)\21(m, J)

\%

)\2<m, J)7

which give a contradiction. Therefore, ¢ = ¢/. Let v a further one eigen-
function which correspond to Ay(m,J) such that v(d) = 0, where d is the
unique zero in |0,1[. Assume that d < ¢, then by Lemma 3.2 and (3.24),
we obtain

Aa(m, J) = M(myaap)d, 1) < A(myeap e, 1) = Ao(m, J).

This is a contradiction, then ¢ = d. O
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