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1. Introduction

This article is dedicated to the Holder regularity conditions for the solu-
tions to the quasi-linear system of elliptic partial differential equations with
singular slow-growing coefficients [1-6]. In our previous works was shown
that such a system has the solutions in Sobolev space [1]; in the present ar-
ticle, the Holder properties of these solutions are studied [47-49], [7-10, 36,
37]. The main goal of this article to establish conditions under which the
solutions to a quasi-linear system of elliptic partial differential equations
belong to the functional Holder space.

Let us consider the quasi-linear system of elliptic partial differential
equations

λuk −
X

i,j=1,...,l

∂

∂xi

Ã
aij(x, �u)

∂

∂xj
uk
!
+ bk(x, �u,∇�u) = fk, k = 1, ..., N(1.1)

where λ > 0 is a real number; the �u is an unknown vector-function of
vector-argument x ∈ Rl, l > 2 and �f = f(x) is given vector-function
f ∈ Lp ∩ L∞. The �b(x, u,∇u) is given vector-function. 1. b(x, y, z) is a
real measurable function of its arguments and b ∈ L1loc(R

l); 2. Function
�b(x, y, z) almost everywhere satisfies an inequality¯̄̄

�b (x, �u,∇�u)
¯̄̄
≤ µ1(x) |∇�u|+ µ2(x) |�u|+ µ3(x)(1.2)

where µ21 ∈ PKβ(A), µ2 ∈ PKβ(A), µ3 ∈ Lp(Rl); 3. Growth of the function
�b(x, y, z) almost everywhere satisfies a condition¯̄̄

�b (x, �u,∇�u)−�b (x,�v,∇�v)
¯̄̄
≤ µ4(x) |∇ (�u− �v)|+ µ5(x) |�u− �v| ,(1.3)

where µ24 ∈ PKβ(A), µ5 ∈ PKβ(A).

The aij(x) is a measurable matrix of l× l size and satisfies the condition
∃ν, µ : 0 < ν < µ <∞ such that

ν
lX

i=1

ξ2i ≤
X

ij=1,...,l

aijξiξj ≤
lX

i=1

ξ2i ∀ξ ∈ Rl.(1.4)

The functional class of form-bounded functionsPKβ can be defined as

PKβ(A) =
n
f ∈ L1loc(R

l, dlx) :
¯̄̄D
f |h|2

E¯̄̄
≤ β

D
A

1
2h,A

1
2h
E
+ c (β) ||h||22

o
,
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where a function h ∈ D(A
1
2 ) and a number β > 0 is a form-boundary and

constantc (β) ∈ R1 [6].

Let us denote

k�ukLp(Rl) =

* X
i=1,...,N

¯̄̄
ui
¯̄̄p+ 1

p

=

⎛⎝ X
i=1,...,N

D¯̄̄
ui
¯̄̄pE⎞⎠ 1

p

,

h�u,�vi =
X

i=1,...,N

D
ui, vi

E
∀u ∈ Lp(Rl) ∀v ∈ Lq(Rl),

then we have equality

k�ukp−1
Lp(Rl)

=

* X
i=1,...,N

¯̄̄
ui
¯̄̄p+p−1

p

=

* X
i=1,...,N

µ¯̄̄
ui
¯̄̄ p
q

¶q+ 1
q

=
°°°|�u|p−1°°°

Lq(Rl)
.

Next, we denote

|∇�u|p =
X

i=1,...,N

X
k=1,...l

¯̄̄̄
∂

∂xk
ui
¯̄̄̄p

and

kukpp =
*

NX
i=1

uiui
¯̄̄
ui
¯̄̄p−2+

≡
NX
i=1

D
uiui |u|p−2

E
.

Definition (of weak solution). A vector-function �u ∈W p
1 (R

l, dlx) is called
a weak solution to a quasilinear system of elliptic partial differential equa-
tions if the integral identity

λ h�u, �νi+
* X
i,j=1,...,l

aij
∂

∂xj
�u,

∂

∂xi
�ν

+
+
D
�b, �ν

E
=
D
�f, �ν

E

is valid for all vector-functions v ∈W q
1,0(R

l, dlx).

The main result of this article can be formulated follows.

Theorem 1. The weak solution �u ∈ W p
1 (R

l, dlx) to the quasilinear sys-
tem (1) under the assumptions 1-4 belongs to Holder space of continuous
functions.
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2. The estimation of the main part of the elliptic differential
operator

Let us consider a simpler elliptic system

∂

∂xi

Ã
aij(x)

∂

∂xj
�u

!
= 0,

let us compose the integral identity as* X
i,j=1,...,l

aij
∂

∂xj
�u,

∂

∂xi
�v

+
= 0

where �v ∈W 2
1,0(R

l, dlx) and �u ∈W 2
1 (R

l, dlx) under the ellipticity condition
and the condition vraimax |�u| <∞ .

Let us assume that function �u (x) measurable in a ball Kρ0 and there
are N1 functions �w1(x), ..., �wN1(x) such that for the arbitrary ball Kbρ,
concentric with Kρ0 , there is at least one function �wr(x) such that

osc{|�wr| , Ωbρ} ≥ δ1 max osc {|�u| , Ωbρ},

for the function �u (x), we are obtaining that holds at least one of the fol-
lowing inequalities

osc{|�wr| , Ωρ} ≤ c1ρ
δ,

Or
osc{|�wr| , Ωρ} ≤ ϑosc{|�wr| , Ωbρ},

where the balls Kρ0 , Kρ and Kbρ have the same center, and constant b is
a fix; others satisfy the following conditions bρ ≤ ρ0, b > 1, c1 ≤ 1, δ ≤
1, ϑ < 1Ωρ = Ω ∩Kρ.

Then for ρ ≤ ρ0 there is an estimation

osc{u, Ωρ} ≤ A

µ
ρ

ρ0

¶α
,

where we denote
α = 1

N1
min{− logb ϑ, δ}, c = bα(N1+1)

δ1
max{bαN1 max

i=1,....,N1
osc{

¯̄
�wi
¯̄
, Ωρ0}, c1ρδ0}

and u = |�u|.
To assert that the function �u belongs to Holder space enough to show

that
osc{|�u| , KR} ≤ ϑosc{|�u| , K2R}.
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For a positive number ε > 0, let us consider the function ψ(�u) =
− ln 2(1 − |�u| + ε), presuppose that in the ball KR holds the estimation

− ln 2(1 − |�u| + ε) < L, then we obtain that exp(−L)
2 < 1 − |�u| + ε, or

|�u(x)| < 1 − exp(−L)
2 + ε if we put ϑ = 1 − exp(−L)

2 + ε and the number
ε > 0 converges to zero we obtain that osc{�u, KR} ≤ ϑosc{�u, K2R}. So,
we have to show that the function w(x) = ψ(�u)(x) = − ln 2(1− |�u(x)|+ ε)
is bounded.

It can be assumed that the oscillation of function �u (x) in the ball K2R

equals one, that is 0 ≤ �u (x) ≤ 1, then one of the properties is always
executed:

mes

½
x ∈ KR, |�u(x)| ≤

1

2

¾
≥ 1
2
mesKR,

mes

½
x ∈ KR, 1− |�u(x)| ≤ 1

2

¾
≥ 1
2
mesKR,

if holds the first property we consider the function �u (x), if the second is
true we consider 1 − �u (x). Assume that the first property executes then
for arbitrary function �v ∈W 2

1,0(K2R), we have* X
i,j=1,...,l

aij
∂

∂xj
�u,

∂

∂xi
�v

+
K2R

= 0.

To show that the function w(x) = ψ(�u)(x) = − ln 2(1 − |�u(x)| + ε) is
bounded above, we denote

�v(x) =
�ξ(x)

1− |�u(x)|+ ε
= ψ0(�u)(x)�ξ(x)

since
∂

∂xi
�v = ψ00�ξ

∂

∂xi
|�u|+ ψ0

∂

∂xi
�ξ

we are obtaining* X
i,j=1,...,l

aij
∂

∂xj
�u, ψ00�ξ

∂

∂xi
|�u|
+
K2R

+

* X
i,j=1,...,l

aij
∂

∂xj
�u, ψ0

∂

∂xi
�ξ

+
K2R

= 0

* X
i,j=1,...,l

aij
∂

∂xj
�w, �ξ

∂

∂xi
|�w|
+
K2R

+

* X
i,j=1,...,l

aij
∂

∂xj
�w,

∂

∂xi
�ξ

+
K2R

= 0.

Denote function ξ = ϕ2
³
|x−x0|

R

´
, where the function ϕ(t) equals one if

|x−x0|
R ∈

h
0, 32

i
and if argument equals two ϕ(t) linearly decreases to zero
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|x− x0| = 2R. Applying elliptic condition ν
Pl

i=1 ξ
2
i ≤

P
ij=1,...,l aij(x)ξiξj ≤

µ
Pl

i=1 ξ
2
i ∀ξ ∈ Rl, we obtainD

|∇�w|2
E
K 3
2R

≤ 16µ

νR2
mesK2R.

Next step, we will apply Moser’s idea: that from the boundedness of
the convex function

w(x) = ψ(�u)(x) = − ln 2(1− |�u(x)|+ ε)

follows that the function �u is Holder continuous.
Since 0 ≤ �u (x) ≤ 1 and

w(x) = ψ(�u)(x) = − ln 2(1− |�u(x)|+ ε)

we have
inf w(x) = − ln 2(1 + ε).

The value
D
|w|2

E
K 3
2R

can be estimated by applying the De Giorgi

method or Nash estimation, we will use the De Giorgi lemma [23, 24].
Let vector �u ∈ W p

1 (Ω), for all positive number k, we denote by Ak

the set Ak ≡ {x ∈ Ω : |�u(x)| > k} and the sets A0k ≡ {x ∈ Ω : |�u(x)| = k},
Ak,ρ ≡ {x ∈ Kρ : |�u(x)| > k} and function uk(x) = max (|�u(x)|− k, 0).
Form definition we deduce the following properties:

1.Ak =
[
ε>0

Ak+ε

2.mes (Ak\Ak+ε)
ε→0−→ 0

3.mes
³
Ak−ε\Ak

[
A0k

´
ε→0−→ 0

4.uk ∈W p
1 (Ω).

Lemma 1. Let �u ∈ W 2
1 (Kρ) and A is an arbitrary subset of a set Kρ,

denote set A0 ≡ {x ∈ Kρ : |�u(x)| = 0} and positive number β > 0 that
only depended on the dimension of space then for all k ≥ n the following
inequalities hold

h|�u|iA ≤ β
ρl

mesA0
(mesA)

1
l h|∇�u|iKρ

,
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(n− k) (mesAn,ρ)
1− 1

l ≤ β
ρl

mes (Kρ\An,ρ)A0
h|∇�u|iAk,ρ\An,ρ ,

h|∇ (|�uk|m)|iKρ
≤ m h|∇�u|mi

1
m
Ak,ρ

h||�u|− k|mi1−
1
m

Ak,ρ
.

There is a constant that c that depends only on the dimension of the
space and the ellipticity of the matrix, such thatD

|∇w|2
E
K 3
2R

≤ cRl.

Let us denote

ξ(x) = ϕ2(x)max (w(x)− k, 0) ∀k

where the function ϕ is a cutoff function for the ball Kρ, ρ ∈
h
R, 3

2R
i

then we obtain estimation (here we denote Ak,ρ ≡ {x ∈ Kρ : w(x) > k} )* X
i,j=1,...,l

aij
∂

∂xj
w,ϕ2

∂

∂xi
w

+
Ak,ρ

+

* X
i,j=1,...,l

aij
∂

∂xj
w, 2ϕ (w − k)

∂

∂xi
ϕ

+
Ak,ρ

≤ 0,

that is D
|∇w|2 ϕ2

E
Ak,ρ

≤!
D
(w − k)2 |∇ϕ|2

E
Ak,ρ

,

thus, we have obtained that there is a constantM that depends only on the
ellipticity constants and dimension l of the space such that holds inequality

vraimax
KR

w(x) < M,

so, the function-solution u belongs to the Holder’s functional class.

Lemma 2. Let �u (x) is a given measurable in a ball K1 function and balls
K1, Kρand Kρ−σρ with a common center, and constants 1 > σ0 > 0, γ >
0, α > 0, ε > 0, and ε ≤ m

l , m ≤ α < εm+m, and for arbitrary natural
number k > k0 holds the inequality

h|∇�u|miAk,ρ−σρ ≤ γσ−m h(|u|− k)miAk,ρ
+ γkα (mesAk,ρ)

1−m
l
+ε .

Then in the ball K1−σ, the value vraimax
K1−σ

|�u(x)| can be estimated by
a constant that only depends on σ0, γ, α, ε, k0, m, l and magnitude
a = h||�u (·)|− k|miAk0,1

.
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Proof. Let k̃ > k0 be the natural number and consider the sequence
Kρiof balls having a common center and with radii ρi = 1 − σ0 +

σ0
2i
, i =

0, 1, 2, ...., and the sequence of the planes ki = 2k̃ − k̃
2i
, i = 0, 1, 2, .....

Let us denote ξ (t) the continuous differentiable non-increase function of
the argumentt ∈ (−∞, ∞), which equals one when t ≤ σ0 and zero when
t ≥ 3

2σ0 next we denote the sequence of functions

ξi(t) = ξ
³
2i+1(|x|− 1 + σ0)

´
, i = 0, 1, 2, ....

and sequence of numbers

Ji = h(u− ki)
miAki,ρi

, i = 0, 1, 2, .....

We estimate

Ji+1 ≤ h(u− ki+1)
m ξmi iA

ki+1,
ρi+ρi+1

2

, i = 0, 1, 2, ....

and applying Holder estimation, we are obtaining recurrent inequality

Ji+1 ≤ h(u− ki+1)
m ξmi iA

ki+1,
ρi+ρi+1

2

≤

≤ C

µ
mesA

ki+1,
ρi+ρi+1

2

¶m
l

h|∇u|miA
ki+1,

ρi+ρi+1
2

+

+C

µ
mesA

ki+1,
ρi+ρi+1

2

¶m
l

max
t∈[σ0, 32σ0]

|ξ0(t)|m 2mi h(u− ki)
miAki,ρi

=

= C

µ
mesA

ki+1,
ρi+ρi+1

2

¶m
l

h|∇u|miA
ki+1,

ρi+ρi+1
2

+

+C

µ
mesA

ki+1,
ρi+ρi+1

2

¶m
l

max
t∈[σ0, 32σ0]

|ξ0(t)|m 2miJi, i = 0, 1, 2, ....

We put k = ki+1, ρ = ρi, ρ− σρ = ρi+ρi+1
2 , then

h|∇u|miA
ki+1,

ρi+ρi+1
2

≤ γ2im+3m h|u− ki+1|miAki+1,ρi
+

+γkαi+1
¡
mesAki+1,ρi

¢1−m
l
+ε ≤

≤ γ
¡
23m + 2α

¢
2miJi + γ

¡
23m + 2α

¢
k̃α

¡
mesAki+1,ρi

¢1−m
l
+ε

.

Further, we assess

Ji ≥ h|u− ki|miAki+1,ρi
≥ (ki+1 − ki)

m ¡
mesAki+1,ρi

¢
= 2−m(i+1)k̃mmesAki+1,ρi .
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Then, when m2

l ≥ m+mε− α > 0 , we have

Ji+1 ≤ C12
i

³
m+m2

l

´ µ
k̃−

m2

l J
1+m

l
i + k̃−m−mε+αJ1+εi

¶
.

However, the estimations

Ji = h(u− ki)
miAki,ρi ≤

D³
u− k̃

´mE
Ak0,1

, i = 0, 1, 2, ....

are holding and so for k̃ ≥ 1 we are obtaining the recurrent inequalities

Ji+1 ≤ C1

µ
1 +

D³
u− k̃

´mEm
l
−ε

Ak0,1

¶
2
i

³
m+m2

l

´
k̃−m−mε+αJ1+εi , i = 0, 1, 2, .....

Let us choose the value k̃ ≥ 1 such that the inequality

k̃ ≥ max
Ã
k0, 1,

µ
C11 + C1

D³
u− k̃

´mEm
l
−ε

Ak0,1

¶ 1
m+mε−α

2

³
m+m2

l

´
1

ε(m+mε−α)(1+ε)
D³

u− k̃
´mE ε

m+mε−α

Ak0,1

!
holds. So, we have

J1 ≤
µ
C11 + C1

D³
u− k̃

´mEm
l
−ε

Ak0,1

¶
k̃−m−mε+α

D³
u− k̃

´mE1+ε
Ak0,1

≤

≤ k̃
m+mε−α

ε

µ
C11 +C1

D³
u− k̃

´mEm
l
−ε

Ak0,1

¶− 1
ε

2
−
³
m+m2

l

´
1
ε2 ,

applying the recursivity of the last estimation we obtain

Ji+1 ≤ Const2
−
³
m+m2

l

´
i
ε , i = 0, 1, 2, ....,

Ji+1
i→∞−→ 0.

Thus, we have obtained vrai max
K1−σ0

|u(x)| = 2k̃, the lemma 2 has been

proven.

Lemma 3. Let function �u ∈ W 1
1 (Ω) , l > 2 and B (r) is a ball radius r.

Then there is an estimation

mes (Θ) h|�u|iΞ ≤ βrl (mes (Ξ))
1
l h|∇�u (·)|iB(r) ,
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here Θ is a set of points of the ball B (r) such that �u (x) = 0, and constant
β is a function of the dimension of Euclid space.

Proof. For almost every x ∈ B (r) and y ∈ Ξ, there is a representation

�u (y)− �u (x) =

Z |x−y|

0

∂�u (x+ ωρ)

∂ρ
dρ

where (ρ, ω) are spherical coordinates. Next, we integrate this with re-
spect to y ∈ Ξ and obtain a iquality

−�u (x)mes (Θ) =

*Z |x−y|

0

∂�u (x+ ωρ)

∂ρ
dρ

+
Θ

.

We can estimateDR |x−y|
0

∂�u(x+ωρ)
∂ρ dρ

E
Θ
≤

≤
R
B(r) |x− y|l−1 d |x− y|

R |x−y|
0

∂�u(x+ωρ)
∂ρ dρ ≤

≤
R 2r
0 |x− y|l−1 d |x− y|

¿
|∇�u(·)|
|·−ξ|l−1

À
B(r)

= (2r)l

l

¿
|∇�u(·)|
|·−ξ|l−1

À
B(r)

so, we have an inequality

|�u (x)|mes (Θ) ≤ (2r)
l

l

*
|∇�u (·)|
|·− ξ|l−1

+
B(r)

.

We integrate over Ξ

h|�u|iΘmes (Θ) ≤ (2r)
l

l

Z
B(r)

|∇�u (y)| dy
Z
Ξ

dξ

|y − ξ|l−1
.

It is easy to see that Z
|y−ξ|≤ε

dξ

|y − ξ|l−1
= ε ·mes (S)

and Z
|y−ξ|≥ε

dξ

|y − ξ|l−1
≤ ε1−l ·mes (Ξ)

so, we obtain an estimationZ
Ξ

dξ

|y − ξ|l−1
≤ ε ·mes (S) + ε1−l ·mes (Ξ) .

Lemma 3 is proven.



The Holder continuity of the solutions to quasi-linear system of ... 207

3. Quasilinear system of elliptic partial differential equations
with nonlinear perturbation

Let us consider a more general case of a quasilinear system of elliptic partial
differential equations with nonlinear perturbation �b

λ�u− ∂

∂xi

Ã
aij(x, �u)

∂

∂xj
�u

!
+�b(x, �u,∇�u) = 0,

The investigation will be carried out according to the scheme: we study
the solution �u ∈ W p

1 (R
l, dlx) of the quasi-linear partial differential sys-

tem of elliptic type, establish certain a priori estimations of this solu-
tion and its derivatives (applying the definition of a weak solution and
assuming that element �v ∈ W q

1,0(R
l, dlx), we are obtaining the theorems

about this solution); study the properties of some functions of this solution
�u ∈W p

1 (R
l, dlx) (in the simplest case ψ(�u) = − ln 2(1− |�u|+ ε)).

Applying this definition of a weak solution, we compile the following
differential form hpλ :W

p
1 ×W q

1 → R as

hpλ(�u, �ν) ≡ λ h�u, �νi+ h∇�ν ◦ a ◦ ∇�ui+
D
�b(x, �u,∇�u), �ν

E
which is well defined over the functional space W p

1 (R
l, dlx)× W q

1 (R
l, dlx).

Let us assume that function �u ∈W p
1 (R

l, dlx) is the solution of (1) that
means that for an arbitrary function �v ∈ W q

1,0(R
l, dlx) holds an integral

tautology

hpλ(�u, �ν) ≡ λ h�u,�vi+
* X
i,j=1,...,l

aij
∂

∂xj
�u,

∂

∂xi
�v

+
+
D
�b,�v

E
= 0.

To prove that function �u is Holder continuous let us introduce a function
of the solution of (1) as

w(x) = ψ(�u)(x) = − ln
µ
osc{u, K2R}− |�u(x)|+ ε

δ2 osc{u, K2R}

¶
then we are going to show that

− ln
µ
osc{u, K2R}− |�u(x)|+ ε

δ2 osc{u, K2R}

¶
≤M

and
δ2 osc{u, K2R}

osc{u, K2R}− |�u(x)|+ ε
≤ exp(M)
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and its conclusion

|�u(x)| ≤ (1− exp(−M)δ2) osc{u, K2R}+ ε,

where u = |�u|
Let us assume that in the integral tautology of weak solution �u ∈

W p
1 (R

l, dlx) the function v ∈W q
1,0(R

l, dlx) is �u |�u|p−1 then we obtain

λ
D
�u, �u |�u|p−1

E
+

* X
i,j=1,...l

aij
∂

∂xj
�u,

∂

∂xi

³
�u |�u|p−1

´+
+
D
�b, �u |�u|p−1

E
= 0,

and

λ k�ukp+4 (p− 1)
p2

* X
i,j=1,...l

aij
p

2
|�u|

p−2
2 ∇j�u,

p

2
|�u|

p−2
2 ∇i�u

+
+
D
�b, �u |�u|p−1

E
= 0,

let denote �w = �u |�u|
p−2
2 and respectively ∇�w = p

2 |�u|
p−2
2 ∇�u, the in all Rl,

applying Holder and Young inequalities to Lebesgue’s norms, we have¯̄̄D
�b, �u |�u|p−1

E¯̄̄
≤
³³

ε2

p + 1
´
c (β) + 1

σqq

´
k�wk2+

+
³
βε2

p + β + 1
p
1
ε2

´
h∇�w ◦ a ◦ ∇�wi+ σp

p kµ3k
p ,

or

λ k�ukp + 4(p−1)
p2 h∇�w ◦ a ◦ ∇�wi ≤

³³
ε2

p + 1
´
c (β) + 1

σqq

´
k�wk2+

+
³
βε2

p + β + 1
p
1
ε2

´
h∇�w ◦ a ◦ ∇�wi+ σp

p kµ3k
p .

Let Kρ0 , Kρ and Kbρ be concentric balls and constant b such that
bρ ≤ ρ0, b > 1, c1 ≤ 1, δ ≤ 1, ϑ < 1 and Ωρ = Ω ∩ Kρ. The ς(x) is
a cutoff function in the ball K2R and let us choose v = ςp�u |�u|p−2, we have

λ
D
�u, ςp�u |u|p−2

E
K2R

+

¯̄̄̄
¯̄
* X
i,j=1,...l

aij
∂

∂xj
�u,

∂

∂xi

³
ςp�u |�u|p−2

´+
K2R

¯̄̄̄
¯̄ ≤

≤
¯̄̄̄D
�b, ςp�u |�u|p−1

E
K2R

¯̄̄̄
,DP

i,j=1,...l aij
∂
∂xj

�u, ∂
∂xi

³
ςp�u |�u|p−2

´E
K2R

=

= (p− 1)
DP

i,j=1,...l ς
paij |�u|

p−2
2 ∂

∂xj
�u, |�u|

p−2
2 ∂

∂xi
�u
E
K2R

+

+p
DP

i,j=1,...l aij�u |�u|p−2 ςp−1 ∂
∂xj

�u, ∂
∂xi

ς
E
K2R
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we denote �w = �u |�u|
p−2
2 then* X

i,j=1,...,l

ςpaij
∂

∂xj
�u,

∂

∂xi

³
�u |�u|p−2

´+
K2R

=
4 (p− 1)

p2
hςp∇�w ◦ a ◦ ∇�wiK2R

,

after the transformation of the second term on the right side* X
i,j=1,...l

aij�u |�u|p−2
∂

∂xj
�u,

∂

∂xi
(ςp)

+
K2R

= p

* X
i,j=1,...l

ςp−1aij�u |�u|p−2
∂

∂xj
�u,

∂

∂xi
ς

+
K2R

by Young inequality, we have hadDP
i,j=1,...,l ς

p−1aij�u |�u|p−2 ∂
∂xj

�u, ∂
∂xi

ς
E
K2R

≤

≤ 1
p

DP
i,j=1,...,l ς

p−1aij�u |�u|p−2
¯̄̄
∂
∂xj

�u
¯̄̄p
,
¯̄̄
∂
∂xi

ς
¯̄̄pE

K2R

+

+1
q

DP
i,j=1,...,l ς

p−1aij�u |�u|p−2 ∂
∂xj

�u, ∂
∂xi

ς
E
K2R

.

Theorem 2. Let δ2, δ3 be positive constants such that

mes

½
x ∈ KR, |�u(x)| ≤ max

K2R

|�u(x)|− δ2 osc{u, K2R}
¾
≥ (1− δ3)mesKR,

then there is a positive constant δ1 that depends only on the ellipticity,
smoothness of coefficients, the dimension of space, and constants δ2, δ3
such that

osc{u, KR} ≤ max
KR

|u(x)| ≤ (1− δ1) osc{u, K2R}+R1−
l
m

for all m > l, where u = |�u|

Comment. From Relliha — Kondrashov theorem for Sobolev space and
statement that all elements belonging Sobolev space W p

1 (R
l, dlx), l < p ≤

∞ belong to the Holder continuous functional space of α = p−l
p degree we

can conclude it is enough to consider only a case when p ≤ l.

Proof. For a positive number δ2, let us consider the function

w(x) = ψ(�u)(x) = − ln
µ
osc{u, K2R}− |�u(x)|+ ε

δ2 osc{u, K2R}

¶
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and let us assume that in the ball KR the estimation

− ln
µ
osc{u, K2R}− |�u(x)|+ ε

δ2 osc{u, K2R}

¶
< L

holds then we have the estimation

δ2 osc{u, K2R} exp(−L) < osc{u, K2R}− |�u(x)|+ ε

or

|�u(x)| < osc{u, K2R}−δ2 osc{u, K2R} exp(−L)+ε = (1− δ2 exp(−L)) osc{u, K2R}+ε

put δ1 = δ2 exp(−L), we obtain

osc{u, KR} ≤ max
KR

|�u(x)| ≤ (1− δ1) osc{u, K2R}+R1−
l
m ,

where ε = R1−
l
m . Theorem 2 has been proven.

Assuming �v = �u |�u|p−2 in

λ h�u,�vi+
* X
i,j=1,...,l

aij
∂

∂xj
�u,

∂

∂xi
�v

+
+
D
�b,�v

E
= 0

denoting �w = �u |�u|
p−2
2 and ∇�w = p

2 |�u|
p−2
2 ∇�u, we are obtaining

λ k�ukp + 4(p−1)
p2

D
∇
³
�u |�u|

p−2
2

´
◦ a ◦ ∇

³
�u |�u|

p−2
2

´E
≤
³³

ε2

p + 1
´
c (β) + 1

σqq

´
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+
³
βε2

p + β + 1
p
1
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´ D
∇
³
�u |�u|

p−2
2

´
◦ a ◦ ∇

³
�u |�u|

p−2
2

´E
+ σp

p kµ3k
p .

Let assume

v(x) =
�ξ(x)

osc{u, K2R}− |�u(x)|+ ε
≡

�ξ

P
,

where the �ξ countable smooth cutoff in the ball K2R and notice that can
be written

∇�w =
∇�u

osc{u, K2R}− |�u|+ ε
,

then we have

λ

*
�u,

�ξ

P

+
+

* X
i,j=1,...l

aij
∂

∂xj
�u,

∂

∂xi

�ξ

P

+
+

*
�b,

�ξ

P

+
= 0
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and

¿
�b,

�ξ
P

À
≤
¿
µ1 |∇�u|+ µ2 |�u|+ µ3,

|�ξ|
P

À
=

=

¿
µ1 |∇�u| , |

�ξ|
P

À
+

¿
+µ2 |�u| , |

�ξ|
P

À
+

¿
µ3,

|�ξ|
P

À since �ξ is countable smooth

cutoff in the ball K2R by integrating over the ballK2R, we have¿
�b,

�ξ
P

À
K2R

≤
¿
µ1 |∇�u|+ µ2 |�u|+ µ3,

|�ξ|
P

À
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=
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+

¿
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+

¿
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,

by Holder estimation*
µ1 |∇�u| ,

¯̄̄
�ξ
¯̄̄

P

+
K2R

=
D
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¯̄̄
�ξ
¯̄̄E
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≤ k∇�wkK2R

°°°µ1 ¯̄̄�ξ ¯̄̄°°°
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,

and Young inequality
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+
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,

from form-boundary, we are obtaining°°°µ1 ¯̄̄�ξ ¯̄̄°°°2
K2R

≤
¿
µ21

¯̄̄
�ξ
¯̄̄2À
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≤ β
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K2R
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°°°∇�ξ°°°2

K2R

,

a similar consideration gives us*
µ2 |�u| ,

¯̄̄
�ξ
¯̄̄

P

+
K2R

≤ k�ukK2R

°°°°°°µ2
¯̄̄
�ξ
¯̄̄

P

°°°°°°
K2R

.

Since µ22 ∈ PKβ(A) we are applying form-boundary and obtaining°°°°°°µ2
¯̄̄
�ξ
¯̄̄

P

°°°°°°
2

K2R

≤ ε−2
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β
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¶
.

If we assume that µ1 ∈ L∞(K2R) we have an estimation°°°°°°µ2
¯̄̄
�ξ
¯̄̄

P

°°°°°°
K2R

≤ ε−1vraimax
³
µ2
¯̄̄
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(mesK2R)
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2 ,
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the assumption µ1 ∈ L∞(K2R) imposes too strong conditions on the coef-
ficients.

After reducing, we are obtaining that the function

�v(x) =
�ξ(x)

osc{u, K2R}− |�u(x)|+ ε
≡

�ξ

P

is bounded. Theorem 1 has been proved.
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