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Abstract
In this paper, we study the persistence, boundedness, convergence,
inwvariance and global asymptotic behavior of the positive solutions of
the second order difference system

Tpy1 = a1 +ae” " 4 bye

(0].) Yn+1 = Q2 -+ ce Yn—1 + dzne—zn,l’
Znt1 = g +he " 4+ jre Pt n=0,1,2,....

Here x,,Yn, zn can be considered as population densities of three
species such that the population density of x,,yn, 2z, depends on the
growth of yn, zn, T, respectively with growth rate b,d,j respectively.
The positive real numbers aq, s, asz are immigration rate of T, Yn, Zn
respectively, while a,c, h denotes the growth rate of x,,yn, zn TESPEC-
tively, and the initial values x_1,y_1,2-1,%0, Yo, 20 are nonnegative
numbers.
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1. Introduction

The theory of discrete dynamical systems has many applications in applied
sciences. Mathematical modeling of a physical, biological, or ecological
problem mostly leads to a nonlinear difference system (See [4],[8],[17]-[19]).
The biological models like prey-predator competition, SIR, SIRS, SEIR,
SEIRS, SI, SIS, etc are mostly of the first order. Two species models are
analyzed in [28] and [29]. Two species second order competition models
with exponents can be found in [7]-[12].

Many authors worked on three species competition models. Dynamics of a
food chain model

n+1 wn(l — Tn — Yn — zn)
(1.1) Yn+1 | = BYn(Tn — zn)
Zn+1 YZnYn

where a, § and «y are positive constants, with strong pressure on preys was
discussed in [21].

Stability analysis of discrete version of the three species May-Leonard
model
xn+1 — xner(l_xn_ayn_bz’ﬂ)7

r(1—yn—azn—bxn)

(12) Yn+1 = Ynt )
Zngl = Zner(lfznfaxn7byn)7
where r > 0 is the growth rate and the constants 0 < a < 1 < b was studied
in [24].
Complex discrete-time varying dynamical character of a two-prey one-

predator system

_ 513?npn

r1(l—a1zn) T —Y1Yn

Tn+l = Tn€ I+ap
Tz(lfazyn)f’gfy—"?bf'yzxn

(1.3) Yntl = Yne€ +un

2 2
S8 22V 5p,—61
= Ihad © 14y7
Pn+1 = Pn€

with coupled with inter-specific competition among the prey due to overlap
of diet, Holling Type-III functional response and intra-specific competition
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among the predators was discussed in [20].
Persistence and global behavior of the three species model

Jny1 = bB,, + (1 - ’Yl)len In

(1'4) Npt1 = Y181y, In + (1 - 72)82Nn+Bn Ny,
B7L+1 = 7282Nn+BnNn + SQNn+Bn Bn

was studied in [23]. Here J,,, N,, and B,, are the juveniles, non-breeders and
breeders respectively. The variable b > 0 is the birth rate, 0 < 1,72 < 1
are the fractions of juveniles that become non-breeders and non-breeders
that become breeders respectively, while the sequences s;, so are the sur-
vivor sequences of juveniles and non-breeders respectively.

Non-permanence for three-species Lotka-Volterra cooperative difference
systems

Tpil = xnerl _(1137n‘|'112yn+a3zn7

(1.5) Yni1 = ynerz+b1:cn—bzyn-&-bszn7

Znil = zne'f‘3“!‘Clafn"!‘cﬁlln_(332%7

was discussed in [25].
In [22], authors considered the discrete system
Tn+1 = A1Zn,

(1’6) Yn+1 = S1Tn + A22n,

Zn+1 = Sz(yn + Zn)yn + 53(yn + Zn)zm

as a three stage model. Here x,,yn, 2, are the number of seeds, juveniles,
adults respectively, si, s, s3 are the survival rate of the above said, and
ai1,ao are rate of seeds produced by adults, rate of juveniles produced re-
spectively.

As seen in (1.1), (1.2), (1.3), (1.4), (1.5) and (1.6) much work has hap-
pened related to three species first order systems. In [26] and [27] we have
analyzed a two species second order system wherein we assume interaction
between species of exponential form, a choice which has prominent impor-
tance in population biology. Not much work has happened related to the
three species second order systems.
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In this paper, we propose a second order three species competitive model
(0.1) which is an extension of [26]. Here xy,, yn, 2z, can be considered as pop-
ulation densities of three species such that population density of z,, yn, 2n
depends on the growth of y,, 2z, x, respectively with growth rate b,d, j
respectively. The positive real numbers «q, ag, a3 are immigration rate
of xp,Yn, zn respectively, a,c, h denotes the growth rate of z,,yn, zn re-
spectively, while the initial conditions x_1,y_1, 2_1, o, Yo, 20 are arbitrary
nonnegative numbers. We investigate the persistence, boundedness, conver-
gence, invariance, and global asymptotic character of the positive solutions
of (0.1).

2. Main Results

The following theorem proposes a condition for the persistence and bound-
edness of the positive solution (zy, Yn, zn) of (0.1).

Theorem 2.1. Every positive solution (xy, Yn, zn) of (0.1) is bounded and
persists whenever

(2.1) B = bdje” 17279 < 1.
Proof. z,>a1,yn > s, 2, > a3, n=12....

Hence (2, Yn, 2n) of system (0.1) persists.
For n =4,5,..., (0.1) becomes

Tnt1 < a1 +ae” M +be” g + dzp_1e” 72 + ce” Y2

(2.2) < A+ Bz,

where A = a1 +ae” ¥ +bage” *2 +bece” 2~ +hdaze” 2~ +-hdhe” Y2 X33
and B = bdje” 17273,

Similarly,

(2.3) Yn+1 < C+ Byn72a

where C' = ag+ce” 2 +daze™ 3 +dhe™ 3~ B +djare” 1~ +djae” 1 T3,

Also,
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(24) Zny1 < H+ Bz g,
where H = ag+he”™*+jore” M +aje 1~ +jboge” M~ 4bjce” ¥ 74272,
Now, consider the difference equations
Un+1 = A+ Buy,_a,
Un41 = C + Buy—a,
(2.5) Wpy1 = H+ Bw,—2, n=4,5,...

Therefore an arbitrary solution (uy,, vp, wy,) of (2.5) can be written as

n/3 n/3 n/3 4 A _
u, =11 B"°+roB COS(2)+TgB 81n(2>+1_B, n=2>5,6,...,
(2.6)

_ n/3 n/3 n/3 nm ¢ _
(2.7) vy, = $1B™° + s2B cos(2)+83B 51n(2)+1_B,n 56...
n/3 n/3 n/3 4 H _

=p1 B +p:B 005(2)+p33 81n(2)+1_B, n=2>5,6...,

(2.8)
where r1, T2, T3, S1, S2,53,P1,P2,P3 rely OIl U4, V4, W4 respectively.

Hence, (uy,, vn,wy,) is bounded.
Let us examine the solution (u,vn,w,) such that u_1 = x_q1,v_1 =
Y—1,W-1 = Z2—1,Up = X0, V0 = Yo, Wo = 20-
Hence by induction, z, < un,yn < v, and z, < w,, n=2>5,6,....
Therefore, we get (2, Yn, zr,) is bounded. O

We give an example to verify Theorem 2.1.

Example 2.2. Let a = 0.5,0 = 0.5,¢ = 0.25,d = 0.005,h = 0.01,5 =
0.03, 17 = 0.08, a2 = 0.09, 3 = 0.04, z_1 = 3.0,29 = 1.0,y_1 = 9.0,y0 =
2.0,z_1 = 1.0, and zy = 2.0.

Here B = 6.079381844776403 x 107° < 1, i.e., (2.1) is satisfied. In this case
after 63 iterations x,, stabilizes to 0.4914889223167139.

Similarly vy, converges to 0.2793453372189754 and z,, converges to
0.058451770505985656.

Hence we can see that the solution is bounded and persists.

The following theorems confirm the existence of invariant boxes of (0.1).
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Theorem 2.3. Let (2.1) hold. Let (zy,Yn, 2n) denote a positive solution

f(0.1). Th
of (0-1). Then o, 7 1-B 1-B
(0.1) where A,C, H are defined as in the proof of Theorem 2.1.

| X[ag, | % [as, | is an invariant set for

A C
P f. Let 1 = —, Iy = —_—
roo € 1 [061, 1— B]? 2 [042, 1-B
Let x—1,29 € I, y—1,y0 € I2 and z_1, 29 € I3.
Then z1 < ag + ae™ + be™“2yq

I3 = —.
], and I3 [043,1_3]

<a)+ae” M+

g +ce” 2 +daze”* 4+ dhe” T £ djare” MY + djae” M T3
1 — bdje~1—a2—as

].

be 2|

Hence we get

o1 + ae” + bage™*? + bce™ 272 + bdaze” 23 4 bdhe 279373
1 — bdje—1—az—as

1 =

i.e., x1 € I;. Similarly we get y1 € I» and 21 € I3.
Therefore the proof follows by applying the method of induction. O

Theorem 2.4. Let (2.1) hold. Let A,C, H are defined as in the proof of
A+ e] L= C+ e]
1_ RB" 5 = &2, 1_RB

| where € is an arbitrary positive number. If (zy,Yn, 2n)

Theorem 2.1. Consider the intervals Iy = |a, and

H+e
1-B
is any arbitrary solution of (0.1), then there exists an N € N such that
Ty € I4,y, € I and 2z, € Ig,n > N.

Is = |as,

Proof. Let (zy,yn, 2,) denote an arbitrary solution of (0.1).
Then by Theorem 2.1, limsupz, = M < oo,limsupy, = L < oo and
n—od n—od
limsupz, =T < .
n—oo

Hence, from Theorem 2.1, we get x,+1 < A + bdjz,_2e
C' + bdjiyn 2727 and 2,11 < H + bdjzy_oe” 72705,
C

A
Hence, M < 1— bdje—a1—a2—a3’ L= 1 — bdje—1—az2—as and

—a1—ag—a3

) yn+l S

P s T ge oo
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Hence, there exists an N € N such that the theorem is satisfied. O

Now we state a lemma which is an alteration of Theorem 1.16 in [16]
and an extension of Lemma 5 in [26]. The proof is similar to the proof in
[26] and hence omitted.

Lemma 2.5. Let [a,b],[c,d] and [p,q] denote intervals of real numbers.
Let f : [a,b] X [¢,d] X [e,d] — [a,b], g : [e,d] X [p,q] X [p,q] — [c,d] and
[ : ]a,b] x [a,b] X [p,q] — [p,q] be continuous functions. Consider the
difference system

Tn4+1 = f(wnfla Yn, yn71)>

(29) yn+1 = g(yn—h Z'ﬂn Zn—l);
Zn+1 :l($nyxnflazn71); n:07172>"'

such that the initial values z_1,x9 € |a,b],y_1,%0 € [c,d] and z_1,29 €

[p) Q] (OI' Tngs Tno+1 € [CL, b]7 Yng s Yno+1 € [C, d]aznmzno—‘rl € [P7 Q],no € N)
Suppose the following are true.

(i) If f(z,y, 2z) is nonincreasing in x, f(z,y, z) is nondecreasing in y and
f(z,y, z) is nonincreasing in z.

(ii) If g(z,y, z) is nonincreasing in x, g(x,y, z) is nondecreasing in y and
g(x,y, z) is nonincreasing in z.

(iii) If l(x,y, z) is nondecreasing in x, l(x,y, z) is nonincreasing in y and
[(x,y,z) is nonincreasing in z.

(iv) If (my, My, ma, My, mg, M3) € [a,b]? X [c,d]? X [p, q]? satisfies the sys-
temsmy = f(My,ma, Ma), My = f(my, Ma, ma);ma = g(Ma, m3, M3),
M = g(ma, M3,m3) and mg = l(m1, M1, M3), M3 = I(M1,m1,m3)
then m; = My, me = My and m3 = Ms,

then there exists a unique equilibrium solution (Z,y, z) of (2.9) with T €
[a,b],y € [c,dland Z € [p,q]. Also every solution of (2.9) converges to

("'i‘7 g? 2)'

The following theorem proposes conditions for the convergence of the
equilibrium solution of (0.1).
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Theorem 2.6. Let (2.1) hold. Suppose
(2.10) ce”? <lae ™ <1,he ™ <1

and

(2.11) B[l + A=)+ <5101 + 2]

1
[1 —ae ][l — ce=2][1 — he=3] <5
where A,C,H are defined as in the proof of Theorem 2.1. Then (0.1)

has a unique positive equilibrium E(Z,y,Z). Also every solution of (0.1)
converges to FE(Z,Y,Z).

Proof. ILet f:RT"xRTxRT - RT,g: R" xRT xR" - RT,[:
RT x R x R™ — R™ be continuous functions such that f(x,y,z) = a3 +
ae" " +bye *, g(x,y,2) = s +ce * +dye ?l(x,y,2) = az+ he * + jre V.
Let My, mq, Mo, mo, M3, m3 be positive real numbers such that m; < M;, 7 =
1,2, 3 satisfying

m1 = aq + ae”™M 4 bmge ™2 My = oy + ae™™ + bMae ™2,

ma = as + ce M2 + dmse ™3 My = g + ce ™2 + dMze™™

and
(2.12) mg = ag + he Ms +jm16_M3,M3 =az+he ™™ + jMie” """,

Therefore, My —my = ale™™ — e~ M1] 4 b[Mae™™2 — mge=M2].

(2.13) My —mq = a[eiml - eiMl] + be—m2 M2 [MQGMZ — mgemz].
Also, there exists a ¢, mo < ( < Ms satisfying

(2.14) MaeM2 — mge™ = (1 + ¢)eS(My — my).
From (2.13) and (2.14) we get,

(2.15) My —mq = ale™™ — e M| 4 pemm2=M2HC (1 4 )My — my).

Now, ale™™ — e~ Mi] = gemm—Mi[eM1 _ gmu],

Also, there exists a A, m; < A < M satisfying

(2.16) ale™™ — e M) = gemm™ T MFA N ],
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Since M7, mq1 > on,

(2.17) ale™™ — e M| < aem 1 [M; — my].
Thus from (2.15) and (2.17) we get,

(2.18) My —my < ae” ' [My — my] + be~ ™27 M2HC(1 1 ¢)[My — my).
Since Ma, ma > g, (2.18) becomes

(2.19) M1 —m1 S ae_o‘l [Ml - ml] + be_az(l + C)[MQ — mg].

i.e.,

(2.20) [1 —ae “[M; —mq] <be *?(1 + ()[ Mz — ma].
Also, (2.12) can be written as

(2.21) My = g+ ce™™? 4+ dlas + he™ ™ + jMie ™ e ™3,
ie.,

C
. < .
(2.22) My == bdje—1—a2—as

Since ¢ < M3 we get,

T —
1 —bdje-c1—az—a3

(2.23)

Therefore, (2.20) becomes

—« -« c
(2.24) [1—ae” “[M; —mq] <be “?[1+ T bdje_o‘l_‘)‘Q_O‘3][M2 — ma].
Similarly we get,
(2.25) [1— ce™][My — mg] < de”*3[1 4+ H [[M3 — ms]
= 1~ bdje—o1—az—as
and
—a e A
(2.26) [1— he™*3][M3 —mg] < je ™1+ 1M1 — ma].

1 — bdje—o1—aa—as
From (2.24), (2.25) and (2.26) we get,
bdje—c1—02—aa A
M, — < 1
My =] < [1 —ae~ ][l — ce~2|[1 — he—3] <1+ 1-— bdje*m*a?*%]
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C H
(2’27) X [1 + 1— bdje—ou—ozz—as] X [1 + 1— bdje—oa—ozz—as][Ml n ml]‘
Therefore from (2.11) and (2.27), we get My = m;.
Similarly we get My = mg and M3 = ms.
Therefore by applying Lemma 2.5, the result is obtained. O

Example 2.7. Let a,b,c,d, h,j and aq, ag, a3 are as in Example 2.2.
Then (2.10) implies ce~*? = 0.22848279631780705 < 1,

ae” 1 = 0.4615581731933179 < 1, he™* = 0.009607894391523233 < 1.
Also (2.11) implies 0.0003513665471576195 < 1. Therefore (2.10) and (2.11)
hold.

For the initial conditions x_1 = 11.0, zg = 5.0, y_1 = 12.0, yo = 0.2,
z_1 =15.0 and zy = 3.8, we can see that after few iterations x,,y, and z,
stabilizes to 0.4914889223167139, 0.2793453372189754 and
(0.058451770505985656) respectively. Here E(z,y, Z)
= (0.4914889223167139, 0.2793453372189754, 0.058451770505985656). Also
we can see that the solution of (0.1) converges to E(z,y, z).

In the next theorem, we derive conditions for the global asymptotic
stability of the equilibrium solution of (0.1).

Theorem 2.8. Assume (2.1), (2.10) and (2.11) hold. If
ae” 14 ce” 2] 4+ ce2[1 4+ he 3] + he”*3[1 + ae”*| + ache” ¥ e *2e™ 3
+atgpl(l = B)? + A1 - B)> + C(1 - B)’ + H(1 - B)?

(228) +AC(1—B)+CH(1 - B)+ AH(1— B) + ACH] < 1,

where A,C, H are defined as in the proof of Theorem 2.1, then the unique
equilibrium E(Z,y) is globally asymptotically stable.

Proof. We have to only show that E(z,g) is locally asymptotically
stable. The characteristic equation of the Jacobian JF(Z,y) about the
equilibrium point E(Z,y) is given by

N+ X (ae™™ + eV + he ) + N (bdje " F) + AP (bdjze TV 7
+bdjge "tV *+bdjze TV tace Te Y+ahe Te F+che Ve F )+ e TTYF
(—bdjzy — bdjyz — bdjzZ) + e~ *"Y"%(ach + bdjzyz) = 0.
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By Remark 1.3.1 of [15], we write

|bdjze " V%] + |ace Te Y| + |ahe e F| + |che Ve *| + |bdjzye
|bdjyze "V 7F| + |bdjzze "V TF| + |ache TV TE| + |bdjzgze TV
is satisfied whenever

ae” 1 + ce 2] 4 ce=*2[1 + he™ 3] + he~*3[1 4+ ae~ ™|+

N
|
@‘\

(2.29) ache™ e e + Bl+Z+y+ zZ+xy+ yz + 3z + Tyz] < 1.
Since E(Z,y) is the equilibrium point of (0.1), by Theorem 2.1, we get

A
2. T < .
(2.30) Y=1"B

Similarly

C
2.31 g <
(2.31) S
and

H
2.32 z < .
(2:32) “=1_B

Substituting (2.30), (2.31) (2.32) in (2.29) and by Remark 1.3.1 of [15]
we get the result. Therefore by using Theorem 2.6 we obtain the conditions
for global asymptotic stability. a

Example 2.9. Let a,b,c,d, h,j and a1, as, ag are as in Example 2.2. Now
(2.28) implies 0.8128945983253889 < 1. From Example 2.2 and Example
2.7 we can see that all the conditions of Theorem 2.8 are satisfied. Also we
can see that F(z,y, Z)

= (0.4914889223167139,0.2793453372189754, 0.058451770505985656) is a
global attractor.
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