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Abstract

In this paper, we prove a further generalized refinement of the
weighted arithmetic-geometric mean inequality. As application, we
show a new refinement of the generalized classical Hélder’s inequal-
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1. Introduction

The celebrated weighted arithmetic-geometric mean (AM-GM) inequality
states as follows:

Theorem 1.1. Let n be a positive integer. For k =1,2,...,n, let ap > 0
and let vy, > 0 satisfy > j_; vy = 1. Then, we have

n n
(1.1) H ayF < Z Vi Q.
k=1 k=1
One of the consequences of the weighted arithmetic-geometric mean
inequality is the generalized Holder’s inequality that states as follows:

Theorem 1.2. Let n be a positive integer and py > 1, k = 1,...,n such
that > 5, p%c = 1. Let u be a measure on a set ) and fi, fo,..., fn €

LP+(p). Then, we have [[p_; fx € LY(n) and

(1.2 J, T 1A0uto) < TT 1l

S. Furuichi [5] refined (1.1) as follows:

n n n n
(1.3) Hazk + 79 (Z ap —non Hak) < Zykak,
k=1 k=1 \ k=1 k=1

where ro = min{v, : k =1,...,n}.
A reverse of inequality (1.3), is given by the well-known inequality

n n n n
(1.4) Z Veap < H aZ’“ + Ry (Z ag —mn H ak) s
k=1 k=1 k=1 k=1

where Ry = max{v : k=1,...,n}.
Ighachane et al. [7] proved a generalized refinement of the weighted
arithmetic-geometric mean inequality as follows:

Theorem 1.3. [7] For k = 1,2,...,n, let ar > 0 and let v > 0 satisfy
> k=1 Vk = 1. Then for all integers m > 1, we have

n m n n n m
<HaZk> —i—rgn(ZaZ”—nnHazn)g(ZVkak) ,
k=1 k=1 \ k=1 k=1

where 1o = min{vy : k=1,...,n}.
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This paper is organized as follows. In Section 2, we give further gen-
eralized refinements of the weighted arithmetic-geometric mean inequality.
In Section 3, we apply the main result to prove some new refinements of
the generalized Holder’s inequality. In Section 4, we prove some new gen-
eralized refinement for certain special functions inequalities.

2. Further generalized refinements of the weighted arithmetic-
geometric mean inequality

To prove the first main result, we need the following theorem obtained by
Manasrah and Kittaneh in [2].

Theorem 2.1. [2] Let ¢ be a strictly increasing convex function defined
on an interval I. If x,y,z and w are points in I such that

z—w<lzT—y
where w < z < z and y < x, then
(0<) ¢(2) = p(w) < d(x) = d(y).
The first main result in this section is the following theorem.

Theorem 2.2. For £k = 1,2,...,n, let ap > 0 and let v, > 0 satisfy
Y k=1 vk = 1. Then for all numbers p > 1, we have

(St e T )

p b
(21) < (Ztoman) - (M)
P
< R <(ZZ_1 ak) — 1P {/1k=1 aﬁ) ;
where ro = min{vy : k=1,...,n} and Ry = max{v; : k=1,...,n}.
Proof. Let @ = Yp_jwvkar, ¥y = [lie1art, 2 = 1od jeq G, W =

ron Y/ 11r—yax, 27 = RoY.r_iar and w' = Ron/[}_;ax. Then based

on inequalities (1.3) and (1.4), we have

z—ng—ygz’—w’.
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Set ¢(t) = tP, ¢ > 0. The first and the second inequalities in (2.1) follow
directly by applying Theorem 2.1 to the inequalities z — w < x — y, with
w<z<z,y<zandz—y < —w withy <z <72, w <72, respectively.
This completes the proof. a

Lemma 2.1. [7] Let n and m be two integers and let a; > 0. Set i := m,
in := 0 and

A::{<il,...,in_1):Ogijﬁij_l, 1§j§n—1}.
Then, we have

(Cia)™ = Z(ill,...,in,l)eA (22)(2;)

in—2\ ,l0—1%1 11 —%2 in—1—1tn
(e ey T an

and for all 1 < j < n, it follows that

(2.2)

)" = Y nea ()G - () —dg)ar M ay TP
LLamtiT

ma; (i ai
(2.3)

The second main result in this section is the following theorem which
says that Theorem 2.2 is a further refinement of Theorem 1.3.

Theorem 2.3. Fork=1,2,...,n, let ax > 0. Then for all integers m > 1,
we have

n n n m n
(2.4) Za?—n”ﬂa?ﬁ(Zak‘) —nm”HaZ”.
k=1 k=1 k=1 k=1

Proof. The inequality (2.4), is equivalent to

<éak)m—éa2" > (n™ —n) @'

By Lemma 2.1, we have the following equality

(L) 2= 2 ()

(i1,esin—1)€A



A new refinement of the generalized Hélder’s inequality with ... 647

. n
tn—2\ ig—i1 i1—is in_1—1i Z m
( )CLI a2 PR an" n— ak_ .
k=1

Z‘n—l
Let B be a subset of A such that 4 '
+ Su o oy iy P
S en (D) .. (2P a2 gl
= Y i1,inv)en (1) Gy) - (22)a ™ ay ™2 el + X e

in— 1
Hence

(2.5) Da= ((Zﬁ_l ak)m e azn)

= e S en () el e e

We have
> (?0) @ (m) .
(i17'~-7in71)€B gl 2 In—1

Thus (2.5) is a convex combination of positive numbers. Therefore, by
(1.1),

1 n m n n wslm
nm —n ((Zak) _ZGZL> Z.Hail( )’

k=1

where

B 1 i() 'il Z.nf2 . .
o=, 2 () (e

for all 1 <k <n. It is immediate that

a(m) = nml— n Z C?) <Z> o (Zj) (-1 = k) = nmm— n’

(ilv-wyinfl)eA

By Lemma 2.1, we have a(m) = 2 for all k = 1,2,...,n.
Thus

(n™—mn)r ﬁam < <éak)m—éa$.

This completes the proof. a
The following corollary is a consequence of Theorem 2.2.
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Corollary 2.1. For k£ = 1,2,...,n, let ap > 0 and let vy > 0 satisfy
> k=1 vk = 1. Then for all numbers p > 1, we have

n n 1I\P n n LNP i

1% 7
Lot i (ed) — Mo ) < (5t ) < S
=1 k=1 k=1 k=1 k=1

where 1o = min{vy : k=1,...,n}.
1

1\P
Moreover, if we set f(p) := <ZZ:1 uka,’;> ,p>1. Then f is a decreas-

ing function and we have
n
lim =11 a*.
oo f (p) kl;[l k

Proof. By Theorem 2.2, we have

n n 1\pP n n 1\pP
HaZ’“—H“g (Za};) —np”Hak §<Zuka}j> .
k=1 k=1 k=1 k=1

It is well-known (see, e.g., [6, p. 13, p. 26]) that f is a decreasing function
and that

lim f(p) = H apk.
k=1

p—0o0

This ends the proof. a

3. New refinements of the generalized Holder’s inequality

For the remainder of this paper, let A be as in Lemma 2.1 and I =
(i1, ... ,in—1) € A, we denote Cy by Cf := (;S)(g) .. (zzj), where (““Zgl) is
the binomial coefficient.

Concerning the generalized Holder’s inequality, we establish the follow-
ing result.

Theorem 3.1. Let u be a measure on a set €2 and n be a positive integer.

Forpp > 1, k=1,...,n such that > }_; é =1, let f1, fo,..., fn € LP*(p).
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Then for all integers m > 2, the inequalities

P (i —1 k)

Jo U=t 111 (®)|dp(t) + rg’ (ZzeA Cr Iy | il

Jo Tl 1) 52 ) —nm T, el * S Ty \fk<t>\%du<t>>

1 PeCle—1—%)

<2rea CIW [Tr=1 e llp
1

Pg(ig—1—ig)

Jo =t @)= dp(t) < TTi=1 [|fxllp
hold, where o = min{pik ck=1,...,n}.

Proof. Choose for k =1,...,n, ap = JHJf_l%L’“_’ and v = plk’ Then by

Corollary 2.1, we have

) n 1RO rm e
Alp=7 VRV m WEAD)L _ n
[T, el 0 <<23—1”ﬁ”ﬁ2 (= S

<

(Z” 1mow)m< n 1@

k=1 Dk Pl -
1l il

Therefore, we have

Jo k=1 1 fe@®)]du(t) +rg* Thi=1 | fxllps ((fﬂ (Zk 1 Wk )md,u(t)

| k”pk

" Ty 6l fo Tlims 1)/ dtt) )

<

Tt il Jo (Sior f“gi:) p(t)) < T el

| kak

Then by Lemma 2.1, we get
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pg(ig—1—ik)

Jo izt [f1(®)|dp(t) + 7o’ (ZzeA Cr Il | fillme

Jo T 1O dt) —nm T [ fllee ™ Joy Ty |fk<t>|%du<t>)

Pr(ip—1—ik) P (iK1 —ik)

1-PEVk—1""%)
< Xrea CIW i Wkl ™ Jo k= (@)
1 n

dp(t) < =y [1/xllpe-

This ends the proof. a
For the discrete case, we have the following theorem.

Theorem 3.2. Let n, N be two integers and {Q;} C R, where
k=1,2,...,nand j = 1,2,...,N. Let pr > 1 such that Zzzlﬁ =1,
then the inequalities

R I )

Pk m
k| + 70" (ZIEA CrITiza (Zj-v:l !Qj,k!p’“>

1

1
Pk(kl i) n

P

1Hk Q™ =™ i (Zé‘vz1|Qj,k|pk) *
Zj:l T1p— Q] ™

L (ig—1—k)

<ZzeACIWHk 1 (ZJ 1|ka|p’“>

Pk (f—1—ik) 1 i)

1 Hk 1 |Q] l|
T (SialQui)™

are valid, where rg = min{i ck=1,...,n}.

4. Applications to refine certain inequalities for well-known
special functions.

In this section, we apply Theorems 3.1 and 3.2 to refine some inequalities
for the extended Gamma function, the Nielsen’s S-function, the s-extension
of Nielsen’s S-function, the derivatives of the s-extension of Nielsen’s (-
function, and the (g, s)-Polygamma functions.
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4.1. Refinement to the extended Gamma function inequality

In 1994, Chaudhy and Zubair [3] introduced the extended gamma function
by setting

+o0 _
Ly(z) ::/0 prletmwt ™l gy Re(z) >0, w e (0,400).

Akkouchi and Ighachane [1], proved the following theorem.

Theorem 4.1. Let p,q > 1, be real numbers satisfying % + % = 1. Then
for all real number x,y € [0,00), and all integers m > 2 we have

r(s+t) < (I,Lmﬂ%)rw(x)%rw(y)
+ SR () e e N e )
< T ()7 Tu(y) 7.

Q=

By using Theorem 3.1, we obtain the following inequalities, for the
extended gamma function.

Theorem 4.2. Letp, > 1fork =1,2,...,n with > "
Then for all integers m > 2, we have

— 1p = landzx, > 0.

ip—1—%k

1
Lo Xk= ,%9%) +75 (ZzeA Crllp= Lo(zp)me ™
1 1
T (S s ) [ T T (S ) )

ip—1"tg

EN o
S Lrea Olpioﬂ'l...;infrin [Ti=1 De(g) 7 " FW<ZZ—1 (Zklmlk)xk>
1 n
1
S HZ:l Fw(xk)pk 9

where rg = min{ﬁ, kE=1,...,n}.

Proof. To apply Theorem 3.1, we set ) := (0, +00) and take the measure

1y
du(t) == e t=wt" "dt. Then we choose fr(t) = #pi (@ 1), for k=1,2,...,n
Hence we have the following equalities:

/ li[l\fk(t)\du(t) —r(’;]}kxk)
[ L0 ) = (3 2.
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el = [rute]

and

Lé]ﬁ'ﬂﬁﬂ%ﬁﬁLiﬁma>=I@(§fﬁ%ﬂ;:@Eﬁ)

k=1 k=1 m

By virtue of Theorem 3.1, we have
tp—1 "k

Lol 2k=1 pikxk> + g’ <ZIeA Crllizy Fw(xk)if L
Lo Xh %) —nm [0, Fw(xk)i—%rw<zz_l %%))
<Dea CIW e, Fw(xk)i,%frzk

r, (g i)

1
S H’Z‘L:l F(/J ($k) Pk .

This ends the proof. a

4.2. Refinement to the Nielsen’s g-function inequality

Recall that the Nielsen’s S-function [9] may be defined by

lta:—l
= dt i
B(z) /01+t , >0

Nantomah [9] proved the following theorem involving the function §.

Theorem 4.3. Let p,q > 1, be real numbers satisfying % + % = 1. Then
for all real numbers z,y € (0, 00),

(4.1) /3(§ + g) < B@)¥ B(y)7.

By using Theorem 3.1, we obtain the following inequalities, for the
Nielsen’s S-function.

Theorem 4.4. Letpy > 1fork=1,2,...,n with) ", i =1landxy > 0.
Then for all integers m > 2, we have
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n 1 n Lol
Bl k=1 E“) + g (ZIeA Crllg=1 5($k)p’“ "
1

1 (g—1—ig)

1 | G -

< Yrea cz— [Ties B(ar) ﬁ(z;;:l {aa i
1 n

1

where rg = min{plk, k=1,...,n}.

Proof.  To apply Theorem 3.1, we set 2 := (0,1) and take the measure

a1
du(t) :== (t+1)dt Then we choose f(t) = 7", for k = 1,2,...,n. After
easy computations, we have the following equalities

/ lﬁ|fk<t>|du<t> =5 I;lpikk)

[, L1 aun =p( 3 2o

k=1

il = )] "

and

Lo - o 5 6 0

k=1 k=1

By using Theorem 3.1, we have
k-1

/8(22:1 plka:k) +rd' (ZIGA Crlli= /B(xk)i* m

B ( > k=1 %) —n" [Th=1 B(@%)i%ﬁ( k=1 %%))

1 (g—1—ig)

1 L -
< rea Cr e Tl Blan) (T i)
1 n

i
< [Ti=1 Bzk) P
Which is the desired inequalities. O
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4.3. Refinements to the s-extension of Nielsen’s [-function in-
equality

The s-extension of Nielsen’s S-function [9], is given by

lt—*l
s - dt, .
8,(x) /0 St >0

Nantomah et al. [9] proved the following theorem involving the function

Bs(x).

Theorem 4.5. Let p,q > 1, be real numbers satisfying % + % = 1. Then
for all real numbers z,y € (0, 00),

(4.2) ﬁs(g + Q) < By ()7 Bu(y)7.

q

By using Theorem 3.1, we obtain the following inequalities, of the s-
extension Nielsen’s S-function.

Theorem 4.6. Letpy > 1fork=1,2,...,n with) ;_ 1pr = =1landzxy > 0.

Then for all integers m > 2, we have
k-1

BS<ZZZI émk) +76" (ZIGA Cr k= Bs(xk)if m

B Sy B ) T o) B (S ) )

i—1—k

1 17k . i
<Yrea CIW [Tz Bs(zi)e ™ Bs ( Dk=1 %)
1 Pn

<TI0 B 7,

where rg = min{plk, k=1,...,n}.

Proof. To apply Theorem 3.1, we set Q2 := (0,1) and take the measure

o
du(t) = (t+1)dt Then we choose fi(t) = t=»k, for k = 1,2,...,n. Hence
we have the following equalities:

/H\fk )ldu(t) (ii ).

k=1 Pk
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[ IO an) = 5, 3 2o,

} 1/pg,

and
n P (g —1 %K) _ " ('ik—l — Zk)$k
[, TL@ 5 = . 3 B,

By virtue of Theorem 3.1, we have . '
Yk—1""k

BS<ZZZI émk) +76 (ZIGA Cr k= Bs(xk)if m

; —1iE)T n L1 n
1 k—1i7lk ih_1—ik)T
<>rea CIW [Ti—1 Bs(zr) 7x " ,35(2221 (k_lm k) k)
1 n

L
This ends the proof. a

4.4. Refinement of inequality involving derivatives of the s-extension
of Nielsen’s pg-function
The derivatives of the s-extension of Nielsens S-function [9] is given by

_\N +oo N —xt
B () A 1+€_tdt, x> 0.

Nantomah et al. [9] proved the following theorem involving the function

Bs.

Theorem 4.7. Let N be a positive integer, and let p,q > 1, be real num-
bers satisfying % + % = 1. Then for all real numbers x,y € (0,00),

(4.3) ’ !

s (@)|" 18N (y)

BV + 1) <
p q

By using Theorem 3.1, we obtain the following inequalities of derivatives
of the s-extension Nielsens S-function.
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Theorem 4.8. Letpy > 1fork =1,2,...,n with) ", p =landz; > 0.
Then for all integers m > 2 and N > 1, we have

1 k=17
éN)(zk 1—sck) g (ZIGA CrIlE,

Pk m

BN (24)

1 _ 1

P

) (z’;;_l %xk)

BN ()

)

‘gN)(kaL_l%)‘

BéN) (22_1 (ik1mik)mk) ‘ —n™ I,

1 k-1

Pk

BN ()

1 n
< YreaA Cro=—= k=1
PO ph

1
<TIp |8 (| ™

i

where 19 = min{é, k=1,...,n}.

Proof. To apply Theorem 3.1, we set € := (0, +00) and take the measure

—xpt

—ogt
du(t) = mdt Then we choose fi(t) = e v for k = 1,2,...,n
Hence we have the following identities:
"

k=

/| H a8 da(t)

)

t) = | ( Zn: %W@)

k=1

/le;[l’fk(t)

1/pk
BN (a,)

1fkllow =

and

B ( i (ik—1 — ik)$k> ‘

k=1

[T au(e) =
Q=1

By virtue of Theorem 3.1, we have
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(st )

N) (Zzzl (ik1;ik)$k> ' —nm I,

BN (24)

+ 75" (ZIEA Crlli=1

BN @)™ "

1 k—1"%

BN ()|

8 (S 4 )

BgN) (Zz—l ik1—ik)$k> '

1
<Xrea CIW [Tx=1

< ITk=1 (N)(

This ends the proof. O

xk

4.5. Refinement to the Turan-type inequality for the (¢, s)-Polygamma
functions

The (g, s)-analogue of the gamma function, I'; 4(z) is defined for > 0,
€ (0,1) and s > 0 (see [4], [8] and the references therein).

k+1)s

(
—q
—71 H 1 _qks+a: ’

Custo) = et 11

and the (g, s)-Polygamma functions, wé{}” (x) are defined as follows (see [9]).

k‘S N ksx

w(N)( N+1 Z

where N € N, and the function

55( 5+1 Z

is defined for all number 8 > 1 and for all positive number z > 0.

1_q = ¢{n (@),

ksa:

Nantomah [10] proved the following Turan-type inequality involving the
function ¢(§]\IQ (x).

Theorem 4.9. For k=1,2,...,n, let pp > 1, >3, ﬁ =1, ngy € N, and
> k=13 € N. Then the inequality

(4.4) %,Zk Lk (Z-%) ﬁ <

=1 Pk =1

holds for x;, > 0.
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By using Theorem 3.2, we obtain the following refinements of the in-
equality (4.4).

Theorem 4.10. For k = 1,2,...,n, let p, > 1, Zkl =1, my € N,
and > j_ 17 ”’“ € N. Then for all mtegers m > 2, and zy, > 0 we have

(Z:Z— ) i . N o
sl (z:lm; )%—m (ELEACHIhr1(¢;$R$w> '

k-1t
m

1 _1
f(zn (iklik)"k)<zz—1 %) —n™ HZ:l (@[J((I?J)(xk)) "
k=1
fi (T %)

1 (g_1-ig)
m

1 (nk) Pk
< ZIEA CI i0—i1_in—1—in HZ:I ( q,Sk (xk))
Pq Pn
(fk—1— ’Lk) Tk
>< 1 'L
g(zk 1(k lmk <Zk 1 )

1

< Ty () an)) ™

where 1o = min{é, k=1,...,n}.
(ngp+1) (ng) Jszp
Proof. To apply Theorem 3.2, let Q;r = [Ing| Pk (ks)jk ¢ for
(1—g7%) Pk
k=1,2,...,n. After easy computations, we have the following equalities
n 1
pk Pk
I (me) — T (v e 2)) ™
k=1 k=1

3=

a ()
1Qiklst = (%Zk m,z)) ,

+o0o | mn (zk ln 1
Q, Pk ( —l'k,Z),
N n oy n Th
S IRl =gy o (X %)
=1 k=1 k=1

and

“+o00

n P (ig—ig_1) % 1) " (g—1 — i) Tk
H 1Qj, k| = f(ZZZI (ik—l;ik)"k-) ( Z —)

—1 k=1 k=1 m

<.
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By virtue of Theorem 3.2, we have

(anl ;_k) n m n n p
i (S ) + g (zIeAOIHk_l (4@ ) ™

1 1

tp—1—1k)T m P n
5(22:1 (ik—l;rik)"k) < 22:1 W) -n HZ:l (%fl;f)(l‘k)) *
o mey | Xk T

1 Gg_1—ig)

1 n PL m
< Yrea Cr et i ( é,s%k))
1 n

' . n (ik—1—9%)Zk
Xg(z'l::l (’k—l*lk)”k) <Zk:1 m )

m 1

< Tl (@)™

This ends the proof. a
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