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1. Introduction

The celebrated weighted arithmetic-geometric mean (AM-GM) inequality
states as follows:

Theorem 1.1. Let n be a positive integer. For k = 1, 2, . . . , n, let ak ≥ 0
and let νk > 0 satisfy

Pn
k=1 νk = 1. Then, we have

nY
k=1

aνkk ≤
nX

k=1

νkak.(1.1)

One of the consequences of the weighted arithmetic-geometric mean
inequality is the generalized Hölder’s inequality that states as follows:

Theorem 1.2. Let n be a positive integer and pk > 1, k = 1, . . . , n such
that

Pn
k=1

1
pk
= 1. Let µ be a measure on a set Ω and f1, f2, . . . , fn ∈

Lpk(µ). Then, we have Qn
k=1 fk ∈ L1(µ) andZ

Ω

nY
k=1

|fk(t)|dµ(t) ≤
nY

k=1

kfkkpk .(1.2)

S. Furuichi [5] refined (1.1) as follows:

nY
k=1

aνkk + r0

⎛⎝ nX
k=1

ak − n n

vuut nY
k=1

ak

⎞⎠ ≤ nX
k=1

νkak,(1.3)

where r0 = min{νk : k = 1, . . . , n}.
A reverse of inequality (1.3), is given by the well-known inequality

nX
k=1

νkak ≤
nY

k=1

aνkk +R0

⎛⎝ nX
k=1

ak − n n

vuut nY
k=1

ak

⎞⎠ ,(1.4)

where R0 = max{νk : k = 1, . . . , n}.

Ighachane et al. [7] proved a generalized refinement of the weighted
arithmetic-geometric mean inequality as follows:

Theorem 1.3. [7] For k = 1, 2, . . . , n, let ak ≥ 0 and let νk > 0 satisfyPn
k=1 νk = 1. Then for all integers m ≥ 1, we haveµ nY

k=1

aνkk

¶m
+ rm0

⎛⎝ nX
k=1

amk − n n

vuut nY
k=1

amk

⎞⎠ ≤ µ nX
k=1

νkak

¶m
,

where r0 = min{νk : k = 1, . . . , n}.
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This paper is organized as follows. In Section 2, we give further gen-
eralized refinements of the weighted arithmetic-geometric mean inequality.
In Section 3, we apply the main result to prove some new refinements of
the generalized Hölder’s inequality. In Section 4, we prove some new gen-
eralized refinement for certain special functions inequalities.

2. Further generalized refinements of the weighted arithmetic-
geometric mean inequality

To prove the first main result, we need the following theorem obtained by
Manasrah and Kittaneh in [2].

Theorem 2.1. [2] Let φ be a strictly increasing convex function defined
on an interval I. If x, y, z and w are points in I such that

z −w ≤ x− y

where w ≤ z ≤ x and y ≤ x, then

(0 ≤) φ(z)− φ(w) ≤ φ(x)− φ(y).

The first main result in this section is the following theorem.

Theorem 2.2. For k = 1, 2, . . . , n, let ak ≥ 0 and let νk > 0 satisfyPn
k=1 νk = 1. Then for all numbers p ≥ 1, we have

rp0

µµPn
k=1 ak

¶p
− np n

qQn
k=1 a

p
k

¶
≤
µPn

k=1 νkak

¶p
−
µQn

k=1 a
νk
k

¶p

≤ Rp
0

µµPn
k=1 ak

¶p
− np n

qQn
k=1 a

p
k

¶
,

(2.1)

where r0 = min{νk : k = 1, . . . , n} and R0 = max{νk : k = 1, . . . , n}.

Proof. Let x =
Pn

k=1 νkak, y =
Qn

k=1 a
νk
k , z = r0

Pn
k=1 ak, w =

r0n
n
pQn

k=1 ak, z
0 = R0

Pn
k=1 ak and w0 = R0n

n
pQn

k=1 ak. Then based
on inequalities (1.3) and (1.4), we have

z − w ≤ x− y ≤ z0 − w0.
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Set φ(t) = tp, t ≥ 0. The first and the second inequalities in (2.1) follow
directly by applying Theorem 2.1 to the inequalities z − w ≤ x − y, with
w ≤ z ≤ x, y ≤ x and x−y ≤ z0−w0 with y ≤ x ≤ z0, w0 ≤ z0, respectively.
This completes the proof. 2

Lemma 2.1. [7] Let n and m be two integers and let ai ≥ 0. Set i0 := m,
in := 0 and

A := {(i1, . . . , in−1) : 0 ≤ ij ≤ ij−1, 1 ≤ j ≤ n− 1}.

Then, we have

(
Pn

i=1 ai)
m =

P
(i1,...,in−1)∈A

¡i0
i1

¢¡i1
i2

¢
. . .
¡in−2
in−1

¢
ai0−i11 ai1−i22 . . . a

in−1−in
n

(2.2)

and for all 1 ≤ j ≤ n, it follows that

maj (
Pn

i=1 ai)
m−1 =

P
(i1,...,in−1)∈A

¡i0
i1

¢¡i1
i2

¢
. . .
¡in−2
in−1

¢
(ij−1 − ij)a

i0−i1
1 ai1−i22

. . . a
in−1−in
n .

(2.3)

The second main result in this section is the following theorem which
says that Theorem 2.2 is a further refinement of Theorem 1.3.

Theorem 2.3. For k = 1, 2, . . . , n, let ak ≥ 0. Then for all integers m ≥ 1,
we have

nX
k=1

amk − n n

vuut nY
k=1

amk ≤
µ nX
k=1

ak

¶m
− nm n

vuut nY
k=1

amk .(2.4)

Proof. The inequality (2.4), is equivalent to

µ nX
k=1

ak

¶m
−

nX
k=1

amk ≥ (nm − n) n

vuut nY
k=1

amk .

By Lemma 2.1, we have the following equalityµ nX
k=1

ak

¶m
−

nX
k=1

amk =
X

(i1,...,in−1)∈A

Ã
i0
i1

!Ã
i1
i2

!
. . .
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Ã
in−2
in−1

!
ai0−i11 ai1−i22 . . . ain−1−inn −

nX
k=1

amk .

Let B be a subset of A such thatP
(i1,...,in−1)∈A

¡i0
i1

¢¡i1
i2

¢
. . .
¡in−2
in−1

¢
ai0−i11 ai1−i22 . . . a

in−1−in
n

=
P
(i1,...,in−1)∈B

¡i0
i1

¢¡i1
i2

¢
. . .
¡in−2
in−1

¢
ai0−i11 ai1−i22 . . . a

in−1−in
n +

Pn
k=1 a

m
k .

Hence

1
nm−n

µµPn
k=1 ak

¶m
−Pn

k=1 a
m
k

¶
= 1

nm−n
P
(i1,...,in−1)∈B

¡i0
i1

¢¡i1
i2

¢
. . .
¡in−2
in−1

¢
ai0−i11 ai1−i22 . . . a

in−1−in
n .

(2.5)

We have

X
(i1,...,in−1)∈B

Ã
i0
i1

!Ã
i1
i2

!
. . .

Ã
in−2
in−1

!
= nm − n.

Thus (2.5) is a convex combination of positive numbers. Therefore, by
(1.1),

1

nm − n

Ãµ nX
k=1

ak

¶m
−

nX
k=1

amk

!
≥

nY
i=1

a
αi(m)
i ,

where

αk(m) =
1

nm − n

X
(i1,...,in−1)∈B

Ã
i0
i1

!Ã
i1
i2

!
. . .

Ã
in−2
in−1

!
(ik−1 − ik)

for all 1 ≤ k ≤ n. It is immediate that

αk(m) =
1

nm − n

X
(i1,...,in−1)∈A

Ã
i0
i1

!Ã
i1
i2

!
. . .

Ã
in−2
in−1

!
(ik−1 − ik)−

m

nm − n
.

By Lemma 2.1, we have αk(m) =
m
n for all k = 1, 2, . . . , n.

Thus

(nm − n) n

vuut nY
k=1

amk ≤
µ nX
k=1

ak

¶m
−

nX
k=1

amk .

This completes the proof. 2

The following corollary is a consequence of Theorem 2.2.
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Corollary 2.1. For k = 1, 2, . . . , n, let ak ≥ 0 and let νk > 0 satisfyPn
k=1 νk = 1. Then for all numbers p ≥ 1, we have

nY
k=1

aνkk + rp0

⎛⎝µ nX
k=1

a
1
p

k

¶p
− np n

vuut nY
k=1

ak

⎞⎠ ≤ µ nX
k=1

νka
1
p

k

¶p
≤

nX
k=1

νkak,

where r0 = min{νk : k = 1, . . . , n}.

Moreover, if we set f(p) :=

µPn
k=1 νka

1
p

k

¶p
, p ≥ 1. Then f is a decreas-

ing function and we have

lim
p→∞

f(p) =
nY

k=1

aνkk .

Proof. By Theorem 2.2, we have

nY
k=1

aνkk + rp0

⎛⎝µ nX
k=1

a
1
p

k

¶p
− np n

vuut nY
k=1

ak

⎞⎠ ≤ µ nX
k=1

νka
1
p

k

¶p
.

It is well-known (see, e.g., [6, p. 13, p. 26]) that f is a decreasing function
and that

lim
p→∞

f(p) =
nY

k=1

aαkk .

This ends the proof. 2

3. New refinements of the generalized Hölder’s inequality

For the remainder of this paper, let A be as in Lemma 2.1 and I =
(i1, . . . , in−1) ∈ A, we denote CI by CI :=

¡i0
i1

¢¡i1
i2

¢
. . .
¡in−2
in−1

¢
, where

¡ik−1
ik

¢
is

the binomial coefficient.

Concerning the generalized Hölder’s inequality, we establish the follow-
ing result.

Theorem 3.1. Let µ be a measure on a set Ω and n be a positive integer.
For pk > 1, k = 1, . . . , n such that

Pn
k=1

1
pk
= 1, let f1, f2, . . . , fn ∈ Lpk(µ).
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Then for all integers m ≥ 2, the inequalities

R
Ω

Qn
k=1 |fk(t)|dµ(t) + rm0

ÃP
I∈ACI

Qn
k=1 kfkk

1− pk(ik−1−ik)
m

pk

R
Ω

Qn
k=1 |fk(t)|

pk(ik−1−ik)
m dµ(t) −nmQn

k=1 kfkk
1− pk

n
pk

R
Ω

Qn
k=1 |fk(t)|

pk
n dµ(t)

¶

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 kfkk

1−pk(ik−1−ik)
m

pk

R
Ω

Qn
k=1 |fk(t)|

pk(ik−1−ik)
m dµ(t) ≤ Qn

k=1 kfkkpk

hold, where r0 = min{ 1pk : k = 1, . . . , n}.

Proof. Choose for k = 1, . . . , n, ak =
|fk(t)|pk
kfkk

pk
pk

, and νk =
1
pk
. Then by

Corollary 2.1, we haveQn

k=1
|fk(t)|Qn

k=1
kfkkpk

+ rm0

ÃµPn
k=1

|fk(t)|
pk
m

kfkk
pk
m
pk

¶m
− nm n

rQn
k=1

|fk(t)|pk
kfkk

pk
pk

!
≤µPn

k=1
1
pk

|fk(t)|
pk
m

kfkk
pk
m
pk

¶m
≤Pn

k=1
1
pk

|fk(t)|pk
kfkk

pk
pk

.

Therefore, we have

R
Ω

Qn
k=1 |fk(t)|dµ(t) + rm0

Qn
k=1 kfkkpk

ÃµR
Ω

³Pn
k=1

|fk(t)|
pk
m

kfkk
pk
m
pk

¶m
dµ(t)

−nmQn
k=1 kfkk

−pk
n

pk

R
Ω

Qn
k=1 |fk(t)|

pk
n dµ(t)

¶
≤Qn

k=1 kfkkpk
µR

Ω

³Pn
k=1

1
pk

|fk(t)|
pk
m

kfkk
pk
m
pk

¶m
dµ(t)

¶
≤ Qn

k=1 kfkkpk .

Then by Lemma 2.1, we get
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R
Ω

Qn
k=1 |fk(t)|dµ(t) + rm0

ÃP
I∈ACI

Qn
k=1 kfkk

1− pk(ik−1−ik)
m

pk

R
Ω

Qn
k=1 |fk(t)|

pk(ik−1−ik)
m dµ(t) −nmQn

k=1 kfkk
1− pk

n
pk

R
Ω

Qn
k=1 |fk(t)|

pk
n dµ(t)

¶

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 kfkk

1− pk(ik−1−ik)
m

pk

R
Ω

Qn
k=1 |fk(t)|

pk(ik−1−ik)
m

dµ(t) ≤ Qn
k=1 kfkkpk .

This ends the proof. 2

For the discrete case, we have the following theorem.

Theorem 3.2. Let n,N be two integers and {Qj,k} ⊂ R, where
k = 1, 2, . . . , n and j = 1, 2, . . . ,N . Let pk > 1 such that

Pn
k=1

1
pk
= 1,

then the inequalitiesPN
j=1

¯̄̄̄ Qn
k=1Qj,k

¯̄̄̄
+ rm0

⎛⎝P
I∈ACI

Qn
k=1

µPN
j=1 |Qj,k|pk

¶ 1
pk
− (ik−1−ik)

m

PN
j=1

Qn
k=1 |Qj,i|

pk(ik−1−ik)
m −nmQn

k=1

µPN
j=1 |Qj,k|pk

¶ 1
pk
− 1
n

PN
j=1

Qn
k=1 |Qj,k|

pk
n

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1

µPN
j=1 |Qj,k|pk

¶ 1
pk
− (ik−1−ik)

m

PN
j=1

Qn
k=1 |Qj,i|

pk(ik−1−ik)
m

≤ Qn
k=1

µPN
j=1 |Qj,k|pk

¶ 1
pk

are valid, where r0 = min{ 1pk : k = 1, . . . , n}.

4. Applications to refine certain inequalities for well-known
special functions.

In this section, we apply Theorems 3.1 and 3.2 to refine some inequalities
for the extended Gamma function, the Nielsen’s β-function, the s-extension
of Nielsen’s β-function, the derivatives of the s-extension of Nielsen’s β-
function, and the (q, s)-Polygamma functions.
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4.1. Refinement to the extended Gamma function inequality

In 1994, Chaudhy and Zubair [3] introduced the extended gamma function
by setting

Γω(x) :=

Z +∞

0
tx−1e−t−wt

−1
dt, Re(x) > 0, w ∈ (0,+∞).

Akkouchi and Ighachane [1], proved the following theorem.

Theorem 4.1. Let p, q > 1, be real numbers satisfying 1
p +

1
q = 1. Then

for all real number x, y ∈ [0,∞), and all integers m ≥ 2 we have

Γω

µ
x
p +

y
q

¶
≤
µ

1
pm +

1
qm

¶
Γω(x)

1
pΓω(y)

1
q

+
Pm−1

k=1

¡ k
m

¢
1

pkqm−kΓω(x)
1
p
− k
mΓω(y)

1
q
− (m−k)

m × Γω
µ

k
mx+ m−k

m y

¶
≤ Γω(x)

1
pΓω(y)

1
q .

By using Theorem 3.1, we obtain the following inequalities, for the
extended gamma function.

Theorem 4.2. Let pk > 1 for k = 1, 2, . . . , n with
Pn

i=1
1
pk
= 1 and xk ≥ 0.

Then for all integers m ≥ 2, we have
Γω

µPn
k=1

1
pk
xk

¶
+ rm0

µP
I∈ACI

Qn
k=1 Γω(xk)

1
pk
− ik−1−ik

m

Γω

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1 Γω(xk)
1
pk
− 1
nΓω

µPn
k=1

1
nxk

¶¶
≤PI∈ACI

1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 Γω(xk)

1
pk
− ik−1−ik

m Γω

µPn
k=1

(ik−1−ik)xk
m

¶
≤ Qn

k=1 Γω(xk)
1
pk ,

where r0 = min{ 1pk , k = 1, . . . , n}.

Proof. To apply Theorem 3.1, we set Ω := (0,+∞) and take the measure
dµ(t) := e−t−ωt

−1
dt. Then we choose fk(t) = t

1
pk
(xk−1), for k = 1, 2, . . . , n.

Hence we have the following equalities:Z
Ω

nY
k=1

|fk(t)|dµ(t) = Γω
µ nX
k=1

1

pk
xk

¶
,

Z
Ω

nY
k=1

|fk(t)|
pk
n dµ(t) = Γω

µ nX
k=1

1

n
xk

¶
,
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kfkkpk =
∙
Γω(xk)

¸1/pk
and Z

Ω

nY
k=1

|fk(t)|
pk(ik−1−ik)

m dµ(t) = Γω

µ nX
k=1

(ik−1 − ik)xk
m

¶
.

By virtue of Theorem 3.1, we have

Γω

µPn
k=1

1
pk
xk

¶
+ rm0

µP
I∈ACI

Qn
k=1 Γω(xk)

1
pk
− ik−1−ik

m

Γω

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1 Γω(xk)
1
pk
− 1
nΓω

µPn
k=1

1
nxk

¶¶
≤PI∈ACI

1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 Γω(xk)

1
pk
− ik−1−ik

m

Γω

µPn
k=1

(ik−1−ik)xk
m

¶
≤ Qn

k=1 Γω(xk)
1
pk .

This ends the proof. 2

4.2. Refinement to the Nielsen’s β-function inequality

Recall that the Nielsen’s β-function [9] may be defined by

β(x) =

Z 1

0

tx−1

1 + t
dt, x > 0.

Nantomah [9] proved the following theorem involving the function β.

Theorem 4.3. Let p, q > 1, be real numbers satisfying 1
p +

1
q = 1. Then

for all real numbers x, y ∈ (0,∞),

β

µ
x

p
+

y

q

¶
≤ β(x)

1
pβ(y)

1
q .(4.1)

By using Theorem 3.1, we obtain the following inequalities, for the
Nielsen’s β-function.

Theorem 4.4. Let pk > 1 for k = 1, 2, . . . , n with
Pn

i=1
1
pk
= 1 and xk ≥ 0.

Then for all integers m ≥ 2, we have



A new refinement of the generalized Hölder’s inequality with ... 653

β

µPn
k=1

1
pk
xk

¶
+ rm0

µP
I∈ACI

Qn
k=1 β(xk)

1
pk
− ik−1−ik

m

β

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1 β(xk)
1
pk
− 1
nβ

µPn
k=1

1
nxk

¶¶
≤PI∈ACI

1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 β(xk)

1
pk
− (ik−1−ik)

m β

µPn
k=1

(ik−1−ik)xk
m

¶
≤ Qn

k=1 β(xk)
1
pk ,

where r0 = min{ 1pk , k = 1, . . . , n}.

Proof. To apply Theorem 3.1, we set Ω := (0, 1) and take the measure

dµ(t) := 1
t(t+1)dt. Then we choose fk(t) = t

1
pk

xk , for k = 1, 2, . . . , n. After
easy computations, we have the following equalities

Z
Ω

nY
k=1

|fk(t)|dµ(t) = β

µ nX
k=1

1

pk
xk

¶
,

Z
Ω

nY
k=1

|fk(t)|
pk
n dµ(t) = β

µ nX
k=1

1

n
xk

¶
,

kfkkpk =
∙
β(xk)

¸1/pk
and Z

Ω

nY
k=1

|fk(t)|
pk(ik−1−ik)

m dµ(t) = β

µ nX
k=1

(ik−1 − ik)xk
m

¶
.

By using Theorem 3.1, we have

β

µPn
k=1

1
pk
xk

¶
+ rm0

µP
I∈ACI

Qn
k=1 β(xk)

1
pk
− ik−1−ik

m

β

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1 β(xk)
1
pk
− 1
nβ

µPn
k=1

1
nxk

¶¶

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 β(xk)

1
pk
− (ik−1−ik)

m β

µPn
k=1

(ik−1−ik)xk
m

¶

≤ Qn
k=1 β(xk)

1
pk .

Which is the desired inequalities. 2
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4.3. Refinements to the s-extension of Nielsen’s β-function in-
equality

The s-extension of Nielsen’s β-function [9], is given by

βs(x) =

Z 1

0

t
x
s
−1

1 + t
dt, x > 0.

Nantomah et al. [9] proved the following theorem involving the function
βs(x).

Theorem 4.5. Let p, q > 1, be real numbers satisfying 1
p +

1
q = 1. Then

for all real numbers x, y ∈ (0,∞),

βs

µ
x

p
+

y

q

¶
≤ βs(x)

1
pβs(y)

1
q .(4.2)

By using Theorem 3.1, we obtain the following inequalities, of the s-
extension Nielsen’s β-function.

Theorem 4.6. Let pk > 1 for k = 1, 2, . . . , n with
Pn

i=1
1
pk
= 1 and xk ≥ 0.

Then for all integers m ≥ 2, we have
βs

µPn
k=1

1
pk
xk

¶
+ rm0

µP
I∈ACI

Qn
k=1 βs(xk)

1
pk
− ik−1−ik

m

βs

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1 βs(xk)
1
pk
− 1
nβs

µPn
k=1

1
nxk

¶¶

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 βs(xk)

1
pk
− ik−1−ik

m βs

µPn
k=1

(ik−1−ik)xk
m

¶

≤ Qn
k=1 βs(xk)

1
pk ,

where r0 = min{ 1pk , k = 1, . . . , n}.

Proof. To apply Theorem 3.1, we set Ω := (0, 1) and take the measure

dµ(t) := 1
t(t+1)dt. Then we choose fk(t) = t

xk
spk , for k = 1, 2, . . . , n. Hence

we have the following equalities:Z
Ω

nY
k=1

|fk(t)|dµ(t) = βs

µ nX
k=1

1

pk
xk

¶
,
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Z
Ω

nY
k=1

|fk(t)|
pk
n dµ(t) = βs

µ nX
k=1

1

n
xk

¶
,

kfkkpk =
∙
βs(xk)

¸1/pk
and Z

Ω

nY
k=1

|fk(t)|
pk(ik−1−ik)

m dµ(t) = βs

µ nX
k=1

(ik−1 − ik)xk
m

¶
.

By virtue of Theorem 3.1, we have

βs

µPn
k=1

1
pk
xk

¶
+ rm0

µP
I∈ACI

Qn
k=1 βs(xk)

1
pk
− ik−1−ik

m

βs

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1 βs(xk)
1
pk
− 1
nβs

µPn
k=1

1
nxk

¶¶

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1 βs(xk)

1
pk
− ik−1−ik

m βs

µPn
k=1

(ik−1−ik)xk
m

¶

≤ Qn
k=1 βs(xk)

1
pk .

This ends the proof. 2

4.4. Refinement of inequality involving derivatives of the s-extension
of Nielsen’s β-function

The derivatives of the s-extension of Nielsens β-function [9] is given by

β(N)s (x) =
(−1)N
sN

Z +∞

0

tNe
−xt
s

1 + e−t
dt, x > 0.

Nantomah et al. [9] proved the following theorem involving the function
βs.

Theorem 4.7. Let N be a positive integer, and let p, q > 1, be real num-
bers satisfying 1

p +
1
q = 1. Then for all real numbers x, y ∈ (0,∞),¯̄̄̄
β(N)s (

x

p
+

y

q
)

¯̄̄̄
≤
¯̄̄̄
β(N)s (x)

¯̄̄̄ 1
p
¯̄̄̄
β(N)s (y)

¯̄̄̄ 1
q

.(4.3)

By using Theorem 3.1, we obtain the following inequalities of derivatives
of the s-extension Nielsens β-function.



656Mohamed A. Ighachane, El Hassan Benabdi and Mohamed Akkouchi

Theorem 4.8. Let pk > 1 for k = 1, 2, . . . , n with
Pn

i=1
1
pk
= 1 and xk ≥ 0.

Then for all integers m ≥ 2 and N ≥ 1, we have¯̄̄̄
β
(N)
s

µPn
k=1

1
pk
xk

¶¯̄̄̄
+ rm0

⎛⎝P
I∈ACI

Qn
k=1

¯̄̄̄
β
(N)
s (xk)

¯̄̄̄ 1
pk
− ik−1−ik

m
¯̄̄̄

β
(N)
s

µPn
k=1

(ik−1−ik)xk
m

¶¯̄̄̄
−nmQn

k=1

¯̄̄̄
β
(N)
s (xk)

¯̄̄̄ 1
pk
− 1
n
¯̄̄̄
β
(N)
s

µPn
k=1

1
nxk

¶¯̄̄̄!

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1

¯̄̄̄
β
(N)
s (xk)

¯̄̄̄ 1
pk
− ik−1−ik

m
¯̄̄̄
β
(N)
s

µPn
k=1

ik−1−ik)xk
m

¶¯̄̄̄

≤ Qn
k=1

¯̄̄̄
β
(N)
s (xk

¯̄̄̄ 1
pk
,

where r0 = min{ 1pk , k = 1, . . . , n}.

Proof. To apply Theorem 3.1, we set Ω := (0,+∞) and take the measure
dµ(t) := tN

sN (1+e−t)dt. Then we choose fk(t) = e
−xkt
spk for k = 1, 2, . . . , n.

Hence we have the following identities:

Z
Ω

nY
k=1

|fk(t)|dµ(t) =
¯̄̄̄
β(N)s

µ nX
k=1

1

pk
xk

¶¯̄̄̄
,

Z
Ω

nY
k=1

|fk(t)|
pk
n dµ(t) =

¯̄̄̄
β(N)s

µ nX
k=1

1

n
xk

¶¯̄̄̄
,

kfkkpk =
¯̄̄̄
β(N)s (xk)

¯̄̄̄1/pk
and Z

Ω

nY
k=1

|fk(t)|
pk(ik−1−ik)

m dµ(t) =

¯̄̄̄
β(N)s

µ nX
k=1

(ik−1 − ik)xk
m

¶¯̄̄̄
.

By virtue of Theorem 3.1, we have
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¯̄̄̄
β
(N)
s

µPn
k=1

1
pk
xk

¶¯̄̄̄
+ rm0

⎛⎝P
I∈ACI

Qn
k=1

¯̄̄̄
β
(N)
s (xk)

¯̄̄̄ 1
pk
− ik−1−ik

m

¯̄̄̄
β
(N)
s

µPn
k=1

(ik−1−ik)xk
m

¶¯̄̄̄
−nmQn

k=1

¯̄̄̄
β
(N)
s (xk)

¯̄̄̄ 1
pk
− 1
n
¯̄̄̄
β
(N)
s

µPn
k=1

1
nxk

¶¯̄̄̄!

≤PI∈ACI
1

p
i0−i1
1 ···pin−1−inn

Qn
k=1

¯̄̄̄
β
(N)
s (xk)

¯̄̄̄ 1
pk
− ik−1−ik

m
¯̄̄̄
β
(N)
s

µPn
k=1

ik−1−ik)xk
m

¶¯̄̄̄
≤ Qn

k=1

¯̄̄̄
β
(N)
s (xk

¯̄̄̄ 1
pk
.

This ends the proof. 2

4.5. Refinement to the Turan-type inequality for the (q, s)-Polygamma
functions

The (q, s)-analogue of the gamma function, Γq,s(x) is defined for x > 0,
q ∈ (0, 1) and s > 0 (see [4], [8] and the references therein).

Γq,s(x) =
1

(1− q)
x
s
−1

+∞Y
k=0

1− q(k+1)s

1− qks+x
,

and the (q, s)-Polygamma functions, ψ
(N)
q,s (x) are defined as follows (see [9]).

ψ(N)q,s (x) = ln(q)
N+1

∞X
k=1

(ks)Nqksx

1− qks
:= ξN(x),

where N ∈ N, and the function

ξβ(x) := ln(q)
β+1

∞X
k=1

(ks)βqksx

1− qks

is defined for all number β ≥ 1 and for all positive number x > 0.

Nantomah [10] proved the following Turan-type inequality involving the

function ψ
(N)
q,k (x).

Theorem 4.9. For k = 1, 2, . . . , n, let pk > 1,
Pn

k=1
1
pk
= 1, nk ∈ N, andPn

k=1
nk
pk
∈ N. Then the inequality

ψ
(
Pn

k=1

nk
pk
)

q,s

µ nX
k=1

1

pk
xk

¶
≤

nY
k=1

µ
ψ(nk)q,s (xk)

¶ 1
pk
,(4.4)

holds for xk > 0.
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By using Theorem 3.2, we obtain the following refinements of the in-
equality (4.4).

Theorem 4.10. For k = 1, 2, . . . , n, let pk > 1,
Pn

k=1
1
pk
= 1, mk ∈ N,

and
Pn

k=1
nk
pk
∈ N. Then for all integers m ≥ 2, and xk > 0, we have

ψ
(
Pn

k=1

nk
pk
)

q,s

µPn
k=1

1
pk
xk

¶
+ rm0

⎛⎝P
I∈ACI

Qn
k=1

µ
ψ
(nk)
q,s (xk)

¶ 1
pk
− ik−1−ik

m

ξ
(
Pn

k=1

(ik−1−ik)nk
m

)

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1

µ
ψ
(nk)
q,k (xk)

¶ 1
pk
− 1
n

ξ(
Pn

k=1

nk
n
)

µPn
k=1

xk
n

¶
≤PI∈ACI

1

p
i0−i1
1 ···pin−1−inn

Qn
k=1

µ
ψ
(nk)
q,s (xk)

¶ 1
pk
− (ik−1−ik)

m

×ξ
(
Pn

k=1

(ik−1−ik)nk
m

)

µPn
k=1

(ik−1−ik)xk
m

¶
≤ Qn

k=1

µ
ψ
(nk)
q,s (xk)

¶ 1
pk
,

where r0 = min{ 1pk , k = 1, . . . , n}.

Proof. To apply Theorem 3.2, let Qj,k =
| ln q|

(nk+1)
pk (ks)

(nk)
pk q

jsxk
pk

(1−qjs)
1
pk

, for

k = 1, 2, . . . , n. After easy computations, we have the following equalities

nY
k=1

µ ∞X
j=1

|Qj,k|pk
¶ 1

pk
=

nY
k=1

µ
ψ(nk)q,s (xk, z)

¶ 1
pk
,

kQj,kk
pk
m
pk =

µ
ψ(nk)q,s (xk, z)

¶ 1
m

,

+∞X
j=1

¯̄̄̄ nY
k=1

Qj,k

¯̄̄̄
= ψ

(
Pn

k=1

nk
pk
)

q,s

µ nX
k=1

1

pk
xk, z

¶
,

NX
j=1

nY
k=1

|Qj,k|
pk
n = ξ(

Pn

k=1

nk
n
)

µ nX
k=1

xk
n

¶
and

+∞X
j=1

nY
k=1

|Qj,k|
pk(ik−ik−1)

m = ξ
(
Pn

k=1

(ik−1−ik)nk
m

)

µ nX
k=1

(ik−1 − ik)xk
m

¶
.
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By virtue of Theorem 3.2, we have

ψ
(
Pn

k=1

nk
pk
)

q,s

µPn
k=1

1
pk
xk

¶
+ rm0

⎛⎝P
I∈ACI

Qn
k=1

µ
ψ
(nk)
q,s (xk)

¶ 1
pk
− ik−1−ik

m

ξ
(
Pn

k=1

(ik−1−ik)nk
m

)

µPn
k=1

(ik−1−ik)xk
m

¶
−nmQn

k=1

µ
ψ
(nk)
q,k (xk)

¶ 1
pk
− 1
n

ξ(
Pn

k=1

nk
n
)

µPn
k=1

xk
n

¶
≤PI∈ACI

1

p
i0−i1
1 ···pin−1−inn

Qn
k=1

µ
ψ
(nk)
q,s (xk)

¶ 1
pk
− (ik−1−ik)

m

×ξ
(
Pn

k=1

(ik−1−ik)nk
m

)

µPn
k=1

(ik−1−ik)xk
m

¶
≤ Qn

k=1

µ
ψ
(nk)
q,s (xk)

¶ 1
pk
.

This ends the proof. 2
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