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Abstract

Ahmad, Bhat and Sheikh characterized composite wavelets based
on results of affine and quasi affine frames. We continued their study
and provided the characterization of nonuniform composite wavelets
based on results of affine and quasi affine frames. Moreover all the
nonuniform composite wavelets associated with AB-MRA are charac-
terized on L*(A).
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1. Introduction

Wavelets are defined extensively and studied vigorously on the Euclidean
spaces R. Their characterization on the Hilbert space L?(R) was studied
independently by Wang [17] and Gripenberg [10] in the shape of two basic
equationsusing the techniques of Fourier transform of the wavelet (see also
[7] and [14]). The obtained result was then generalized by Frazier, Garrigos,
Wang, and Weiss [16] for dilation by 2 and by Calogero [5] for wavelets
associated with a general dilation matrix. Bownik [3] used a new approach
to characterize multiwavelets in L2(R). This characterization was attained
with the help shift invariant systems and quasi-affine systems.

The concept of multiresolution analysis (MRA) is heart value of wavelets.
It is a fact that wavelets are generated from MRA. But this not the case
with all recipes. It were Gripenberg [10] and Wang [17] who proved that
a wavelet arises from an MRA if and only if its dimension function is 1
a.e. Calogero and Garrigos [6] gave a characterization of wavelet families
arising from biorthogonal MRAs of multiplicity d. This result was later on
modified by Bownik and Garrigos in [4], where they provided this charac-
terization in terms of the dimension function. More results in this direction
are obtained in [2, 15] and the references therein. But in all these cases,
the translation set is always a group. Recently, Gabardo and Nashed in
[8, 9] defined a multiresolution analysis associated with a translation set
{0,7/N} + 2Z, where N > 1 is an integer, 1 < r < 2N — 1,7 is an odd
integer and r, N are relatively prime, a discrete set which is not necessarily
a group. They call this an NUMRA. As, the case N = 1 reduces to the
standard definition of MRA with dyadic dilation.

Guo, Labate, Lim, Weiss, and Wilson [11, 12, 13] introduced the theory
of composite dilation wavelets and detailed the extension of a multiresolu-
tion analysis (MRA) to this setting. Let f; € L?(A). Then the nonuniform
affine systems with composite dilations are defined by

FAB:{DanT)\fg2)\EA,bEB,CLEA,EZ1,2,...,2N—1},

where the Translation operator T is defined by T)\f(z) = f(z — A), Di-
lation operator by Dof(z) = |deta|"2f(a"'z). A C GL,(R) consist
of elements having some expanding properties and B C GL,(R) consist
elements having determinant of absolute value one. By choosing fs, A, B,
appropriately, F'4p can be made orthonormal basis or more generally a Par-
seval frame for L2(A). Here we call F' = {f1, f2,..., fan_1} an orthonormal
AB-multiwavelet or a Parseval Frame AB-multiwavelet. For L = 1, i.e.,
when we have single generator, we have wavelet instead of multiwavelet.
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Recently Ahmad et.al obtained the characterization of wavelets associ-
ated with the composite dialtion MRA on L?(R). We used their technique
to obtain the characterization of nonuniform wavelets associated with AB-
MRA on L?(A). This paper is organised in the following manner. In Sec-
tion 2, we recall some basic results and use them to characterize composite
wavelets. Here we also give another characterization of these wavelets. In

Section 3, we characterize the wavelets associated with the AB-MRA on
L2(M).

2. Characterization of Nonuniform Composite Wavelets

For an integer N > 1 and an odd integer r with 1 < r < 2N — 1 such that
r and N are relatively prime, we define

T rk
A= — 2Z =3 — +2n: Z,k=0,1;.
{O,N}+ {N—l—nne K O,}

It is easy to verify that A is not necessarily a group nor a uniform
discrete set, but is the union of Z and a translate of Z. Moreover, the set
A is the spectrum for the spectral set I' = {O, %) U {%, %) and the pair
(A,T) is called a spectral pair [8,9].

Definition 2.1. Let F = { fLre f2N—1} be a finite family of func-
tions in L?(A). The affine system generated by F is the collection

X(F) = {frja@) = @[ (A B 2 = )\),j € ZAEAT< <N -1,1<m < M, }

where M = min{r : r > 1,r € Z}, with the assumption B" = I, A is
an m x n expansive real matrix with eigenvalues A satisfying |[A\| > 1, B
is a rotation matrix, AB™X € A(VXA € A,1 < m < M). It is clear that
X(F) = D;T\f*(z). The quasi-affine system generated by F is

X(F):{ffl’j’A:jGZ,)\GA,1§€§2N—1,1§m§M},
where

DDy Ty fi(x) = ¢/ f* (AT B = \), j>0,

f{A(l“) =

@?T\D;Dp, f'(z) = qj/zfé(Aij(x - ’\))’ <0
(2.1)
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We say that F is a set of basic wavelets of L?(A) if the affine system
X (F) forms an orthonormal basis for L?(A).

Definition 2.2. A subset X of L?(A) is called a Bessel family if there
exists a constant b > 0 such that

(2.2) ST < beHz forall f e L2(A).

neX

If, in addition, there exists a constant a > 0,a < b such that
2 2
@3)  af = P g foran fe (),
neX

then X is called a frame. The frame is tight if we can choose a and b such
that @ = b. The affine system X (F) is an affine frame if (2.3) holds for
X = X(F). Similarly, the quasi-affine system X (F) is a quasi-affine frame
if (2.3) holds for X = X(F).

Theorem 2.3 [16]. Let F = {fl,fg,...,ng_l} be a finite subset of
L?(A). Then

(a) X(F) is a Bessel family if and only if X(F) is a Bessel family.
Furthermore, their exact upper bounds are equal. (b) X(F') is an affine
frame if and only if X(F) s a quasi-affine frame. Furthermore, their lower
and upper exact bounds are equal.

Definition 2.4. Given {t; : i € N} C 12(A), where t; are orthogonal,
define the operator H : [2(A) — [?(N) by

H(v) = ((0,t:))en for v = (v(A))AeA e 2(A).

If H is bounded then G = H*H : I2(A) — [?(A) is called the dual

Gramian of {¢; : i € N}. Observe that G is a non negative definite operator
on [?(A). Also, note that for \,v € A, we have

(Ger,en) = (Hey, Hey) = 3 t:(\E(D),
ieN
where {e; : i € N} is the standard basis of I2(A).

Theorem 2.5 [16] Let {g; : i € N} C 12(A) and for a.e. ¢ € T®, let G({)
denote the dual Gramian of {t; : i € N} C 12(A). The system of translates
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{Thgi : A € A,i € N} is a frame for L*(A) with constants a and b if and
only if G(C) is bounded for a.e. ( € T™ and

oo < (@) <tfof] orvea)ac, cen

that is, the spectrum of G(C) is contained in [a,b] for a.e. ¢ € T™.

Lemma 2.6. Suppose that F = {fl,fQ, .. .,fQN_l} C L?(A). The affine

system X (F) is orthonormal in L?(A) if and only if for 7 > 0 and 1 <
0,0 <2N —1,

M
24D 3 FUCHNF (A9B(C+ V) = 80005,00m,0, for ae. ¢ € A.
m=1 \eA

Proof. By a simple change of variables, one can observe that for j,j’ €
Z AN eN1<0V<2N—-1and1<m,m <M,

l ¢
(Fhrions P o) = 00,0351 3 B

is equivalent to

¢ 4
<fm,j,A> f0,0,0> = 0,¢01,001,00m,0-

Taking any j > 0,A € A,1 </, ¢/ <2N —1and 1 <m < M, we have
by Plancherel’s formula

<f ,J,Avf000> = <f ,va000>
_ /q—j/QfZ(A*—jB*—mC)e—27riA**jB**mk§flw—(<)dC
A
= g [ e (B

o I I

gEA

= ¢ /I‘n {Z Fi¢+o)ft (B*mA*j(C + 0))} e 2N

oc€EA
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If < o gj070> = 80.00;,00500m,0 for all j > 0,A € A1 < 6,0 <

m

2N — 1,1 <m < M, then the L*(T™) functions

K(Q) =Y f{(C+o)f" (BmAsi(C +0))

oEA

has the property that its Fourier coefficients are all zero except for the
coefficient corresponding to A = 0, which is 1 if j = 0 and ¢ = ¢'. Hence,
K(¢) = dppdjo for a.e. ¢ € T™ Conversely, if K({) = dp¢dj0, then
the same calculation shows that <ffn7j’>\,f§:070> = 00,005,00,00m,0.- This
completes the proof of Lemma.

Suppose F = {fl,f2,...,f2N*1} be a finite family of functions in
L?(A). For j > 0and 1 < m < M, let D; be a set of representatives of
distinct cosets of A\ A7B™A. For j < 0, we define D; = {0}. Since the
quasi affine system X (F') is invariant under integer, we have

X(F) = {{T)\g Aedge A},

(2.5) .A::{f£17j,d:jEZ,d€Dj,1§€§2N—1,1§m§M}.

The dual Gramian G(¢) of the quasi affine system X (F) at ¢ € T™ is
defined as the dual Gramian of {(Q(C + )\)>>\€A 1g € .A} C I2(A), where A
is defined by (2.5). We now compute G(¢) in terms of Fourier transforms
of functions in F' and show that it does not depend upon the choice of

representatives D;.
For 0 € A\ ABA, define the function

2N—-1 M o

(26) t,(Q)= Y > 3 F(aTB) (A B¢ + ), C €A

¢=1 m=15=0

Lemma 2.7. Let F = {fl,fQ,...,fQNfl} c L%*(A) and G(¢) be the dual
Gramian of X(F) at ( € T™ . Then

2N-1 M

27 (GQener) = > 3 S |F (a7 B¢+ W)

(=1 m=1jcZ

2
, for ¢ €A,
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<G(C)€A7 €u> = tps—mAr—m(y_) (B*_mA*_mCJrB*_mA*_m)\), for A # v € A,
(2.8)

where m = max {j €Z:B MA* (v -\ € A} and the functions t,,o €
A\ ABA, are given by (2.6).

Proof. For \,v € A, we have

(GQexen) = 3 a(CH+NICTY)

geA

IN-1 M R A —
= 2 S H(AIBC A N) f (AT B )
/=1 m=13;<0

-1

2N
2
(=1

f Zfz (A**jB**m(C + A))f‘é(A*ij*fm(C + 1/))
m=1 ;>0

% Z q7j6727l‘idB*_mA*_J(Uf)\)
dEDJ‘

T

2N—-1 M
= Z 3 X F(ATE T N) (4B )

j=—00

where 7 = max {j €Z:B" A I (v-)) € A} and 7 = oo when \ = v.
The sum over D; is equal to 1 if (A —v) € A¥B*™A and 0 otherwise.
Therefore, if A = v, then (2.7) holds. If A # v, then
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= % FAT7 B¢+ V) (AT B¢+ )

— ﬁ/[: ' f@ (A*ij*fm(A*frC + A**’f‘)\))

Xff (A*ij*fm (A*frg + A*—m) 4+ A*fr(l/ _ )\)))

which proves (2.8) and hence completes the proof.

Theorem 2.8. Suppose that F' = {fl, ..., fZNfl} C L%(A). The affine
system X (F) is tight frame with constant 1 for L?>(A) i.e.,

2N—-1 M

)OI B IO BN F -5V

=1 m=1jeZ \eA

2 2
- HfH2 for all f € L2(A)

if and only if the functions f*, f2,..., f2N=1 satisfy the following two con-
ditions:

2N—-1

N M R ) 9
(2.9) > % Z ‘fé(A*ﬂB*mg)‘ =1, forae. (€A,

{=1 m=1;eZ

and
(2.10) tm(¢) =0, fora.e. (€ A,meA\ABA.

In particular, F is a set of basic wavelets of L*>(A) if and only if HfEH2 =1
for£=1,2,--- 2N —1 and (2.9) and (2.10) hold.

Proof. It follows from Theorem 2.3 that X (F') is a tight frame with con-
stant 1 if and only if X (F) is a tight frame with constant 1. By Theorem
2.5, this is equivalent to the spectrum of G(C ) consisting of a single point
1, i.e., G(¢) is identity on [2(A) for a.e. ¢ € T®. By Lemma 2.7, this is
equivalent to the fact that Egs. (2.9) and (2.10) hold. The second assertion
follows since a tight frame X (F') with constant 1 is an orthonormal basis



Characterization of nonuniform wavelets associated with ... 617

if and only if Hszz =1for ¢ =1,2,---,2N — 1 (see Theorem 1.8, section
7.1 in [12]). This completes the proof.

Theorem 2.9. Suppose that F = {fl,fQ, . .,f2N_1} C L?(A). Assume
that X (F') is a Bessel family with constant 1. Then the following are equiv-
alent: (a) X(F) is a tight frame with constant 1. (b) F satisfies equality
(2.9). (¢c) F satisfies

2N—-1 2d§

i

(2.11)

for some quasi-norm p associated with B* A*.

Proof. It is obvious from Theorem 2.8 that (a) = (b). To show (b) implies
(c), assume that (2.10) holds. Then, since {A*jB*mS 1<m<M,jeZ}
is a partition of A (modulo sets of measure zero), for any S C A, we have

i 2 ¢
p(C)

2N—-1 2d< 2

5 Jrpsl€

m=1 jcZ

ON-—1
¢

- /S Z ) ’fZ(A*JB*mC)’ 2(0)

=1 m=1jeZ
= 1.

To prove (c¢) = (a), we assume that (2.11) holds. Since X (F') is a Bessel
family with constant 1, so is X (F), by condition (a) of Theorem 2.3. Let
G(¢) be the dual Gramian of X (F) at ¢ € T®. By Theorem 2.5, we have
|IG(¢)|| <1 for a.e. ¢ € T™. In particular, |G(¢)ex|| < 1. Hence,

12 [ = (@) - 3 [(60me)

(2.12)
By Lemma 2.7, we have

2

- (@i

2N21§

S| (4B ) <1 foraen, ceT
=1 m=1jeZ



618 M. Y. Bhat, S. Rafiq, M. A. Lone and A. A. Bhat

Hence,

1= / 2%_:1 % > ]ff(A*JJB?*”‘(C))\2 s </ ey
S =1 m=1ez p(¢) ~ Jp p(C)
From this it follows that Y2N 'y M v \ f(ABm)| =1 for
a.e. ¢ € D and hence for a.e. ( € A. This means that equation (2.9) holds.
~ 2
<G(C)€)\,ey> — 1 forall A € A. Thus,

by (2.12), it follows that <C~¥(C)6A,ey> = 0 for A # v so that G(¢) is the

identity operator on I2(A). Hence, by Theorem 2.5, X (F) is a tight frame
with constant 1. Therefore, X (F) is also a tight frame with constant 1, by
Theorem 2.3. This completes the proof.

In the consequence of above theorem, we provide a new characterization
of wavelets.

‘ 2

By Lemma 2.7 and equality (2.9),

Theorem 2.9. Suppose F = {fl,fz,...,sz_l} C L2(A). Then the
following are equivalent:

(a) F is a set of basic wavelets of L?(A).

(b) satisfies (2.4) and (2.9).

(c) satisfies (2.4) and (2.11).

Proof. It follows from Theorem 2.8 and Lemma 2.7 that (a)=-(b)=(c).We
now prove that (c) implies (a). Assume that F satisfies (2.4) and (2.11).
The equation (2.4) implies that X (F) is an orthonormal system, hence it
is a Bessel family with constant 1. By Theorem 2.8 and (2.11), X (F) is
a tight frame with constant 1. Since each f¢ has L? norm 1, it follows
that X (F) is an orthonormal basis for L2(A). That is, F is a set of basic
wavelets of L2(A).

3. Characterization of Composite MRA Wavelets

As usual, we construct wavelets from multiresolution analysis(MRA).
Definition 3.1. A closed subspaces sequence {V;};cz of L?(A) is called
a nonuniform AB-multiresolution analysis or nonuniform composite mul-
tiresolution analysis with A and B same as in Section 2, if the following
conditions are satisfied:

(1) VjCVju, Vj€Z

(2) Ujez Vi = L*(M);
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(3) NyezV; = (0}
(4)  f(z) € V;if and only if f(2NAzx) € Vjyiq;

(5) there exists a function g(x) € Vp, such that {gosx}rea is an orthonor-
mal basis of Vj, in addition, Vp = @z]:VflVoyg, where {Vp¢}i<e<on—1 are
mutually orthogonal. Here function g(x) is called the scaling function (or
generator).

Let F = {fl,fQ, .. .,fQN_l} be a set of basic wavelets of L?(A). We
define the spaces Wj,j € Z, by W; = W{ffmj«\ 1<l <2N-1,1<
m < M,\ € A}. We also define V; = @y,«jWy,,j € Z. Then it follows
that {V} : j € Z} satisfies the properties (a)-(d) in the definition of a MRA.
Hence, {V; : j € Z} will form a MRA of L%(A) if we can find a function
g € L?(A) such that the system {g(z — \) : A € A} is an orthonormal basis
for V. In this case, we say that F is associated with a MRA, or simply
that F' is a MRA-wavelet.

Now suppose that {fl,fz, e ,szfl} is a set of basic wavelets for
L%(A) associated with a MRA {V; : j € Z}. Let g € L?(A) be the corre-
sponding scaling function. Then in view of [1], we have

M

(3.1) g(Aflx) = Z Z dl,m,,\g(Bmx — )\),

m=1\eA

for any {di mx}1<m<mrenr € I2(Ng). Taking Fourier transform of equation
(3.1), we get

(3:2) g(A7¢) = 5 1 (©3(B™¢),
m=1
where

™M (¢) = > dimpe 2T
AeA

is an integral periodic function in L°(T™). Also, since {f!, f2,..., f2V-11
are the wavelets associated with a MRA corresponding to the scaling func-
tion g, there exist integral-periodic functions hgnz), 1<m<M1<i<

2N — 1, such that the matrix

M™(¢) = [p{7) (¢ + 52)}?,;0
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is unitary for a.e. ¢ € [0,27] and
M
(33) F(a7¢) = X2 P ©a(B ),

where

Hence, by (3.2), we have

IN—1 2

M
a(a ) + > > 7a(5)

SRS A O (B )

il -

M 5 [2N-1 5
> lo(B9) ( > [P ) .
Since M(™)(¢) is unitary for each m,1 < m < M, we have

5 2N-1 , M )
o+ 5 e - 3 o)

Thus equality holds for for a.e, { € A. Hence, we have

~ 2 M ~ * XM 2 = l * XM 2
9O = > (|a(aB ™) [ + > |ff(a B¢
/=1

Iterating for any integer N > 1, we get,

. 2:M A*N*m22N_1N£*j*m
OF = [|a(aB )| + > > f (4B ) |-

=1 j=1

Since [§(¢)]* < 1, the sequence {Y2N 1M S ff(A*jB*mC) :
N > 1} of real numbers is increasing and is bounded by 1, hence it con-

: M ~ *N pxm 2 :
verges. Therefore imy_,o0 Y 11 g(A B C)‘ also exists. Now

>

a4 B ¢ = [ 1(OP dG — 0as N = .
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Hence, by Fatou’s Lemma, we have

lim

[ i3 A*NB*mC> ‘2 ¢ = 0.

" a7 5)

. . M ~ *N D*xm 2
This shows that imy_co > rm—1 g(A B ()’ = 0. Hence, we get

2;21751:1?:1’#(14”3%0)

Since {g(z—M) : A € A} is an orthonormal system, we get for a.e. ¢ € A,

2N-1 M oo

1= lg¢+NP= > ZZZW(A*JB*’”CJM\))’

AEA =1 m=1j=1XeA

Definition 3.2. Suppose F' = {f1, f2,..., f2N=11 is a set of basic wavelets
for L2(A). The dimension function of F is defined as

2N-1 M oo

(3.4) S ‘ff(A*JB*m C+ A))) .

(=1 m=1j=1XcA

Note that if f1, f2,..., f2N=1 € L2(A), then

(3.5)/[07%] Z Z S |74 (4B (4 0) dC Z/ 7(0) 2 d¢ < oo.

m=1j=1 €A

Then Dp is well defined for a.e. ( € A. In particular,
. , 2
T aen ]ff(A*JB*m(g+A))) < oo for ae. ¢ € A. Thus for all j > 1,1 <

(< L,1<m<M,anda.e. ( €A, wecan define the vector Cf,m(C) € 1?(A),
where

() = {F (a7 B ™ (¢+2) : A e A}
Hence, D can also be written as

2N—-1 M oo

(36) D IDIP M [eM(

/=1 m=1j=1
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We have thus proved that if ' = {f!, f2,..., f2N=1} is a set of basic
wavelets associated with a MRA of L2(A), then it is necessary that Dp(¢) =
1 a.e. Our aim is to show that this condition is also sufficient. We will
show that if F' = {f1, f2,..., f?N =1} is a set of basic wavelets of L2(A) and
Dp(¢) =1 a.e., then F is an AB-MRA wavelet. To prove this we need the
following lemma.

Lemma 3.3 For all j > 1,1 < £ < L, and a.e. { € A, we have

2N-1 M oo

(3.7) GO =D 3 S (G0 () Q).

h=1 m=11i=1

Proof. The series appearing in the lemma converges absolutely by (3.5)
for a.e. ¢ € A. We first show that

2N-1 M o~
FATB™) = 3 33N F(ATBTCHN)) FHAT B¢+ V)

h=1 m=1j=1 \€A
(3.8)

(4B*m¢).

Let us denote the series on the right of (3.8) by ijm(g ). Then by using
Lemma 2.6 and equation (2.6), we have
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Gim(Q) = %Zlf"(A*JB*m C+>\) NZ i (A B*m(C + \) f*
(A*]B*mc> B

_ ZZfZ(A*JB*m(C%-)\){ Nz_:i_o: ((C+N) f"(C)}

AEAM=1

-y Y (4B (¢ +2)1a(Q)

AEABAm=1

2N—-1

= > > ZZfE (A9 B*™(C + B*A*N))

h=1 AeAm=11=0
fH(A% B (¢ + B*A*N)) f! (A% B¢

2N—-1

— Z Z Z Zfﬂ A*]+IB*m+1<A* 1B* 1C+>‘))

h=1 AeAm=1i=1

x FH(AS B (A 1B1(C 4 ) fHAY B A1 B1Q)

= G§+1,m+1(A*_lB*_1O-

This is equivalent to G?m(g ) = Gﬁ 1.m—1(A*B*(). Iterating this equa-
tion, we obtain, Gim(C) = Gfm(A*J 1 grem-— 1¢). We now calculate G:‘Lm(C).

We have
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2N—1 M oo
G{.(Q) = Y FUA'B ¢+ ) Z ZZ fr(AxiBm (¢ + \) fh

AEA h=1 m=1i=1

2N-1 M oo

= Y f{ABCc+ABA) Y. YN

AEA h=1 m=1i=1

fh(A*iB*m(A*B*¢ + A*B*)\)) x fh(A*B*™A* B*()

2N—-1 M oo

AEABA h=1 m=1 :1

x fh(A* B*m A* B*()
2N -1

N M oo
= > D> MATB A BY)6i.00m,000n

h=1 m=1i=1
= f{A*B).
Thus Gﬁ(() = f{A*TB*™() ae. ¢ € A. Since <(f(§),§f(§)> is
integral periodic, (3.7) follows. This completes the proof.

Lemma 3.4. Let {vj : j > 1} be a family of vectors in a Hilbert space H
[e.e]
such that (1) Z HV”H =C<oo, (ii) v,= Z<Vme>Vm foralln > 1.

n=1
Let F = spcm{uJ j>1}. Then

aimF =3 o = c.
j=1

Theorem 3.5. A wavelet F = {fl,fg,...,ng_l} C L?(A) is an AB-
MRA wavelet if only if Dp(() =1 for almost every ¢ € A.

Proof. We have already observed that Dp(¢) = 1 for almost every ¢ € A
when F'is an AB-MRA wavelet. We now prove the converse. Assume that
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Dp(¢) = 1 for almost every ¢ € A. Let E be the subset of T™ on which
Dp(Q) is finite and (3.7) is satisfied. Then Cﬁm are well-defined on E. For
¢ € E, we define the space

F(Q) = pan{(fn(Q) s 1 <E<2N 1,1 <m < M,j > 1},

Then, by Lemmas 3.3 and 3.4, we have

2N—-1

N
(3.9) dimF(¢) = >

/=

2

>y |, = Dr() = 1.

m=1j=1

[y

That is, for each ( € E, F(({) is generated by a single unit vector U(().
We now choose a suitable vector. For j > 1, let us define

X, = {c €E:¢t(¢) #0and ¢, (¢) =0, m < j

andlSESQN—l,lngM}
and

X():{CETH:Cj{m(C)#O,VjZI, and1§€§2N—1,1§m§M}.

Then {X; : j = 0,1,2,...} forms a partition of E. Note that X =
{¢ € T™ : Dg(¢) = 0}. So for a.e. ( € E\ Xy, there exists j > 1 such
that ¢ € X; . Hence, there exists at least one £,1 < ¢ < 2N — 1, and one
m,1 < m < M such that gf,m(g) # 0. Choose the smallest such ¢ and m
define

¢l
YO ©

l2

Thus, U(() is well defined and HU(C)le =1 for a.e. ( € T™. We write
U(() = {ur(¢) : ¢ € A}. Now, define §(¢) = ux(¢ — A), where k is the
unique integer in A such that { € T™ + \. This defines § on A.We first
show that g € L?(A) and {g(x — ) : A € A} is an orthonormal system in
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L?(A). We have

>

AL GRS

= / ST 19+ NP d¢

AEA
_ lux (C)[ d¢
2 e
- Lol
.
Thus g € L?(A). Also,
(3.10) S Ia¢+ NP = 3 (O = Ui = 1
AEA AEA

This is equivalent to the fact that {g(z — ) : A € A} is an orthonor-
mal system. We now define VO# = Span{g(zx — A) : A € A}. Let W; =
span{f}, iy 1 <L <2N—1,1 <m < M\ e A} and Vo = &< 0Wj .
If we can show that V" = V{, then it will follow that {V} : j € Z} is the
required MRA .

We first show that Vo# C Vp. It is sufficient to verify that fﬁm’)\ €

VO#,)\EAj<0 1<£<2N—1 1 <m < M. For each j > 1, there exists
a measurable function Z/J m O Tn such that Cj m(Q) = me(()U(C) for a.e.
¢ € T™. That is,

7t (A*jB*m(C + /\)) =4 (OF(C+A) for all ¢ € T A € A.

Therefore, by (3.10), for a.e. ( € T™, we have

(3.11) Z]ff(A*ﬂB*mHA)\ Z)jm] JC+NP = [V ()

This shows that Vﬁm € L%(T™) so that we can write its Fourier series
expansion. Thus, for j > 1, there exists {afm’)\ : A € A} € I2(A) such that
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ijm(g“) = eA afn’j’Ae*%i)‘C, with convergence in L?(T?). Extending V]Zm

integer periodically, we have
(312)  fAB™C) = vl (Q4(C), fora e CEAG>1.
Taking inverse Fourier transform, we get

ffj,fm,0<$) =¢'/? Z aﬁn,j,)\g(c —A), j>1
AEA

Hence, f* =m0 € VO# for j > 1. Moreover, since VO# is invariant under
translations by k,A € A, we have ffmj,)\ € Vo#,j <0ANeANIL<LL
2N —-1,1<m< M.

To show the reverse inclusion, it suffices to show that VO# L Wj, for
j>0.Forj>0,AeA1<l<2N—1,1<m < M, we have

<97 ffl,j,,\> = <§, fr{z,j«\>

= [ aQa (AT B ) e AT
A
(3.13)

= @ [ G ATIO Qe g

= qj/Q/rn Zg B* mA*—](C+n))f€(C+n) —27rz)\cd<-

neA
Using Equation (3.11), we get
2N—-1 M oo

DI NIHEIEDS

(=1 m=1;=1

1

% iz ]fﬂ(A*ﬂB*m §+>\))‘ =1
AEA

m=1j=1
for a. e. ( € A.

Hence, for such ¢ and for all j > 0, there exists jo > 1 such that
(A*jB*mC) # 0. Thus, (3.12) implies that
ff(A*JﬂOB*mg) jom(B* m Ax— Jg) (B*_’”A*—jc). Therefore, for \ €
A, we get

FHATHRB(C 4 N)) = vy (B AT+ A) ) (B AT (¢ + )
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. . T ¢
Using integral periodicity of vj , we get

1
Ve (BT mATIC)

g(BmATI(C+ ) = (AT B ™ (4 N)).

Therefore, using Lemma 2.6, for any h with 1 < A < 2N — 1 and for
1 <m < M, we have

~ *—m p*x—] S _ 1
gg(B A+ A)) C+N = o (B*fmA*ij)
Saen FL(ATHRBEC 4 X)) (¢ + M)
= 0,

since j + jo > 1. Substituting this in (3.12), we get <g, fﬁz,j,/\> = 0 for
j>20Ae A1 <l <2N —-1,1 <m < M. From this we conclude that
VO# C Vo. This completes the proof of theorem. 5
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