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Abstract

In this paper we prove some generalized fixed point theorems for a
class of contractive mappings over an extended JS-generalized metric
space. Notions of weakly sensitive and strongly sensitive coefficient
functions have been used here in proving fixed point theorems. Ex-
amples are given in strengthening the hypothesis of our established
theorems. Moreover an application is given to fixed circle problem.
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1. Introduction

Fixed point theory has been an active research field over the last few decades
for its numerous applications in several branches of Mathematics. S. Ba-
nach had been the most responsible distinguished person in proving the
well known Contraction Principle Theorem [2] in fixed point theory. Since
then many researchers had been attracted to this particular field and took
attempts in developing fixed point theory by weakening the contractive
conditions of mappings (See [15]) or by relaxing the structure of underlying
spaces under consideration or with combination of both.

In the year 2014, M. Jleli and B. Samet introduced the concept of a gen-
eralized contraction mapping commonly known as JS-contraction [9] which
generalizes the concept of famous Banach Contraction mapping. With an
introduction of such concept many researchers have been succeeded to ob-
tain several fixed point theorems by using different types of generalized
JS-contraction mappings (See [10],[6],[13],[7],[12]).

Recently Roy and Saha have introduced the concept of extended JS-
generalized metric space [16] which includes the concepts of many of our
known metric like spaces and have been able to prove some fixed point
theorems therein.

In this paper we now adhere to a class of some generalized contractive
mappings namely extended JS-Ćirić-contraction mapping and extended JS-
quasi-contraction mapping. With the help of such mappings we have been
able to prove some fixed point theorems over extended JS-generalized met-
ric spaces. Our fixed point theorems generalizes many of our known results.
An example is cited in support of the hypothesis of one of our theorems.
Furthermore an application to the fixed circle problem is given in relevance
of our investigations in fixed point theorems on such spaces.

2. Preliminaries

Definition 2.1. [1, 5] Let X be a nonempty set and s be a real number
satisfying s ≥ 1. A function d : X ×X → R+ is a b−metric on X if for all
x, y, z ∈ X, the following conditions hold

1. d(x, y) = 0 iff x = y
2. d(x, y) = d(y, x) for all x, y ∈ X
3. d(x, z) ≤ s[d(x, y) + d(y, z)] for all x, y, z ∈ X.

The space (X, d) is called a b−metric space.

Example 2.2. [11] (a) Let X = Lp[0, 1] be the space of all real functions
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x(t), t ∈ [0, 1] such that
R 1
0 |x(t)|p <∞ with 0 < p < 1. Define d : X2 → R+

as:

d(x, y) =

µZ 1

t=0
|x(t)− y(t)|pdt

¶ 1
p

(2.1)

for all x, y ∈ X. Then d is a b−metric space with coefficient s = 21/p.
(b) Let X = lp(R) with 0 < p < 1 where lp(R) = {{xn} ⊂ R :P∞

n=1 |xn|p <∞}. If we define d : X2 → R+ as:

d(x, y) =

Ã ∞X
n=1

|xn − yn|p
! 1

p

(2.2)

for all x = {xn}, y = {yn} ∈ X then d is a b−metric space with coefficient
s = 21/p.

Definition 2.3. [11] Let X be a nonempty set and θ : X ×X → [1,∞).
A function dθ : X

2 → [0,∞) is called an extended b−metric if for all
x, y, z ∈ X it satisfies:
(dθ1) dθ(x, y) = 0 if and only if x = y,
(dθ2) dθ(x, y) = dθ(y, x),
(dθ3) dθ(x, z) ≤ θ(x, z)[dθ(x, y) + dθ(y, z)].
The pair (X, dθ) is called an extended b−metric space.

Example 2.4. [11] Let X = {1, 2, 3}. Define θ : X2 → R+ and dθ :
X ×X → R+ as:

θ(x, y) = 1 + x+ y

dθ(1, 1) = dθ(2, 2) = dθ(3, 3) = 0

dθ(1, 2) = dθ(2, 1) = 80, dθ(1, 3) = dθ(3, 1) = 1000, dθ(2, 3)

= dθ(3, 2) = 600(2.3)

Then (X, dθ) is an extended b−metric space.

Example 2.5. [11] Let X = C([a, b],R) be the space of all continuous real
valued functions define on [a,b]. Let us take θ(x, y) = supt∈[a,b](|x(t)| +
|y(t)| + 2) and dθ(x, y) = supt∈[a,b] |x(t) − y(t)|2 for all x, y ∈ X. Then
(X,dθ) is an extended b−metric space.

In general an extended b−metric is not continuous with respect to each
of its components.
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Example 2.6. [11] Let X = N ∪∞ and let dθ : X ×X → R be defined
by:

dθ(m,n) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, if m = n
| 1m −

1
n |, if m,n are even or mn =∞

5, if m,n are odd and m 6= n
2, otherwise

(2.4)

Then (X,dθ) is an extended b−metric for θ(x, y) = 3 for all x, y ∈ X but
it is not continuous.

In [8] M. Jleli and B. Samet have given the following definitions in order
to define a generalized metric space and to prove some fixed point theorems
as cited below.

Let A be a non-empty set and d : A × A → [0,∞] be a mapping. For
any a ∈ A, let us define the set

C(d,A, a) = {{an} ⊂ A : lim
n→∞

d(an, a) = 0}.(2.5)

Definition 2.7. [8] Let d : A × A → [0,∞] be a mapping which satisfies
the following conditions:

(i) d(a, b) = 0 implies a = b for all a, b ∈ A;

(ii) for every a, b ∈ A, we have d(a, b) = d(b, a);

(iii) if (a, b) ∈ A×A and {an} ∈ C(d,A, a) then
d(a, b) ≤ p lim supn→∞ d(an, b), for some p > 0.
The pair (A, d) is called a generalized metric space, usually known as
JS−metric space.

Example 2.8. [17] Let X = R∪{−∞,∞} and d : X2 → [0,∞] be defined
by d(x, y) = |x|+ |y| for all x, y ∈ X, then clearly conditions (i) and (ii) are
satisfied. For any z 6= 0, S(J,X, z) = ∅. If z = 0 then for {zn} ∈ S(J,X, 0),
we have

d(x, 0) ≤ C lim sup
n→∞

d(x, zn)

for all x ∈ X and for any C ≥ 1. Then (iii) is also satisfied. So (X, d) is a
JS−metric space.

Definition 2.9. Let X be a nonempty set and D : X2 → [0,∞) be a
distance function on X. Also let Ψ1 be the collection of all functions ψ :
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(0,∞) → (1,∞), Ψ2 be the collection of all functions ψ : [0,∞) → [1,∞)
and T : X → X be a mapping, then T is

(i) a Ćirić contraction [4] if there exist nonnegative numbers q, r, s, t
with q + r + s+ 2t < 1 such that

D(Tx, Ty) ≤ qD(x, y) + rD(x, Tx) + sD(y, Ty) + t[D(x, Ty) +D(y, Tx)]

for all x, y ∈ X,

(ii) a generalized Reich-contraction if there exists k ∈ [0, 1) such that

D(Tx, Ty) ≤ kmax{D(x, y),D(x, Tx),D(y, Ty)} for all x, y ∈ X,

(iii) a quasi-contraction of first kind [3] if there exists k ∈ [0, 1) such
that

D(Tx, Ty) ≤ kmax{D(x, y),D(x, Tx),D(y, Ty), D(x, Ty) +D(y, Tx)

2
}

for all x, y ∈ X,

(iv) a quasi-contraction of second kind [3] if there exists k ∈ [0, 1) such
that

D(Tx, Ty) ≤ kmax{D(x, y),D(x, Tx),D(y, Ty),D(x, Ty),D(y, Tx)}

for all x, y ∈ X,

(v) a JS-contraction [9] if there exist ψ ∈ Ψ1 and q ∈ [0, 1) such that

ψ(D(Tx, Ty)) ≤ ψ(D(x, y))q for all x, y ∈ X with D(Tx, Ty) 6= 0(or Tx 6= Ty),

(vi) a JS-Ćirić-contraction [6] if there exist ψ ∈ Ψ2 and q, r, s, t ∈ [0, 1)
with q + r + s+ 2t < 1 such that

ψ(D(Tx, Ty)) ≤ ψ(D(x, y))qψ(D(x, Tx))rψ(D(y, Ty))sψ(D(x, Ty) +D(y, Tx))t

for all x, y ∈ X,
(vii) a JS-Reich-contraction [10] if there exists ψ ∈ Ψ1 and k ∈ [0, 1)

such that

D(Tx, Ty) ≤ ψ(max{D(x, y),D(x, Tx),D(y, Ty)})k

for all x, y ∈ X with D(Tx, Ty) 6= 0(or Tx 6= Ty),
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(viii) a JS-quasi-contraction [12] if there exists ψ ∈ Ψ1 and k ∈ [0, 1)
such that

D(Tx, Ty) ≤ ψ(max{D(x, y),D(x, Tx),D(y, Ty), D(x, Ty) +D(y, Tx)

2
})k

for all x, y ∈ X with D(Tx, Ty) 6= 0(or Tx 6= Ty).
Let Θ be the collection of all functions θ : (0,∞) → (1,∞) satisfying

the following conditions:
(θ1) θ is non-decreasing,
(θ2) for each sequence {tn} ⊂ (0,∞), limn→∞ θ(tn) = 1 iff limn→∞ tn =

0,
(θ3) there exists r ∈ (0, 1) and l ∈ (0,∞] such that limt→0+

θ(t)−1
tr = l,

(θ4) θ(a+ b) ≤ θ(a)θ(b),
(θ5) θ is continuous.

Now we construct the following subsets of Θ:
Θ1 = {θ : (0,∞)→ (1,∞) : θ satisfies θ1, θ2 and θ3},
Θ2 = {θ : (0,∞)→ (1,∞) : θ satisfies θ1, θ2, θ3 and θ5}, and
Θ3 = {θ : (0,∞)→ (1,∞) : θ satisfies θ1 and θ5}.

Theorem 2.10. [9] Let (X, d) be a complete metric space and T : X → X
be a JS-contraction for some ψ ∈ Θ1. Then T has a unique fixed point in
X.

Theorem 2.11. [10] Let (X, d) be a complete metric space and T : X → X
be a JS-Reich-contraction for some ψ ∈ Θ2. Then T has a unique fixed point
in X.

Theorem 2.12. [12] Let (X, d) be a complete metric space and T : X → X
be a JS-quasi-contraction for some ψ ∈ Θ3. Then T has a unique fixed point
in X.

Theorem 2.13. [13] Let (X, d) be a complete metric space and T : X → X
be a JS-Ćirić-contraction for some function ψ : [0,∞) → [1,∞) satisfying
θ1, θ2, θ3 and θ4 with ψ(t) = 1 iff t = 0. Then T has a unique fixed point
in X.

Now we give the definition of a newly introduced space called extended
JS-generalized metric space. Next we discuss about such spaces (See [16]).

Let X be a nonempty set and De
θ : X

2 → [0,∞] be a given mapping.
For any x ∈ X, let us define the set

S(De
θ,X, x) = {{xn} ⊂ X : lim

n→∞
De
θ(xn, x) = 0}.(2.6)
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Definition 2.14. Let X be a nonempty set, θ : X2 → [1,∞) be a function
and De

θ : X
2 → [0,∞] satisfies the following conditions:

(De
θ1) D

e
θ(x, y) = 0 implies x = y for every x, y ∈ X;

(De
θ2) D

e
θ(x, y) = De

θ(y, x) for all x, y ∈ X;
(De

θ3) if (x, y) ∈ X2 and {xn} ∈ S(De
θ,X, x), then

De
θ(x, y) ≤ θ(x, y) lim sup

n→∞
De
θ(xn, y).

The pair (X,De
θ) is called an extended JS-generalized metric space (shortly

extn. JS-GMS).

Example 2.15. Let X = C[a, b] be the space of all real valued continuous
functions defined on [a, b]. Let us take a mapping θ : X2 → [1,∞) defined
by θ(x, y) = supt∈[a,b](1+|x(t)−y(t)|) for all x, y ∈ X and De

θ : X×X → R
defined by

De
θ(x, y) = sup

t∈[a,b]
(1 + |x(t)− y(t)|)|x(t)− y(t)|(2.7)

for all x, y ∈ X. Then (X,De
θ) is clearly an extended JS-generalized metric

space.

Example 2.16. Let X = R be the space of reals. Let us take a mapping
θ : X2 → [1,∞) defined by θ(x, y) = 2 + |x| + |y| for all x, y ∈ X and
De
θ : X ×X → R defined by

De
θ(x, y) = (2 + |x|+ |y|)(|x|+ |y|)(2.8)

for all x, y ∈ X. Then (X,De
θ) is precisely an extended JS-generalized metric

space.

Remark 2.17. (i) Any extended b−metric space is clearly an extn. JS-
GMS. (ii) Every JS-metric space is also an extn. JS-GMS.

Thus one can observe that extended JS-generalized metric space gener-
alizes all the spaces such as (a) metric space, (b) b−metric space, (c) dislo-
cated metric space, (d) modular metric space with the Fatou property, (e)
extended b−metric space, (f) JS-metric space.

Definition 2.18. Let (X,De
θ) be an extn. JS-GMS. Let {xn} be a se-

quence in X and x ∈ X.
(i) {xn} is said to be convergent and converges to x if {xn} ∈ S(De

θ,X, x).
(ii) {xn} is said to be Cauchy if limn,m→∞De

θ(xn, xm) = 0.
(iii) X is called complete if any Cauchy sequence in X is convergent.
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Definition 2.19. Let (X,De
θ) and (Y, d

e
θ) be two extn. JS-GMSs. A map-

ping T : X → Y is called continuous at a point a ∈ X if for any � > 0
there exists δ� > 0 such that for any x ∈ X, deθ(Tx, Ta) < � whenever
De
θ(x, a) < δ�.

Proposition 2.20. Let (X,De
θ) be an extn. JS-GMS. The following propo-

sitions are given in [16].
(i) If {xn} converges to both x and y for x, y ∈ X then x = y,
(ii) If {xn} ∈ S(De

θ,X, x) then De
θ(x, x) = 0,

(iii) If a Cauchy sequence {xn} ⊂ X has a convergent subsequence
{xnk} convergent to x ∈ X such that {θ(x, xn)} converges to some h ∈ R
then {xn} is also convergent,

(iv) If T is a self mapping continuous at a ∈ X then for any sequence
{xn} ∈ S(De

θ,X, a) we have {Txn} ∈ S(De
θ,X, Ta).

Remark 2.21. Since any extended b−metric space is also an extended JS-
generalized metric space, Example 2.6 shows that an extn. JS-GMS may
not be continuous with respect to its components.

Definition 2.22. Let (X,De
θ) be an extn. JS-GMS. The open and closed

balls centered at x ∈ X and radius r > 0 in X are defined respectively as
follows:

BDe
θ
(x, r) = {y ∈ X : De

θ(y, x) < r};
BDe

θ
[x, r] = {y ∈ X : De

θ(y, x) ≤ r}.(2.9)

Remark 2.23. (i) It may happen that in an extn. JS-GMS X, x /∈
BDe

θ
(x, r) for some r > 0 and x ∈ X. In Example 2.16 we see that 1 /∈

BDe
θ
(1, 4). (ii) Let (X,De

θ) be an extn. JS-GMS. Let τ = {∅} ∪ {U(6= ∅) ⊂
X : for any x ∈ U there exists r > 0 such that BDe

θ
(x, r) ⊂ U}. Then

clearly τ forms a topology on X.

Definition 2.24. Let (X,De
θ) be an extn. JS-GMS and F ⊂ X. Then F

is said to be closed if there exists an open set U ⊂ X such that F = U c.

Definition 2.25. Let (X,De
θ) be an extn. JS-GMS and A ⊂ X. Then

diam(A) = sup{De
θ(a, b) : a, b ∈ A}.

Definition 2.26. In an extn. JS-GMS (X,De
θ), a sequence {Fn} of subsets

of X is said to be decreasing if F1 ⊃ F2 ⊃ F3 ⊃ ... .
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Theorem 2.27. Let (X,De
θ) be a complete extn. JS-GMS and {Fn} be a

decreasing sequence of nonempty closed subsets ofX such that diam(Fn)→
0 as n→∞. Then the intersection ∩∞n=1Fn contains exactly one point.

Now we are in a position to prove our main Theorems. Before going to
our main results we first define some generalized mappings.

3. Main Results

Let X be a nonempty set and D : X2 → [0,∞) be a distance function on
X. Also let Ψ be the collection of all functions ψ : [0,∞)→ [1,∞).

Definition 3.1. A mapping T : X → X is called an extended JS-Ćirić-
contraction if there exists some ψ ∈ Ψ and q, r, s, t ∈ [0, 1) with q+ r+ s+
2t < 1 such that

ψ(D(Tx, Ty)) ≤ ψ(D(x, y))qψ(D(x, Tx))rψ(D(y, Ty))s[ψ(D(x, Ty))ψ(D(y, Tx))]t

(3.1)

for all x, y ∈ X.

Definition 3.2. A mapping T : X → X is called an extended JS-quasi-
contraction if there exists some ψ ∈ Ψ and k ∈ [0, 1) such that

ψ(D(Tx, Ty)) ≤ ψ(M(x, y))k(3.2)

for all x, y ∈ X, whereM(x, y) = max{D(x, y),D(x, Tx),D(y, Ty),D(x, Ty),D(y, Tx)}.

Definition 3.3. A mapping T : X → X is called an extended JS-Reich-
contraction if there exists some ψ ∈ Ψ and k ∈ [0, 1) such that

ψ(D(Tx, Ty)) ≤ ψ(M∗(x, y))k(3.3)

for all x, y ∈ X, where M∗(x, y) = max{D(x, y),D(x, Tx),D(y, Ty)}.

Definition 3.4. Let (X,De
θ) be an extended JS-GMS and T : X → X be

a mapping. Then the coefficient function θ : X2 → [1,∞) is said to be
(i) weakly sensitive with respect to T if sup{θ(x, Tx) : x ∈ X and S(De

θ,X, x) 6=
∅} = 1;

(ii) strongly sensitive with respect to T if sup{θ(x, Tx) : x ∈ X and S(De
θ,X, x) 6=

∅} = 1 and for any x0 ∈ X whenever {xn} = {Tnx0} ∈ S(De
θ,X, x) then

θ(x, xn) = 1 for all n ∈N.
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†Ifθ is strongly sensitive with respect to T then it is clearly weakly
sensitive with respect to T but the converse is not true in general. The
next example supports our contention.

Example 3.5. Let X = [0, 1] and T : X → X be defined by Tx = x
2 for

all x ∈ X. Also let θ : X2 → [1,∞) be given by θ(x, y) = 1 + |y − x
2 | and

De
θ(x, y) = |x − y| for all x, y ∈ X. Then (X,De

θ) is clearly an extended
JS-GMS. Here we see that for any x ∈ X, θ(x, Tx) = 1. Also { 12n } =
{Tn1} ∈ S(De

θ,X, 0) but θ(0, 12n ) = 1+
1
2n > 1 for all n ≥ 1. Therefore θ is

weakly sensitive with respect to T but not strongly sensitive with respect
to T .

Let Φ be the collection of all functions ϕ : [0,∞) → [1,∞) satisfying
the following conditions:

(ϕ1) ϕ is non-deceasing and ϕ(t) = 1 iff t = 0,
(ϕ2) for each sequence {tn} ⊂ (0,∞), limn→∞ ϕ(tn) = 1 iff limn→∞ tn =

0,
(ϕ3) for any subset A = {aα : α ∈ Λ}, Λ is an indexing set, of [0,∞)

with supα∈Λ aα = a < ∞ and for any M ≥ 1, if ϕ(aα) ≤ M for all α ∈ Λ,
then ϕ(a) ≤M,

(ϕ4) for any sequence {xn} ⊂ [0,∞) with lim supn→∞ xn = x <∞, we
have ϕ(x) ≤ lim supn→∞ ϕ(xn) and lim supn→∞ xn =∞ implies
lim supn→∞ ϕ(xn) =∞.

In our next theorems we always assume that De
θ is defined from X ×X

to [0,∞).

Theorem 3.6. Let (X,De
θ) be a complete extn. JS-GMS with θ is weakly

sensitive with respect to T , where T : X → X be an extended JS-Reich-
contraction for some ϕ ∈ Φ. If there exists some x0 ∈ X such that
δ(De

θ, T, x0) = sup{De
θ(T

ix0, T
jx0) : i, j ∈ N} < ∞ then T has a unique

fixed point in X.

Proof. Since T satisfies (3.3), for any n ∈ N we have

ϕ(De
θ(T

n+ix0, T
n+jx0))

≤ ϕ(max{De
θ(T

n−1+ix0, T
n−1+jx0),D

e
θ(T

n−1+ix0, T
n+ix0),

De
θ(T

n−1+jx0, T
n+jx0)})k

(3.4)
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for all i, j ≥ 1. Let us take δ(De
θ, T

p+1, x0) = sup{De
θ(T

p+ix0, T
p+jx0) :

i, j ∈ N} for any non-negative integer p. From (3.4) we get ϕ(De
θ(T

n+ix0, T
n+jx0)) ≤

ϕ(δ(De
θ, T

n, x0))
k for all i, j ≥ 1. Since δ(De

θ, T
p+1, x0) ≤ δ(De

θ, T, x0) <∞
for any p ≥ 1, using the property (ϕ3) of ϕ from (3.4) we have ϕ(δ(De

θ, T
n+1, x0)) ≤

ϕ(δ(De
θ, T

n, x0))
k and therefore

ϕ(δ(De
θ, T

m+1, x0)) ≤ ϕ(δ(De
θ, T

m, x0))
k

...

≤ ϕ(δ(De
θ, T, x0))

km(3.5)

for any m ∈ N. Therefore limm→∞ ϕ(δ(De
θ, T

m+1, x0)) = 1. From the
property (ϕ2) of ϕ it follows that limm→∞ δ(De

θ, T
m+1, x0) = 0. Thus for

any 1 ≤ n < m it implies that De
θ(T

nx0, T
mx0) ≤ δ(De

θ, T
n, x0) tending to

0 as n tending to infinity. Thus {Tnx0} is a Cauchy sequence in X. By the
completeness ofX there exists some z ∈ X such that {Tnx0} ∈ S(De

θ,X, z).
Now for any n ∈ N we have

ϕ(De
θ(T

n+1x0, T z)) ≤ ϕ(max{De
θ(T

nx0, z),D
e
θ(z, Tz),D

e
θ(T

nx0, T
n+1x0)})k

= (max{ϕ(De
θ(T

nx0, z)), ϕ(D
e
θ(z, Tz)),

ϕ(De
θ(T

nx0, T
n+1x0))})k.

(3.6)

Taking n→∞we get lim supn→∞ ϕ(De
θ(T

n+1x0, Tz)) ≤ ϕ(De
θ(z, Tz))

k.
By the property (ϕ4) of ϕwe have ϕ(lim supn→∞De

θ(T
n+1x0, Tz)) ≤ ϕ(De

θ(z, Tz))
k.

Now

De
θ(z, Tz) ≤ θ(z, Tz) lim sup

n→∞
De
θ(T

n+1x0, T z)

= lim sup
n→∞

De
θ(T

n+1x0, Tz),

which implies that ϕ(De
θ(z, Tz)) ≤ ϕ(lim supn→∞De

θ(T
n+1x0, Tz)) ≤ ϕ(De

θ(z, Tz))
k.

Since k ∈ [0, 1), we get ϕ(De
θ(z, Tz)) = 1 and therefore D

e
θ(z, Tz) = 0, im-

plying that Tz = z.
Let u be any fixed point of T. Then

ϕ(De
θ(u, u)) = ϕ(De

θ(Tu, Tu))

≤ ϕ(max{De
θ(u, u),D

e
θ(u, Tu),D

e
θ(u, Tu)})k

= ϕ(De
θ(u, u))

k.(3.7)
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Therefore ϕ(De
θ(u, u)) = 1 and using the property (ϕ1) of ϕ we get

De
θ(u, u) = 0. Also we have

ϕ(De
θ(z, u)) = ϕ(De

θ(Tz, Tu))

≤ ϕ(max{De
θ(z, u),D

e
θ(z, Tz),D

e
θ(u, Tu)})k

= ϕ(De
θ(z, u))

k,(3.8)

which implies that De
θ(z, u) = 0 and hence z = u. Thus T has a unique

fixed point in X. 2

Theorem 3.7. Let (X,De
θ) be a complete extn. JS-GMS with θ is strongly

sensitive with respect to T , where T : X → X be an extended JS-quasi-
contraction for some ϕ ∈ Φ. If there exists some x0 ∈ X such that
δ(De

θ, T, x0) <∞ then T has a unique fixed point in X.

Proof. Here T satisfies (3.2) therefore for any n ∈N we have

ϕ(De
θ(T

n+ix0, T
n+jx0))

≤ ϕ(max{De
θ(T

n−1+ix0, T
n−1+jx0),D

e
θ(T

n−1+ix0, T
n+ix0),

De
θ(T

n−1+jx0, T
n+jx0),

De
θ(T

n−1+ix0, T
n+jx0),D

e
θ(T

n−1+jx0, T
n+ix0)})k(3.9)

for all i, j ≥ 1. Let us take δ(De
θ, T

p+1, x0) = sup{De
θ(T

p+ix0, T
p+jx0) :

i, j ∈ N} for any non-negative integer p. From (3.9) we get
ϕ(De

θ(T
n+ix0, T

n+jx0)) ≤ ϕ(δ(De
θ, T

n, x0))
k for all i, j ≥ 1. Since

δ(De
θ, T

p+1, x0) ≤ δ(De
θ, T, x0) <∞ for any p ≥ 1, using the property (ϕ3)

of ϕ from (3.9) we have ϕ(δ(De
θ, T

n+1, x0)) ≤ ϕ(δ(De
θ, T

n, x0))
k. Proceeding

in a similar fashion as above we see that {Tnx0} is convergent and converges
to some z ∈ X (say).

Now for any m ∈ N, we have

De
θ(T

mx0, z) = De
θ(z, T

mx0)

≤ θ(z, Tmx0) lim sup
k→∞

De
θ(T

m+kx0, T
mx0)

= lim sup
k→∞

De
θ(T

m+kx0, T
mx0)

≤ δ(De
θ, T

m, x0).(3.10)
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Which implies that

ϕ(De
θ(T

mx0, z)) ≤ ϕ(δ(De
θ, T

m, x0))

...

≤ ϕ(δ(De
θ, T, x0))

km−1 for all m ≥ 1.(3.11)

For a fixed n ∈ N we have

ϕ(De
θ(T

n+1x0, T z)) ≤ ϕ(max{De
θ(T

nx0, z),D
e
θ(T

nx0, T
n+1x0),D

e
θ(z, Tz),

De
θ(z, T

n+1x0),D
e
θ(T

nx0, Tz)})k

= (max{ϕ(De
θ(T

nx0, z)), ϕ(D
e
θ(T

nx0, T
n+1x0)),

ϕ(De
θ(z, Tz)),

ϕ(De
θ(z, T

n+1x0)), ϕ(D
e
θ(T

nx0, Tz))})k

= max{ϕ(De
θ(T

nx0, z))
k, ϕ(De

θ(T
nx0, T

n+1x0))
k,

ϕ(De
θ(z, Tz))

k,

ϕ(De
θ(z, T

n+1x0))
k, ϕ(De

θ(T
nx0, Tz))

k}
≤ max{ϕ(δ(De

θ, T, x0))
kn , ϕ(De

θ(z, Tz))
k,

ϕ(δ(De
θ, T, x0))

kn+1 ,

ϕ(De
θ(T

nx0, Tz))
k}

= max{ϕ(δ(De
θ, T, x0))

kn , ϕ(De
θ(z, Tz))

k, ϕ(De
θ(T

nx0, Tz))
k}.

(3.12)

In a similar way we get

ϕ(De
θ(T

nx0, Tz)) ≤ max{ϕ(δ(De
θ, T, x0))

kn−1 , ϕ(De
θ(z, Tz))

k, ϕ(De
θ(T

n−1x0, T z))
k}.

(3.13)

From (3.12) and (3.13) it follows that

ϕ(De
θ(T

n+1x0, T z)) ≤ max{ϕ(δ(De
θ, T, x0))

kn , ϕ(De
θ(z, Tz))

k, ϕ(De
θ(T

n−1x0, Tz))
k2}.

(3.14)

Proceeding in a similar way we get

ϕ(De
θ(T

n+1x0, T z)) ≤ max{ϕ(δ(De
θ, T, x0))

kn , ϕ(De
θ(z, Tz))

k, ϕ(De
θ(x0, Tz))

kn+1}.
(3.15)

Taking n→∞ it follows that lim supn→∞ ϕ(De
θ(T

n+1x0, Tz)) ≤ ϕ(De
θ(z, Tz))

k.
By a similar calculation as in Theorem 3.7 we have ϕ(De

θ(z, Tz)) = 1 since
k < 1. Which implies that De

θ(z, Tz) = 0 and therefore Tz = z.
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Let u be any fixed point of T. Then

ϕ(De
θ(u, u)) = ϕ(De

θ(Tu, Tu))

≤ ϕ(max{De
θ(u, u),D

e
θ(u, Tu),D

e
θ(u, Tu),

De
θ(u, Tu),D

e
θ(u, Tu)})k

= ϕ(De
θ(u, u))

k.(3.16)

Therefore ϕ(De
θ(u, u)) = 1 and using the property (ϕ1) of ϕ we getD

e
θ(u, u) =

0. Also we have

ϕ(De
θ(z, u)) = ϕ(De

θ(Tz, Tu))

≤ ϕ(max{De
θ(z, u),D

e
θ(z, Tz),D

e
θ(u, Tu),

De
θ(z, Tu),D

e
θ(u, Tz)})k

= ϕ(De
θ(z, u))

k,(3.17)

which implies that De
θ(z, u) = 0 and hence z = u. Thus T has a unique

fixed point in X. 2

As a consequence of Theorem 3.8 we get the next Theorem.

Theorem 3.8. Let (X,De
θ) be a complete extn. JS-GMS with θ is strongly

sensitive with respect to T , where T : X → X be an extended JS-Ćirić-
contraction for some ϕ ∈ Φ. If there exists some x0 ∈ X such that
δ(De

θ, T, x0) <∞ then T has a unique fixed point in X.

Proof. Since T is an extended JS-Ćirić-contraction, it follows that there
exists some ψ ∈ Ψ and q, r, s, t ∈ [0, 1) with q + r + s+ 2t < 1 such that

ψ(De
θ(Tx, Ty)) ≤ ψ(De

θ(x, y))
qψ(De

θ(x, Tx))
rψ(De

θ(y, Ty))
s

[ψ(De
θ(x, Ty))ψ(D

e
θ(y, Tx))]

t

≤ ψ(Me
θ (x, y))

q+r+s+2t,(3.18)

whereMe
θ (x, y) = max{De

θ(x, y),D
e
θ(x, Tx),D

e
θ(y, Ty),D

e
θ(x, Ty),D

e
θ(y, Tx)}

for all x, y ∈ X. Therefore T is an extended JS-quasi-contraction for ψ ∈ Ψ.
Thus all the conditions of Theorem 3.8 are satisfied and therefore T has a
unique fixed point in X. 2

Now we prove the following proposition.

Proposition 3.9. Let ∆∗ be the collection of all functions ψ : [0,∞) →
[1,∞) satisfying the following conditions:

(i) ψ is non-decreasing and ψ(t) = 1 if and only if t = 0;
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(ii) for each sequence {tn} ⊂ (0,∞), limn→∞ ψ(tn) = 1 iff limn→∞ tn =
0;

(iii) ψ(a+ b) ≤ ψ(a)ψ(b) for all a, b > 0.
(iv) limt→∞ ψ(t) =∞. Then ∆∗ ⊂ Φ.

Proof. There are nothing to prove for the first and second conditions.
Let A = {aα : α ∈ Λ} ⊂ [0,∞) be such that a = supα∈Λ aα <∞ and for

some M ≥ 1, ψ(aα) ≤M for all α ∈ Λ. We have to show that ψ(a) ≤M.
If a = 0 then it holds clearly. So we take a > 0. Then for any � > 0 there

exists some aα ∈ A such that a − � < aα. If aα = 0 then ψ(a) ≤ ψ(�) ≤
ψ(�)M . Also if aα > 0 then we have ψ(a) ≤ ψ(� + aα) ≤ ψ(�)ψ(aα) ≤
ψ(�)M. Thus by taking �→ 0 we have ψ(a) ≤M.

For the fourth condition let us first show that for any {tn} ⊂ [0,∞)
with t = limn→∞ tn < ∞, ψ(t) ≤ lim supn→∞ ψ(tn). So let {xn} ⊂ [0,∞)
with x = limn→∞ xn < ∞. Then for any � > 0 there exists some N ∈ N
such that |xn − x| < � whenever n ≥ N.

If x = 0 then ψ(x) = 1. Then clearly ψ(x) ≤ lim supn→∞ ψ(xn). So
without loss of generality let us take x > 0. Then we can assume that
xn > 0 for all n ≥ 1 and we have x− � < xn < x+ � for all n ≥ N implying
that ψ(x) ≤ ψ(xn + �) ≤ ψ(�)ψ(xn) for all n ≥ N. Therefore

ψ(x)

ψ(�)
≤ ψ(xn) for all n ≥ N

⇒ ψ(x)

ψ(�)
≤ lim sup

n→∞
ψ(xn).(3.19)

Taking � → 0+ we have ψ(x) ≤ lim supn→∞ ψ(xn). Now we come to our
main proof of condition (ϕ4). For this let us take a sequence {yn} ⊂ [0,∞)
with y = lim supn→∞ yn <∞. Without loss of generality let us take y > 0
and yn > 0 for all n ≥ 1. Then for a chosen � > 0 there exists a subsequence
{ynk} of {yn} such that y − � < limk→∞ ynk .

If limk→∞ ynk = 0 then ψ(y) ≤ ψ(�) ≤ ψ(�) lim supn→∞ ψ(yn). Also if
limk→∞ ynk > 0 then ψ(y) ≤ ψ(�)ψ(limk→∞ ynk) ≤ ψ(�) lim supk→∞ ψ(ynk) ≤
ψ(�) lim supn→∞ ψ(yn). Taking �→ 0+ we get ψ(y) ≤ lim supn→∞ ψ(yn).

Also let {xn} ⊂ [0,∞) be such that lim supn→∞ xn = ∞. So either
there exists a subsequence {xnk} of {xn} such that limk→∞ xnk =∞ or for
any m ≥ 1 there exists {xmk} ⊂ {xn} such that m ≤ limk→∞ xmk <∞.

For the first case we have for all G > 0 there exists N ∈ N such that
xnk > G for all k ≥ N. Thus ψ(G) ≤ ψ(xnk) for all k ≥ N. So ψ(G) ≤
lim supk→∞ ψ(xnk) ≤ lim supn→∞ ψ(xn) for all G > 0. Since limt→∞ ψ(t) =
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∞ we have lim supn→∞ ψ(xn) =∞.
Also for the second case we have
ψ(m) ≤ ψ(limk→∞ xmk) ≤ lim supk→∞ ψ(xmk) ≤ lim supn→∞ ψ(xn) for all
m ∈ N. Therefore similarly as in the first case we get
lim supn→∞ ψ(xn) =∞. Hence ∆∗ ⊂ Φ. 2

Remark 3.10. It is to be noted that ∆∗ ⊂
6−
Φ, since for any fixed n ≥ 1

the function φn defined by φn(t) = et
net for all t ∈ [0,∞) does not belong

to ∆∗.

In Theorem 4 of [7] the authors assume only first three conditions of
∆∗. Let us denote the collection of all functions ψ satisfying only first three
conditions of ∆∗ as ∆. Then ∆∗ ⊂ ∆.

Remark 3.11. If we take ψ(t) =

(
et, if t∈ [0, 1)
e, if t≥ 1 then ψ ∈ ∆ but

clearly it does not belongs to ∆∗. Thus ∆∗ ⊂
6−
∆.

Our Theorem 3.9 generalizes Theorem 4 of [7] partially.

Theorem 3.12. Let (X, d) be a complete metric space and T : X → X be
a JS-Ćirić-contraction with ψ ∈ ∆∗. Then T has a unique fixed point in X.

Proof. Since T is a JS-Ćirić-contraction with ψ ∈ ∆∗, then by using
the property (iii) of ψ we get

ψ(d(Tx, Ty))

≤ ψ(d(x, y))qψ(d(x, Tx))rψ(d(y, Ty))sψ(d(x, Ty) + d(y, Tx))t

≤ ψ(d(x, y))qψ(d(x, Tx))rψ(d(y, Ty))sψ(d(x, Ty))tψ(d(y, Tx))t

for all x, y ∈ X,

where q, r, s, t ∈ [0, 1) with q + r + s+ 2t < 1. Therefore T is an extended
JS-Ćirić-contraction with ψ ∈ ∆∗ ⊂ Φ. Also clearly a metric space X is an
extended JS-GMS with θ(x, y) = 1 for all x, y ∈ X. Hence all the conditions
of Theorem 3.9 are satisfied and T has a unique fixed point in X. 2

Now we give an example in support of our Theorem 3.8.
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Example 3.13. Let X = {τn ∈ N} and De
θ : X ×X → [0,∞) be defined

by De
θ(x, y) = |x−y| for all x, y ∈ X, where τn =

n(n+1)(n+2)
3 for all n ∈N.

Let us define a mapping T : X → X by Tτ1 = Tτ2 = τ1 and Tτn = τn−1
for all n ≥ 3.

Now we show that T is an extended JS−quasi-contraction for φ ∈ Φ
defined by φ(t) = et

2et for all t ∈ [0,∞). For this, it suffices to show that
there exists k ∈ (0, 1) such that for all x, y ∈ X

De
θ(Tx, Ty)

2

Me
θ (x, y)

2
eD

e
θ(Tx,Ty)−Me

θ (x,y) ≤ k, where

Me
θ (x, y) = max{De

θ(x, y),D
e
θ(x, Tx),D

e
θ(y, Ty),D

e
θ(x, Ty),D

e
θ(y, Tx)}.(3.20)

Now we consider the following two cases.

Case-I: In this case we take τn, τm ∈ X where n = 1 and m > 2. Then

De
θ(Tτ1, T τm) = De

θ(τ1, τm−1) = [
m(m2−1)

3 − 2].
AlsoMe

θ (τ1, τm) = max{De
θ(τ1, τm),D

e
θ(τ1, T τ1),D

e
θ(τm, T τm),D

e
θ(τ1, T τm),

De
θ(τm, T τ1)} = max{De

θ(τ1, τm),D
e
θ(τm−1, τm),D

e
θ(τ1, τm−1)} = De

θ(τ1, τm) =

[m(m+1)(m+2)3 −2]. Therefore De
θ(Tτ1, T τm)−Me

θ (τ1, τm) = −m(m+1) and
thus

De
θ(Tτ1, T τm)

2

Me
θ (τ1, τm)

2
eD

e
θ(Tτ1,T τm)−Me

θ (τ1,τm)

=
(m(m2 − 1)− 6)2

(m(m+ 1)(m+ 2)− 6)2 e
−m(m+1) < e−4.(3.21)

Case-II: In this case we take τn, τm ∈ X where m > n > 1. Then

De
θ(Tτn, T τm) = De

θ(τn−1, τm−1) = [
m(m2−1)

3 − n(n2−1)
3 ].

NowMe
θ (τn, τm) = max{De

θ(τn, τm),D
e
θ(τn, T τn),D

e
θ(τm, T τm),D

e
θ(τn, T τm),

De
θ(τm, T τn)} = max{De

θ(τn, τm),D
e
θ(τn−1, τn),D

e
θ(τm−1, τm),D

e
θ(τn, τm−1),

De
θ(τm, τn−1)} = De

θ(τn−1, τm) = [
m(m+1)(m+2)

3 −n(n2−1)
3 ]. ThusDe

θ(Tτn, T τm)−
Me

θ (τn, τm) = −m(m+ 1) and therefore

De
θ(Tτn, T τm)

2

Me
θ (τn, τm)

2
eD

e
θ(Tτn,T τm)−Me

θ (τn,τm)

=
(m(m2 − 1)− n(n2 − 1))2

(m(m+ 1)(m+ 2)− n(n2 − 1))2 e
−m(m+1) < e−4.(3.22)

Since e−4 < 1 it follows that T is an extended JS−quasi-contraction with
φ(t) = et

2et . Here we see that (X,De
θ) is a complete extn. JS-GMS with θ
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is strongly sensitive with respect to T , δ(De
θ, T, τ2) <∞ and T has a unique

fixed point in X.

4. Applications to fixed-circle problems

In this section we give some existence and uniqueness theorems for fixed
circles of self mappings (One can refer to [14]) on an extended JS-GMS.
The notions of a circle and a fixed circle is given as follows:

Definition 4.1. Let (X,De
θ) be an extn. JS-GMS and C

De
θ

x0,r = {x ∈ X :
De
θ(x, x0) = r} be a circle with center at x0 ∈ X and radius r > 0. This

circle is said to be a fixed circle of a mapping T : X → X if Tx = x for

every x ∈ C
De
θ

x0,r.

Now we present an existence theorem for a fixed circle of a self mapping
T.

Theorem 4.2. Let (X,De
θ) be an extn. JS-GMS and C

De
θ

x0,r be a circle on
X. Let us define the mapping

F : X → [0,∞), F(x) = De
θ(x, x0)(4.1)

for all x ∈ X. If there exists a self mapping T : X → X satisfying (C1)
De
θ(x,Tx)

θ(x,Tx) ≤ [F(x) +F(Tx)− 2r] and (C2) De
θ(Tx, x0) ≤ r for all x ∈ C

De
θ

x0,r,

then the circle C
De
θ

x0,r is a fixed circle of T.

Proof. Let us take an arbitrary element x ∈ C
De
θ

x0,r. We show that
Tx = x. Using the condition (C1) we obtain

De
θ(x, Tx) ≤ θ(x, Tx)[F(x) + F(Tx)− 2r]

= θ(x, Tx)[De
θ(x, x0) +De

θ(Tx, x0)− 2r]
= θ(x, Tx)[De

θ(Tx, x0)− r](4.2)

From the condition (C2) we have two cases. If De
θ(Tx, x0) < r then

(4.2) leads us to a contradiction. Therefore De
θ(Tx, x0) = r and we have

De
θ(x, Tx) ≤ θ(x, Tx)[De

θ(Tx, x0) − r] = θ(x, Tx)[r − r] = 0 implying that

De
θ(x, Tx) = 0 that is Tx = x. Hence the circle C

De
θ

x0,r is a fixed circle of T.
2
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Example 4.3. Let X = [0, 2], De
θ(x, y) = (x − y)2 and θ(x, y) = 2 for all

x, y ∈ X. Then clearly (X,De
θ) is an extn. JS-GMS. Also let T : X → X

be defined by

T (x) =

⎧⎪⎨⎪⎩
1− 1√

2
, if x ∈ [0, 1)

1, if x = 1
1 + 1√

2
, if x ∈ (1, 2]

(4.3)

Then T satisfies all the conditions of Theorem 4.2 for the circle C
De
θ

1, 1
2

and thus C
De
θ

1, 1
2

is a fixed circle of T.

Example 4.4. Let X = [0, 1], De
θ(x, y) = (x − y)2 and θ(x, y) = 2 for all

x, y ∈ X. Then clearly (X,De
θ) is an extn. JS-GMS. Also let T : X → X

be defined by

T (x) =

(
x, if x ∈ {16 ,

5
6}

2
5 , otherwise

(4.4)

Then T satisfies all the conditions of Theorem 4.2 for the circle C
De
θ

1
2
, 1
9

and thus C
De
θ

1
2
, 1
9

is a fixed circle of T.

Theorem 4.5. Let (X,De
θ) be an extn. JS-GMS with De

θ finite and T :
X → X be a mapping satisfying the conditions (C1) and (C2) given in
Theorem 4.2. If T satisfies the contractive condition

ϕ(De
θ(Tx, Ty)) ≤ ϕ(Me

θ (x, y))
k(4.5)

for all x ∈ C
De
θ

x0,r and y ∈ X\CDe
θ

x0,r, where C
De
θ

x0,r is a fixed circle of T, k ∈
[0, 1), ϕ ∈ Φ andMe

θ (x, y) = max{De
θ(x, y),D

e
θ(x, Tx),D

e
θ(y, Ty),D

e
θ(x, Ty),

De
θ(y, Tx)} for any x, y ∈ X, then T has a unique fixed circle in X.

Proof. Since T satisfies the conditions (C1) and (C2), it is guaranteed
that T has atleast one fixed circle in X. Let us assume that T has two
different fixed circles C

De
θ

x0,r0 and C
De
θ

x1,r1 in X. Then either C
De
θ

x0,r0\C
De
θ

x1,r1 6= ∅
or C

De
θ

x1,r1\C
De
θ

x0,r0 6= ∅. Without loss of generality let us take C
De
θ

x1,r1\C
De
θ

x0,r0 6=
∅. Then we can choose some u ∈ C

De
θ

x0,r0 and v ∈ C
De
θ

x1,r1\C
De
θ

x0,r0 and by
applying contraction condition (4.5) we have

ϕ(De
θ(u, v)) = ϕ(De

θ(Tu, Tv))

≤ ϕ(Me
θ (u, v))

k

= ϕ(max{De
θ(u, v),D

e
θ(u, Tu),D

e
θ(v, Tv),D

e
θ(u, Tv),D

e
θ(v, Tu)})k

= ϕ(De
θ(u, v))

k.(4.6)
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Which implies that ϕ(De
θ(u, v)) = 1 that is De

θ(u, v) = 0 ⇒ u = v, a
contradiction. Therefore our assumption is wrong and T has a unique fixed
circle in X. 2
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