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Abstract

Let F be a finite field of characteristic p > 0 with ¢ = p™ elements.
In this paper, a complete characterization of the unit groups U(FG)
of group algebras F'G for the abelian groups of order 32, over finite
field of characteristic p > 0 has been obtained.
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1. Introduction

Let F'G be the group algebra of a group G over a field F. Suppose U(FG)
be the group of all invertible elements of the group algebra F'G, called unit
group of F'G. In this paper, we study the unit groups of group algebra for
abelian groups of order 32. Suppose V(F'G) be the normalized unit group,
w(@) be the augmentation ideal of G, J(FG) is the Jacobson radical of
the group algebra and V = 1+ J(FG). It is known fact that U(FG) =
V(FG) x F*. An element g € G is called p-regular if (p,0(g)) = 1, where
CharF = p > 0. Notation used in this paper are same as in [2]. Our
problem is based on the Witt-Berman theorem [6, Ch.17, Theorem 5.3],
which states that the number of non-isomorphic simple F'G-modules is
equal to the number of F-conjugacy classes of p-regular elements of G.
Problem of finding unit groups of group algebras generated a considerable
interest in recent decade and can be easily seen in [5, 7, 8, 10, 13-15].
Recently in [1, 12], Sahai and Ansari have characterized the unit groups of
group algebras of groups of orders 16 and 20. Let G be a group of order
32, we have seven non-isomorphic abelian groups Czo, C1g X Cy, Cg X Cy,
Cs x C2, C2 x O3, Cy x C3 and C3. Here, we have obtained the structure
of the unit groups of the group algebras for all these groups over any finite
field of characteristics p > 0. We denote GL(n, F') the general linear group
of degree n over F';, M (n, F') the algebra of all n xn matrices over F', CharF
the characteristic of F, Cy, is the cyclic group of order n and F* = F'\ {0}.

2. Preliminaries

Following are the important results which we have used frequently.

Lemma 1. [4, Proposition 1.2] The number of simple components of
FG/J(FQ) is equal to the number of cyclotomic F-classes in G.

Lemma 2. [3, Lemma 2.1] Let F be a finite field of characteristic p with
o

|[F| =q=p". Then U(FC¥) = C{f(p Y% Cpn_1.

Lemma 3. [9, Lemma 2.3] Let F be a finite field of characteristic p with

|F| =q=p". Then

v oy ifk = 1

UFCy) =
() { I, Cgf x Cpn_1, otherwise,

where hy = n(p — 1) and hs = np* 5" Y(p —1)? for all s, 1 < s < k.



Unit groups of group algebras of abelian groups of order 32 1343

Lemma 4. [11] Let G be a group and R be a commutative ring. Then the
set of all finite class sums forms an R-basis of ((RG), the center of RG.

Lemma 5. [11] Let FG be a semisimple group algebra. If G’ denotes the
commutator subgroup of G, then

FG = FG.,, & A(G,G")

€q/

where FG._, = F(G/G') is the sum of all commutative simple components
of FG and A(G,G'") is the sum of all the others.

3. Main Results

Theorem 1. Let F' be a finite field of characteristic p > 0, having q = p"
elements and G = (Css.

1. If p = 2. Then,
U(FC33) =2 C% x O x C3" x Cf" x C8™ x Con_1.

2. If p # 2. Then,

C’;’%,l, if ¢ = 1mod 32;
Chi_y X 01125”_1, if g = —1mod 32;

C’gg,Ll X 05%1 X 0327_1 x C2%,_,, ifq= 3, =5, 11, —13 mod 32;
Con g X Cl 4 X C2 X Cpu_y, ifq= —3,5, —11, 13 mod 32;

U(FCa) = Cony X Coan_y X Clan_y, if ¢ = Tmod 32;
C’Sn,1 X C;;Lgnil X C’;ﬂ,_l, if g = —7mod 32;
Ciu_y ¥ Cgén_l, if ¢ = 15mod 32;
Cof 1 % Chan_y, if ¢ = —15mod 32.

Proof. The presentation of Cso is given by
032:<CL|CL32:1>.

1. If p = 2, then |F| = ¢ = 2". Since G = (33 = (s, therefore using
Lemma 3, we have

U(FCs) 22 C% x C x C2" x Cf" x C8" x Con_1.
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2. If p # 2, then p does not divides |Csz|, therefore by Maschke’s theo-
rem, F'Cso is semisimple over F'. Hence by Wedderburn decomposi-
tion theorem and by Lemma 5, we have

where for each i, n; > 1 and Di’s are finite field extensions of F.
Since group is abelian, therefore dimension constraint gives n; = 1,
for every ¢. It is clear that C3o has 32 conjugacy classes. Now for any

keN,z¢" =z, Vx € ((FC3g) if and only C’gt =C;, forall1 < i< 32.
It exists if and only if 32|¢¥ — 1 or 32|¢* + 1. If Df =< y; > for all 4,
1 <4 <r, then 24" = x, Vx € ((FCs2) if and only if y?k = 1, which
holds if and only if [D; : F]lk, for all 1 < i < r. Hence the least
number ¢ such that 32|¢* — 1 or 32|¢* + 1,

t=l.cmA{[D;: F]|l1 <i<r}.

Therefore all conjugacy classes of (3o are p-regular and m=32. By
observation we have following possibilities for g¢:

(a) If g = 1 mod 32, then t = 1;

(b) If ¢ = —1mod 32, then t = 2;

(c) If g= 3, =5, 11, —13 mod 32, then t = §;
(d) If g= —3, 5, —11, 13 mod 32, then t = &;
(e) If g = 7 mod 32, then t = 4;
(f) If g = —7 mod 32, then t = 4;
(g) If ¢ = 15 mod 32, then t = 2;
(h) If g = —15 mod 32, then ¢t = 2.

Now we will find 7" and the number of p-regular F-conjugacy classes,
denoted by c¢. By Lemma 4, dimp({(FCs2)) = 32, therefore >i_,[D; :
F] = 32. We have the following cases:

1. If ¢ = 1mod32, then T' = {1} mod 32. Thus p-regular F-conjugacy
classes are the conjugacy classes of C3o and ¢=32. Hence FCsy = F32.

2. If ¢ = —1mod32, then T = {1,—1}mod 32. Thus p-regular F-
conjugacy classes are {1}, {a'}, {a*}, 1 <4 < 15 and ¢=17. Hence
FCs = FZ@F215.
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3. Ifg= 3, -5, 11, —13 mod 32, then T = {1,3,9,11,17,19, 25, 27} mod 32.
Thus p-regular F-conjugacy classes are {1}, {a, a3, a?,a'',a'", a'%, a?®, a?"},
{a2, a8, a'®, a2}, {a, a2}, {d5, ", a3, a'®, a?!,a®, 0, a®'}, {ab, a?%}
{a'?, a'% 6?6 0%}, {a'®}, {a®°,a®®} and c=9. Hence FCsy = F2 @
Fo F3 o F2

4. Ifg= -3, 5, —11, 13 mod 32, then T = {1,5,9,13,17,21, 25,29} mod 32.
Thus p-regular F-conjugacy classes are {1}, {a,a’,a®,a'3,a'",a?',a?®, a?},
{02,010, a1® 6261 {a4, a2}, {a?,a7,aL, a1, a', a%,a?,a}, {a¥),

{a% a'*, a?? a0}, {a'%}, {a®*}, {a'?,a?®} and c=10. Hence F(C3y =
F20 F? o Fi o FL

5. If ¢ = Tmod 32, then T' = {1,7,17,23} mod 32. Thus, p-regular F-
conjugacy classes are {1}, {a,a”,a'",a?3}, {a?, a'*}, {a3,a®,a'®, a?'},
(a0}, o), (%0}, {a”,01%, %), {a'),al?,a", 0},
{a'?,a?°}, {a'}, {a'8,a®°}, {a??,a%} and ¢ = 13. Hence FC3y =
F?e Fl o F].

6. If ¢ = —7Tmod32, then T'= {1,9,17,25} mod 32. Thus, p-regular F-
conjugacy classes are {1}, {a,a®, a'", a?®}, {a?,a'®}, {a®,a'!,a'?,a?"},
{a4}7 {a67a22}7 {a57 a137a217 a29}7 {a77 a157a237 a31}, {a8}7 {alo,a26},
{a'?}, {a'%}, {a'*,a®"}, {a®}, {a®*}, {a®®} and ¢ = 16. Hence
FCs gFS@FSL@Ff.

7. If ¢ = 15mod 32, then T' = {1, 15} mod 32. Thus, p-regular F-conjugacy
classes are {1}7 {a7 a15}7 {CL2, aSO}’ {a37 a13}7 {CL4, a28}7 {CL5, a11}7 {a6> a26}7
{a7, 0%, {a, a1}, {1, 0}, {al2,a®}, {al*,a™®}, {al",a"1}, {a?,a},
{a®',a?"}, {a®,a?}, {a'%} and c=17. Hence, FC33 = F? @ F)°.

8. If ¢ = —15mod32, then T = {1,17} mod 32. Thus, p-regular F-
conjugacy classes are {1}, {a,a'7}, {a%}, {a®}, {¢®,a’®}, {a*}, {a™},
{0%,07}, {a), {0}, o7}, {0}, (a2}, (a0}, a0}, (),
c=24. Hence, FCsy = F'6 & F§. Thus our result follows.

|

Theorem 2. Let F' be a finite field of characteristic p > 0 having g = p"
elements and G = Cig x Cs.

1. If p=2. Then, U(F[Cig x C3]) = Cs x C% x C3* x C3% x Con_1.
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2. If p # 2. Then,

C;’?L,l, if g = 1mod 16;
C];fn_l X C%éln_l, \ if ¢ = —1mod 16;
Con_y xC x C if ¢ = 3,—5mod 16;
~ p 1 p2n71 p4n717 9 9
UG < Ca) =0 08 el x Ch y, if g = —3,5mod 16;
C;ln_l X C;éln_l, if g = Tmod 16;
C;S,l X C’S%il, if g = —7mod 16.

Proof. The presentation of G = C1g x Cs is given by
Cig x Co =< a,b|a'®=0>=1, ab=ba > .

1. If p = 2, then FG is non-semisimple and |F| = ¢ = 2. It is
well known that U(FG) = V(FG) x F* and |V(FG)| = 231" as
dimpJ(FG) = 31. Obviously exponent of V(FG) is 16. Suppose
V(FG) 2 O x C2 x O x C4 such that 231" = 16/1 x 812 x 418 x 204,
Now we will compute [y, lo, I3 and 4. Set Wi = {’yl cw(@): 43 =
Oand there exists § € w(G), such thaty; = 68}, Wy = {’)/2 € w(@G) :
73 = Oand there exists 3 € w(G), such thatyy = ,84} and W3 =
{73 € w(G) : 42 = 0and there exists 8 € w(G), such thatys = ﬁz}.
Now if v = Y23_g 120 agjria’t! € w(G), then 312 agisj = 0, for
i = 0.1. Al 257 53 a2 a4t =32 T ad a¥
J ’ S0 7y 7=0 ;:O a81+]a y Y 7=0 £2i=0 q4z+]a
and 7% = glzo S5, agiﬂ-agj. Let g = Z}:O 15, Bigj+ia’h’, such
that 41 = 8°. Now applying condition 72 = 0 and by direct com-
putation we have a; = 0, for all ¢ # 0,8 and oy = ag. Thus
W, = {ao(l +a¥), a0 € F} Wil = 2" and [} = n. Similarly,
applying the conditions v, = 4% and 73 = 0, we have a; = 0, for all
i # 0,4 and ap = aq. Thus Wy = {ao(l +a*), a0 € F}, |Wa| =27
and Iy = n. Again, applying the conditions y3 = % and 73 = 0.
We have a; = 0, for all 4 # 0,2,8,10 and ag = ag, as = ag9. Thus
W3 = {(a0+a2a2)(1+a8),a0,a2 € F}, I3 = 2n and I4 = 20n. Hence
V(FG) = C% x CF x C3" x C3°" and hence the result.

2. If p # 2, then |F| = p". Using the similar arguments as in Theorem
1, F[C16 x Cq] is semisimple and we have m=16, >i_;[D; : F] = 32.
By observation we have following possibilities for g:
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(a) If ¢ =1 mod 16, then t = 1;

(b) If ¢ = —1 mod 16, then t = 2;
(c) If g =3, —=bmod 16, then t = 4;
(d) If ¢ = —3, bmod 16, then t = 4;
(e) If g = 7 mod 16, then t = 2;

(f) If g = —7 mod 16, then t = 2.

Hence we have the following cases:

1. If ¢ = 1mod 16, then T = {1} mod 16. Thus, p-regular F-conjugacy
classes are the conjugacy classes of C1gx Co and ¢=32. Hence F'[C1¢ ¥
Cy] = F32,

2. If ¢ = —1mod16, then T = {1,—1}mod 16. Thus, p-regular F-
conjugacy classes are {1}, {b}, {a®}, {a™}, where 1 < i < 7, {a®b},
{a’b,a=Ib}, where 1 < j < 7 and c¢=18. Hence F[Ci x Co] = F* @
F14

3. If ¢ = 3, —=5mod 16, then T' = {1,3,9,11} mod 16. Thus, p-regular
F-conjugacy classes are {1}, {b}, {a,a®,a™7,a7%},
{a=',a73,a% a"}, {a?,a%}, {a=2,a7 0}, {a**}, {a®}, {ab,a’D,
a~"b,a"%b}, {a71b,a"3b,a’b,a"b}, {a®b,a®b}, {a"2b,a"6b}, {aTb},
{a®b} and c=14. Hence F[Cyg x Cs] & F§ @ F} @ F*.

4. If ¢ = =3, 5mod 16, then T' = {1,5,9,13} mod 16. Thus, p-regular
F- Conjugacy classes are {1}, {b}, {a,a®,a=3,a""},
{a!,a7%,a%a"}, {a®,a™%}, {a7?,a%}, {a*}, {a™*}, {a®},

{ab, a%b, a 3b a” b}, {a_lb a=%b,a%b,a’db}, {a®b,a b}, {a"2b,abb},
{a*b}, {a*4b}, {a®b} and c=16. Hence F[C1s x Co] = Fy @ F} @ F®.

5. If ¢ = Tmod 16, then T' = {1, 7} mod 16. Thus, p-regular F-conjugacy
classes are {1}, {b}, {a,a"}, {a®,a®}, {a7 1,077}, {a3,a""}, {a™2},
{a™0}, {a™}, {a®}, {ab,a"b}, {a®b,a’b}, {a='b,a” b}, {a=3b,a™"b},
{a*?b}, {a™b}, {a**b}, {a®b} and c=18. Hence F[C1g x Co] = F3* @
F4

6. If g = —7mod 16, then T' = {1,9} mod 16. Thus, p-regular F-conjugacy
classes are {1}, {b}, {a,a™ 7}, {a®,a73}, {a=1,a"}, {a3,a}, {a?},
{a72},{a®}, {a”®}, {a"}, {a™}, {a®}.- {ab,a™"b}, {a®b, a0}, {a™"b,a"b},
{a=3b,a%b}, {a®b}, {a=2b}, {a%}, {a 76D}, {a*b}, {a~*b}, {a®b} and
c=24. Hence F[Cig x Ca] = F8 & F6. Thus we have the result.
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d

Theorem 3. Let F be a finite field of characteristic p > 0 having g = p"
elements and G = Cg x C4.

1. If p = 2. Then,
U(F[Cg x C4]) = CF x CF" x O™ x Con_.

2. If p # 2. Then,

C'g?z_l, if g = 1mod 8;
C*_, x Ol if g = —1mod 8§;
~ pr—1 p2n—1 ’

U(F[Cs x C4]) = C;Ln,l X C;é%_l, if ¢ = 3mod 8;
C;g_l X 022"—1’ if g = —3mod 8.

Proof. The presentation of G = Cg x (Cy is given by
C'g><C4:<a,b|a8:b4:1,ab:ba>.

1. If p = 2, then FG is non-semisimple and |F| = ¢ = 2". It is

well known that U(FG) = V(FG) x F* and |[V(FG)| = 231" as
dimpJ(FG) = 31. Obviously exponent of V(FG) is 8. Suppose
V(FG) =2 Cl x C% x CL such that 231" = 81 x 42 x 23, Now we will
compute l1, I3 and I3. Set Wi = {a € w(@) : a® = 0and there exists 3 €
w(@), such that o = 64}, Wy = {’y € w(@) : 42 = 0 and there exists 3 €
w(@), such thaty = 52}.
Ifa = Z?:o ZZ:O asj+ia't) € w(G), then ZZ:O agiyj = 0, for j =
0,1,2,3. Let g = Z?:o Zi?:() ngﬂ-aibj such that o = 4. Now ap-
plying condition o? = 0, o = 8* and by direct computation, we have
a; =0, for all i # 0,4 and ag = ag. Thus Wy = {a0(1+a4), g € F}
Therefore |W;| = 2" and [y = n. Similarly, applying the conditions
v = B2%, ¥ = 0 and by direct computation, we have |[Wa| = 2°7,
lo = 5n and I3 = 18n. Hence V(FG) = CF x C3" x C3¥" and hence
the result.

2. If p # 2, then |F| = p". Using the similar arguments as in Theorem
1, F[Cs x C4] is semisimple and we have m=8, Y i_,[D; : F| = 32.
By observation we have following possibilities for g¢:
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(a) If g =1 mod 8, then t = 1;
(b) If g = —1 mod 8, then t = 2;
(c) If g =3mod 8, then t = 2;
(d) If g = —3mod 8, then t = 2.

Hence we have the following cases: -

1. If ¢ = 1mod8, then T' = {1} mod 8. Thus, p-regular F-conjugacy
classes are the conjugacy classes of Cg x Cy and ¢=32. Hence F[Cg x
04] >~ [32,

2. Ifg= —1mod8, then T' = {1, —1} mod 8. Thus, p-regular F-conjugacy
classes are {1}, {b2}, {b,0%}, {a™'}, {a*?}, {a™3}, {a?}, {ab,a'b?},
{a?b,a=2b3}, {a®b,a303}, {a*b, a*b}, {a~3b, a®b3}, {a=2b,a?b3}, {a~'b, ab?},
{ab?, a7 1%}, {a72b%,a20%}, {a®V?,a73b%}, {a*h?} and c=18. Hence
F[Cg X 04] = F4@F214.

3. If ¢ = 3mod8, then T' = {1,3} mod 8. Thus, p-regular F-conjugacy
classes are {1}, (1%}, {5}, {a,a®}, {002}, {a~t,a~3), {ab),

{ab, a®b®}, {a®b,a =263}, {a1b,a=3b%}, {ab, a*b?}, {ab3, ab}, {a®b3,a2b},
{a=103,a=3b}, {ab?, a3b?}, {a?b?,a=2b%}, {a~'b%, a0}, {a*b?} and
c=18. Hence F[Cg x C4] = F* @ F*.

4. If ¢ = —3mod8, then T = {1,5} mod 8. Thus, p-regular F-conjugacy
classes are {1}, {b}, {0°}, {0°}, {a,a*}, {a®}, {a7?}, {a', 0%}, {a*},
{ab,a=3b}, {a?b}, {a b}, {a-1ba*}, {a*D}, {ab?,a "1}, a2},
{022, {102,032}, {1}, {ab?, a 30}, {a®*), {a 2%}, (a0, a0},
{a*b?} and c=24. Hence F[Cs x C4q] = F'6 @ FS.

Thus we have the result.

d

Theorem 4. Let F be a finite field of characteristic p > 0 having g = p"
elements and G = Cg x Cy x Cs.

1. If p = 2. Then,

U(F[Cg x Cy x Cy]) = CF x CF x C2°™ x Con_.

2. If p # 2. Then,
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C’;’%,l, if g = 1mod8§;
Cc? x C12 if g = —1mod 8;
~ pn—l p2n,]_7 )

U(F[Cs x Ca x Ca]) = an_l X 01}22”_1, if q = 3mod 8;
C;§,1 X ng,_l, if ¢ = —3mod 8.

Proof. The presentation of G = Cg x Cy x (s is given by
Cs x Cy x Cy =< a,b,c | a® =b*=c* =1, ab = ba, bc = cb,ac = ca > .

1. If p = 2, then FG is non-semisimple and |F| = ¢ = 2. It is
well known that U(FG) = V(FG) x F* and |V(FG)| = 231" as
dimpJ(FG) = 31. Obviously exponent of V(FG) is 8. Suppose
V(FG) = CY x C% x C% such that 231" = 811 x 42 x 213, Now we will
compute l1, Iy and I3. Set Wy = {a € w(@) : a® = 0and there exists 3 €
w(G), such that o = ﬁ4}, Wy = {fy € w(G@) : v* = 0and there exists 3 €
w(G), such thaty = 52}.

Let o = Yjg Zgl'zo Yo O‘8(j+2k)+iaibjck € w(G) and

8= Z}gzo Z}:O ZZ:O ﬁg(jﬂk)ﬂaibjck such that o = 3%. Now apply-
ing the conditions a? = 0, @ = 3* and by direct computation, we have

o; =0, forall i # 0,4 and g = ag. Thus W7 = {a0(1+a4), ag € F}
Therefore |W7| = 2" and [y = n. Similarly, applying the conditions
v = (%, ¥%2 = 0 and by direct computation, we have o; = 0, for all
1# 0,2 and ap = ag. Thus Ws = {ozo(l +a?),aq € F} Therefore
|Wa| = 2", Iy = n and I3 = 26n. Hence V(FG) =2 C§ x C} x C26"
and hence the result follows.

2. If p # 2, then |F| = p”. Using the similar arguments as in Theorem
1, F[Cg x Cy x (%] is semisimple and m=8, >7_,[D; : F| = 32.
Here the number of p-regular F-conjugacy classes, denoted by w. By
observation we have following possibilities for g:

(a) If ¢ =1 mod 8, then ¢t = 1,
(b) If ¢ = —1 mod 8, then t = 2;
(¢c) If g = 3mod 8, then t = 2;
(d) If g = —3mod 8, then t = 2.
Now we have the cases:
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1. If ¢ = 1mod8, then T' = {1} mod 8. Thus, p-regular F-conjugacy
classes are the conjugacy classes of Cg x Cy x Cy and w=32. Hence
F[CS X CQ X CQ] = F32.

2. If g= —1mod8, then T' = {1, 7} mod 8. Thus, p-regular F-conjugacy
classes are {1}, {a,a"}, {a2,a%}, {a3,a%}, {a*}, {0}, {c}, {ab,a"b},
{a®b,abb}, {a3b,a®b}, {a*b}, {ac,a’c}, {a’c,a’c}, {ac,a’c}, {a'c},
{bc}, {abc,aTbc}, {a®be, abbe}, {abe, a’be}, {a*be} and w=20. Hence
F[Cg x Cy X 02] gFS@FQH.

3. If ¢ = 3mod8, then T' = {1,3} mod 8. Thus, p-regular F-conjugacy
classes are {1}, {a,a3}, {a?,a®}, {a®,a"}, {a*}, {b}, {c}, {ab,a’b},
{a®b,a%b}, {a’b,a"b}, {a*b}, {ac,ac}, {a’c,abc}, {a’c,a’c}, {a’c},
{bc}, {abe, a®be}, {a®be, abbe}, {a®be, aTbe}, {a*be} and w=20. Hence
F[Cg x Cg X 02] g1‘7'86917212.

4. If ¢ = —3mod8, then T = {1,5} mod 8. Thus, p-regular F-conjugacy
classes are {1}, {a,a®}, {a?}, {a®}, {a3,a"}, {a*}, {b}, {c}, {ab,a®b},
{a®b}, {abb}, {a®b,a"b}, {a*b}, {ac,a’c}, {a®c}, {aSc}, {a’c,a"c},
{a*c}, {be}, {abc, a®be}, {a®be}, {abbe}, {a®be,a”be}, {a*be} and w=24.
Hence F[Cg x Oy x Co] =2 F'6 @ FS.

Thus we have the result.

d

Theorem 5. Let F be a finite field of characteristic p > 0 having g = p"
elements and G = C3 x Cs.

1. If p = 2. Then,

U(F[C3 x Cy]) = C3" x C25™ x Con_;.

2. If p # 2. Then,

32 .
Cp"—17 lf q

8 12 :
Cony X Cpan_q, i g

1mod 4;
—1mod 4.

wﬂﬁxgpg{
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Proof.  The presentation of G = C? x Cs is given by
C2xCy=<a,bc|at=b"=c*=1, ab=ba,bc = cb,ac=ca > .

1. If p = 2, then FG is non-semisimple and |[F| = ¢ = 2". It is
well known that U(FG) = V(FG) x F* and |V(FG)| = 231" as
dimpJ(FG) = 31. Obviously exponent of V(FG) is 4. Suppose
V(FQG) = C' x C% such that 231" = 4l x 22, Now we will com-

pute /1 and ly. Set W = {oz € w(G) : a® = 0and there exists 8 €

w(G), such that o = 52}. If o= leczo Z?:o Z?:o Oé4(j+4lc)+iaibjck €
w(@), then 2, Qo(jq2k)+i = 0, for j = 0,1,2,3 and k = 0,1. Let
b = Z,lgzo Z?:o Z?:o 64(j+4k)+iaibjck such that o = B2. Now ap-
plying the conditions o? = 0, @ = 2 and by direct computation,
we have a; = 0, for all ¢ # 0,2,8,10 and ap = ao. Thus W =
{ao(l +a?) + (ag + a10a?)b?, o, ag, a1 € F} Therefore |W| = 237,
I3 = 3n and Iy = 25n. Hence V(FG) = C3" x C2°™ and the result
follows.

2. If p # 2, then |F| = p". Using the similar arguments as in Theo-
rem 1, F[C} x Cy] is semisimple and m=4, >>_;[D; : F] = 32. By
observation we have following possibilities for g:

(a) If ¢ =1 mod 4, then t = 1,
(b) If ¢ = —1 mod 4, then t = 2.

Now we have the cases:

1. If ¢ = 1mod4, then T = {1} mod 4. Thus, p-regular F-conjugacy
classes are the conjugacy classes of C% x Cy and w=32. Hence F[C% x
Cyl 2 F 32,

2. If g = —1mod4, then T = {1,3} mod 4. Thus, p-regular F-conjugacy
classes are {1}, {a,a®}, {a?}, {b, %}, {b?}, {c}, {ab, a®V?}, {ab?, a3b?},
{ab3,a3b}, {a®b,a?b3}, {a?b?}, {bc, b3c}, {b%c}, {abe, a®b3c}, {ab?c, a®b?c},
{ab3c, a®be}, {a®be, a?b3c}, {a®b%c}, {ac, a®c}, {a®c} and w=20. Hence
F[C} x Cy] = F® @ F32. Thus we have the result.

d

Theorem 6. Let F' be a finite field of characteristic p > 0 having g = p"
elements and G = Cy x C3.
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1. If p = 2. Then,
U(F[Cy x C3]) =2 CF x C3" x Cyn_;.

2. If p # 2. Then,

32 if q = 1mod 4;
31\ ~v pr—1s !
U(F[Cy x C5]) = { ng,l X CS% 1 if ¢ = —1mod 4.

Proof. The presentation of G =2 Cy x C§ is given by
CyxC3 =< a,b,e,d | a* =b* =c? =d*> =1, ab = ba, bc = cb,dc = ¢d, ad = da > .

1. If p = 2, then FG is non-semisimple and |[F| = ¢ = 2". It is
well known that U(FG) = V(FG) x F* and |V(FG)| = 231" as
dimpJ(FG) = 31. Obviously exponent of V(FG) is 4. Suppose
V(FQ) = CY x CL such that 231" = 41 x 222, Now we will compute
l1 and 3. Set

W = {a € w(@G) : o = 0and there exists § € w(G), such that o = 52}.

Let @ = Yy0 X ko Z}:o Yo O‘4(j+2(k+2s))+iaibjckds € w(G) and
B =300 ke X j=0 Loi—0 Ba(j+2(k+25))+i@ b Fd® such that o = 2.
Now applying the conditions a? = 0, @ = % and by direct com-
putation, we have o; = 0, for all i # 0,2 and ap = ag. Thus
W = {a0(1+a2),a0 € F} Therefore |W| = 2", 1} = n and Iz = 29n.
Hence V (FG) = C} x 029" and the result follows.

2. If p # 2, then |F| = p". Using the similar arguments as in Theo-

rem 1, F[Cy x C3] is semisimple and m=4, >__,[D; : F] = 32. By
observation we have following possibilities for g:

(a) If g =1 mod 4, then t = 1;
(b) If g = —1 mod 4, then t = 2.

Now have the following cases:

1. If ¢ = 1mod4, then T = {1} mod 4. Thus, p-regular F-conjugacy
classes are the conjugacy classes of Cy x C3 and w=32. Hence F[Cy x
C3] = F32,
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2. If g = —1mod4, then T = {1,3} mod 4. Thus, p-regular F-conjugacy
classes are {1}, {a,a®}, {a®}, {b}, {c}, {d}, {ab, a®b}, {a®b}, {ac, a’c},
{a%c}, {ad, a®d}, {a®d}, {bc}, {cd}, {bd}, {abc, a®bc}, {a®be}, {acd, a®cd},
{a®cd}, {abd, abd}, {a®bd}, {bcd}, {abcd, a3bed}, {a’bed} and w=24.
Hence F[Cy x C3] = F'6 @ FS.

Hence we have the result.
O

Theorem 7. Let F' be a finite field of characteristic p > 0 having g = p"
elements and G = C3.

1. If p=2. Then, U(F[C3]) = C3'" x Can_1.
2. If p# 2. Then,
U(F[C3]) = C32_y, if g= 1mod?2.

Proof. The presentation of G = C3 is given by C3 =< a,b,c,d, e | a®
P=c=d>=¢e?>=1, ab=ba,bc = cb,dc = cd,ed = de,ea = ae > .

1. If p = 2, then FG will be non-semisimple in this case and |F|
q = 2". Since G = C3, therefore by Lemma 2, we have U(FG)
C%ln X 02"—1‘

11l

2. If p # 2, then |F| = p™. Using the similar arguments as in Theorem
1, F[C3] is semisimple and m=2, Y7, [D; : F] = 32. By observation
we have ¢ =1 mod 2 and t = 1.

Hence ¢ = 1mod?2, implies T' = {1} mod 2. Thus, p-regular F-conjugacy
classes are the conjugacy classes of C5 and w=32. Therefore, F[C3] = F3?
and we have the result. a
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