Proyecciones (Antofagasta. On line) | vol. 40, n. 4 (2021) | pp. 989-999.

oi 10.22199/issn.0717-6279-4497

N
JPROYECCIONES

Journal of Mathematics

ISSN 0717-6279 (On line)

Equitably strong non-split equitable
domination in graphs

P. Nataraj' @ orcid.org/0000-0002-5535-7838
R. Sundareswaran?® orciclorg/0000-0002-0439-695X
V. Swaminathan3® orcid.org/0000-0002-5840-2040

'The Madura College, Dept. of Mathematics, Madurai, TN, India.
natsssac7@yahoo.com

2Sri Sivasubramaniya Nadar College of Engineering, Dept. of Mathematics, Chennai, TN, India.
sundareswaranr@ssn.edu.in

3Saraswathi Narayanan College, Ramanujan Research Center in Mathematics, Madurai, TN, India.
swaminathan.sulanesri@gmail.com

Received: 2020/09/29 | Accepted: 2020/11/18

Abstract:

In a simple, finite and undirected graph G with vertex set V and edge set E, Prof
Sampathkumar defined degree equitability among vertices of G. Two vertices
u andv are said to be degree equitable if |deg(u) - deg(v)| < 1. Equitable dom-
ination has been defined and studied in [7]. V.R. Kulli and B. Janakiram defined
strong non - split domination in a graph [5]. In this paper, the equitable ver-
sion of this new type of domination is studied.
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1. Introduction

In 1973, W.Meyer defined equitable colouring [15] as a proper colouring
in which the cardinalities of any two colour classes differ by at most one.
Observing this, Prof. Sampathkumar defined degree equitability. Several
papers were published using this concept namely equitable domination, eq-
uitable packing, equitably independent set, equitable vertex covering etc.
[1, 2, 3, 7]. In this paper, equitably complete subgraph is defined and
equitable dominating set whose complement is an equitably complete
subgraph is studied. Strong non-split domination was introduced by
V.R.Kulli and B.Janakiram [4] wherein the foundation for the study of
dominating sets whose complements induce complete subgraphs has been
laid. The results of this paper are tried in the equitable context.

2. Main results

Definition 1. [I] Let G be a simple graph with vertex V(G) and edge set
E(G). Two vertices u, v are said to be degree equitable if |deg(u)—deg(v)| <
1. A subset D of V(G) is called an equitable dominating set of G if for
every u in V(G) — D, there exists a v € D such that u and v are adjacent
and degree equitable.

Definition 2. Let D be an equitable domination set of G. D is called an
equitably strong non-split equitable dominating set if (V — D) is equitably
complete. (That is, any two vertices of G are adjacent and all the vertices
of V.— D are degree equitable in G). The minimum(maximum) cardinality
of a minimal strong non-split equitable dominating set of G is called the
strong non-split equitable domination number of G (upper strong non-split
equitable domination number of G) and is denoted by 75" (G)(I's™(G)).

If G is not equitably totally disconnected, then there exists a vertex u
in V(G) such that V' — {u} is a strong non-split equitable dominating set
of G.

So, it is assumed that the graph that is considered is not equitably
totally disconnected.

Observation 1. 7.(G) < 42¥(G) < 8"5(Q).

Theorem 1. A strong non-split equitable dominating set D is minimal if
and only if for every u € D one of the following conditions holds.
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1. u is an equitable isolate (D).
2. Ne(v) N D = {u} for some vinV — D.

3. u is not equitably adjacent with some vertex of V. — D.
Proof. Obvious.
Proposition 1. 5.(G) < ~42"(G).

Proof. Let D be a 75" (@) - set of G. Let T' be an equitably independent
set of G. Then |T'N (V — D)| < 1. That is, either T is a subset of D or
T contains at most one vertex from V — D and the remaining elements are
from D. If T contains a vertex say v from V — D, then T cannot contain
the vertices in D which are equitably adjacent with v. Since at least one
vertex of D is equitably adjacent with v,T" can contain at most |D| — 1

vertices from D.
Remark 1. When G = K,,, $.(G) = v"%(G) = 1.

Definition 3. A subset S of V(G) is called an equitable clique if (S) is
complete and all vertices of S are degree equitable in G. The maximum
cardinality of an equitable clique of G is called the equitable clique number
of G and is denoted by w(G).

Example 1. Let G be obtained from K4 by attaching two pendent vertices
at exactly one vertex of Ky. Then w(G) = 4 and w.(G) = 3.

Remark 2. w.(G) < w(G).

Theorem 2. n — w.(G) < ¥5"5(G) <n —we(G) + 1.

Proof. Let D be ay5"(QG) - set of G. Then (V —D) is an equitably complete
subgraph of G. Therefore, |[(V —D)| < we(G). That is, n—7"(G) < we(G)
which gives n — we(G) < 2"(G).

Let S be a we(G) - subset of G. Then for any u € S, S — {u} is an
equitable clique of G. Since u is equitably adjacent with every element of
S —Au}, (V —8S)U {u} is a strong dominating set whose complement is
equitably complete. Therefore, v5"*(G) < |(V —S)U{u}| = n—w.(G) + 1.

e
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Remark 3. Let GG be the graph obtained from K3 by attaching one pen-
dent vertex at exactly two of the vertices of K3. Then w.(G1) = 3 and
Y& (G1) = 3. Therefore, |[V(G1)| — we(G1) =5 —3 =2 < 4"(Gy) = 3.
Let G = K30 Kj. Then we(G3) =3 and v (G2) =4 =n — we(Ga) + 1.
Let G3 be the graph obtained from Cy by attaching a pendent vertex at
exactly one vertex of Cy. |V(G3)| = 5,we(G3) = 2 and 75" (G3) = 3.
Therefore, n — we(G3) = 75"*(G3). Let G4 be obtained by attaching a
single pendent vertex at exactly one vertex of K3. Then n=4, w.(G4) = 3
and " (G4) = 2. Therefore, 72" (G4) =2 =n — we(Ga) + 1.

Theorem 3. Let G be a graph with we(G) > 0.(G). Then, v:"*(G) <
n — 0e(G).

Proof. Suppose we(G) > 6.(G)+ 1. Then —w(G) < —0.(G) — 1. From the
above theorem, 72"*(G) < n — we(G) + 1 < n — 6.(G). Suppose w.(G) =
Je(G). Let S be a we(G) -set of G. Let uw € S. Then, dege(u) > 0.(G).
Since, |S — {u}| < 6.(G), u is equitably adjacent with at least one vertex
of V — S. Therefore, V — S is an equitably strong non-split equitable

dominating set of G. Therefore, v5"*(G) < |V — S| =n —|S| =n — 6.(G).

Corollary 1. The above bounds are attained if and only if one of the
following conditions is satisfied.

1. we(G) = 0¢(G).

2. we(Q) = 0.(G) 4+ 1 and every we(G)- set S contains a vertex which is
not equitably adjacent with any vertex of V — S.

1. Suppose we(G) = 0¢(G). Since n — we(G) < 75" (G), we have n —

Je(G) < 5" (G). But from the above, 75"(G) < n — §.(G). Hence,
Y (G) = n — 0.(G). Conversely, suppose, v5"(G) = n — 6.(G).
Then n — J.(G) > n — we(G). Therefore, we.(G) > 6.(G). Since,
YE(G) < n—we(G)+1, n—0e(G) = v (G) < n—we(G)+1. That

is, we(G) < 6c(G) + 1. Therefore, we(G) = Je(G).

2. Suppose, 75"¥(G) = n—06.(G). From the earlier theorem, n—w.(G) <
1" (G) < n — we(G) + 1. Therefore, w.(G) = §.(G) or §.(G) + 1.
Suppose there exists a we(G) - set S with |S| = 6.(G) + 1 such that
every vertex in S is equitable adjacent with some vertex in V' — S.
Then, V — S is an equitably strong non-split equitable dominating set
of G. Therefore, 7"*(G) < |V =S| = n—(6.(G) + 1), a contradiction
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to our assumption 75" (G) = n — d.(G). Therefore, every we(G) - set
S with |S| = 6.(G) + 1 is such that S contains a vertex not equitably
adjacent to any vertex of V. —S. Conversely, suppose, we(G) = 0.(G)+
1 and every we(G)-set S with |S| = §.(G) + 1 is such that S contains
a vertex not equitably adjacent to any vertex of V — S. Therefore,
V-S is not an equitably strong non-split equitable dominating set
of G. Therefore, 7"*(G) > |V — S| = n — (d.(G) + 1). That is,

YE(G) > n — we(G). But, 7"(G) < n — we(G) + 1. Therefore,
7" (G) = n = we(G) + 1.

2.1. 72"¥(G) for some classes of graphs

1. v8"(K,) = 1 where n > 2.

2. Y (Kppp) =m+n— 2, if jm —n| < 1,m,n > 2. Otherwise, K n
is totally disconnected.

3. 55 (Ch) = — 2.

4. y5"5(Py) ={1,if n=2
2,ifn=3
n—3,if n > 4.

5. 4 (Wy) ={1,ifn=14
2,ifn=>5
n — 2,if n > 6.

Definition 4. A subset D of V(G) is called an equitable vertex set dom-
inating set of G if for any subset S of V' — D, there exists a vertex u € D
such that S U {u} is equitably connected. The minimum cardinality of an
equitable vertex set dominating set of G is called the equitable vertex set
domination number of G and is denoted by vY*(G).

Theorem 4. In any graph G,v2*(G) < 42" (G).

Proof. Let D be a 75" (G)-set of G. Then, for any subset S of V' — D, (S)
is equitably complete and for any v € S, there exists a vertex u € D which
is equitably adjacent with v. Therefore, S U {u} is equitably connected.
Therefore, D is an equitable vertex set dominating set of G and hence

1eH(G) < D =2"(G)



994 P. Nataraj, R. Sundareswaran and V. Swaminathan

Example 2.

1. Consider Cy with V(C4) = {u1,u2,us,us}. Add two vertices z,y.
Join x with w; and w4, y with us and ug and join xz and y. Let
G be the resulting graph. Then {uy,u4,z} as well as {ug,us,y} are
&% (G)-sets of G and hence 45™*(G) = 3. The two sets are also 72*(G)

e

- sets of G and hence 7?*(G) = 3. Thus, 7*(G) = ~v5"(G) = 3.

2. Let G be the graph obtained from K3 by attaching a single pendent
vertex at a single vertex of K3 and joining the pendent vertex with
one of the other two vertices of K3. Then, the set consisting of the
vertex of K3 and its pendent vertex is a 75"*(G) - set of G and hence

sns

v&"(G) = 2. The singleton set consisting of that vertex of K3 which
has a pendent vertex is a 72*(G) - set of G and hence 7J*(G) =1 <

2(6)
Corollary 2. For any equitably connected tree T, n — 6.(T) < v&"(G).

Proof. Since 7Y*(G) < 45™¥(G) and since for any equitably connected tree
, Y25 (G) = n — 0.(T), the result follows.

Theorem 5. If G has no equitable isolate and if G has an equitable strong
non-split, equitably independent, equitable dominating set , then diame(G) <
3.

Proof. Let G be a graph without equitable isolate. Let D be a minimum
equitable strong non-split, equitably independent, equitable dominating
set. Let u,v € V — D. Then, d.(u,v) = 1. Let u € D, v € V — D.
Since G has no equitable isolates and D is equitably independent, there
exists w € V — D such that u and w are equitably adjacent. Therefore,
de(u,v) < de(u,w) +de(w,v) = 2. Let u,v € D. Then there exist wq,ws in
V — D, such that v and w; are equitably adjacent and v, wy are equitably
adjacent. Therefore, de(u,v) < de(u,w1) + de(wi, w2) + de(we,v) = 3.
Hence diam.(G) < 3.

Theorem 6. If G has no equitable isolate and if vi"*(G) = 7.(G), then
diame(G) < 3.

Proof. Let D be a 75" (G) - set of G. Since D is also an equitable domi-
nating set of G of cardinality 7.(G) and since G has no equitable isolate,
V — D is an equitable dominating set of G as well equitably complete set
of G. Therefore, every vertex of D is equitably adjacent with some vertex
of V'.— D. Proceeding as in previous theorem, we get diam.(G) < 3.
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Theorem 7. Let S be an equitably independent set in G. Let |D| < n —
A¢(G). Then, V — D is an equitably strong non-split equitable dominating
set of G, where G, is the equitable complement of G. (that is, equitable
edges of G are to be removed and equitable non-edges are to be added).

Proof. Let D be an equitably independent set in G. Let |D| < n — A.(G).
Then |V — D| > A.(G). Therefore, each vertex of D is not equitably
adjacent with at least one vertex in V' — D. Therefore, V — D is an equitable
dominating set of G,. Since D is equitably complete in G., V — D is an
equitably strong non-split equitable dominating set of G.

Definition 5. An equitable dominating set D of an equitably connected
graph G is said to be a strong equitably split equitably dominating set of
G if (V — D) is totally equitably disconnected. The minimum cardinality of
such a set is called the strong equitably split equitably domination number
of G and is denoted by v3*(G).

Definition 6. An equitable dominating set D of a graph G is called an
equitably regular set dominating set of G if for any subset S of V — D,
there exists a subset T' of D such that (T'U S) is equitably regular. (that
is equitable degree of any two vertices of TUS are equal in (T'U S)). The
minimum cardinality of an equitably dominating and equitably regular set
dominating set of G is denoted by v.*(G).

Theorem 8. For any graph G , 7.5(G) < ~5"(G) + 1.

e

Proof. Let D be a 75" (QG) - set of G. Then (V — D) is equitably complete.
Let w € V—D. Then, DU{u} is an equitable dominating set of G. Also, for
any subset S of V' — D, there exists T' = {u} a subset of D U {u} such that
(SUT) is equitably regular. Hence, DU{u} is an equitable dominating and
equitably regular set dominating set of G. Therefore, 7.*(G) < |[DU{u}| =

7em(G) + 1.

Example 3. In the Example 2(1) of Theorem 2.4, 4.%(G) = 4 and v (G) =
3 and in Example 2(2) of Theorem 2.4, v1*(G) = v (G) = 2.

Theorem 9. Let G be a graph without equitable isolate. If diam¢(G) < 3,

then v"*(G) < n —t where t is the number of equitable cut vertices of G.

Proof. Let T be the set of all equitable cut vertices. Then |T| = ¢. If
t =0 or 1, then the result is obviously true. Let ¢ > 2. Let u and v belong
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to T'. If w and v are equitably non-adjacent, then there exist an equitable
component say Vj containing v in V' —{u}. Since u and v are equitable non-
isolates, there exists a vertex u; equitably adjacent with u in an equitable
component say Vs different from V4 . Also, there exists a vertex vy in V3
equitably adjacent with v. Thus, de¢(ui,v1) > 4 , a contradiction since
diame(G) < 3. Therefore, any two vertices of 1" are equitably adjacent.
Also, every vertex in T is equitably adjacent with atleast one vertex in
V —T. Therefore, V—T is a equitably strong non-split equitable dominating
set of G. That is , vs"(G) < |V —=T|=n —1t.

Definition 7. An equitable dominating set D of a graph G is called an
equitably non-split equitable dominating set if (V' — D) is equitably con-
nected. The minimum cardinality of such a set is called the equitably
non-split equitable dominating number of G and is denoted by v!'*(G).

Theorem 10. Let G be a simple graph without equitable isolate. Also,
every vertex of G is either an equitable cut vertex or a vertex of equitable
degree one. If w.(G) = k then, v}*(G) = " (G) = n — k.

Proof. Let S be the set of all equitable cut vertices with |S| = k. From the
above theorem we get, S is equitably complete. Also, every vertex in S is
equitably adjacent with a vertex of equitable degree one. Therefore, V —S5 is
an equitably non-split equitable dominating set as well as equitably strong
non-split equitable dominating set of G.|V — S| =n—k. If vi"*(G) < n—k,
then the complement of a 72"*(G) - set will contain a least k + 1 elements
which form an induced equitably complete subgraph, a contradiction since
we(G) = k. Therefore, 75" (G) = n — k. Also, if 7*(G) < n — k, then
the complement of a 7[*(G) - set say D will contain a least k + 1 elements
in the complement and hence at least one vertex of equitable degree one
which can be dominated only by an equitable cut vertex. Therefore, D
contains an equitable cut vertex which means that (V' — D) is equitably
disconnected, a contradiction since D is a v'*(G) - set of G. Therefore,

¥2$(G) = n — k. Hence the theorem.

Definition 8. A subset D of V(G) of a simple graph is called an equitably
efficient dominating set of G if every vertex of V — D is equitably dominated
by exactly one vertex of D. The minimum cardinality of such a set is called
the equitably efficient domination number of G and is denoted by regular

Ve (G).
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Theorem 11. Let G be a equitably n— regular (that is, the equitable
degree of every vertex is n) graph of order 2n. If D is an equitably efficient
equitably dominating set of G, then D and V — D are equitably strong
non-split equitable dominating sets of G.

Proof. Let G be a simple graph which is equitably n— regular and of
order 2n. Let D be an equitably efficient equitably dominating set of G,
Then, any vertex of V — D is equitably adjacent with exactly one vertex
of D. Therefore, the remaining n — 1 equitable neighbours of that vertex
are in V — D. This is true for any vertex of V. — D. Therefore, V — D
is equitably complete and |V — D| = n. Therefore, |D| = n. Since G is
equitably n— regular and |D| = n, any vertex of D is adjacent equitably
with at least one vertex of V — D. Suppose, there exists a vertex u € D
which is adjacent equitably with two or more vertices of V' — D. Also, since
dege(u) = n, and |D| = n, there exists a vertex v € D, v # u such that
u and v are not equitably adjacent. Also, v can not be equitably adjacent
with any equitable neighbour of u € V — D. Proceeding in this way since
|V — D| = n, we reach a stage when there exists a vertex in D whose
equitable degree is < n, a contradiction. Therefore, every vertex of D is
equitably adjacent with exactly one vertex in V' — D and (D) is equitably
complete. Hence D and V — D are equitably strong non-split equitable
dominating sets of G.

Theorem 12. Let G be a simple graph without equitable isolates and
with A.(G) < n — 2. Let D be an equitably strong non-split equitable
dominating set of G such that (D) is equitably complete and |D| < §.(G).
Then D is minimal and V — D is also a minimal equitably strong non-split
equitable dominating set of G.

Proof. Suppose, there exists a vertex in D which is equitably adjacent
with every vertex of V — D. Then G is equitably complete. That is,
A¢(G) = n—1, a contradiction. Therefore, every vertex in D is not adjacent
with some vertex of V' — D. Therefore, D is minimal.

If |D| < §.(G), then every vertex in D is equitably adjacent with some
vertex of V — D. Therefore, V — D is an equitably strong non-split equitable
dominating set of G. Further, arguing as above, each vertex in V — D is
not equitably adjacent with some vertex of D. Therefore, V — D is also a
minimal equitably strong non-split equitable dominating set of G.

Theorem 13. Let G be a simple graph without equitable isolate. If A.(G) <
(@), then v (G) = n — we(G).

e
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Proof. Let T be a minimum equitable vertex cover of G so that |T'| = a.(G).
If G = K, then B.(G) =1, ae(G) =n— 1= A(G). But A(G) < ae(G).
Therefore, G = K,,. V — T is equitable independent. Since |V — T| =
Be(G) and G = K, |V —T| > 2. If a vertex say u € V — T is equitably
adjacent with every vertex of T, then deg.(u) > |T| = a.(G) > A (G), a
contradiction. Therefore, every vertex of V-T is not adjacent with at least
one vertex of T. Therefore, T is an equitably strong non-split equitable
dominating set of G. Hence, v5"(G) < |T| = a(G) = n — B.(GQ) <

e

n — we(G). But, v5"(G) > n — we(G). Hence, 75" (G) = n — we(G).
Theorem 14. Let G be a graph without equitable isolate. Let G and G
be equitably connected. Further, let we(G) > 6.(G) and we(G) > 6.(G).

Then, v3"(G) + 75" (G) < n+ 14 A(G) — 0.(G).

Proof. From Theorem 2.3, 75" (G) < n—0.(Q) and v (G) < n—6.(G) <
1+ A.(G). Hence the theorem.

Remark 4. Let G = Cs. Then G = C5. v5™(G) = 3 = v5"(G). 6.(G) =

de(G) = 2.n = 5. Therefore, 75" (G)+75"(G) = 6,n+1+A(G)—0.(G) =

€

5+1+42—2 = 6. Hence equality holds in the above theorem when G = Cj.
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