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Abstract

In the present paper, the basic objective of our work is to define
A™ -statistical convergence in the setup of intuitionistic fuzzy normed
spaces for double sequences. We have proved some examples which
shows this method of convergence is more generalized. Further, we
defined the A™-statistical Cauchy sequences in these spaces and given
the Cauchy convergence criterion for this new notion of convergence.
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1. Introduction

Zadeh [35] in 1965, introduced the theory on fuzzy sets and later on large
number of research papers appeared in literature based on the concept of
fuzzy sets/numbers. Further, fuzzification of many classical theories has
produced many interesting and useful applications in different areas. Park
[24] presented the important type of metric space named as intuitionis-
tic fuzzy metric space and further along with Saadati [26] worked on its
generalized concept as intuitionistic fuzzy normed space, that is, a highly
motivated area of research due to its analytic properties and their general-
izations for providing a tool for mathematical modelling of real life situa-
tions where fuzzy theory alone can’t work. The basic terms of intuitionistic
fuzzy normed space are given below:

Definition 1. [27] A continuous t-norm is the mapping ® : [0, 1] x [0, 1] —
[0, 1] such that

1. ® is continuous, associative, commutative and with identity 1,

2. a1 ®b; < aa®by whenever a1 < ag and by < by, ¥ a1, a2,b1, b2 € [0, 1].

Definition 2. [27] A continuous t-conorm is the mapping ® : [0,1] x
[0,1] — [0, 1] such that

1. ® is continuous, associative, commutative and with identity 0,

2. a1 ©b; < ag®by whenever a; < ag and by < by, Y a1, a2,b1,bs € [0, 1].

Definition 3. [26] An intuitionistic fuzzy normed space (IFNS) is referred
to the 5-tuple (X, ¢, v, ®,®) with vector space X, fuzzy sets ¢,9 on X X
(0, 00), continuous t-norm ® and continuous t-conorm ®, if for each y,z €
X and s,t > 0, we have

L o(y,t) +9(y,t) <1,

2. ¢o(y,t) >0 and 9(y,t) < 1,
3. o(y,t) =1 and Y(y,t) =0 iff y = 0,
4. ¢

S

(

(

(

(ay,t) = ¢(y, 1) and I(ay,t) = Iy, 157) for a # 0,

oy, ) ®p(z,1) < p(y+2,s+1t) and ¥y, s) ©V(z,t) > Iy +2z,s+1),
(

6. o(y,0) : (0,00) — [0,1] and Y(y, o) : (0,00) — [0,1] are continuous,
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7. tlim o(y,t) =1, %in% o(y,t) =0, tlim Yy, t) =0, and %ir% Iy, t) =0.
Then (p, ) is known as intuitionistic fuzzy norm.

Example 1. [26] Let (X, || o||) be any normed space. For every t > 0 and
all y € X, take p(y,t) = t+t|y|| , O(y,t) = tﬂll/\!\l' Also, a @ b = ab and
a®b=min{a+0b,1} YV a,b e [0,1].

Then, a 5-tuple (X, ¢, ¥, ®,®) is an IFNS which satisfies the above men-
tioned conditions.

Definition 4. [26] Let (X, ¢,9,®,®) be an IFNS with norm (p,9). A
sequence y = (yx) in X is called convergent to some £ € X with respect
to the intuitionistic fuzzy norm (p,v) if there exists kg € N for each € > 0
and t > 0 such that p(yr — &,t) > 1 —¢ and ¥y, — &, t) < € for all k > k.
It is denoted by (p,0) — klggo yr = .

In 1951, Fast [9] has introduced a new concept of convergence named
as statistical convergence which is more generalized than the usual con-
vergence. It has been studied by many researchers for various types of
sequences in different setups like locally convex space [16], probabilistic
normed space [13], intuitionistic fuzzy normed space [14], etc. For more
work related to statistical convergence, one may refer to [1, 2, 3, 4, 12, 17,
18, 20, 21].

Although, statistical convergence of sequences was established using
natural density. In fact, natural density of set A, where A C N, has given
by

5(A) = lim %|{a§n:aeA}|,

n—oo
provided limit exists, where | . | designates the order of the enclosed set.
Further, A sequence y = (yi) converges statistically to ¢, if A(e) = {k €
N : |yr — &| > e} has natural density zero (see [10]).

Definition 5. [14] Let (X, ,9,®,®) be an IFNS with norm (p,9). A
sequence y = (yx) in X is called statistically convergent to some £ € X
with respect to the intuitionistic fuzzy norm (p, 1) if for each € > 0 and
t>0,

d({k e N:o(yp —&t) < 1—eor Iy, —&,t) 2 e}) =0.

It is denoted by S(¢9) — klim yr = &.
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A double sequence y = (y;i) is Pringsheim’s convergent if there exists
Jjo € N for each € > 0 such that |y;, — &| < e for all j,k > jo (see [25]).
Further, the double natural density of set E/, where £ C N x N, has defined
in [23] as

So(B) = Jim | {j<mk<n: (k)€ B} |
provided limit exists. The notion of statistically convergent double se-
quences has been introduced by Tripathy [34] and Mdricz [19] independently
in the year 2003. A double sequence y = (y;;,) converges statistically to &,
if double natural density of E(e) = {(j,k) € N x N : |y;r — £| > €} is zero
(also see [23]). It is denoted by S2 — ; llﬂiinoo yir = &.

Definition 6. [22] Let (X, ,9,®,®) be an IFNS with norm (p,9). A
double sequence y = (y;i) in X is called statistically convergent to some
¢ € X with respect to the intuitionistic fuzzy norm (p,1) if for each € > 0
andt > 0,

02({(J, k) e Nx N :p(yjr —&t) <1—€ord(y —§ t) >e}) =0.

It is denoted by Séw’ﬂ) — ,IICiIIl Yik =&
Jik—o0

Initially, Kizmaz [15] discovered the difference sequence spaces as given

below
Z(D) ={y = (y) : (Dyk) € Z}
for Z =, ¢, cg t.€. spaces of all bounded sequences, convergent sequences
and null sequences respectively, where Ay = (Ayx) = (yx — Yk+1). In
particular, loo(A),c(A) and ¢o(A) are also Banach spaces, relative to a
norm induced by ||y||a = |y1| + supy | A yil.
Moreover, the generalized difference sequence spaces was defined as (see
[7]):
Z(8™) ={y = (yx) : (A™yx) € Z}

for Z = loo, ¢, co where Ay = (A™yp) = (A™ Lyp — A™ Ly 1) so that
Ay = 3o (1) () T

Tripathy [29] developed the concept of difference spaces for double se-
quences as

Z(A) =Ly = (yjx) = (Yjx) : (Dyjx) € Z}

for Z = 13, ¢, ¢, where Ay = (Dyji) = (Yjk = Yjr1.h = Yiget1 T Yj+1k+1)-
Also, these above described spaces are Banach spaces, relative to a norm
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induced by |lylla = sup; [y;j1] + supg [y1| +sup; i | D yjrl-
The generalized difference double sequence spaces can be approximated (see
[5]) as:

Z(&™) ={y = (yj) : (A™y;x) € Z}
for Z = 12,,c%, ¢ where A™y = (A™Myji) = (A™ ryi — A™ Ly, e41) so
that Ay = >0 et (= 1) (7) (V) Tjtrfers-

The A™-statistical convergence was defined by Et and Nuray [8]. Fur-
ther, many researchers worked and discussed this topic in different setups
[5, 6, 11, 28, 29, 30, 31, 33, 32, 33]. In the next section we extend this
concept in IFNS for difference double sequences.

2. Main Results

In order to explain the A™-statistical convergence and related concepts
according to the setup of intuitionistic fuzzy normed space(IFNS) of double
sequences, we first propose the following terms.

Definition 7. Let (X, p, ¥, ®,®) be an IFNS with norm (¢,v). A double
sequence y = (y;x) in X is called A™-statistically convergent to some § € X
with respect to the intuitionistic fuzzy norm (p, ) if for each ¢ > 0 and
t>0,

02({(J, k) e NXN: oAy —&t) <1 —¢e or d(AMy;p — &, t) > e}) =0.

It is denoted by Séwg) — ,kim A"y = €.
Jyk—o0

Definition 8. Let (X, p,d,®,®) be an IFNS with norm (¢,v). A double
sequence y = (y;x) in X is called A™-statistically Cauchy with respect to
the intuitionistic fuzzy norm (¢, V) if there exists jo, ko € N for each ¢ > 0
and t > 0 such that for all j,r > jo and k, s > kg, we have

62({(.77 k) € NxN: (P(Amyjk_Amyrsat) <l-eor ﬁ(Amyjk_Amyrsat) > 5}) =0.

Lemma 1. Let (X,p,9,®,®) be an IFNS with norm (¢,v). Then the
following statements are equivalent for double sequence y = (y;i) in X
whenever € > 0 and t > 0,

1. Sg’p’ﬁ) — lim A™yj, =&,

J,k—o0
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2. 62({(4, k) € NxN: o(AMyj, —&,t) > 1—¢}) = 02({(J, k) € NxN:
ﬁ(Amy]k - é.a t) < 6}) =1,

3. 02({(4, k) e NXN: oAy —&,t) <1—¢}) =02({(j, k) e NxN:
YAy, — & t) > e}) =0,

4. S —jllgig})o (AMy — &, t) =1 and Sy _jllciinoo HAMy;, — &, t) = 0.

Theorem 1. Let (X, p,9,®,®) be an IFNS with norm (¢,v). If Sgp’ﬂ) —

‘II{:im A™y = &, then & is unique.
.7’ —00

Proof. Let if possible, Séw’ﬁ)— lim A™yj, = & and Sgp’ﬂ)— lim A™yj, =
j,k‘—>00 ]7k—>00

&a.
For given € € (0,1) and t > 0, take p > O such that (1—p)®(1—p) > 1—¢
and p ® p < . Consider

Kl,tp(pa t) = {(]7 k) €ENXxN: @(Amy]k - élat/Q) < 1- p}a

K27<P(p> t) = {(.77 k) € N x N: (p(Amy]k: - £2>t/2) S 1- P}>

K39(pt) = {(4, k) € N X N d(A"y — &1,8/2) > p},

K4,19(p7 t) = {(]7 k) € NXxN: ﬁ(Amy]k - 527t/2) Z p}

Using Lemma 1 we have

62(K1,4(p,t)) = 02(K39(p,t)) = 0.

2(K2,0(p, 1)) = 02(Ka(p; 1)) = 0.
Let Ky (p,t) = [K17<P<p7 U Koy (p,t)] ﬂ[K3,19 (p,t)U K4,19(p7 t)]. Clearly,

52(K o, 1)) = 0.

N x N — K, 3(p,t), we have two possibilities, ei-

Whenever (j,k) €
% N — [K1(p ) UKag(p1)] or (k) € N x N —

ther (j,k) € N
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[Kl,ﬁ(pa t) U K2,19(p7 t)]
First we consider (j,k) € N x N — [K1 ,(p,t) U K2,,(p,t)]. Then

0(&1 —&2,t) > p(AMyjr — £1,t/2) @ p(A™y i, — &2,1/2)
>1-p)®(1-p)
>1—c.

As given € € (0,1) was arbitrary, then ¢(&; — &o,t) = 1 for all ¢ > 0,
then 51 = fg.

SimilarIY7 if (Ja k) eENxN- [K3,19(p7 t) U K4,19(p7 t)]7

V(&1 —&2,t) < V(AMyjp — &1,1/2) © I (A yj1 — &2,1/2)

<pOp
<eE.
since € € (0,1) was arbitrary, then ¥(§; — &,t) = 0 for all £ > 0, i.e.,
& = &. Therefore, Séw’ﬁ) — %im Ay, exists uniquely. O
J,k—00

Theorem 2. Let (X, p,J,®,®) be an IFNS with norm (p,v). If (p,9) —
lim A"y, = &, then Sgo’ﬁ) — lim A™y;, = £ But converse may be

j,k‘HOO ],]{5*?00
not true.

Proof. Let (¢,9) — kim A"y, = & Then, there exists jo, ko € N for
]7 —00

given € > 0 and any ¢ > 0 such that for all j > jg and k& > kg we have
O(AMy—&,t) > 1—e and I(AMy;,—&,t) < e,. Further, the set A(e, t) =
{(4,k) e Nx N : o(AMyj, — &, t) < 1—eor 9(AMy;, — &, t) > e}, contains
only finite number of elements. We know that natural density of any finite
set is always zero. Therefore, d3(A(e,t)) =0 i.e. Sé‘p’ﬁ) - Emoo ATy = €.

But, converse of the above result does not hold, this can be justified with
the next example.

Example 2. Let (R,|.|) be the real normed space under the usual norm.
Define a ® b = ab and a ® b = min{a 4+ b,1} V a,b € [0,1]. Also for every
t >0 and all y € R, consider ¢(y,t) = #‘y' Iy, t) = %“y'

Then, clearly (R, ¢,9,®,®) is an IFNS.

Define the sequence

A"y = jk j and k are squares
J 0 otherwise
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By given € > 0 and any t > 0, we obtain the below set for £ = 0.

K(e,t) ={(,k) e NXN:o(AMy;p,t) <1—¢e or J(A™y;p,t) > €}
={(, k) € Nx N : | Ay > =2 > 0}
= {0, k) e NXN: | A" yjp| —Jk}
={(j,k) € N x N :j and k are squares}
Thus, -L|K (e, t)| < % = lim ]K(e t)] =0.

m,n—oo Mmn

Hence, Sgp’ﬂ) - klm AMyj = 0.
] —

By the above defined sequence (A™y;i), we get

t .
TR J and k are squares

P(A™yYjk, t) =
0 otherwise

i.e. o(AMyp,t) <1, YV 4,k

and

7 and k are squares
HA Y, t) =
0 otherwise

i.e. W( A"y, t) >0, YV j,k.
This shows that (p, 1) — 'llcim Ay # 0.
J,k—00

O
Next, we find the algebraic characterization in an IFNS for A™-statistically
convergent double sequences.

Theorem 3. Let (X, p,d,®,®) be an IFNS with norm (p,9). Let y =
(yjr) and z = (2;;) be any two double sequences in X. Then
(i) Ifsé“"’ﬂ) — ‘]lgim A™y = & then Sgp’ﬂ) — 'llﬂim Aoy, = af 5 a € R,
Jik—00 Jik—
(ii) If Sgp’ﬂ) — ‘]lcim A™y = & and Sgp’ﬂ) ]lclm A"z, = & then
Jk—00 k=

i) - j hm Ay, + zj) = &+ &.
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Proof. Proof is obvious so we leave it. O

Theorem 4. Let (X, p, ¥, ®,®) be an IFNS with norm (¢, ). Then SSD’&)—
lim A"y, = & iff there exists a set J = {(jp,kq) : p,q = 1,2,3,...} C

Jsk—o00

N x N such that 6(J) =1 and (¢,9) — hm A"ysk, =€
.]p’

Proof.  Necessary part: Assume S((’D’ ) .llcim AMy = & For t > 0
]7 —00
and p € N, we take

M(p,t) ={(j,k) € N x N : p(A™y; — &,1) > 1—1/p and 9(A"y; — &,t) < 1/p},

and

K(p,t) ={(j,k) € N x N:p(A™y;, —&,t) <1—1/p or Ay — &) > 1/p}.

J,k—00
Also for any t > 0 and p € N, evidently we get M(p,t) D M(p+ 1,t), and

(2.1) G2(M(p,t)) = 1.

For (j. ) € M(p. 1), we prove (p,9) — lm_AMy; = €
‘77 —00
We prove this contrary. Suppose that double sequence y = (y;x) is not

A™-convergent to £ for all (j,k) € M(p,t). So, there exists some a > 0
and kg € N such that

(AMy — &, t) <1 —aor Y(AMyj, —&,t) > a for all j,k > k.
= o(AMyj —&t) > 1 —a and Y(AMy;, — &, t) < a for all j, k < k.

Therefore, §2({(j,k) € Nx N : p(A™y;x, —&,t) > 1 —a and 9(Ay i, —
& t) < a}l) =0. ie 6a(M(a,t)) = 0. Since a > %, then da(M(p,t)) = 0
as M(p,t) C M(a,t), which is a contradiction to (2.1). This shows that
there exists a set M (p, t) for which d2(M(p,t)) = 1 and the double sequence
y = (yj&) is statistically A™-convergent to &.
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Sufficient Part: Suppose there exists a subset J = {(jp,kq) : ,q =
1,2,3,...} C N x N with d2(J) = 1 and (p,9) —  lim A"y; ;. =&, i.e.

jp,k‘q*)OO

for given a > 0 and any ¢ > 0 we have Ny € N which gives
o(A™yp — &, t) > 1 —a and I(A™yj, — &,t) < o for all j,k > Np.
Now, let
K(a,t) = {(j, k) € NxN: p(AMyp — &,t) <1 —aor J(A"y, — & 1) > al.

Then,
K(a,t) €N = {(ng+1, bNo+1)s (INo+2, ENg+2)5 -}
As 65(J) =1 = 6y(K (1)) < 0. Hence, S$7") — Jim ATy =¢ 0O
J,k—00
Theorem 5. Lety = (y;i) be any double sequence in an IFNS (X, ¢, 9, ®, ®)
with norm (y,v). Then Sgp"&) - 4}1€im A™yjp, = & iff there is a double se-

)

quence x = (xj;) such that (p,7) — jllgigloo ATz, = € and 62({(j, k) €
N xN: Amyjk = Amxjk}) =1.

Proof.  Necessary part: Let 5’5%19) — .Ilﬁim A"y = & By Theorem 4
J7 —00

we get a set J = {(jp, kq) 1, ¢ =1,2,3,....} C N x N with 2(J) =1 and

(907 19) - hm A™ Yjpkey = f
jp7k
Consider the sequence

AT _{ 13 otherwise

which gives the required result.

Sufficient Part: Consider z = (zj;) and z = (zj) in X with (¢,9) —
lim A"z, =& and 62({(j, k) € N x N : A"y, = A™xj}) = 1. Then

J,k—o0

for each ¢ > 0 and t > 0,
{(J»k)ENXNSO( yjk gt) 1_50r19(Amyjk_£at)ZE}QAUBa

where A = {(j, k) € NxN: p(A"xj,—&,t) < 1—cor ¥ (AMxj,—E,t) > €}
and B = {(j, k) € N x N : (A™y;, # A™xj)}
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Since (¢,¥) — .llcim A, = € then the set A contains at most finitely
]7 —00
many terms.

Also 82(B) = 0 as 02(B¢) = 1 where B¢ = {(j,k) € N x N : A™y,;, =
A"z}, Therefore

02({(J, k) e NX N :p(AMy; —&t) <1 —eor d Ay, — & t) >¢€}) =0.

We get S — lim ATy = . O
J,R—00

Theorem 6. Lety = (y;1) be a double sequence in an IFNS (X, ¢, 7, ®, ®).
Then 55%19) — lim A™yj, = £ if and only if there exists two double se-

Jsk—00
quences z = (zj;) and x = (x;) in X such that A™y;, = Az, + A"y,
for all (j,k) € N x N where (¢,9) — .Ilcim A"z, = € and 5’5@’0) -
J7 —00
lim A"z = <.

j,k—00

Proof.  Necessary part: Let S&"’ﬁ) — kjm A™y;, = £ By Theorem 4
J,k—00

we get a set J = {(jp, kq) : p,q=1,2,3,....} C N x N with 2(J) =1 and
— i A"y g =E.

(p,0) = dim A"y, =€

Consider the double sequences z = (z;;) and « = (x;)

Ay (5,k) € J
m, j )
A" zjk { £ otherwise
and
0 (j,k) e J
mp, . _ ) )
ATk { A"y, — & otherwise

which gives the required result.

Sufficient Part: Consider = (z;) and z = (zj;) in X with Ay, =

A"z + A™ajy, for all (4,k) € N x N where (¢,7) — 'llcim Az =€
J7 —00

and Séso,ﬂ) — lim A"z, = £ Then we get result using Theorem 2 and

Jk—o0

Theorem 3. g

Theorem 7. Let (X, p,¥,®,®) be an IFNS with norm (¢,v). Then sub-
sequence of a double sequence which is A" -statistically convergent, is also
A™M-statistically convergent with respect to (p,1).
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Proof. Proof is obvious so we leave it. O

In the next result we establish the Cauchy criterion for A™-statistically
convergent sequences in IFNS.

Theorem 8. A double sequence y = (y;i) in IFNS (X, ¢,9,®,®) is A™-
statistically convergent with respect to (y,v) if and only if it is A™-
statistically Cauchy with respect to (p, ).

Proof. Let 5’5%0) — .]lcim A™yj = €. Then, for € > 0 and ¢ > 0, take
]7 _>m

p>0such that (1—p)®@(1—p) >1—cand p®p <e. Let K(p,t) =
{(j7k) € NxN: @(Amyjk - 5,t/2) < 1- p or ﬂ(Amy]k - évt/Q) > p}7
therefore d2(K (p,t)) = 0 and d2([K (p,t)]¢) = 1.

Let M(e,t) = {(4,k) € NxN : o(A"yj1, — A™yps, t) < 1—€ or H( Ay, —
AMy,s,t) > €}

Now, we prove M (e,t) C K(p,t), for this if (j,k) € M(e,t) — K(p,t). Then
we get

P(AMyje — &,1/2) <1 —por J(AMy;, — &, t/2) > p. Also
1—e¢ > Qo(Amyjk - Amyr& t) > @(Amyjk - 57 t/2) @ @(Amyrs - 57 t/2)
>(1-p@-p)
>1—¢
and
e < 79(Amy]k - Amyr& t) < Q9<Amyjk =&, t/2) © 19<Amyrs =&, t/2)
<pOp

<e.

which is impossible. Therefore M(e,t) C K(p,t) and d2(M(e,t)) = 0 i.e.
y = (yjx) is A™M-statistically Cauchy with respect to (¢, ).

Conversely, assume that y = (y;) is A™-statistically Cauchy with respect
to (¢, ) but not A™-statistically convergent with respect to (¢,). Thus
for e > 0 and ¢t > 0, d2(M(e,t)) = 0, where

M(e, t) = {(j,k) € NxN : o(A"yj—A"Yjoko, t) < 1= or WA yj—A""Yjoro, t) > €}
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Take p > 0 such that (1 —p)®@ (1 —p) > 1—cand p©p < e. Also,
d2(K(p,t)) =0, where

K(p,t) ={(j, k) € NxN: (A™y;u—¢,t/2) > 1—pand F(Ay;—E€,t/2) < p}.

Now

QA Yk — A""Yjoko, 1) = (A — £,1/2) @ (A Yok, — & 1/2)
>(1=p)®(1-0p)
>1—c

and

ﬁ(Amyjk — Amyjokoyt) S ﬁ(Amyjk — §, t/2) ©O) 79<Amyj0ko — f, t/2)
<pOp
< E.

Therefore, d2([M (g,t)]¢) = 0 i.e. d2(M(e,t)) = 1, which is a contradic-
tion as y = (y;x) is A™-statistically Cauchy.
Hence, y = (y;x) is A™-statistically convergent with respect to (¢,). O
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