Proyecciones Journal of Mathematics d
Vol. 40, N° 5, pp. 1179-1195, October 2021.
Universidad Catdlica del Norte

Antofagasta - Chile

10.22199/issn.0717-6279-4396

Solution of linear and non-linear partial
differential equations of fractional order

R. A. Muneshwar

N. E. §S. Science College, India

K. L. Bondar
Gov. Vidarbha Institute of Sc. and Humanities, India
and

Y. H. Shirole

N. E. S. Science College, India

Received : August 2020. Accepted : March 2021

Abstract

We know that the solution of partial differential equations by an-
alytical method is better than the solution by approximate or series
solution method. In this paper, we discuss the solution of linear and
non-linear fractional partial differential equations involving deriva-
tives with respect to time or space variables by converting them into
the partial differential equations of integer order. Also we develop an
analytical formulation to solve such fractional partial differential equa-
tions. Moreover, we discuss the method to solve the fractional partial
differential equations in space as well as time variables simultaneously
with the help of some examples.
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1. Introduction

The theory of fractional derivation has known great importance in mathe-
matical research from last few decades. Fractional differential quations do
not have any known method to get exact solution but there are methods
which gives the approximate and numerical solutions of fractional order
differential equations. Fractional derivative [7, 12, 13, 14, 15] was dis-
covered in a discussion between L. Hospital and Leibniz through a letter.
Many mathematicians like Hadmard, Erdelyi-Kobe, Fourier, Euler, Mittag-
Leffler, Laplace, Riemann, Grunewald etc. tried to develop the definition
of fractional derivative.The definition of fractional derivative don’t have
a standard form. But the most used definitions of fractional derivation
are Caputo definition [15] and Riemann Liouville [15]. Here, these frac-
tional derivatives do not provide some properties of algebra of derivative
and Mean Value Theorems. To overcome these difficulties, R. Khalil, M. Al
Horani, A. Yusuf and M. Sababhed. [9], came up with an idea that extends
the limit definition of the derivative. He derived some results of fractional
derivative by using his new definition of fractional derivative. R. Almeida,
M. Guzowska and T. Odzijewicz [2] introduced different definition of the
fractional derivative. He also discussed some important results by using his
definition of fractional derivative. Katugampola [6], introduced the idea of
fractional derivative by using his new definition.

Recently a new definition of conformable fractional derivative has been
introduced by R. Khalil, M. Abu-Hammad [8]. As this definition satisfies
some classical and fundamental properties [See [4, 11]] of a fractional deriva-
tive and hence many new researchers are taking deep interest to develop the
theory of fractional derivative by using this definition of conformable frac-
tional derivative. Many applications and properties of conformable deriva-
tive and generalized form of conformable fractional derivative can be found
in [1, 3, 9, 10, 6]. The work on fractional order partial differential equa-
tions has been already done as series solution or Mittag-Leffler function
but not analytically. In this paper, we try to present the solution of frac-
tional order partial differential equations in the form of boundary value
problems in which fractional derivative is involved in both time as well as
space variables.
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2. a-Fractional Derivative and Integral

In [16], we introduced the concept of a-fractional derivative and integral
by doing some appropriate modification in the classical definition of an
ordinary derivative, which is defined as follows.

Definition 2.1. a-Fractional Derivative [16] Let ®: [0,00) — R and
¢ > 0 then a-fractional derivative of order « is given by

enc =)
7,(0(c) = i 2=

for all { >0, a € (0,1].

Definition 2.2. a-Fractional Integral [16] Let 0 < a < ( and ® be a
function defined on (a, (], then the a-fractional integral is defined as

1) - [ 5%

provided the integral exists. It is interesting to note that, for a = 1 the
definition coincides with the classical definition of first order derivative.

Following properties can be obtained directly using basic definition of
a-fractional derivative.

Theorem 2.3. [16] If o € (0,1] and @,V are a-differentiable at a point
r > 0, then

1. To(a® + b)) = aT,® + VT, ¥, for all a,b € R.
2. To(rP) = prPt1=a for all p € RT.
3. Ta(®T) = BT, (V) + VT, (D).

4. Ta (%) _ (\I/(T)Ta<1>(7\ij)(—r;);(r)Ta\If(7‘)) .

5. To(X) =0, for all constant functions ®(r) = A.

Theorem 2.4. [16] If ® is a a-differentiable function at point ¢ > 0, then

_ 2—a d(D(C)
T.2() = ¢ ac
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Proof: Let ® be the a-differentiable function at ¢ > 0 then, we have

d (et ™) — @
To®(¢) = lim ( (Ce ) (C))
p—0 K
) pet—e _ —&®
= T,8(¢) = lim ( (¢e ¢+9) (O) .
p—0 H
If CetS' ™™ — ¢ =k then p = loi(:_zc) and T, ®(¢) = CQiaCME—E‘C)‘

3. Linear a-Fractional Partial Differential Equations

In this section, we use the method of separation of variables to solve the
partial differential equations of fractional order.

3.1. Linear Fractional Wave Equation of Finite Length

Consider the fractional wave equation

81+a19 ) 81+a19
(31) 8514'(1 — C 8]/1+a =0,
subject to the conditions
Hv,0) = ®(v), 0<v <l
Ye(v,0) =¥(v), 0<v<land

9(0,€) = 9(L,€) = 0,0 < &,
If ¥ = x(v)y(§), then by using the method of separation of variables,
above equation (3.1) can be written as

(1+a) (1+a)

Ay = Xy,
where - -
() _ 97X _(4a) _ 0%
X T Hylta? - 851—&—04'
On choosing a constant k, such that
y(1+e) B ~(14a) L
X c*y ’
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we obtain the following differential equations

(3.2) YT _ky =0
(3.3) A0+0) _ 2ky = 0.
Using Theorem [2.4], in equation (3.2), we have
1/1*“3—5 = kx
(3.4) Sy = Ac e

Similarly, from equation(3.3), we obtain
(3.5) = Be ke o
By equations (3.4) and (3.5), we have
9 = yy = Ae®)/apec® (k) /a,
Applying given boundary condition, we have
9(0,€) = x(0)y(£) = 0,Y¢ > 0.

Since y(§) # 0, hence we get x(0) = 0. Similarly as ¥(1,€) = 0, then we
have x(l) = 0. After solving this equation we can find eigenvalues of given
problem.

Case-i. If k = 2, then a solution of the above problem is given by
x(v) = Aelmm)/e 4 Be(’““’a)/o‘, where A and B are arbitrary constants.

(3.6)

By using the given boundary conditions, we have
A+ B = Aoy poont)/e,

This is only possible, if A = B = 0. Hence there is no eigenvalues in this
case.
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Case-ii. If k = 0, the solution of the problem takes the form
x(v) = A+ Bu.

The boundary conditions implies that A = 0 and A + Bl = 0. Therefore
A = B = 0. Hence there is no eigenvalues in this case also.

Case-iii. If k = —p2, then the solution of the problem is of the form
x(v) = (Acos(uv®/a) + Bsin(uv®/a)).

The conditions x(0) =0 = A =0 and x(I) = 0 = Bsin(ul“/a) = 0. As
B = 0 gives only a trivial solution and hence we must have, sin(ul“/a) = 0,

for a non trivial solution. Therefore (ul*/a) = nmw, n =1,2,..., and hence

pn = <&+ These are eigenvalues and the corresponding eigen functions are

sin nw. Therefore x, = Bpsinnm, n=1,2,...
For each pu,, we have

(&) = Cy cos(nmcf) + Dy, sin(nmcf),
where C,, and D,, are arbitrary constants. Hence
In(v, &) = (an cos(nmwcg) + by sin(nmc))sinnm, n=1,2,...

is a solution of given fractional wave equation of finite length.

3.2. Linear Fractional Boundary Value Problem of Finite Length
(Type-I)

Consider the fractional boundary value problem

029 9329

(3.7) Ev W’

with the boundary conditions
9(0,€) =0, I(m &) =0 and I(v,0) = (sindv.
If ¥ = x(v)y(£), then by using the method of separation of variables,
above equation (3.7) can be written as

X' v=x®? =0
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By choosing a constant £ € R such that XX— = :@ = k, we obtain

differential equations

(3.8) Y —kx=0

(3.9) B2 _ky =0.
Using Theorem [2.4] in equation (3.9), we have

d
2-3/2 &7 _
3 e ky
dy  kd§
o T an
= = Ce2kVE

= J=xy= (Ae”‘/E + Be_”‘/E> Ce?hVE

(3.10) =0 = (V1eVF 4 By VE) 2V,

where W1 = AC, ¥y = BC' are some constants.

For different values of k, we get different solutions as follows:
Case-i. If k =0, then ¥ = (V1 + ¥y) = constant.
Case-ii. If k = p2, then ¥ = (U1e’* + Woe VH)e2ky/E.

Case-iii. If k = —p2, then ¥ = (Uy sin pv + Wo cos uv)e™ 2u%/E.
From the Case-iii, we get most consistent and bounded solution of given
problem. By using boundary condition #(0,£) = 0, then equation (3.10)
becomes

0= ‘112672‘“2\/E =0=",

and ,
I, &) = 0= (¥ sin puv)e 2H Ve

= 0= (¥ysin mr)e_Q"z\/g and hence p = n.

Thus, we have

Y, &) = (Vg sin mr)ef%z\/g.
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Now, as 9(v,0) = (sindr = (¥ sinnnr), we have U1 = (,n = 4.
Hence
Y, &) = (sin Ave3VE

is a solution of given linear fractional boundary value problem of finite
length.

3.3. Linear Fractional Boundary Value Problem of Finite Length
(Type-II)

Consider the fractional boundary value problem
0 Py
— =3 =5—
ove o¢s’

subject to the condition

(3.11) a>1,5>1

s(yafl)

Y(v,0) = oe” a1

If 9 = x(v)7y(&), then given equation becomes

() ()

Xy = 3xy = Sx .

Using method of separation of variables, we get

where kis a constant.
Consider the fractional differential equation

@)

!
X
Using Theorem 2.4 in equation (3.12), we have

(3.12) —3=kie x = (k+3)x.

od
e d_j/( =(k+3)x

Voz—l
(3.13) = x = AT

Similarly,

®)
57T = k= 5¢2Pdy/dE = ky



Solution of linear and non-linear partial differential ... 1187

dy _ dg
B—1
(3.14) =~ — BT
Thus, from equations (3.13) and (3.14) we have
0 =x)Y(E)

a—1 B-1
L= AR g

T iy F e

— 9 = ceF )T /5%
ya—1 {,8*1

== ge(k+3) o= R/5% ,

where AB = g. o
ch-

v ) e 1
As 9(v,0) = ged T = ¢=oc and k = 2. Hence ¢ = ge5 T /7T isa
solution of given linear fractional boundary value problem of finite length.

a—1

3.4. Linear Time Fractional Partial Differential Equation

Consider the time fractional partial differential equation

(3.15) DgY = v*9,, + v,
with the conditions 9(v, &) = v,9(0,£) = 0,9(v,1) = €' and 9 is bounded.

If ¥ = x(v)vy(&), so that given equation becomes

(a)

X' = 2"y + vx'y

(3.16) =Wy =[x+ v /x.
Using Theorem [2.4] in equation (3.16) we have
&7 [y =" Ix +vX'[x =k,

for some constantk.
Now for

& v =k

: — —ozd
i.e.£27% [y =k = €2 d—z =k
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a—1
=>v= CetaT.

Similarly, for
v Ix + vy /x =k,

we get Cauchy-Euler equation

(3.17) "+ xx —kx = 0.
Substituting v = €7, then equation (3.17) becomes (D? —k)x = 0, where
Dy = d/dz, and solution of this differential equation is given by

X = Ae—*VF + Be*VE

=>x= Av—VE + BuVE
a—1
=9 = (Au_\/E + BV‘/E)CekiTl

a—1

=9 = (\Illy_“/E + \Ilgy‘/E)ekgfxT.

Using given condition (v, 1) = ef, we obtain
a=1k=1&¥; + ¥y =1

= v = (Ut 4 Tyv)et.

Since
v

90,8 =0= % = (Tt + Wav)

= U =0&WP, = 1.

Thus ¥(v,€) = vef is a required solution of linear time fractional partial
differential equation.

4. Non-Linear a-Fractional Partial Differential Equations

4.1. Non-Linear Fractional Initial Value Partial Differential Equa-
tion (Type-I)

Consider the fractional initial value problem

09 0"

— +19=—=0

v Ve

subject to the condition ¥(v,0) = I.

(4.1)
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If 9 = x(v)y(§), then by using method of separation of variables, then
equation (4.1) becomes

X7+ ()@ =0
= X_Q = _’y(a) = k?

where k € R.Now%% =k= % = x%k

-1
4.2 = .
(4.2) =X kv +c
Also p

@) oy 2= g

g = —¢ i

_k.afl
== : + w,

a—1

where w € R.(4.3)
By equations (4.2) and (4.3), we have

O — <_k§a1 +w> .

:kl/+0 a—1

Using given condition 9¥(v,0) = | we obtain w = —Il(kv + ¢). Hence the
solution of given non-linear fractional initial value problem is

a—1
Vv, &) = ( i )+l>.

(kv +c)(a—1
Example 4.1. Consider the fractional initial value problem

o9 932
W “9—353/2 =0,

subject to the condition ¥(v,0) = .

(4.4)

If 9 = x(v)y(§) then by using method of separation of variables, then
equation (4.4) can be written as

X7+ ey @ =0
/
S X ey,

X
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where k € R,= X—; =k

X
(4.5) I —
’ X wre
Similarly,
BV CY.) N R Y
gl = 52d5
(4.6) =5 = —Qkfé + w.

By equations (4.5) and (4.6), we have

-1 1
I, §) = m(—2k55 + w).

As 9(1,0) = I then w = —I(kv*/? + ¢) and hence the solution of given
non-linear fractional initial value problem is

2ke3

4.2. Non-Linear Fractional Initial Value Partial Differential Equa-
tion (Type-II)

Consider the fractional initial value problem
@ + 19@ —
ov™ ogs
subject to the condition 9¥(0,&) = v.

If ¥ = x(v)y(§), then with the help of method of separation of variables
we may write above equation (4.7) as

(4.7) 0,

(@)
x@7+0wnﬁm=0:3%7+¢m=0

()
= XX_2 = —® =k, where k € R.

On separating variables, we have

(o) d
XX—2 =k= VZ_O‘X—;( = kdv
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-1 kot
= — = +c

X a—1

(4.8) oy =
. X kgil s

Similarly, as v(#) = —k then §2*5%€Y =k
kb1

A.
po1 "
By equations (4.8) and (4.9), we have

-1 kb1

(4.9) =>5=—

Since ¥(0,&) = v, therefore —vc = (— kg:l + A) = —cv + kg:l = A.

Hence the solution of given non-linear fractional initial value problem is

cv
I(v, &) = P
a—1

Example 4.2. Consider the fractional initial value problem

o329 9329

(4.10) 5w + 0 5g

=0,

subject to the condition ¥(v,0) = .
If ¥ = x(v)y(§), then by using method of separation of variables, above
equation can be written as

XDy + ey ®? =0
(3/2)
X
=S = —(3/2) = k.
X
where k € R.
On separating variables, we have
(3/2)
XUT g 29Xy
X2 dv
—1
(4.11) =X

= k2 +c
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Similarly,
IOV CY.) R Y
g = —¢2 i
(4.12) =y = —2kE? 4 w.
By equations (4.11) and (4.12), we have
-1 1

As 9(1,0) = [ then w = —I(kv'/? + ¢) and hence the solution of given
non-linear fractional initial value problem is

[ 2k
Bnd) = ((k:yl/? 7o ”) |
5. Conclusion

In this paper, we have discussed the solution of linear and non-linear frac-
tional order partial differential equations involving derivatives with respect
to time or space variables by converting it into integer order. We also dis-
cussed the analytical method to solve the simultaneous fractional derivative,
in space and time variables.
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