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Abstract

In this paper we prove some generalized fixed point theorems for a
class of contractive mappings over an extended JS-generalized metric
space. Notions of weakly sensitive and strongly sensitive coefficient
functions have been used here in proving fived point theorems. Fx-
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theorems. Moreover an application is given to fized circle problem.
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1. Introduction

Fixed point theory has been an active research field over the last few decades
for its numerous applications in several branches of Mathematics. S. Ba-
nach had been the most responsible distinguished person in proving the
well known Contraction Principle Theorem [2] in fixed point theory. Since
then many researchers had been attracted to this particular field and took
attempts in developing fixed point theory by weakening the contractive
conditions of mappings (See [15]) or by relaxing the structure of underlying
spaces under consideration or with combination of both.

In the year 2014, M. Jleli and B. Samet introduced the concept of a gen-
eralized contraction mapping commonly known as JS-contraction [9] which
generalizes the concept of famous Banach Contraction mapping. With an
introduction of such concept many researchers have been succeeded to ob-
tain several fixed point theorems by using different types of generalized
JS-contraction mappings (See [10],[6],[13],[7],[12]).

Recently Roy and Saha have introduced the concept of extended JS-
generalized metric space [16] which includes the concepts of many of our
known metric like spaces and have been able to prove some fixed point
theorems therein.

In this paper we now adhere to a class of some generalized contractive
mappings namely extended J S-Cliri¢-contraction mapping and extended JS-
quasi-contraction mapping. With the help of such mappings we have been
able to prove some fixed point theorems over extended JS-generalized met-
ric spaces. Our fixed point theorems generalizes many of our known results.
An example is cited in support of the hypothesis of one of our theorems.
Furthermore an application to the fixed circle problem is given in relevance
of our investigations in fixed point theorems on such spaces.

2. Preliminaries

Definition 2.1. [1, 5] Let X be a nonempty set and s be a real number
satisfying s > 1. A function d : X x X — R™ is a b—metric on X if for all
x,y,z € X, the following conditions hold

1. d(z,y) =0ifft =y

2. d(z,y) =d(y,x) for all z,y € X

3. d(z,z) < sld(z,y) +d(y, z)] for all x,y,z € X.
The space (X, d) is called a b—metric space.

Example 2.2. [11] (a) Let X = Ly[0,1] be the space of all real functions
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x(t), t € [0,1] such that fol |z(t)|P < oo with0 < p < 1. Defined : X? — R*
as:

(2.1) ) = ( | " att) - y<t>|pdt)%

for all z,y € X. Then d is a b—metric space with coefficient s = 21/7.
(b) Let X = [,(R) with 0 < p < 1 where [,(R) = {{z,} C R :
32 |zn|P < oo} If we define d : X% — RT as:

(2.2) d(z,y) = (Z |0 — an”> p
n=1

for all x = {xp},y = {yn} € X then d is a b—metric space with coefficient
s =2l/p,

Definition 2.3. [11] Let X be a nonempty set and 6 : X x X — [1,00).
A function dy : X? — [0,00) is called an extended b—metric if for all
x,y,z € X it satisfies:

(dpl) dp(z,y) = 0 if and only if z =y,

(d92) d9(x7y) = d9(y7m)7

(dg3) do(z,2) < 0(z,2)[do(z, y) + do(y, 2)].

The pair (X, dy) is called an extended b—metric space.

Example 2.4. [11] Let X = {1,2,3}. Define § : X?> — RT and dp :
X x X —R" as:

O(z,y)=14+x+y

dg(1,1) = dp(2,2) = dy(3,3) =0

dg(1,2) = dp(2,1) = 80,dy(1,3) = dp(3,1) = 1000, dp(2, 3)
(2.3) =dpy(3,2) =600

Then (X, dy) is an extended b—metric space.

Example 2.5. [11] Let X = C([a,b], R) be the space of all continuous real
valued functions define on [a,b]. Let us take 0(z,y) = sup;ciqy(|2(t)] +
ly(t)| + 2) and dp(z,y) = supsejqy [2(t) — y(t)|? for all z,y € X. Then
(X,dp) is an extended b—metric space.

In general an extended b—metric is not continuous with respect to each
of its components.
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Example 2.6. [11] Let X = N Uoo and let dg : X x X — R be defined

by:
0, if m=n
dg(m n): ’%_% ) if m,n are even or mmn = o0
7 5, if m,n are odd and m #n
2, otherwise

(2.4)

Then (X, dy) is an extended b—metric for 6(z,y) = 3 for all z,y € X but
it is not continuous.

In [8] M. Jleli and B. Samet have given the following definitions in order
to define a generalized metric space and to prove some fixed point theorems
as cited below.

Let A be a non-empty set and d : A x A — [0, 00] be a mapping. For
any a € A, let us define the set

(2.5) C(d,Aya) = {{ap,} C A: Jim d(an,a) = 0}.

Definition 2.7. [8] Let d : A x A — [0,00] be a mapping which satisfies
the following conditions:

(i) d(a,b) = 0 implies a = b for all a,b € A;

(ii) for every a,b € A, we have d(a,b) = d(b,a);

(iii) if (a,b) € A x A and {a,} € C(d, A, a) then
d(a,b) < plimsup,,_,. d(ay,b), for some p > 0.
The pair (A,d) is called a generalized metric space, usually known as
JS—metric space.

Example 2.8. [17] Let X = RU{—00,00} and d : X2 — [0, ] be defined
by d(z,y) = |z|+ |y| for all x,y € X, then clearly conditions (i) and (ii) are
satisfied. For any z # 0, S(J, X, z) = 0. If z = 0 then for {z,} € S(J, X,0),
we have

d(z,0) < Climsupd(z, z,)
for all x € X and for any C > 1. Then (iii) is also satisfied. So (X,d) is a
JS—metric space.

Definition 2.9. Let X be a nonempty set and D : X2 — [0,00) be a
distance function on X. Also let W, be the collection of all functions 1 :
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(0,00) — (1,00), Wy be the collection of all functions v : [0,00) — [1,00)
and T : X — X be a mapping, then T is

(i) a Ciri¢ contraction [4] if there exist nonnegative numbers q,r, s,
with ¢ +r + s + 2t < 1 such that

D(Tz,Ty) < ¢D(x,y) + rD(z,Tx) + sD(y, Ty) + t[D(z, Ty) + D(y, Tx)]
for all x,y € X,
(ii) a generalized Reich-contraction if there exists k € [0,1) such that
D(Tz,Ty) < kmax{D(z,y), D(z,Tx), D(y, Ty)} for all xz,y € X,

(iii) a quasi-contraction of first kind [3] if there exists k € [0,1) such
that

D(Tz,Ty) < kmax{D(z,y), D(x,Tz), D(y, Ty), D(z,Ty) -; D(y, ng)}

for all x,y € X,

(iv) a quasi-contraction of second kind [3] if there exists k € [0,1) such
that

D(Tz,Ty) < kmax{D(z,y), D(z,Tx), D(y, Ty), D(z,Ty), D(y, Tz)}
for all z,y € X,
(v) a JS-contraction [9] if there exist ) € Uy and g € [0,1) such that
Y(D(Tz,Ty)) < P(D(z,y))? for all x,y € X with D(Tz, Ty) # 0(or Tz # Ty),

(vi) a JS-Cirié-contraction [6] if there exist ¥ € ¥y and ¢,7,s,t € [0,1)
with ¢ + 7 + s + 2t < 1 such that

Y(D(Tx, Ty)) < Y(D(z,y)) W (D(x, Tx) Y(D(y, Ty)) b (D(x, Ty) + D(y, Tx))"

for all z,y € X,
(vii) a JS-Reich-contraction [10] if there exists ¢ € ¥; and k € [0,1)
such that

D(Tz,Ty) < v(max{D(z,y), D(z, Tx), D(y,Ty)})*

for all z,y € X with D(Tz,Ty) # O(or Tz # Ty),
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(viii) a JS-quasi-contraction [12] if there exists ¢ € Uy and k € [0,1)
such that

D(z,Ty) + D(y, Tx) 1y
2

D(Tz,Ty) < ¢(max{D(z,y), D(xz,Tz), D(y,Ty),

for all z,y € X with D(Tz,Ty) # 0(or Tz # Ty).

Let © be the collection of all functions 6 : (0,00) — (1,00) satisfying
the following conditions:

(A1) 6 is non-decreasing,

(02) for each sequence {t,} C (0,00), limy o0 O(tn) = 1 iff limy, o0 tn, =
0,

(03) there exists r € (0,1) and [ € (0, 00] such that lim; g+ % =1,

(04) 0(a+0b) < 6(a)d(b),

(05) 0 is continuous.
Now we construct the following subsets of ©:

©1 ={0:(0,00) — (1,00) : 0 satisfies 61,62 and 63},

O = {0 : (0,00) — (1,00) : 0 satisfies 61,02, 03 and 05}, and

O3 ={0:(0,00) — (1,00) : 0 satisfies 6 and 65}.

Theorem 2.10. [9] Let (X, d) be a complete metric space and T : X — X
be a JS-contraction for some i € ©1. Then T has a unique fixed point in
X.

Theorem 2.11. [10] Let (X, d) be a complete metric space and T : X — X
be a JS-Reich-contraction for some v € ©y. Then T has a unique fixed point
in X.

Theorem 2.12. [12] Let (X, d) be a complete metric space and T : X — X
be a JS-quasi-contraction for some ¢ € O3. Then T has a unique fixed point
in X.

Theorem 2.13. [13] Let (X, d) be a complete metric space and T : X — X
be a JS-Cirié-contraction for some function v : [0,00) — [1,00) satisfying
01,02,03 and 04 with ¢ (t) = 1 iff t = 0. Then T has a unique fixed point
in X.

Now we give the definition of a newly introduced space called extended
JS-generalized metric space. Next we discuss about such spaces (See [16]).

Let X be a nonempty set and D§ : X2 — [0, 00] be a given mapping.
For any = € X, let us define the set

(2.6) S(Dg, X,x) ={{zn} C X : Jim Dg(xy, z) = 0}.
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Definition 2.14. Let X be a nonempty set, § : X2 — [1,00) be a function
and D§ : X% — [0, 00] satisfies the following conditions:

(Dgl) Dg(x,y) = 0 implies x =y for every z,y € X;

(D§2) Dg(x,y) = Dg(y,z) for all z,y € X;

(Dg3) if (z,y) € X% and {z,,} € S(D§, X, ), then

D§(x,y) < 0(x,y)limsup D§(zy,y).
n—oo

The pair (X, Dg) is called an extended JS-generalized metric space (shortly
extn. JS-GMS).

Example 2.15. Let X = C|a,b] be the space of all real valued continuous
functions defined on [a,b]. Let us take a mapping 6 : X2 — [1,00) defined
by 0(z,y) = supscfap(1+|z(t) —y(?)]) forallz,y € X and Dj: Xx X — R
defined by
(2.7) Dj(w,y) = tSl[lpb](l + [z (t) — y(&) )]z (t) — y(t)]

€la,
for all x,y € X. Then (X, D) is clearly an extended JS-generalized metric
space.

Example 2.16. Let X = R be the space of reals. Let us take a mapping
0 : X% — [1,00) defined by 0(z,y) = 2 + |z| + |y| for all z,y € X and
D§: X x X — R defined by

(2.8) Doz, y) = (2+ |z + [y))(|=] + |y[)

forallz,y € X. Then (X, Dj) is precisely an extended JS-generalized metric
space.

Remark 2.17. (i) Any extended b—metric space is clearly an extn. JS-
GMS. (ii) Every JS-metric space is also an extn. JS-GMS.

Thus one can observe that extended JS-generalized metric space gener-
alizes all the spaces such as (a) metric space, (b) b—metric space, (c) dislo-
cated metric space, (d) modular metric space with the Fatou property, (e)
extended b—metric space, (f) JS-metric space.

Definition 2.18. Let (X, Dj§) be an extn. JS-GMS. Let {x,} be a se-
quence in X and x € X.
(1) {zy,} is said to be convergent and converges to x if {x, } € S(Dj, X, x).
(ii) {xn} is said to be Cauchy if limy, m—oc0 Dg(%n, Tm) = 0.
(iii) X is called complete if any Cauchy sequence in X is convergent.
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Definition 2.19. Let (X, Dj) and (Y, dj) be two extn. JS-GMSs. A map-
ping T : X — Y is called continuous at a point a € X if for any ¢ > 0
there exists 6 > 0 such that for any v € X, dy(Tx,Ta) < e whenever
D§(x,a) < 6.

Proposition 2.20. Let (X, D) be an extn. JS-GMS. The following propo-
sitions are given in [16].

(¢) If {x,,} converges to both x and y for x,y € X then x =y,

(i) If {z,,} € S(D§, X, x) then Dg(x,x) =0,

(¢49) If a Cauchy sequence {z,} C X has a convergent subsequence
{zp, } convergent to x € X such that {0(x,x,)} converges to some h € R
then {z,} is also convergent,

(tw) If T is a self mapping continuous at a € X then for any sequence
{zn} € S(D§, X,a) we have {Tz,} € S(Dgy, X,Ta).

Remark 2.21. Since any extended b—metric space is also an extended JS-
generalized metric space, Example 2.6 shows that an extn. JS-GMS may
not be continuous with respect to its components.

Definition 2.22. Let (X, Dj) be an extn. JS-GMS. The open and closed
balls centered at x € X and radius r > 0 in X are defined respectively as
follows:

Bpglw,r) = {ye X : Di(y,a) <k
(2.9) Bpelz,r] = {ye€ X :Dj(y,x) <r}.

Remark 2.23. (i) It may happen that in an extn. JS-GMS X, x ¢
Bpg(x,r) for some r > 0 and € X. In Example 2.16 we see that 1 ¢
Bpg(1,4). (ii) Let (X, Dg) be an extn. JS-GMS. Let 7 = {0} U{U(#0) C
X @ for any x € U there exists r > 0 such that Bps(x,r) C U}. Then
clearly T forms a topology on X.

Definition 2.24. Let (X, D§) be an extn. JS-GMS and F' C X. Then F
is said to be closed if there exists an open set U C X such that F = U°.

Definition 2.25. Let (X, Dj) be an extn. JS-GMS and A C X. Then
diam(A) = sup{Dj(a,b) : a,b € A}.

Definition 2.26. In an extn. JS-GMS (X, D), a sequence {F;,} of subsets
of X is said to be decreasing if F1 D F» D F3 D ... .
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Theorem 2.27. Let (X, Dj) be a complete extn. JS-GMS and {F,} be a

decreasing sequence of nonempty closed subsets of X such that diam(F,) —

0 as n — oo. Then the intersection N2, F;, contains exactly one point.

Now we are in a position to prove our main Theorems. Before going to
our main results we first define some generalized mappings.

3. Main Results

Let X be a nonempty set and D : X2 — [0,00) be a distance function on
X. Also let ¥ be the collection of all functions 9 : [0,00) — [1, 00).

Definition 3.1. A mapping T : X — X is called an extended JS-Clirié-
contraction if there exists some ¢ € W and q,r,s,t € [0,1) with g+7r+ s+
2t < 1 such that

(D(Tz,Ty)) < $(D(z,y)) W (D(x, Tx)) Y(D(y, Ty))*[W(D(z, Ty))y(D(y, Tx)))’
(3.1)
for all z,y € X.

Definition 3.2. A mapping T : X — X is called an extended JS-quasi-
contraction if there exists some 1) € ¥ and k € [0,1) such that

(3.2) (D(Tz,Ty)) < (M (z,y))*
for allx,y € X, where M (z,y) = max{D(z,y), D(z,Tx), D(y, Ty), D(x,Ty), D(y, Tx)}.

Definition 3.3. A mapping T : X — X is called an extended JS-Reich-
contraction if there exists some 1 € ¥ and k € [0,1) such that

(3.3) Y(D(Tz, Ty)) < Y(M*(z,y))*
for all x,y € X, where M*(x,y) = max{D(z,y), D(z,Tz), D(y, Ty)}.

Definition 3.4. Let (X, D§) be an extended JS-GMS and T': X — X be
a mapping. Then the coefficient function 6 : X% — [1,00) is said to be

(1) weakly sensitive with respect to T if sup{0(z,Tx) : € X and S(D§, X, z) #
0} =1;

(ii) strongly sensitive with respect to T if sup{@(x,Tx) : = € X and S(Dg, X, z) #
0} =1 and for any o € X whenever {z,} = {T"z¢} € S(D§, X, x) then
0(z,z,) =1 for all n € N.
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7 f0 is strongly sensitive with respect to 1" then it is clearly weakly
sensitive with respect to 7' but the converse is not true in general. The
next example supports our contention.

Example 3.5. Let X = [0,1] and T': X — X be defined by Tz = § for
all z € X. Also let § : X? — [1,00) be given by 0(z,y) = 1+ |y — £| and
D§(z,y) = |z —y| for all x,y € X. Then (X, Dj) is clearly an extended
JS-GMS. Here we see that for any z € X, 0(z,Tz) = 1. Also {3} =
{T"1} € S(D§, X,0) but 0(0, %) = 1+ 5= > 1 for all n > 1. Therefore  is
weakly sensitive with respect to 1" but not strongly sensitive with respect
toT.

Let @ be the collection of all functions ¢ : [0,00) — [1,00) satisfying
the following conditions:

(p1) ¢ is non-deceasing and ¢(t) = 1 iff t = 0,

(p2) for each sequence {t,} C (0,00), limy, o0 @(tn) = 1 iff limy, o0ty =
0,

(p3) for any subset A = {a, : @ € A}, A is an indexing set, of [0, c0)
with sup,cp 6o = a < 0o and for any M > 1, if p(a,) < M for all @ € A,
then ¢(a) < M,

() for any sequence {z,,} C [0,00) with limsup,, . zn = = < 00, we
have ¢(z) < limsup,,_,, ¢(x,) and limsup,,_, ., =, = oo implies
lim sup,,_,, ¢(T5) = 0.

In our next theorems we always assume that Df is defined from X x X
to [0, 00).

Theorem 3.6. Let (X, D§) be a complete extn. JS-GMS with 0 is weakly
sensitive with respect to I', where T': X — X be an extended JS-Reich-
contraction for some p € ®. If there exists some xqg € X such that
§(D§, T, x0) = sup{Dg§(T o, T’ x0) : i,j € N} < oo then T has a unique
fixed point in X.

Proof. Since T satisfies (3.3), for any n € N we have

@(DG(T™ o, T 20))
< cp(maX{DZ (TnflJrixO’ TnflJrjxo)7 Dg(Tn71+iz0’ Tn+ix0)’
DS(Tn71+jz0’ Tn+jz0)})k
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for all 4,5 > 1. Let us take §(D§, TP, z0) = sup{D§(TP "z, TP zp) :

i,7 € N} for any non-negative integer p. From (3.4) we get o(Dg(T™ zg, T z¢)) <
©(8(D§, T™, x0))* for all i,j > 1. Since §(D§, TP, x20) < §(D§, T, o) < 00

for any p > 1, using the property (p3) of ¢ from (3.4) we have p(§(D§, T" !, z0)) <
©(8(Dg, T", 0))* and therefore

90(5(1)57 Tm+17 xo)) < (P((S(D5> T, xO))k

m

(3.5) < (8(D§, T, xo))"

for any m € N. Therefore lim,,—,o ©(6(D§, 7™, 29)) = 1. From the
property (p2) of ¢ it follows that lim,, o §(D§, T™ " z0) = 0. Thus for
any 1 <n < m it implies that Dg(T"xo, T™x0) < 6(Dg,T", z¢) tending to
0 as n tending to infinity. Thus {T™z¢} is a Cauchy sequence in X. By the
completeness of X there exists some z € X such that {T"zo} € S(Dg, X, z).
Now for any n € N we have

Q(DG(T" o, Tz)) < p(max{D(T" o, )DS(%T) (T%oaT”on)})k
= (max{p(Dy(T" o, 2)),
p(DG(T"wo, T ) }

(3.6)

Taking n — oo we get limsup,, . p(D§(T"* 1 z0,Tz2)) < @(D§(z,T2)).
By the property (4) of ¢ we have p(lim sup,,_,o D§(T" 120, T2)) < ¢(D§(z, Tz))*.
Now

D§(2,Tz) < 0(z,Tz)limsup Dy(T" 1 ag, Tz)

n—oo
= limsup D§(T" Mz, T2),
n—oo

which implies that p(D§(z,T2)) < ¢(limsup,, ., D§(T" g, Tz)) < p(D§(2, T2))".
Since k € [0, 1), we get p(Dg(z,Tz)) = 1 and therefore Dj(z,Tz) = 0, im-
plying that Tz = z.

Let u be any fixed point of T'. Then

p(Df(u,u) = o(Dg(Tu, Tu))
< plmas{ D§(u, ), Dy(u, Tw), D(u, Tu)})*

(3.7) = @(Df(u,u))".
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Therefore ¢(Dg(u,u)) = 1 and using the property (¢1) of ¢ we get
Dg(u,u) = 0. Also we have

e(Dy(z,u)) = @(D§(Tz,Tu))
w(max{Dg(z,u), Dg(z,Tz), Dg(u, Tu)})k
p(D§(z, )",

IN

(3.8)

which implies that Dg(z,u) = 0 and hence z = w. Thus T has a unique
fixed point in X. O

Theorem 3.7. Let (X, Dj) be a complete extn. JS-GMS with § is strongly
sensitive with respect to T', where T' : X — X be an extended JS-quasi-
contraction for some ¢ € ®. If there exists some o € X such that
d(D§,T,xp) < oo then T' has a unique fixed point in X.

Proof. Here T satisfies (3.2) therefore for any n € N we have

P(DG(T" g, T" )
< (p(maX{Dg (Tn—l-i-iwo’ Tn_1+j$0)7 Dg (Tn_1+i.’L'0, Tn+i.’1}0),
Dyg (Tn_1+j.’L'0, Tn+j.’L'0),
(3.9) D§(T" Mg, T ag), Dg(T™ 2o, T ag) 1)
for all 4,5 > 1. Let us take §(D§, TP, z0) = sup{D§(TP "z, TP zp) :
i,7 € N} for any non-negative integer p. From (3.9) we get
o(D§(T™ ixg, T 20)) < p(6(DG, T, 0))* for all 4,5 > 1. Since
§(Dg, TP z0) < §(D§, T, ) < oo for any p > 1, using the property (¢3)
of ¢ from (3.9) we have ¢ (5(Dg§, T" 1, 20)) < (8(Dg, T, 70))*. Proceeding
in a similar fashion as above we see that {T"x(} is convergent and converges

to some z € X (say).
Now for any m € N, we have

Dg(T"xo,2) = Dg(z,T"xo)

< 0(z, T™x0) limsup D§(T™ o, T™x)
—00
= limsup Dg(Tm+kxo, T™xg)
k—o0
(3.10) < 0(Dg,T™, x9).
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Which implies that
e(Dg(T™x0,2)) < @(6(Dg, T™,x0))

(3.11) < (6(Dg,T, :1c0))k7m71 for all m > 1.
For a fixed n € N we have

O(D§(T™ o, T2)) < @(max{D§(T "z, z), D§(T"xo, T a0), D§(2, Tz),
Dg(z, T o), D§(T" o, T2)})*
= (max{p(D§(T"x0, 2)), p(Dg(T" w0, T 0)),
e(Dj(z,Tz)),
p(D§(2, T ), p(DG(T" w0, T2))})"
= max{p(Dg(T"x0, 2))", p(D§(T"z0, T 20))",
p(D§(2,T2))",
p(Df(z, T o))", o(Dg(T"x0, T2))*}
max{p(6(Dg, T, x0))"", p(Dj(z,T2))",
P(0(Dg, T,0))*"",
p(D§(T"x0, T2))"}
= max{p(6(D§, T, 20))"", p(D§(2,T2))", p(D§(T" w0, T2))"}.

IN

(3.12)
In a similar way we get
(D5(T"20,T7)) < max{p(8(D§, T, x0))*" ', p(Df(2, T2))¥, (DT 0, T2))" .
(3.13)
From (3.12) and (3.13) it follows that

P(D(T" o, T2)) < max{p(5(D§, T, x0))*", o(D§ (2, T2))", o(D§(T™ 0, Tz))"}.
(3.14)
Proceeding in a similar way we get
P(DE(T™ o, T2)) < max{p(3(Df, T, 20))™", p(Df (2, T2)), p(Df (o, T=)F" ).
(3.15)

Taking n — oo it follows that lim sup,,_,, @(D§(T" o, T2)) < o(D§(2, T2)).
By a similar calculation as in Theorem 3.7 we have ¢(Dg(z,T%2)) = 1 since
k < 1. Which implies that Df(z,T%) = 0 and therefore Tz = 2.
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Let u be any fixed point of T'. Then

p(Dh(u,u)) = (Ds(Tu, Tu))

e(max{Dg(u, u), Dg(u, Tu), Dg(u, Tu),
D§(u, Tw), D§(u, Tu)})*

(3.16) = o(D§(u,u))k.

AN

Therefore p(Dg(u, w)) = 1 and using the property (¢1) of ¢ we get D§(u,u) =
0. Also we have

e(Dy(z,u)) = (Ds(Tz Tu))

p(max{Df(z,u), Dj(z, T'z), Dj(u, Tw),
Dj(z,Tu), Dg(u, T2)})"

(3.17) = ¢(Dj(z,u)",

which implies that D§(z,u) = 0 and hence z = w. Thus T has a unique

fixed point in X. a
As a consequence of Theorem 3.8 we get the next Theorem.

IN

Theorem 3.8. Let (X, Dj) be a complete extn. JS-GMS with § is strongly
sensitive with respect to T', where T' : X — X be an extended JS-Cirié-
contraction for some p € ®. If there exists some xqg € X such that
d(Dg,T,xzo) < oo then T' has a unique fixed point in X.

Proof. Since T is an extended J S—C’iric’-contraction, it follows that there
exists some ¢ € ¥ and ¢q,r,s,t € [0,1) with ¢ + 7 + s + 2t < 1 such that

b(D5(T, Ty)) < (Dg(x, y))"P(Dy(z, Tx))" ¢ (Dy(y, Ty))*
[ (D (=, Ty)) ¥ (Di(y, Tx)))'
(3.18) < Y(M(x,y)) T,

where Mg (x,y) = max{D§(x,y), D§(z,Tx), Dg(y,Ty), Dg(z, Ty), Dg(y, Tz)}

for all z,y € X. Therefore T is an extended JS-quasi-contraction for ¢ € W.

Thus all the conditions of Theorem 3.8 are satisfied and therefore T" has a

unique fixed point in X. a
Now we prove the following proposition.

Proposition 3.9. Let A* be the collection of all functions 1 : [0,00) —
[1,00) satisfying the following conditions:
(1) v is non-decreasing and (t) = 1 if and only if t = 0;
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(ii) for each sequence {t,} C (0,00), limy o0 ¥(ty) = 1 iff limy, oo ty =
0;

(iii) ¥ (a +b) < (a)y(b) for all a,b > 0.

(iv) limy—,00 9 (t) = 00. Then A* C ©.

Proof. There are nothing to prove for the first and second conditions.

Let A= {aq : @« € A} C [0,00) be such that a = sup,ep aq < 00 and for
some M > 1, ¥(an) < M for all & € A. We have to show that ¥ (a) < M.

If @ = 0 then it holds clearly. So we take a > 0. Then for any € > 0 there
exists some a, € A such that a — € < ao. If aq = 0 then (a) < P(e) <
P(e)M. Also if aq > 0 then we have (a) < ¥(e + aq) < Y(€)(an) <
1(e)M. Thus by taking e — 0 we have ¥ (a) < M.

For the fourth condition let us first show that for any {¢,} C [0,00)
with ¢ = limy, e ty, < 00, ¥(t) < limsup,, . ¥(ty). So let {z,} C [0, 00)
with z = limy,_, x, < 0o. Then for any € > 0 there exists some N € N
such that |z, — x| < € whenever n > N.

If z = 0 then ¢(z) = 1. Then clearly ¢(x) < limsup,,_,. ¥ (). So
without loss of generality let us take x > 0. Then we can assume that

Tn > 0 for all n > 1 and we have x — e < x, < x+ € for all n > N implying
that (x) < ¥(zp +€) < P(e)y(zy) for all n > N. Therefore

o0
o0

U(x)
Y(e) < Y(zp) foralln > N
¥(x) ,

(3.19) =@ < lim sup ().

Taking € — 07 we have ¢(x) < limsup,,_,., ¥(x,). Now we come to our
main proof of condition (¢4). For this let us take a sequence {y,} C [0, c0)
with y = limsup,,_, ., yn < 00. Without loss of generality let us take y > 0
and y, > 0 for all n > 1. Then for a chosen € > 0 there exists a subsequence
{yn, } of {yn} such that y — e < limy_o0 Yn, -

If limg 00 Yn, = 0 then ¢(y) < ¢(e) < 9(e) limsup,,_,o ¢¥(yn). Also if
limy 00 Yn,, > 0then ¥(y) < (€)Y (limpg—oo Yn, ) < Y(€) imsupy_, o ¥(Yn, ) <

P(e) limsup,, o ¥(yn). Taking e — 0% we get ¥(y) < limsup, . ¥ (yn)-
Also let {z,} C [0,00) be such that limsup,,_ . zn = oo. So either

there exists a subsequence {zy, } of {z,} such that limy_, z,, = oo or for
any m > 1 there exists {zm, } C {z,} such that m <limg_,o0 Ty, < 00.
For the first case we have for all G > 0 there exists N € N such that
T, > G for all K > N. Thus ¢(G) < ¢(xy,) for all £ > N. So ¥(G) <
lim supy,_ oo ¥(zn, ) < limsup,, o, ¥(xy) for all G > 0. Since lim;_ ¥(t) =
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oo we have limsup,,_, . ¥(zy) = oo.

Also for the second case we have

P(m) < Y(limg_oo Tm,,) < Hmsupy,_, o ¥(Tm,) < limsup,,_, o ¥(x,) for all
m € N. Therefore similarly as in the first case we get

lim sup,,_, . ¥(x,) = co. Hence A* C ®. O

Remark 3.10. It is to be noted that A* g ®, since for any fixed n > 1

the function ¢, defined by ¢n(t) = !¢ for all t € [0, 00) does not belong
to A*.

In Theorem 4 of [7] the authors assume only first three conditions of
A*. Let us denote the collection of all functions % satisfying only first three
conditions of A* as A. Then A* C A.

e, if t€0,1)
e, if t>1
clearly it does not belongs to A*. Thus A* g A.

Remark 3.11. If we take ¢(t) = then ¢ € A but

Our Theorem 3.9 generalizes Theorem 4 of [7] partially.

Theorem 3.12. Let (X, d) be a complete metric space and T : X — X be
a JS-Clirié-contraction with 1 € A*. Then T has a unique fixed point in X.

Proof. Since T is a JS-Cirié-contraction with 1 € A*, then by using
the property (iii) of ¢ we get

(d(Tz, Ty))
D(d(x,y)"(d(x, Tx)) P (d(y, Ty)) Y (d(z, Ty) + d(y, Tx))"
D(d(x,y)"p(d(z, Tx)) v (d(y, Ty)) Y (d(z, Ty)) d(d(y, Tz))’
for all x,y € X,

IN N

where ¢,7,s,t € [0,1) with ¢+ 7 + s + 2t < 1. Therefore T is an extended

JS-Cirié-contraction with ¥ € A* C ®. Also clearly a metric space X is an

extended JS-GMS with 0(z,y) = 1 for all z,y € X. Hence all the conditions

of Theorem 3.9 are satisfied and 71" has a unique fixed point in X. O
Now we give an example in support of our Theorem 3.8.
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Example 3.13. Let X = {1, € N} and Dj : X x X — [0,00) be defined
by Dg(x,y) = |z —y| for all z,y € X, where 1, = w for allm € N.
Let us define a mapping T : X — X by Tty =T =1 and T'1, = Tph—1
for all n > 3.

Now we show that T' is an extended JS—quasi-contraction for ¢ € ®
defined by ¢(t) = et*¢" for all t € [0,00). For this, it suffices to show that
there exists k € (0,1) such that for all x,y € X

2
DE(ZQ@,T?JQ) o D6 (T, Ty)— Mg (w,y) < k, where
M9 (xvy)
(3'20)M0e($7y) = maX{DE(:L‘,y),DE(:L‘,Tw),Dg(y,Ty),Dg(x,Ty),Dg(y,T:r)}.

Now we consider the following two cases.

Case-I: In this case we take 7,,7,, € X where n = 1 and m > 2. Then
D§(T71, T7m) = D71, Tn1) = [2=1 9],

Also Mg (11, ) = max{Dg (11, Tm), Dg(T1,T71), Dg(Tm, TT), Dg(1, TTpm),
D§(1im, T'm1)} = max{Dg(11, Tm), Dg(Tm—1,Tm), Dg(T1, Tm=1)} = Dg(71,Tm) =
[M%M —2|. Therefore D§(T'm1,TT)— Mg(1,Tm) = —m(m+1) and
thus

D§(Tt1,T1im)? o D6 (71, T7in) = Mg (71,7m)
Mg(ThTm)z
(m(m* —1) — 6) —m(m+1) —4
3.21 = mim < .
(3:21) (m(m + D)(m+2) —6)2° c

Case-1I: In this case we take 7,,7, € X where m > n > 1. Then

2 2
D5<TTTL7TT77L) = Dg(Tn—lmi—l) = [m(mg D n(n3 1)]
Now Mg (T, T) = max{D§(Tp, Tm), D§(Tn, TT0), Dg(Trm, TTm), D§(T0, TTim),
DS(vaTTn)} = maX{DS(Tnv Tm)v Dg(Tn—la Tn)v D;(Zm—la Tm): DS(Tm Tm—1)>
Dg(Tyny T1)} = D11, Typ) = [Pt Dnt2) w21y - Tyyg DS (T, Ty ) —
Mg (Tn, Tm) = —m(m + 1) and therefore

e 2
Dg(T1y, T'mim) D6 (T, T ) =M (T 7m)
M§(Tn, Tm)?
_ (m(m2 — 1) — n(n2 — 1))2 —m(m+1) —4
(3:22) — (m(m+1)(m+2) —n(n? — 1))26 e

Since e™* < 1 it follows that T is an extended JS—quasi-contraction with
#(t) = et*¢". Here we see that (X, D) is a complete extn. JS-GMS with 0
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is strongly sensitive with respect to T, 6(Dg, T, T2) < oo and T has a unique
fixed point in X.

4. Applications to fixed-circle problems

In this section we give some existence and uniqueness theorems for fixed
circles of self mappings (One can refer to [14]) on an extended JS-GMS.
The notions of a circle and a fixed circle is given as follows:

Definition 4.1. Let (X, Dj) be an extn. JS-GMS and Cgfr ={reX:
Dg(x,x9) = r} be a circle with center at xo € X and radius v > 0. This
circle is said to be a fixed circle of a mapping T : X — X if Tx = x for

De
every x € Crlr.

Now we present an existence theorem for a fixed circle of a self mapping
T.

Theorem 4.2. Let (X, Dj) be an extn. JS-GMS and Cgfr be a circle on
X. Let us define the mapping

(4.1) F:X —[0,00), F(z) = Dg(z, xo)

for all x € X. If there exists a self mapping T : X — X satisfying (C1)

DTS < [F(a) + F(Tw) - 2r) and (C2) Dy(Tx,x0) < r for all & € Cryr,

. D¢ .
then the circle Cyr is a fixed circle of T.

Proof. Let us take an arbitrary element x € C;ﬁ%r. We show that
Tx = x. Using the condition (C1) we obtain

Dg(z,Tx) < O(x,Tz)[F(x)+ F(Tx)—2r]
= O(z,Tx)[Dg(z,z0) + Dy(Tx,z0) — 27]
(4.2) = O(z,Tz)[Dg(Tx,z0) — 1]

From the condition (C2) we have two cases. If Dg(Tx,z9) < 7 then
(4.2) leads us to a contradiction. Therefore D§(Tx,x¢) = r and we have
Dg(z,Tx) < 0(x,Tx)[Dy(Tx,x0) — r] = 0(x, Tx) [11"76— r] = 0 implying that
Dg(x,Tx) =0 that is v = . Hence the circle Cy’ is a fixed circle of T.
O
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Example 4.3. Let X = [0,2], D§(z,y) = (z — y)? and 0(z,y) = 2 for all
x,y € X. Then clearly (X, Dg) is an extn. JS-GMS. Also let T : X — X
be defined by

1—%, if z€[0,1)
(4.3) T(x)=1<S 1, if z=1
1+%f, if xe (1,2

Then T satisfies all the conditions of Theorem 4.2 for the circle Cf i

72

and thus C’lD é is a fixed circle of T.
2

Example 4.4. Let X = [0,1], D§(x,y) = (z — y)? and 0(z,y) = 2 for all
z,y € X. Then clearly (X, Dg) is an extn. JS-GMS. Also let T : X — X
be defined by

)z, ifze {6,5
(4.4) T(x) = { %, otherwise
Then T satisfies all the conditions of Theorem 4.2 for the circle Cfgl
2’9

and thus C’l | is a fixed circle of T.

2'9
Theorem 4.5. Let (X, D§) be an extn. JS-GMS with Dy finite and T :
X — X be a mapping satisfying the conditions (C1) and (C2) given in
Theorem 4.2. If T' satisfies the contractive condition

(4.5) p(D§(T, Ty)) < (Mg (z,y))"

for all x € C;g)%r andy € X \Cﬁ%r, where Cg)‘% is a fixed circle of T, k €

[0,1), ¢ € ® and M§(x,y) = max{Dg(x,y), Dg(x, Tx), Dg(y, Ty), Dg(z,Ty),

D§(y,Tx)} for any x,y € X, then T has a unique fixed circle in X.

Proof.  Since T satisfies the conditions (C'1) and (C2), it is guaranteed
that T has atleast one | fixed c1rcle Jn X. Let us assume that T has two
dlfferent ﬁxed circles Cxo ro and C’x1 r in X. Then either C’xo o \Cxl,rl # 0

or C’mlﬂal\C';,;o;,~0 # (). Without loss of generahty let us take Cxl 7«1\03,;0 ro 7

(). Then we can choose some u € Cxo ro and v € C’gg1 rl\Cxo,ro and by
applying contraction condition (4.5) we have

p(Df(u,v)) = @(D§(Tu,Tv))
(Mg (u,v))*

IN

(4.6) = @(Dju,v))".

(
= (max{Dg(u,v), Dg(u, Tu), Dg(v, Tv), Dg(u, Tv), Dg(v, Tu
(

)H
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Which implies that ¢(Dg(u,v)) = 1 that is Dy(u,v) = 0 = u = v, a
contradiction. Therefore our assumption is wrong and 7" has a unique fixed
circle in X. |
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