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1. Introduction

In 1973, W.Meyer defined equitable colouring [15] as a proper colouring
in which the cardinalities of any two colour classes differ by at most one.
Observing this, Prof. Sampathkumar defined degree equitability. Several
papers were published using this concept namely equitable domination, eq-
uitable packing, equitably independent set, equitable vertex covering etc.

[1, 2, 3, 7]. In this paper, equitably complete subgraph is defined and
equitable dominating set whose complement is an equitably complete
subgraph is studied. Strong non-split domination was introduced by

V.R.Kulli and B.Janakiram [4] wherein the foundation for the study of
dominating sets whose complements induce complete subgraphs has been
laid. The results of this paper are tried in the equitable context.

2. Main results

Definition 1. [ ] Let G be a simple graph with vertex V (G) and edge set
E(G). Two vertices u, v are said to be degree equitable if |deg(u)−deg(v)| ≤
1. A subset D of V (G) is called an equitable dominating set of G if for
every u in V (G)−D, there exists a v ∈ D such that u and v are adjacent
and degree equitable.

Definition 2. Let D be an equitable domination set of G. D is called an
equitably strong non-split equitable dominating set if hV −Di is equitably
complete. (That is, any two vertices of G are adjacent and all the vertices
of V −D are degree equitable in G). The minimum(maximum) cardinality
of a minimal strong non-split equitable dominating set of G is called the
strong non-split equitable domination number of G (upper strong non-split
equitable domination number of G) and is denoted by γsnse (G)(Γsnse (G)).

If G is not equitably totally disconnected, then there exists a vertex u
in V (G) such that V − {u} is a strong non-split equitable dominating set
of G.

So, it is assumed that the graph that is considered is not equitably
totally disconnected.

Observation 1. γe(G) ≤ γnse (G) ≤ γsnse (G).

Theorem 1. A strong non-split equitable dominating set D is minimal if
and only if for every u ∈ D one of the following conditions holds.
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1. u is an equitable isolate hDi.

2. Ne(v) ∩D = {u} for some v in V −D.

3. u is not equitably adjacent with some vertex of V −D.

Proof. Obvious.

Proposition 1. βe(G) ≤ γsnse (G).

Proof. Let D be a γsnse (G) - set of G. Let T be an equitably independent
set of G. Then |T ∩ (V − D)| ≤ 1. That is, either T is a subset of D or
T contains at most one vertex from V −D and the remaining elements are
from D. If T contains a vertex say v from V −D, then T cannot contain
the vertices in D which are equitably adjacent with v. Since at least one
vertex of D is equitably adjacent with v, T can contain at most |D| − 1
vertices from D.

Remark 1. When G = Kn, βe(G) = γsnse (G) = 1.

Definition 3. A subset S of V (G) is called an equitable clique if hSi is
complete and all vertices of S are degree equitable in G. The maximum
cardinality of an equitable clique of G is called the equitable clique number
of G and is denoted by ωe(G).

Example 1. Let G be obtained fromK4 by attaching two pendent vertices
at exactly one vertex of K4. Then ω(G) = 4 and ωe(G) = 3.

Remark 2. ωe(G) ≤ ω(G).

Theorem 2. n− ωe(G) ≤ γsnse (G) ≤ n− ωe(G) + 1.

Proof. LetD be a γsnse (G) - set ofG. Then hV −Di is an equitably complete
subgraph of G. Therefore, |hV −Di| ≤ ωe(G). That is, n−γsnse (G) ≤ ωe(G)
which gives n− ωe(G) ≤ γsnse (G).

Let S be a ωe(G) - subset of G. Then for any u ∈ S, S − {u} is an
equitable clique of G. Since u is equitably adjacent with every element of
S − {u}, (V − S) ∪ {u} is a strong dominating set whose complement is
equitably complete. Therefore, γsnse (G) ≤ |(V −S)∪ {u}| = n−ωe(G)+1.
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Remark 3. Let G1 be the graph obtained from K3 by attaching one pen-
dent vertex at exactly two of the vertices of K3. Then ωe(G1) = 3 and
γsnse (G1) = 3. Therefore, |V (G1)| − ωe(G1) = 5 − 3 = 2 < γsnse (G1) = 3.
Let G2 = K3 ◦K1. Then ωe(G2) = 3 and γsnse (G2) = 4 = n− ωe(G2) + 1.
Let G3 be the graph obtained from C4 by attaching a pendent vertex at
exactly one vertex of C4. |V (G3)| = 5, ωe(G3) = 2 and γsnse (G3) = 3.
Therefore, n − ωe(G3) = γsnse (G3). Let G4 be obtained by attaching a
single pendent vertex at exactly one vertex of K3. Then n=4, ωe(G4) = 3
and γsnse (G4) = 2. Therefore, γ

sns
e (G4) = 2 = n− ωe(G4) + 1.

Theorem 3. Let G be a graph with ωe(G) ≥ δe(G). Then, γ
sns
e (G) ≤

n− δe(G).

Proof. Suppose ωe(G) ≥ δe(G)+ 1. Then −ωe(G) ≤ −δe(G)− 1. From the
above theorem, γsnse (G) ≤ n − ωe(G) + 1 ≤ n − δe(G). Suppose ωe(G) =
δe(G). Let S be a ωe(G) -set of G. Let u ∈ S. Then, dege(u) ≥ δe(G).
Since, |S − {u}| < δe(G), u is equitably adjacent with at least one vertex
of V − S. Therefore, V − S is an equitably strong non-split equitable
dominating set of G. Therefore, γsnse (G) ≤ |V − S| = n− |S| = n− δe(G).

Corollary 1. The above bounds are attained if and only if one of the
following conditions is satisfied.

1. ωe(G) = δe(G).

2. ωe(G) = δe(G) + 1 and every ωe(G)- set S contains a vertex which is
not equitably adjacent with any vertex of V − S.

1. Suppose ωe(G) = δe(G). Since n − ωe(G) ≤ γsnse (G), we have n −
δe(G) ≤ γsnse (G). But from the above, γsnse (G) ≤ n− δe(G). Hence,
γsnse (G) = n − δe(G). Conversely, suppose, γ

sns
e (G) = n − δe(G).

Then n − δe(G) ≥ n − ωe(G). Therefore, ωe(G) ≥ δe(G). Since,
γsnse (G) ≤ n−ωe(G)+1, n− δe(G) = γsnse (G) ≤ n−ωe(G)+1. That
is, ωe(G) ≤ δe(G) + 1. Therefore, ωe(G) = δe(G).

2. Suppose, γsnse (G) = n−δe(G). From the earlier theorem, n−ωe(G) ≤
γsnse (G) ≤ n − ωe(G) + 1. Therefore, ωe(G) = δe(G) or δe(G) + 1.
Suppose there exists a ωe(G) - set S with |S| = δe(G) + 1 such that
every vertex in S is equitable adjacent with some vertex in V − S.
Then, V −S is an equitably strong non-split equitable dominating set
of G. Therefore, γsnse (G) ≤ |V −S| = n− (δe(G)+1), a contradiction
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to our assumption γsnse (G) = n− δe(G). Therefore, every ωe(G) - set
S with |S| = δe(G) + 1 is such that S contains a vertex not equitably
adjacent to any vertex of V−S. Conversely, suppose, ωe(G) = δe(G)+
1 and every ωe(G)-set S with |S| = δe(G) + 1 is such that S contains
a vertex not equitably adjacent to any vertex of V − S. Therefore,
V-S is not an equitably strong non-split equitable dominating set
of G. Therefore, γsnse (G) > |V − S| = n − (δe(G) + 1). That is,
γsnse (G) > n − ωe(G). But, γ

sns
e (G) ≤ n − ωe(G) + 1. Therefore,

γsnse (G) = n− ωe(G) + 1.

2.1. γsnse (G) for some classes of graphs

.

1. γsnse (Kn) = 1 where n ≥ 2.

2. γsnse (Km,n) = m+ n − 2, if |m − n| ≤ 1,m, n ≥ 2. Otherwise, Km,n

is totally disconnected.

3. γsnse (Cn) = n− 2.

4. γsnse (Pn) = { 1 , if n = 2
2, if n = 3
n− 3, if n ≥ 4.

5. γsnse (Wn) = { 1 , if n = 4
2, if n = 5
n− 2, if n ≥ 6.

Definition 4. A subset D of V (G) is called an equitable vertex set dom-
inating set of G if for any subset S of V −D, there exists a vertex u ∈ D
such that S ∪ {u} is equitably connected. The minimum cardinality of an
equitable vertex set dominating set of G is called the equitable vertex set
domination number of G and is denoted by γvse (G).

Theorem 4. In any graph G, γvse (G) ≤ γsnse (G).

Proof. Let D be a γsnse (G)-set of G. Then, for any subset S of V −D, hSi
is equitably complete and for any v ∈ S, there exists a vertex u ∈ D which
is equitably adjacent with v. Therefore, S ∪ {u} is equitably connected.
Therefore, D is an equitable vertex set dominating set of G and hence
γvse (G) ≤ |D| = γsnse (G) .
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Example 2.

1. Consider C4 with V (C4) = {u1, u2, u3, u4}. Add two vertices x, y.
Join x with u1 and u4, y with u2 and u3 and join x and y. Let
G be the resulting graph. Then {u1, u4, x} as well as {u2, u3, y} are
γsnse (G)-sets ofG and hence γsnse (G) = 3. The two sets are also γvse (G)
- sets of G and hence γvse (G) = 3. Thus, γ

vs
e (G) = γsnse (G) = 3.

2. Let G be the graph obtained from K3 by attaching a single pendent
vertex at a single vertex of K3 and joining the pendent vertex with
one of the other two vertices of K3. Then, the set consisting of the
vertex of K3 and its pendent vertex is a γ

sns
e (G) - set of G and hence

γsnse (G) = 2. The singleton set consisting of that vertex of K3 which
has a pendent vertex is a γvse (G) - set of G and hence γvse (G) = 1 <
γsnse (G).

Corollary 2. For any equitably connected tree T, n− δe(T ) ≤ γsnse (G).

Proof. Since γvse (G) ≤ γsnse (G) and since for any equitably connected tree
, γvse (G) = n− δe(T ), the result follows.

Theorem 5. If G has no equitable isolate and if G has an equitable strong
non-split, equitably independent, equitable dominating set , then diame(G) ≤
3.

Proof. Let G be a graph without equitable isolate. Let D be a minimum
equitable strong non-split, equitably independent, equitable dominating
set. Let u, v ∈ V − D. Then, de(u, v) = 1. Let u ∈ D, v ∈ V − D.
Since G has no equitable isolates and D is equitably independent, there
exists w ∈ V − D such that u and w are equitably adjacent. Therefore,
de(u, v) ≤ de(u,w)+de(w, v) = 2. Let u, v ∈ D. Then there exist w1, w2 in
V −D, such that u and w1 are equitably adjacent and v,w2 are equitably
adjacent. Therefore, de(u, v) ≤ de(u,w1) + de(w1, w2) + de(w2, v) = 3.
Hence diame(G) ≤ 3.

Theorem 6. If G has no equitable isolate and if γsnse (G) = γe(G), then
diame(G) ≤ 3.

Proof. Let D be a γsnse (G) - set of G. Since D is also an equitable domi-
nating set of G of cardinality γe(G) and since G has no equitable isolate,
V −D is an equitable dominating set of G as well equitably complete set
of G. Therefore, every vertex of D is equitably adjacent with some vertex
of V −D. Proceeding as in previous theorem, we get diame(G) ≤ 3.
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Theorem 7. Let S be an equitably independent set in G. Let |D| < n−
∆e(G). Then, V −D is an equitably strong non-split equitable dominating
set of Ge, where Ge is the equitable complement of G. (that is, equitable
edges of G are to be removed and equitable non-edges are to be added).

Proof. Let D be an equitably independent set in G. Let |D| < n−∆e(G).
Then |V − D| > ∆e(G). Therefore, each vertex of D is not equitably
adjacent with at least one vertex in V −D. Therefore, V −D is an equitable
dominating set of Ge. Since D is equitably complete in Ge, V − D is an
equitably strong non-split equitable dominating set of Ge.

Definition 5. An equitable dominating set D of an equitably connected
graph G is said to be a strong equitably split equitably dominating set of
G if hV −Di is totally equitably disconnected. The minimum cardinality of
such a set is called the strong equitably split equitably domination number
of G and is denoted by γsse (G).

Definition 6. An equitable dominating set D of a graph G is called an
equitably regular set dominating set of G if for any subset S of V − D,
there exists a subset T of D such that hT ∪ Si is equitably regular. (that
is equitable degree of any two vertices of TUS are equal in hT ∪ Si). The
minimum cardinality of an equitably dominating and equitably regular set
dominating set of G is denoted by γrse (G).

Theorem 8. For any graph G , γrse (G) ≤ γsnse (G) + 1.

Proof. Let D be a γsnse (G) - set of G. Then hV −Di is equitably complete.
Let u ∈ V −D. Then, D∪{u} is an equitable dominating set of G. Also, for
any subset S of V −D, there exists T = {u} a subset of D ∪ {u} such that
hS∪T i is equitably regular. Hence, D∪{u} is an equitable dominating and
equitably regular set dominating set of G. Therefore, γrse (G) ≤ |D∪{u}| =
γsnse (G) + 1.

Example 3. In the Example 2(1) of Theorem 2.4, γrse (G) = 4 and γ
sns
e (G) =

3 and in Example 2(2) of Theorem 2.4, γrse (G) = γsnse (G) = 2.

Theorem 9. Let G be a graph without equitable isolate. If diame(G) ≤ 3,
then γsnse (G) ≤ n− t where t is the number of equitable cut vertices of G.

Proof. Let T be the set of all equitable cut vertices. Then |T | = t. If
t = 0 or 1, then the result is obviously true. Let t ≥ 2. Let u and v belong
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to T . If u and v are equitably non-adjacent, then there exist an equitable
component say V1 containing v in V −{u}. Since u and v are equitable non-
isolates, there exists a vertex u1 equitably adjacent with u in an equitable
component say V2 different from V1 . Also, there exists a vertex v1 in V1
equitably adjacent with v. Thus, de(u1, v1) ≥ 4 , a contradiction since
diame(G) ≤ 3. Therefore, any two vertices of T are equitably adjacent.
Also, every vertex in T is equitably adjacent with atleast one vertex in
V −T . Therefore, V −T is a equitably strong non-split equitable dominating
set of G. That is , γsnse (G) ≤ |V − T | = n− t.

Definition 7. An equitable dominating set D of a graph G is called an
equitably non-split equitable dominating set if hV − Di is equitably con-
nected. The minimum cardinality of such a set is called the equitably
non-split equitable dominating number of G and is denoted by γnse (G).

Theorem 10. Let G be a simple graph without equitable isolate. Also,
every vertex of G is either an equitable cut vertex or a vertex of equitable
degree one. If ωe(G) = k then, γnse (G) = γsnse (G) = n− k.

Proof. Let S be the set of all equitable cut vertices with |S| = k. From the
above theorem we get, S is equitably complete. Also, every vertex in S is
equitably adjacent with a vertex of equitable degree one. Therefore, V −S is
an equitably non-split equitable dominating set as well as equitably strong
non-split equitable dominating set of G.|V −S| = n−k. If γsnse (G) < n−k,
then the complement of a γsnse (G) - set will contain a least k + 1 elements
which form an induced equitably complete subgraph, a contradiction since
ωe(G) = k. Therefore, γsnse (G) = n − k. Also, if γnse (G) < n − k, then
the complement of a γnse (G) - set say D will contain a least k+1 elements
in the complement and hence at least one vertex of equitable degree one
which can be dominated only by an equitable cut vertex. Therefore, D
contains an equitable cut vertex which means that hV − Di is equitably
disconnected, a contradiction since D is a γnse (G) - set of G. Therefore,
γnse (G) = n− k. Hence the theorem.

Definition 8. A subset D of V (G) of a simple graph is called an equitably
efficient dominating set of G if every vertex of V −D is equitably dominated
by exactly one vertex of D. The minimum cardinality of such a set is called
the equitably efficient domination number of G and is denoted by regular
γee(G).
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Theorem 11. Let G be a equitably n− regular (that is, the equitable
degree of every vertex is n) graph of order 2n. If D is an equitably efficient
equitably dominating set of G, then D and V − D are equitably strong
non-split equitable dominating sets of G.

Proof. Let G be a simple graph which is equitably n− regular and of
order 2n. Let D be an equitably efficient equitably dominating set of G,
Then, any vertex of V − D is equitably adjacent with exactly one vertex
of D. Therefore, the remaining n − 1 equitable neighbours of that vertex
are in V − D. This is true for any vertex of V − D. Therefore, V − D
is equitably complete and |V − D| = n. Therefore, |D| = n. Since G is
equitably n− regular and |D| = n, any vertex of D is adjacent equitably
with at least one vertex of V − D. Suppose, there exists a vertex u ∈ D
which is adjacent equitably with two or more vertices of V −D. Also, since
dege(u) = n, and |D| = n, there exists a vertex v ∈ D, v 6= u such that
u and v are not equitably adjacent. Also, v can not be equitably adjacent
with any equitable neighbour of u ∈ V −D. Proceeding in this way since
|V − D| = n, we reach a stage when there exists a vertex in D whose
equitable degree is < n, a contradiction. Therefore, every vertex of D is
equitably adjacent with exactly one vertex in V −D and hDi is equitably
complete. Hence D and V − D are equitably strong non-split equitable
dominating sets of G.

Theorem 12. Let G be a simple graph without equitable isolates and
with ∆e(G) ≤ n − 2. Let D be an equitably strong non-split equitable
dominating set of G such that hDi is equitably complete and |D| ≤ δe(G).
Then D is minimal and V −D is also a minimal equitably strong non-split
equitable dominating set of G.

Proof. Suppose, there exists a vertex in D which is equitably adjacent
with every vertex of V − D. Then G is equitably complete. That is,
∆e(G) = n−1, a contradiction. Therefore, every vertex inD is not adjacent
with some vertex of V −D. Therefore, D is minimal.

If |D| ≤ δe(G), then every vertex in D is equitably adjacent with some
vertex of V −D. Therefore, V −D is an equitably strong non-split equitable
dominating set of G. Further, arguing as above, each vertex in V − D is
not equitably adjacent with some vertex of D. Therefore, V −D is also a
minimal equitably strong non-split equitable dominating set of G.

Theorem 13. LetG be a simple graph without equitable isolate. If∆e(G) <
αe(G), then γsnse (G) = n− ωe(G).
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Proof. Let T be a minimum equitable vertex cover ofG so that |T | = αe(G).
If G = Kn, then βe(G) = 1, αe(G) = n− 1 = ∆e(G). But ∆e(G) < αe(G).
Therefore, G = Kn. V − T is equitable independent. Since |V − T | =
βe(G) and G = Kn, |V − T | ≥ 2. If a vertex say u ∈ V − T is equitably
adjacent with every vertex of T, then dege(u) ≥ |T | = αe(G) > ∆e(G), a
contradiction. Therefore, every vertex of V-T is not adjacent with at least
one vertex of T . Therefore, T is an equitably strong non-split equitable
dominating set of G. Hence, γsnse (G) ≤ |T | = αe(G) = n − βe(G) ≤
n− ωe(G). But, γ

sns
e (G) ≥ n− ωe(G). Hence, γ

sns
e (G) = n− ωe(G).

Theorem 14. Let G be a graph without equitable isolate. Let G and G
be equitably connected. Further, let ωe(G) ≥ δe(G) and ωe(G) ≥ δe(G).
Then, γsnse (G) + γsnse (G) ≤ n+ 1 +∆e(G)− δe(G).

Proof. From Theorem 2.3, γsnse (G) ≤ n− δe(G) and γsnse (G) ≤ n− δe(G) ≤
1 +∆e(G). Hence the theorem.

Remark 4. Let G = C5. Then G = C5. γ
sns
e (G) = 3 = γsnse (G). δe(G) =

δe(G) = 2.n = 5. Therefore, γ
sns
e (G)+γsnse (G) = 6, n+1+∆e(G)−δe(G) =

5+1+2−2 = 6. Hence equality holds in the above theorem when G = C5.
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