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Abstract:

A loop (Q, *) is called a Basarab loop if the identities: (x:yx’)(xz) = x- yz and
(vx):(x*z *x) = yz *x hold. It was shown that the left, right and middle nuclei of
the Basarab loop coincide, and the nucleus of a Basarab loop is the set of ele-
ments x whose middle inner mapping T, are automorphisms. The generators of
the inner mapping group of a Basarab loop were refined in terms of one of the
generators of the total inner mapping group of a Basarab loop. Necessary and
sufficient condition(s) in terms of the inner mapping group (associators) for a
loop to be a Basarab loop were established. It was discovered that in a Ba-
sarab loop: the mapping x » Tx is an endomorphism if and only if the left
(right) inner mapping is a left (right) regular mapping. It was established that
a Basarab loop is a left and right automorphic loop and that the left and right
inner mappings belong to its middle inner mapping group. A Basarab loop was
shown to be an automorphic loop (A-loop) if and only if it is a middle automor-
phic loop (middle Aloop). Some interesting relations involving the generators
of the total multiplication group and total inner mapping group of a Basarab
loop were derived, and based on these, the generators of the total inner map-
ping group of a Basarab loop were finetuned. A Basarab loop was shown to be
a totally automorphic loop (TA-loop) if and only if it is a commutative and flex-
ible loop. These aforementioned results were used to give a partial answer to
a 2013 question and an ostensible solution to a 2015 problem in the case of Ba-
sarab loop.
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940 T. G. Jaiyéold and G. O. Effiong

1. Introduction

Let G be a non-empty set. Define a binary operation () on G. If z-y € G
for all z,y € G, then the pair (G,-) is called a groupoid or Magma.
If each of the equations:

a-x=>= and y-a=>o

has unique solutions in G for = and y respectively, then (G,-) is called a
quasigroup.

If there exists a unique element e € G called the identity element such
that for all z € G, z-e =e-z =z, (G,-) is called a loop. We write xy
instead of x - y, and stipulate that - has lower priority than juxtaposition
among factors to be multiplied. For instance, z - yz stands for z(yz).

Let = be a fixed element in a groupoid (G, -). The left and right trans-
lation maps of GG, L, and R, respectively are defined by

yLy =z -y and yR, =y - x.

It can now be seen that a groupoid (G, -) is a quasigroup if its left and
right translation mappings are permutations. Since the left and right trans-
lation mappings of a quasigroup are bijective, then the inverse mappings
L;! and R;! exist. Let

x\y = yL;1 =xM, and x/y = ny_l = ny_l
and note that
Ny=z&zw-z=y and rjy=zz-y=uc.

In aloop (G, -) with identity element e, the left inverse elementof xz € G
is the element z.Jy, = z* € G such that

r -xr=e€

while the right inverse element of x € G is the element zJ, = 2 € G such
that

x-xf =e.
If 2* = a” for any = € G, then we simply write 2 = 2?7 = 27! or
Jy = J, = J. Let a,b and c be three elements of a loop G. The loop
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associator of a,b and c is the unique element (a,b,c) of G which satisfies
(ab)c = {a(bc)}(a,b,c). The loop commutator of a and b is the unique
element (a,b) of G which satisfies (ab) = (ba)(a,b).

The right nucleus of G is defined by N,(G,:) = {a € G | zy - a =
z-ya ¥V y,z € G}. The left nucleus of G is defined by N\(G,:) = {a €
G:ar-y=a-zyV z,y € G} The middle nucleus of G is defined by
NG, )={a€eG:ya-x=y-ax ¥V z,y € G}. The nucleus of G is defined
by N(G,-) = NA(G,-) N Ny(G,-) N Nu(G,-). The centrum of G is defined
by C(G,) = {a € G :ax = za ¥ © € G}. The center of G is defined
by Z<G7 ) = N<G7 ) N C<G7 ) NP<G7 ')7 N)\(Gv ‘)7 N,U«(Gv ')7 N(G7 ')7 Z(G7 )
are subgroups of (G,-).

The group of all permutations on G is called the permutation group of
G and denoted by SY M (G). The group M(G,-) = <{R$,Lm, :zeGY

is called the multiplication group of (G,-) and M(G,-) < SYM(G).

If e = e in a loop G such that « € M(G), then « is called an inner
mapping and they form a group Inn(G) called the inner mapping group.
The right, left and middle inner mappings

R RyR R, Ly, = LoLyL,} and T, = Ry L}

respectively generate the right inner mapping group Inn,(G), left inner
mapping group Inny(G) and the middle inner mapping group Inn,(G).

The triple (4, B, C) of bijections of a loop (G, -) is called an autotopism
if

(1.1) zA-yB=(z-y)CVax,yed.

Such triples form a group AUT(G,-) called the autotopism group of
(G,-). Furthermore, if A = B = C, then A is called an automorphism of
(G,-). Such bijections form a group AUM (G, ) called the automorphism
group of (G, ). If

Inny(G) < AUM(G), Inn,(G) < AUM(G), and Inn,(G) < AUM(G),

then G is called a left A-loop(A-loop), right A-loop(A ,-loop) and middle
A-loop(A -loop) respectively. It is well known that

Inn(G, ) = <R(m’y),L(m’y),Tx | z,y € G>, but this was later improved
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to be Inn(G,

) =
Vojtéchovsky [32].
If Inn(G,-) < AUM(G,-), then (G,-) is called an automorphic loop
(A-loop)

The group TM(G,-) = <{R$,Lm,Mx NS G}> is called the total

multiplication group of (G,-) and an element o € 7M(G,-) such that
ea = e is called a total inner mapping of (G,-). It has been established in
Stanovsky et al. [25] that the total inner mapping group

<L:cy)aTac |x,y€G> = <R(a:y x|$y€G>

TInn(G,-) = <R(m7y),L(%y),Tx,M(x’y),Ux | z,y € G>, where
Mgy = MyM, ]\4;\:C
and U, = M, R,!. Although, Syrbu [28] showed that

TInn(G,-) = <R($7y),L(x7y),Tm,P(x ) ( Y)’ ULV, |zye G>, where

Ploy) = MmMnyRgl,

P M M 1R L and V, = R,M, but this result was later on

(zy) —
improved to T'Inn(G, ) = <R(x7y), Lz Ty Plag) Ve | 2,y € G> by Syrbu

and Grecu [30]. In an inverse property loop (G,-),
TM(G,") = <{Lz,J NS G}> =<{M, : x€ G} > and

TInn(G,-) = <Inn(G,-),J ' T,y € G> = <M(xyy) ‘ T,y € G>.

If TInn(G,-) < AUM(G,-), then (G, ) is called a totally automorphic
loop (TA-loop). TA-loops are commutative. Some works in the direction
of structure of A-loops and TA-loops can be found in [6, 16, 18, 19, 20,
22, 25, 32]. According to Stanovsky et al. [25], T'Inn(G,-) characterizes
normal subloops.

Theorem 1.1. (Kinyon [18]) A loop is a TA-loop if and only if it is a
commutative Moufang loop.

The above fact is gotten from the result below.

Theorem 1.2. (Kinyon [18]) Let (G, -) be a loop. The following are equiv-
alent:
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1. <L;\1yMme,Ry—/;My1Mx1 lz,y € G> < AUM(G,-).

2. (G, ") is both an A-loop and a Moufang loop.
And Theorem 1.2 led to the following Question 1.1.

Question 1.1. (Kinyon [18]) What other interesting varieties of loops can
be characterized by specifying that some group of total inner mappings acts
as automorphisms?

Question 1.2. (Stanovsky et al. [25]) Are the generating sets of TInn(G)
for a loop G minimal, i.e, can any of the five types of mappings be removed?
Is there a generating set for T M(Q) with only two types of inner mappings?

Remark 1.1. Syrbu and Grecu [30] were able to provide answers to Ques-
tion 1.2 by showing that:

1. If Q is a power associative loop, then
TITLTL(Q) = <R(xyy), L(I,y)v P(%y), V. ‘ T,y € Q>

2. If ) is a middle Bol loop, then
TInn(Q) = <R($7y)7p(x7y)7‘[% | z,y € Q>

The authors furthermore established the importance of the total inner
mapping group by showing that if () is a middle Bol loop, then
Inn(Q) < TInn(Q). But this result is not necessarily true for a left or right

Bol loop (note that, every middle Bol loop corresponds to a right or left
Bol loop and vice versa). It must be recalled that Grecu and Syrbu [13],
Syrbu [27], Syrbu and Grecu [29] established isostrophy invariance in several
structural properties between middle Bol loops and their corresponding
right or left Bol loop.

For an overview of the theory of loops, readers may check [7, 8, 9, 12,
15, 21, 23, 31].

Definition 1.1. Let (G, ) be a quasigroup. Then

1. U € SYM(QG) is called A\-regular if there exists (U, I,U) € AUT(G,-);
the set of all such mappings forms a group A(G,-) called the group
of left regular mappings.
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2. a bijection U is called p-regular if there exists (I,U,U) € AUT(G,-);
the set of all such mappings forms a group P(G,-) called the group
of right regular mappings.

Definition 1.2. A loop (G, ) is called a cross inverse property loop(CIPL)
if it obeys the identity xy-xf =y or Ty =y or o (yz) =
Yy or My x=y
for all x,y, € G.

A loop (G, ) is called an automorphic inverse property loop(AIPL) if it
obeys the identity

(xy)f =afy?  or  (xy)* =ty
for all x,y, € G.

A loop satisfying the identical relation xy-zx = (x - yz)x is called a
Moufang loop.

A loop (Q,-) is called a Basarab loop (or K-loop), if the identities:

(1.2) (z-yzP) -zz=x-yz, yx- (2 z-2)=yz-z

BK1 BK?2
hold for all x,y,z € Q.

Example 1.1. (Basarab [4])
Let F be a field, F' be the set of non-zero elements of F. Define on the
set Q = F' x F the operation (-) as follows:

(a,2) - (by) = (a-b, (@' =1)- (7 = 1)+ b7 w +y).
Then, (Q,-) is a Basarab loop.

In recent years, many works have been published with the name K-
loop(also called Bruck-loop, Bol-Bruck-loop). Kerby and Wefelscheid in-
vestigated the additive structure of a near-domain with extra axioms and
then they called the new structure a K-loop, but according to Kiechle [14],
they used the term K-loop only in talks in 1970s and the beginning of 1980s.
Ungar [26] and Kiechle [14] continued to study the K-loop introduced by
Kerby and Wefelscheid.

On the other hand, the term ‘K-loop’ was used for different purposes
by Soikis [24] in 1970, and latter but independently by Basarab [2] in 1992.
Thus, the notion of ‘K-loop’ as used by Soikis, Ungar and Basarab has
different meaning respectively, and may be confusing. For example, the
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book titled theory of k-loops written by Kiechle [14] has completely different
meaning from the paper titled K-loops published by Basarab [2].

Basarab loops (also called K-loops) are non-associative generalizations
of groups. In this paper, we shall adopt the name ‘Basarab loop’, to refer to
‘K-loop’ of Basarab, as recommended by R.Artzy in the review of Basarab
[4].

The first publications introducing the class of loop called Basarab loop
are the two prominent papers of Basarab [1, 2] in 1992. Basarab [4] used the
result published by Belousov [5] to construct an example of a Basarab loop
whose nucleus is an abelian group. After his first publications in 1992 on
Basarab loops, no other author researched on properties of Basarab loops
until in 1996 and 1997, that he, Basarab studied the relationship between
a generalized Moufang loop, Osborn loop, VD-loop, and a Basarab loop,
and a special type of a Basarab loop, known as IK-loop respectively. In
Jaiyéold and Effiong [17], the authors considered the Basarab loop and
its invariance with inverse properties. Effiong et al. [10, 11] respectively
investigated the connections between Basarab loop and Buchsteiner loop,
and the holomorphy of Basarab loop. In this current study, an IK-loop is
an automorphic inverse property Basarab loop.

Here are some existing results on Basarab loop.

Theorem 1.3. (Basarab [4]) Let (Q,-) be a Basarab loop.
1. N(Q,-) contains the associator of any three elements of Q).
2. The quotient loop Q/Z(Q,-) is a group.
3. If (Q,-) is generated by one element, then it is solvable.

4. If (Q,-) has the automorphic inverse property, then it is nilpotent.

Theorem 1.4. (Basarab [2]) Let (Q,-) be a Basarab loop.
1. N(Q,") is a nontrivial normal subloop.
2. The quotient loop Q/N(Q), ) is an abelian.
3. If N(Q, ) has an odd order, then (Q,-) is solvable.
Theorem 1.5. (Basarab [3])

1. Any Basarab loop (any V D-loop) is a G-loop.
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2. Any Basarab loop (V D-loop) is an Osborn loop.
3. A Basarab loop (Q,-) is a V D-loop if x? € N(Q,") for any z € Q.

4. A VD-loop (Q,-) is a Basarab loop if > € N(Q,) for any z € Q.

In this present work, the nuclei of Basarab loops are characterized in
terms of middle inner mappings, associators in Basarab loops are expressed
in terms of total inner mappings and necessary and sufficient condition on
generator(s) of the inner mapping group is given in order for a Basarab
loop to be an A-loop. Some results on the generators of the inner mapping
and total inner mapping groups of a Basarab loop are established in order
to show that a class of total inner mappings act on a Basarab loop @ by
automorphisms if and only if ) is an A-loop and flexible.

2. Main Results

2.1. Some Algebraic properties of Basarab loop

Lemma 2.1. Let (Q,-) be a Basarab loop, then the following hold for all
:I:, y7 z e Q:

(i) (z-yzf)z = zy.

(i) (x-y2?) - 2y” = z.
(iii) (22 aP) 2z = .
(iv) (2 2)(a 2 z) = z.
(v) 2()z - z) = zz.

(vi) yz- (2N z) = .
(vii) 75! = Ry Ly.
(viii) Ty = L Ra.

(ix) [Lyr Ry, RooLy) = 1.
(%) z- (2ty-z)ar = y.

(xi) oM -yaP) x=y.
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Proof.  The proof of (i) to (vi) are gotten from (1.2) by making the
following substitutions: z = e,z = y?,y = 2" in BK1 and y = 2}y =
e,z =y in BK2.

(vii) follows from (i): RgpLyRy = Ly < RypLy = Ly Ry' & T = Ryo L.
(viii) follows from (v): LgaRyLy = Ry & LR, = R LY & T, =
L R.. (ix) to (xi): From (i), RepwLyRy = Ly = RpoLy = L,R;' =
(RL;Y)™t = T, ', From (v), LpaRyLy = Ry = LR, = R, L' =
T,. Thus, T,T.' = LaRyRply = I = T7'T, = RyoLyLR, =
LaRyRywLy = RypLyLaR,. Hence, [LaRy, RypLy] = I and - (2y -
r)zP =y =aMa - yzP) -z for all z € Q. O

Lemma 2.2. Let (Q,-) be a loop. (Q,-) is a Basarab loop if and only if
(Ryr Ly, Ly, Ly),(Ryy, LoaRy, Ry) € AUT(Q, )
if and only if (T}, Ly, Ly), (Rs, Ty, R:) € AUT(Q, ).

Proof.  Simply put BK1 and BK2 of (1.2) in autotopic forms. The last
part follows by (vii) and (viii) of Lemma 2.1. O

2.2. Nuclei of a Basarab loop

Theorem 2.1. Let (Q,-) be a Basarab loop.
1. The following are equivalent:

(a) x € N,(Q,-) for all z € Q.

(b) = € N\(Q,-) for all z € Q.

(c) z € Nu(Q,) for all x € Q.

(d) (yx)(2}2) = yz for all z,y, 2z € Q.
(e) (yxP)(xz) = yz for all z,y,z € Q.
(f) T, € AUM(Q,-) for all z € Q.
(8) Innu(Q,) < AUM(Q, ).

(h) (Q,) is an A,-loop.

(i) (Q,-) is a group.

2. N(Q, ) = NA(Q,-) = Np(@, 1) = Nou(Q, ).
3. NQ, )={zeQ]| T, € AUM(Q,)}.
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Proof.

1. Let (Q,-) be a Basarab loop. Then
€ N,(Q,") < (I, Ry, Ry) € AUT(Q,-) & (I, R;Y, RyY) € AUT(Q, ")
& (T;Y, Ly, Le)-(I, Ry, RyY) € AUT(Q,-) & (T, LoRy ', LRy
e AUT(Q,)
= (1,70 7,70 ;Y € AUT(Q, ) & T, € AUT(Q, ) & T, € AUM(Q,-).
Therefore, in a Basarab loop, z € N,(Q,-) if and only if T} is an
automorphism of (@, -).
Let (@, ) be a Basarab loop. Then
(LY, I, LY e AUT(Q, ) < (Ly, I, Ly) € AUT(Q,-) & = € N\(Q, )

& (Ly, I, Ly) € AUT(Q,-) & (L7, I, L) € AUT(Q, )

& (Rp, Ty, Ry)-(L;Y, I, LY € AUT(Q, ) < (R LY, Ty, RoL;Y)
€ AUT(Q, )Ty, Ty, Tp) € AUT(Q, ") = T, € AUM(Q,-).

Thus, in a Basarab loop (Q,-), z € N\(Q,-) if and only if T, is an auto-
morphism of (@, ).

Let (Q,-) be a Basarab loop. Then z € N,(Q,) & (Rs, Ly 1) €
AUT(Q,-) & (R;Y, Ly, 1) € AUT(Q,") < (Ry, Ty, Re)(R;Y, Ly 1) €
AUT(Q,-) & (RyR;', T.Ly, R;) & (I, Ry, Ry) € AUT(Q,") & z €
N,(Q,-). Thus, in a Basarab loop (Q,-), * € N,(Q,-) if and only if
z € Ny(Q,"). v € N\(Q,") & (Lg, I, Ly) € AUT(Q,-) & (L;l, 1, L;l) €
AUT(Q,") < (Ryp Ly, Ly, Ly)-(L7Y, I, L7Y) € AUT(Q,-) < (Rye, Ly, I) €
AUT(Q,) & (yz)(az) = yz & (ya*)(x2) = y2.

2. In a Basarab loop (Q, ),z € Nx(Q, ) if and only if T, is an automorphism
of (Q,-). Also, x € N,(Q,-) if and only if T} is an automorphism of (@, -).
This means € N)(Q, ) C N,(Q, ) if and only if T} is an automorphism
of (Q,-). And z € N,(Q,-) C NA(Q,-) if and only if T}, is an automorphism
of (Qa ) Hence, N)\(Q? ) = NP(Q> )

YIS NH(Q7 ) A (RI7 L;17 I) € AUT(Q7 ) g
(LeR;, Ly, Ly)(Ry, LY, I) € AUT(Q,-) < (Lg, I, Ly) € AUT(Q, ")
=T EC N)\<Q, )
Henceu N)\(Q? ) = NH(Qa )

3. Use 1.
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2.3. Inner mappings and associators of Basarab loop

Theorem 2.2. In any loop (Q,-), for all z,y,z € Q:

1. 2Lz ) = (Y2) M(y.2z)-

2. (y,z,2) = [y:p : zL(z,y)} Mys.2y.-

3. 2Ry ) = (xy)M(_z;,y).

4. (z,2,y) = (2 yx)M[zR(l.yy)fcy}'
5. YTy = xMyy).

6. (y,7) = (2y) M(zyr,)-

Proof.
L. 2Ly = 2L LyLy} = (y - 22) L} = (yx) My.q0)-

2. Recall that yz - z = (y - z2)(y,x,2) = y-zz = (yz - 2)/(y,x, 2).

So, from 1, 2L, = (y - a:z)L;xl =y 22 =y 2Ly = (Y-
Z)/(y,x,z) = yx'ZL(m,y) = (yaxaz)M(;i.z) = yx'ZL(:r,y) = (y,x,z) =

[yfff : ZL(M/)] Myz.)-

3. 2Ry ) = szRyR;yl = (22 - y)R;y1 = (xy)M(;i,.y).

4. Recall that zz-y = (2-wy)(2,z,y). So, from 3, 2R, ) = (z2-y)R
RY - Y = ZR(x,y) CTY = (Z ’ .’L'y) vamy) = ZR(x,y) CTY = (z,x,y)

[ZR(J:,y) : $y:| L(;lzy) = (z,x,y) = (Z ’ yx)M[zR(Ly)-xy]'

5. yT, = yR.L,;' = (yx)L;' = T My

6. Recall that yz = (zy)(y,z). So, from 5, yT, = [(zy)(y,2)]L;' =
(@) (y.2) = z-yTe = (g,0) = |o-yT|LGh) = (29) Mpyr) =
(y,l’) = (xy)M[:ryTz]

Theorem 2.3. Let (Q,-) be a loop. The following are equivalent:
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1. (Q,-) is a Basarab loop.

2. (w,y,2) = [(@-y)(@2)|\(2y-2) and (2,9, 2) = (@-y2)\[(@2)(zy-2)|
for all z,y,z € Q

3. Inn(Q,-) = <LxLx.yxpL;y1, T, |z,y € Q> and
Inn(Q, ) = <R9€Rx’\z~sz_z17 Ty |z, 2 € Q>
Proof.

1<2 This is achieved by simply using (1.2) and the fact that xy - z =
(.’L’ : yZ)(ZL‘, Y, Z)

13 BK1 of (1.2) is true if and only if LyL, = LyLyyer < LyLoLy) =
LyLyyar Ly} < Ly 2 = LoLuyar Ly < Inn(Q, )
_ <Lme.yxpL;yl, T, |,y € Q>. BK2 of (1.2) is true if and only
if R.Ry = RoRipr,p) © RRoRy} = RoRp, Rt & Ry =
RoRipy Rt & Inn(Q, ) = (RoRpn. o RIL, T 2,2 € Q).

VAV A4 b

Theorem 2.4. In a Basarab loop (Q,-), for all z,y,z € Q:

1. (y,x,2) = [zLme,\ . zL(%y)Lym} Jx.

2. (z,2,9) = (z - yz)* [zR(m’y) -a:y].

3. (z,y,2) = [yT, ' z2]May - 2).

4 (2,y,2) = (x-y2)* - (22)(YT2).

Proof. Note that in a Basarab loop (@, ), (z,y,2) € N(Q, ).

1. From the proof of 2 of Theorem 2.2, (yz - 2)/(y, %, 2) = Yz - 2L(5,) =
() ,2) " = 2Ly = (0,2) " = (g2 fyo-2Lipy| =
(y,x,2) = [ZLWJ,\ . zL(Ly)Lyx} J.

2. From the proof of 4 of Theorem 2.2, (2 - xy)(z,7,y) = 2R, y) - vy =
(z,2,y) = (2 - yz)* [zR(m’y) -xy].
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3. By 2 of Theorem 2.3, zy -z = x(y2) - (x,y,2) = 2y -z = (z-yzP)(xz) -
(2,y,2) = [(z - ya?) (@) Moy - 2) = (2,y,2) = YT 22May - 2) =
(z,9,2).

4. By 2 of Theorem 2.3, zy - z = z(yz) - (z,y,2) = (x-yz)(x,y,2) =

(@2)(2My - 2) = (w,9,2) = (@ -y (@2)(Py - 2) = (2,,2) =
(z - y2) - (22)(yT2).

|

Corollary 2.1. In a Basarab loop (Q,-):
L Inn(Q,) = (LaLpr Lk, To | 2,y € Q).
2. Inn(Q,) = (ReRer, R, T | 2,2 € Q).

3. Ry, 2) = Ly, ) if and only if RzRyTny*Il — LmLyTglL;yl for all
z,y € Q.

Proof. 1 and 2 follow by 3 of Theorem 2.3. For 3, in a Basarab loop

(Q, -), R(z7 z) = RszTIR;ml,V x,z € @ and L(y’ z) = L$LyT;1L.;y1 , Va,ye

Q. This implies, Ry o) = R.Ryr, R}, V z,y,2 € Q. Thus, R, o) =
Ly, o) © ReRyr, Ry} = Lol pa Ly Va,y € Q. O

Theorem 2.5. In a Basarab loop (Q, -) the following are equivalent for all
x,y € Q:

(i) Twy =T.7,.
(ii) L, 4 € P(Q,-).
(iii) Ry ) € AQ, ).
Proof. Let (Q,-) be a Basarab loop and let By(x) = (T, !, L., L) €
AUT(Q, ),

Bi(y) = (T, ', Ly, Ly) € AUT(Q,-), and Bi(yz) "' = (Tya, L}, L)

€ AUT(Q,")
then By(z)Bi(y)Bi(yz) " € AUT(Q,") = T, T, ' Tyy = I
& Tye =TT (I, Ly, 2, Ly, 2)) € AUT(Q,) & Ly, 2) € P(Q,) ,
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VryeQ.
Also, let Ba(z) = (Ry, Ty, Ry) € AUT(Q,-), B2(y) = (Ry, Ty, R,) € AUT(Q, ")
and By(zy) ' = (Ryy, Toy's Ray) € AUT(Q, )
then Ba(z)Ba(y)Ba(zy) ' € AUT(Q, ") = T, T, T, =1
o Ty =TT, < (R(z, y), I, R(z, y) € AUT(Q, ")

< R(z, y) € A(Q,)Vz,y €Q.

2.4. Relationship between Basarab loop and automorphic loop

Theorem 2.6. Let (Q,-) be a Basarab loop. Then:

(i) (Q,-) is an Ax-loop if and only if L,y = T, 'T, Ty, for all z,y € Q
if and only if Ry, = TyR,Ly if and only if Innx(Q, ) = Inn,(Q,-).

(ii) (Q,-) is an A,-loop if and only if R, ,y = TxTyT@l for all z,y € Q if
and only if Lyy = T, ' Ly Ry if and only if Inn,(Q,-) = Inn,(Q,-).

(iii) (@,-) is an A-loop if and only if Inn(Q,-) = <Tz s x € Q> <

AUM(Q,-) & RyL;'R;' =T, = LR L] € AUM(Q,-) for all
x,y € Q if and only if Inn(Q,-) = Inn,(Q, ) < AUM(Q,-).

Proof.

(i) From the Basarab laws,
let Bl(x) = (T:r_17 LI» LI) (Q7 ) ( ) = ( _1 Lyv Ly) €
AUT(Q, ), and Bi(yz)™" = (Tyx, Lt L) € AUT(@.)
It follows that, Bi(z)Bi(y)Bi(yz) " = (T3 T,  Tye, Ls, W) €
AUT(Q,-). Then, a Basarab loop (Q,-) is an Ay-loop <:> L( ) =
T 1T Ty , Va,y € Q. Ly )—T 1T 1Tyx<:>L LyL, 1

_TlT Ty & LoR;'T, 1R oLy _LLL @RlT 'Ry, =
Ly @TRLy—RW

(ii) Also, from the Basarab laws, let Ba(x) = (Ry, Tn, R:) € AUT(Q, ),
BQ(y) = (R?,H Ty7 R ) S AUT(Q> ')a and
Bo(zy)~' = (Ry}, T,!, Ryl) € AUT(Q, ). Thus,

Ty Ty

By () Ba(y) Ba(wy) ™
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= (R, y), TxTyT;yl, Rz, ) € AUT(Q, ). This implies, a Basarab
loop (@, ) is an Ay-loop < R, ) = T.T, T, Ry ) = T,T,T,, <
R, RyR,} = T,T,T;} & T,T,LoyRyl = RyRyRy) & TuTyLyy =

RyRy < Ry L' TyLyy = RyRy & Ly TyLyy = Ry < Ly = T, Lo Ry,

(iii) This follows from (i) and (ii).

Corollary 2.2. Let (Q,-) be a Basarab loop. Then:

1. (Q,-) is an Ax-loop, Lz, ) = T;szleym, Ry, =Ty R, Ly and Inny(Q, )
= Inn,(Q,-) for all z,y € Q.

2. (Q,-) is an A,-loop, R(x, y) = TzTyTx_yl, Ly = Ty_leRy and Inn,(Q,-) =
Inn,(Q,-) for all z,y € Q.

3. (Q,-) is an A-loop if and only if Inn(Q,-) = <Tx cx € Q> <
AUM(Q,-) & T, = Ry, L,'R;' = L,R,L,} € AUM(Q,-) if and
only if Inn(Q,-) = Inn,(Q, ) < AUM(Q,-) for all z,y € Q.

Proof. In a Basarab loop (Q,-), (T;nglTym, Ly, o) Ly, 2))s (R
TxTyT;yl, R, y)) € AUT(Q,-). Since eL(, .y = e = eR(, ), then
Ly, o) R(@, yy € AUM(Q, ). Other conclusions follow from Theorem 2.6.
O

x, y)>

2.5. Basarab loop and generators of its total multiplication group
Theorem 2.7. Let (Q,-) be a Basarab loop and let U, = MR, V, =
Malegl, Wy = Ry M, for any arbitrarily fixed x € Q.
1. T, = J,L, M .
2. T, = xR, M,.
3. The following are true
1. T, =W,V,.
2. M2V, = U,T,.
3. U,T? = T, W,.
4. Ry = Ly < M2 = TxJpsz.
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5. |My| =2 & Ty Jy = J,T2.

6. |T| =2 & J2 = W,U,T,.

7. JUTy = Wyd,.

8. JoyRy = R, T, J,,.

9. T, J, = J,T, & U, Ty = Wi

10. RMT,J,L" = R, T, L1 ¥V n e N.

11. I\Tp = T, V.

12. Wy = J, 1.

13. U,Ty = Ty,

14. U,W, = M2.

15. WU R, = R UW,.

16. M U R, = U, W,.

17. M, = UyR,; and W, = R, M,.
4. The following are equivalent:

1. J,=Jy .

2. T2 = U, Ty R, M,.

3. T2 = U, T, W,.

4. U,T? =T2V,.

Hence, TM(Q,) — <{RI,LI,Ux}|a: c Q> - <{Rx,Lx,Vx}|x c
Q) = ({Res Lo Wil € Q).

5. T2 = UM2V™ and T, 2 = VMT,72UP for all n € N. If |T,| = 2, then
UV =1 for all x € N.

6. The following are true for any n € N:

1. Jp =T, U,

2. |Jpl =n & Uy =n.

3. Jp =T, Vrtw L

4. || =ne T,V =W,.
5. Jp=Jy & T2V = UMT?.
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Proof.

1. From property (ii) of Lemma 2.1, x - ya? = z/(xy?) = (zy?)M,; 1 =
YyRyoLy =yJ,L, M7t = Tl = J,L, M.

2. From property (iv) of Lemma 2.1, 2%z - 2 = 2*2\z = 2L -«
(Ar)M, = 2zLa Ry = 2J3\Re My = LRy = J\Ry M, = Ly, Ry =
IRy My = T, = J\Ry M,.

3. 1L WoVy = R M, ML;Y =T, = T, = W, V.

2. M2V, T; ' = M2MLYL. R = MR;Y = U, = M2V, =
U1y

3. From 1 and 2: Jy, = T,M;'R;! and Jy, = LM, 'T,. So,
T, M 'R;' = LM T, = T, (R M) = LM 'T, = T,W,; ! =
Lo MM 2T, =V, M 2T, = T,W,; 1 =V, 1M 2T, = V,T, =
M2 T, W, = M2V, T, = T,W, = U, T2 = T,W,.

4. From 1 and 2: L, = J\T,'M, and R, = JpTzMx_l. So, L, =
Ry & W\T;'M, = J,T,M;' & M} = T,J2T,. Thus, R, =
Ly & M2 = T, J2T,.

5. From 1 and 2: M, = R;'J,T, and M;' = L7111 So,
My =2 M;' =M, & R;'J,T, = LT & JT2 =
Ty Jx. Thus, | M| =2 < T, J\ = J,T2.

6. Fromland 2: |T;| =2 T, ' =T, & J,L,M; ' = AR, M, &
J2 = ReMy M, LY = Wo M, L7t = W, M2M LY = W, M2V, =
WU, T, < J2 = WoU,Ty. Thus, |T;| =2 < J2 = WU, T,

7. From 1 and 2: [ = T,T; ' = J\R,MyJ,L,M;' = R M J,M, =
MyJ,Ly = J,M, L' = RyM,J, = J,M2M 'Lt = W,J, =
JoM2Vy = Wy d, = J,Up Ty = Wy,

8. From1and2: M, = R;lJpTx and M, =1T,J,L,. So, R;IJpTx =
T,J,Ly = J,Ry = R,T,J,.

9. From 1 and 2: T, 'Jy = M 'R;! and J\T,; ' = L, M, !. So,
TpJy=J, Ty & MR = LM < (RyMy) ™' = Ly My M2 &
wil=v 1M ? < UT, =W,. Thus, T,,J, = J, T, & U, T, =
W

10. From 1 and 2: M, = R;'J,T, and M;' = L7111 So,
I = MM =R} T, LN = RT,J, = J,T, L =
R, Ty J,L; = J,T,. So, R¥T,J,L" = Ri1J, T, L"~1 ¥V n € N.



956 T. G. Jaiyéold and G. O. Effiong

11. From2: M; ' =T J\R,. So, M 'Lt =V, =T, \\R, L' =
TANT, = V., T, =T, 0\ = LT, = T,,Vy.

12. From 2: M, = R;lJpTx. So, W, = R, M, = RnglJme =
STy = Wy = J, 1.

13. From 1: M, = T,J,L,. Now, U, = M, R;' = T, J,L,R;! =
T J, Tt = UpTy =Ty,

4. UW, = MR 'R, M, = M? = U,W, = M2.

15. WU, = Ry M?R;' = W, U, R, = Ry M? = R,U,W, =
WU Ry = Ry U, W,.

16. MU, = M2R;' = U,W,R;! = M,U,R, = U, W,.

17. Trivial.

4. We shall use 1 and 2.

(a)e (b) h=J, e T,M R =T, M, L;' = T,M;'R;'R, =
T ML 'R, = T?M;' = M,L;'R, = M,R;'R,L;'R, =
T2M; ' =UT.R;, = T? = U, T, R, M,.

(a)e () Jy=J, o T2 = U,TuReM, < T2 = U, T, W,.

(@) (d) Jy = J, & T2 = U,TuRoM, < U, = T2(TuR,M,) ™ <
Upg = T2M R & Uy = T2MUL LRV & Uy =
T2V, T2 & U/T? =T2V,.

TMQ) = (1o LeUs}lo € Q) = ({RaLeVillo € Q) =

<{Rx, Ly, Wtz € Q> follows from the fact that T2 = U, T, R, M, <
-1

M, = (UmeRm) T2,

5. From 1 and 2, J, =T, 'M,L;! and J\ = T, M 'R;'. Hence:

TAM LT, MR =T and T,M 'R AT, M L =1 =
TAM R R, LT M L LR =1 and
T M L L R T, A MR PR L =1 =
TAU T2V, T, =1 and T, V, T, 2U, T, = [ =
U, T2V, =T? and V,T,2U, = T, >
—

a b

(2.1)

By multiplying (2.1)(a) and (2.1)(b), we get
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(2.2) UT?v2 =172

Substituting eq:bs2 in (2.1)(a), we get UST2V = T2. Making this
substitution inductively, we have T2 = UFT2V," for all N. Doing a
similar thing with eq:bs2 and (2.1)(b), we get T, 2 = V2T, 2U" for
all N.

6. We shall use 1, 2 and some results in 3.

(a) J2 =T, "M, L, T, "M, L' = T, ' My L, Ly R, M L !
=T M, R*M, LY = T, YU M2M LY = T,YU M2V, =
T, 'UZT,. Hence, J3 = J2J, = T, 'UT, T, 'U, T, = T, 'UT,
Continuing by induction, we have J;' =T~ tlurt,.

(b) This follows from (a).

(¢) J2 = T,M 'R, M 'R;Y = T,M, *R;\R, LM 1R =
To M LY (R M,) ™ = J2 = T,V, W, . Hence, J} = J2J\ =
T.V.W AT Wt = T,V2W_ 1. Continuing by induction, we
have Jp = T,V W, L.

(d) This follows from (c).
(e) (a) and (c) answer this.

O
Lemma 2.3. Let (Q,-) be a Basarab loop. The following are equivalent:

1. (Q,-) is a cross inverse property loop.
2. (Q,-) is commutative.

3. (Q,) is an abelian group.

4. L, € P(Q,-) for all z € Q.

5. Ry € A(Q,-) for all z € Q.

Proof. By Lemma 2.1, z -y = (x - yzf) - z. If (Q,-) has the CIP,
then z -y = (z-y2P) - = x -y = y - ¢ which implies commutativity.
The converse is also true. By BK1 of (1.2), (z - yz”)(zz) = z - yz. (Q,)
has CIP if and only if y - 2z = = - yz & (Q,-) is an abelian group. By
Lemma 2.2, (T}, Ly, Ly),(Ry, Ty, Ry) € AUT(Q,-). (T;Y, Ly, L) €
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AUT(Q,") = (LzR;Y, Ly, L,) € AUT(Q,-). So, (Q,-) is commutative
if and only if L, € P(Q,-) for all x € Q. (R, Ty, R;) € AUT(Q,-) =
(Ry, R.L;', R;) € AUT(Q,-). So, (Q,-) is commutative if and only if
R, € A(Q,-) for all z € Q. |

Lemma 2.4. A Basarab loop is a Moufang loop if and only if it is flexible.

Proof. By Lemma 2.2, (T}, L., L.),(Rs, Te, R;) € AUT(Q,-).

xT 9y
(Tg;17 Lz: Lx)(Rxa TZ‘? Rz) = (Tg;lea LxTx7 La:Rz) = (nyLxRng?l;LxRx) €
AUT(Q, ). So, the loop is flexible if and only if L, R, = RyL; < (Lz, Ry, Ly Ry) €
AUT(Q,+) < (zy)(zz) = (z-yz)x if and only if the loop is a Moufang loop.
O

Theorem 2.8. A Basarab loop is a TA-loop if and only if it is a commu-
tative and flexible loop.

Proof. This follows from Lemma 2.4 and Theorem 1.1. O

Corollary 2.3. A Basarab loop (Q,-) is a TA-loop if and only if it is a
flexible loop and any of the following is true.

1. (
(
. (Q,-) is an abelian group.
. Ly € P(Q,-) for all x € Q.
. R, € A(Q,") for all x € Q.

Q, ) is a cross inverse property loop.
Q7 )

is commutative.

S U JUR N

Proof. This follows from Lemma 2.3 and Theorem 2.8. O
Theorem 2.9. Let (Q,-) be a Basarab loop. Then:
TM@Q) = ({ResLo BT+ 2 Q))
= <{Rx,Lx,TzJpLx T € Q}> and
TInn(Q,-)

= <{T$ LTy T Ty Ty Ty, Ty Ty Ly Ry T T T IRy T, T

vl
x,yeQ}>.

= <{Tx,TITyT_1 T T Ty, Ty Jp Ly Ry T Ly AT T I T

o da s\
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Proof.  This is proved by Corollary 2.2 and Theorem 2.7. Recall that
TM(Q,-) = <{Rx,L$,Mx c T € Q}> and

TITLTL(Q,) = <R(1-7y)7L(1‘,y)7T$7M($y T | x y e Q> Where M(mry) =
My M M | \x and U, :]\@RI1

Uy =T, J, T, and M,

xy)fMMM\ while

41
Mag) = TyJy Ly R T (TpadpLys ) = Ty oLy Ry WL T
and
M(ag) = TyJyLy Ry I, Lo (R I, T, \x) = Ty oLy Ry I, T T IRy o

O

Remark 2.1. Theorem 2.9 gives expressions for the total multiplication
group and total inner mapping group of a Basarab loop in terms of finetuned
generators. Hence, it is an ostensible solution to Question 1.2.

Theorem 2.10. 1. Let (Q,-) be a Basarab loop. The following are

equivalent.
T,y € Q}> <

Proof. This follows by Theorem 1.2, Theorem 2.6 and Theorem 2.7.
-1

MM, = Ty J,Ly Ry J, Ty and My A MY = (M M,) ™ = (Tud, Lo Ry VLT, )

=T, ' J\RyL; 1J,\Tx L 0

1. Lx\yT JyLy R, Ty, Ry/xT VR LY I\T,
AUM(Q,-).

2. <Tx ix € Q> < AUM(Q,-) and (Q,-) is flexible.

Remark 2.2. Theorem 2.10 shows that a class of total inner mappings
acts on a Basarab loop () by automorphisms if and only if Q) is an A-
loop and flexible. Theorem 2.8 and Theorem 2.10 give partial answers to
Question 1.1 in the case of Basarab loop.
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