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1. Introduction

In the study non-linear operators in ordered Banach spaces having an in-
variant cone it is often convenient to make use of minorants, majorants and
the special concept of the derivatives in order to establish the existence of
non-zero fixed points. Krasnoselskii has provided in [11] many interesting
fixed point theorems stating that if such an operator is approximatively
linear at 0 and +o00, and the spectral radii of the linear approximations are
oppositely located with respect to 1, then it has a fixed point. Amann in
[2] has generalized these results for monotones operators which are strict
set-contractions.

The main goal of this paper is to study strict-set contraction in ordered
Banach spaces having an invariant cone and to give sufficient conditions on
minorants and majorants which yield the existence of at least one non-zero
fixed point ( see [4], [3], [1] and [5]). We will assume that the mapping T" has
an asymptotically linear majorant h and has a minorant g which is right
differentiable at zero and existence of the fixed point is obtained under
additional conditions about the positive spectra of the derivatives. The
proofs are based on the fixed point index theory, developed in [13] (see also
the monographs [7] and [8]). In order to be more precise, let X be a Banach
space, C be a cone in X, and let T': C — C be a completely continuous
mapping. Recently, Mechrouk have proved in [12] that if 7" has a positive
right differentiable at zero minorant h : K — K and an asymptotically
linear positive majorant g : P — P satisfying 9%(00) <1< /\}]LD/(O), then T

has at least one positive nontrivial fixed point, where the constants )\;LJ(O)

and 01‘%,(00) play an important role in the statement of the obtained existence
and nonexistence results and sometimes they replace the positive spectral
radius. Motivated by the above work, we consider in this paper the case
where the operator T is a strict set-contraction.

The paper is organized as follows. Section 2 gives some preliminaries.
Section 3 is devoted to prove new fixed point theorems for positive maps
having approximative minorant and majorant at 0 and oo in specific classes
of operators. Applications to the existence of solutions to a third order
boundary value problem with mixed boundary conditions are presented in
the last section.



Fized point theorems in the study of positive strict ... 1571

2. Abstract Background

We will use extensively in this work cones and the fixed point index theory,
so let us recall some facts related to these two tools. Let X be a real
Banach space endowed with norm || . ||, and let L(X) = L(X, X) be the
set of all linear continuous mapping from X into X. A nonempty closed
convex subset C' of X is said to be a cone if (tC') C C for all ¢ > 0 and
CN(—=C) ={0x}. It is well known that a cone C induces a partial order in
the Banach space X. We write for all z,y ¢ X :x <yify—zxz € C,xz <y
ify—xze€C,y+# xand zy if y— 2 ¢ C. Notations =, > and denote
respectively the reverse situations. We say that the cone C' is normal with
a constant ng > 0 if for all u,v in C, u < v implies ||u|| < ne||v]| .

Let C'be a conein X and let L : X — X.

Definition 2.1. The mapping L is said to be positive if L (C)) C C. In this
case, a nonnegative constant y is said to be a positive eigenvalue of L if
there exists u € C'{0x} such that Lu = pu.

Definition 2.2. Let A be a nonempty set and let B be an ordered set.
A map g : A — B is said to be a majorant of the map f : A — B
if f(z) < g(x) for all x € X. Minorant is defined by reversing the above
inequality sign.

Definition 2.3. Let C' be a cone in X and L : X — X a continuous map.
L is said to be

a) positive, if L (C) C C,

b) strongly positive, if C has a nonempty interior (intC # () and L (C {0x })
intC,

¢) increasing, if for all u,v € X, uw < v implies Lu < Lv.

Definition 2.4. Let L1, Lo : X — X be positive maps. We write L1 < Lo
if for all x € C, Lix = Loz.

Definition 2.5. Let B(X) be the set of all bounded subsets of X and
¢ : B(X) — R" be a measure of non-compactness on X; that is 9
satisfies for A, B € B(X)

1. ¢Y(A) =0 <= A is relatively compact on X.
2. AC B imply ¢(A) < ¢(B).

3. P(coA) = p(A) = ¢(A).
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4. P(AUB) = max {¢(A), ¥(B)}.
5. for all t € [0,1],)(tA+ (1 — t)B) < tp(A) + (1 — t)3b(B)

6. if (An)n C B(X) is a decreasing sequence of closed nonempty sets
with lim¢(A,,) = 0, then N,>14,, is a nonempty compact set.

Definition 2.6. A function f : Q@ C X — X is said to be a strict-set
contraction if it is continuous, bounded, and there exists a constant k €
[0,1) such that ¢ (f(S)) < ky(S) for all bounded sets S C §).

Definition 2.7 ([14]). A map g : C — X is said to be differentiable at
xo € C along C' if there exists ¢'(xg) € L(X) such that

I 9(zo + h) — g(x0) — g'(x0) R || _
heC,h—0 | Al

0.

We say that ¢'(xg) is the derivative of g at xg along C, is uniquely deter-
mined.

The map g is said to be asymptotically linear along C' if there exists
g'(00) € L(X) such that

lg9(z) —g'(0)z || _
2€C,||z||— 400 | z ||

Again, ¢'(o0) is uniquely determined and called the derivative at infinity
along C.

Lemma 2.8 ([11]). The derivative ¢'(v), (v = 400, or xy € C), with
respect to a cone of the positive operator g is a linear positive operator.

Detailed presentation of the differentiability with respect to a cone can
be found in [11] and [14].

The main results of this paper are proved by means of the fixed point
index theory for strict-set contraction mappings develloped in [13].

Let us recall some lemmas providing fixed point index computations.
Let C be a cone in X. Let for R > 0, Cp = C N B (0x, R) where B (0x, R)
is the open ball of radius R centred at Ox, and let OCg be its boundary
and consider a strict-set contraction mapping, f : Cr — C.
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Lemma 2.9 ([7]). If fx # A\x for allz € 0Cr and A > 1 theni (f,Cg,C) =
1.

Lemma 2.10 ([7]). If there exists e = Ox such that x # fx + te for all
t >0 and all u € OCR then i (f,Cr,C) = 0.

From the two Lemma above, we conclude the following Lemma.

Lemma 2.11. If fax for all z € OCg then i (f,Cr,C) = 1.
Lemma 2.12. If fxx for all x € OCR then i (f,Cr,C) = 0.

A detailed presentation of the fixed point index theory for strict-set
contraction mappings can be found in [13].

In all this section E is a real Banach space, K is a nontrivial cone in £
and L(F) denote the set of all linear continuous self mapping on E endowed
with the norm, ||L|| = sup ||Lu| . Let C*(FE) denote the subset of L(E)

flull=1
consisting of all strict set-contraction positive operators. Hereafter < is the
order induced by the cone K on E and we set,

Lig(E)={L € L(F), L is increasing }

and
Ck(FE)={L € Lg(F): L is a strict-set contraction} .

Now, for L € Li(FE) we define the subset
0% ={0>0: there exists u € P{0g} such that Lu > Qu}.

Remark 2.13. Note that
i) 0 € ©% and if 0 € Ok, then [0,0] C OL.
ii) AL c AL and ©% c ©F.
iii) If pu is positive eigenvalue of L, then u € ©5N10,] L [|].
iv) If L1 (0g) N K = {Og} and P C K then ©% = 0%.

In all this paper, we set for L € LY. (E),

0% = sup 0k

The constant 0% replaces the spectral radius of L which in our case is
not necessarily an eigenvalue of L having an eigenvector in K. So, it is
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natural to ask what represents this constant with respect to the operator
L.
If L : E — FE is a bounded linear operator, then we define, r(L), its
spectral radius by

r(L)= lim || L™ | .

n—--+4oo

Lemma 2.14 gives sufficient conditions for the existence of 65%.

Lemma 2.14 ([3]). Assume L € Ly (E). Then the subset ©% is bounded
from above by r(L).

Lemma 2.15 ([3]). Assume that the cone K is solid, and let L € Ck(E)
be strongly positive and increasing. Then HI[’( is the unique positive eigen-
value of L.

Lemma 2.16 ([10]). Let D C E, D be a bounded set and f is uniformly
continuous and bounded from J x S into E, then

V(f(J x S)) = maxp(f(t,S), VS C D.

teJ

3. Main results

Lemma 3.1. Suppose that T has a right differentiable at zero majorant
g : K — K such that g(0) =0, ¢’(0) € Ck(FE) satistying r (¢'(0)) < 1 and
K is a normal cone. Then T has at least one positive fixed point.

Proof. Let us prove existence of > 0 small enough, such that for all
t € [0,1] equation tT'w = u has no solution in 0K, = K N B (0g,r) where
B (0g,r) is the open ball of radius r centred at Og, and let 0K, be its
boundary.

By the contrary suppose that for each integer n > 1 there exist ¢, € [0, 1]
and u, € 0K 1, such that

Uy, = tpT Uy,

Note that v, = u,/ ||up|| € OK; and satisfies

g(un)

(3.1) U < .
[[n|

Thus, we have:
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(3.2) 9(un) _ g(un) — g'(0)(uy) N g'(0)(up)
| ln | I Tl
We set 0
Clearly
(3.3) Un = G(un) + ¢'(0)(vn).

We obtain from (3.3), that is

Up Gn(un) +g,(0)(vn)
< Galun) +9/(0)(Galun)) + [4'(0)]* (va)
< Gulun) + 9/ (0)(Gn(un)) + [¢'(0)] (Gu(wn)) + [9(0)]” (va)
< Lo+ [9(0))" (vn)
where I, = Xk: [g’(O)]i (Gn(uy)) and we have from the normality of the
i=0
cone K

k
1 < e || Ing || +ex || [9/0)]F (wn) |
< e || Tng || e || [9/0)])7 ]

1
in which by letting n — oo, yields 1 < ¢ || [¢/(0)]" || . Then 1 < cr ||
[ (0)]F H% . leading to the contradiction by letting k — oo, 1 < r (¢'(0)) <
1, and proves existence of r > 0 small enough such that for all ¢ € [0, 1]
equation tTu = u has no solution in K. For a such r > 0, we deduce from
Lemma 2.9 that

i(T,K,,K)=1
and T has a positive fixed point uw with ||u|| < r. This completes the proof.
O
Arguing as in the proof of Theorem 3.1, we obtain the following result.

Lemma 3.2. Suppose that T has an asymptotically linear majorant g :
K — K such that ¢'(0) € Ck(FE) satistying r(g'(00)) < 1 and K is
normal. Then T has at least one positive fixed point.
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Theorem 3.3. Suppose that the cone K is a normal cone and 1" has an
asymptotically linear majorant g : K — K such that ¢'(c0) € Ck(E).
Suppose that T' has a right differentiable at zero minorant h : K — K
such that h(0) = 0 and h'(0) € Ck(F) satisfying v (¢'(00)) < 1 < 9?3,(0).
Then T has at least one positive nontrivial fixed point.

Proof. @ We have to prove existence of 0 < r < R such that
i(T,K,,K)=0and i(T,Kgr,K) =1.

In such a situation, additivity and solution properties of the fixed point
index imply that

i(T, Ky, K) = i(T, Ky, K) — i(T, Ky, K) = 1

and T has a positive fixed point v with r < |Ju|| < R.

Let us prove existence of R > 0 Big enough, such that for all ¢t € [0, 1]
equation tTu = u has no solution in dKg. By the contrary suppose that
for each integer n > 1 there exist t,, € [0,1] and u,, € 0K, such that

Uy, = T Uy,

Note that wy, = uy/ ||u,|| € 0K; and satisfies

(3.4) wp, <

Thus, we have:

g(n) _ g(un) = g'(00)(un) | g'(00)(un)

3.5 =
(3:5) Tan] Tunl Tnl
We set .
(= 90) = () (wn)
Tun]
Clearly

By the same argument used in Lemma 3.2, we obtain that:

k .

where Jp ;= Y [¢(00)]" (Gn(un)) and we have from the normality of the
=0

cone K z
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—_
IN

e || Tug || +ex || [9'(00)]* (va) |
k
[

IN

ek || Jng || +ex || [g'(00)]

in which by letting n — oo, yields 1 < cx || [¢(c0)]¥ || . Then 1 <

1
cr |l [ (c00)]" H% . leading to the contradiction by letting k& — oo, 1 <
r(¢'(00)) < 1, and proves existence of R > 0 big enough such that for all
t € [0,1] equation tT'u = u has no solution in dKpg. For a such R > 0, we
deduce from Lemma 2.9 that

i(T,Kp, K) =1

Let e > 0 such that h'(0)(e) > 9?(,(0)6 and let us prove existence of > 0
small enough, such that for all t > 0 equation Tw + te = u has no solution
in 0K,. By the contrary suppose that for each integer n > 1 there exist
t, € Rt and u,, € 0K1 such that

up, = Tuy, + the.

Note that v, = u,/ ||u,|| € OK; and satisfies the inequality:

(3.6) Un = (Tun/ [lunl]) =
Thus, we have

h(un) — h(un) = h'(0)(un) 4 h’(O)(un).

(3.7) =
[[wn] [ [l
We set . "
upn) — ' (0)(uy,
Hi () = (un) — W(0)(un)

Then, one has
(38) (S Hn(un) + hI(O)(’Un)
and

tn€e
(3.9) (e = the

[Junl

We obtain
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(- Hn(un)+h,(0)(vn)
= Ha(un) + 1 (0)(Hn(un)) + [1(0)])? (v,)
= Hy(up) + h(0)(Hn(un)) + [B(0)]% (Hy(un)) + [1/(0)]7 (vn)
= Hy(ug) + 1 (0)(Hn(un)) + [1(0)]% (Hn(wn)) + -+ + [(0)]* (Ha(un)) + [H(0)]" (vn)

Lo + [H(0)]" (vn).

We have from (3.9)

U = Ing 4ty (9?{/(0))k e

k .
where I, ; = Y [1/(0)]" (Hn(uys)) and the normality of K leads to
i=0

R (0)\*
(3.10) exc [l on 1>t (057) el = 1 L |

letting n — oo, we obtain
MO
e 2t (0P) el

© > 1, we obtain the contradiction

o h
Taking in account, 0

’ k
O <t]ell=ck/ (9?((0)) — 0p ask — oc.

Thus, we have from Lemma 2.10, i(T, K, K) = 0. This completes the
proof. a
3.1. Application to second order bvp

Throughout the remainder of this paper, we apply the above results to a
second-order differential equation in Banach spaces:

u"(t) + f(t,ut)) =06 0<t<l1
(3.11)
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where f € CJ[0,1] x P, P, 0 is the zero element of E.

We consider problem (3.11) in C(J, E'), with J = [0, 1]. Clearly that (C(J, E), || .

is a Banach space with the norm || u .= maxey || u(t) || for u € C(J, E).
We suppose that:

(H) f € C|J x P,P], and let [ > 0, f(t,x) is uniformly continuous on
J x (PN S;) and there exists a constant L; with 0 < L; < g such that

Y(f(t,S)) < Liyp(S), vt e J, S C PN,
where S; = {u € E, || u [|[< r} and here ¢ denotes the Kuratowski measure

of non-compactness on S.

Tt is easy to see that the problem (3.11) has a solution u = u(t) if and
only if u is a solution of the operator equation

(3.12) Tu(z) = /0 " H(E ) £(s,u(s) ds,

where H(t, s) is the Green’s function associated with (3.11) given by
6 1

(3.13) H(t, ) = G(t,) + £ (1= 1) /0 7 G(s,7)dr,

where

ow o - {00 15

Let e(z) = z(1 — x), Yz € [0, 1]. We may prove the following Lemma.

Lemma 3.4. The Green’s function G(t, s) possesses the following proper-
ties:

1 G(t,s) >0, Vt,s €[0,1].
2 e(t)e(s) < G(t,s) <e(t) < &=maxpqe(t) = 1.
3 G(t,s) <e(s), Vt,s € [0,1].
4 Let § € (0,3), Js = [6,1 — 6], then
G(t,s) > 0G(r,s), Vt € JsV7,s € [0,1].
Proposition 3.5. Assume that (H) hold. Then for t,s € [0, 1], we have:

lio e(t)e(s) < H(t,s) < S e(s) < % — By, Vt,s € [0,1].

o] co
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Proof.
Hits) > -+ /Olfa(s,T)dz

> —(l—t)/olTe(s)e(T)dz

= 241 = t)e(s) /017 e(r) dz

H(t,s) < G(t,s)+§(1—t)/0176(s)dz

AN
]
—~
[
S~—
+
|
]
—~
V2]
S~—
S—

2.
\]
aQ
—
[
N~—
(g}
—~
\]
S~—
QU
N

d

Proposition 3.6. Assume that (H) hold. Then fort € Js, 7,5 € [0,1], we
have:

H(t,s) <06 H(r,s).
Proof.

H(t,s)

A\

1
dG(T,s)+ g/ G(s,7)Tdz
0

v

66 [1
5G(T,S)—|—€/ G(s,7)Tdz
0

SG(1,s)+ 6—5(1 —7) /01 G(s,v)vdv

Vv

)
§H(t,s),VT1,s€0,1].

A\

Let @ and K denote two cones such that: Let the set

Q={u eC(J, E), ult)==0,te J}
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and
K={u €@, u(t) > du(s), t € Js,s € [0,1]}.

It is easy to see that K is a cone of C(J, E). We will make use of the
following Lemma;

Lemma 3.7. Suppose that (H) holds and L; < (By)~*. Then for each
I >0, 7T is a strict-set contraction on () N By, that is there exists a constant
Y = BH Ll, such that

Y(T'(S)) < my(S), VS C QN By,
where By ={u € C(J, E), || u |[.<1}.

Proof. By (H), f is uniformly continuous on J x (PN S;). From Lemma
2.16, we obtain

YT % 8)) = maxb(f(t,5) < Li ().

te

Since f is uniformly continuous and bounded on S C @ N By, then T is
continuous and bounded from @ N B; into Q. |

Lemma 3.8. Suppose that (H) holds. Then T(K) C K andT : K — K
is a strict-set contraction.

Proof. We have from Lemma 3.6 that

1
?GllJI;Tu(t) = ?61521/() H(t,s) f(s,u(s))ds

1
> 5/0 H(r,s) f(s,u(s))ds
= Tu(r), V1 € J.

Therefore, Tu € K and T'(K) C K.
Furthermore, we have

waso) = o[ H(t,7) 7, S(r)) dr

/01 %f(T, S(T))dT)

IN

(0

(
(



1582 Salima Mechrouk

IN
n

)

7 N\
=
g
—~
ﬂ

(r))dr)

(/ I{lea}fTS ))dT)

(f(J,9))

IN

IN

=2 OO Ol o ot
S
—
wn
SN—r

A o B S N <

=

This prove that T : K — K is a strict-set contraction. a
We also consider the associated linear eigenvalue problem

u’(t) +ut) = pul(t) 0<t<l1
(3.15)

Lemma 3.9. The linear eigenvalue problem (3.15) has a unique positive
eigenvalue p, > 0.

Proof. Let the set
1
X = {u € C\(J,E), u(0) :/ su(s)ds u(1) = 0)
0

be equipped with the norm defined for u € X by || u || x=sup || ¥/(¢) || and
teJ

Kx = KN X isaconeonX.
ConsidertheoperatorL: X— X defined for u € X by

(3.16) Lu(z) = /01 H(t,s)u(s)ds

where H is the green’s function defined in (3.13).
Clearly that u, > 0 is a positive eigenvalue of (3.15) if and only if - > 0
is a positive eigenvalue of L. In view of Lemma 2.15, let us prove that
L(Kx™) C int(Kx). To this end, consider the set

O ={u € Kx, u>0in (0, 1), «'(0) > 0, «/(1) < 0}.
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We have O C Kx and the complement of a set Ox is O¢, such that
O°=FiUF,U F3,

where
Fi={u € X, 3xg € [0, 1] with u(zo) < 6},
F,={u € X, ¥ (0) <6},
F3={u € X, ¥ (1) > 6}.
In the fact Fy, Fy and F3 are closed sets on X. To this aim let (uy), C

Fi, tending to v in X and (zy,), C [0, 1] tending to T in [0, 1], with
u'(zy,) < 0. We distinguish the following cases

e T €|0, 1[; in such situation u(T) = lirf up(zy) <60 and u € Fy.
n—-1+00

e T = (; in this case we obtain

W(0) = lim “ni®n)
n—-+o0o I

<0, and u € Fs.

e T = 1; in this case we obtain

!/
/(1) = lim un(:nnl) >0 andu € F3.

n—+00 Ty —

Therefore O is an open subset of X.
On the other hand, let v € Kx\{0} and v = Lu, clearly v > 6 on (0,1),
and we have

1 1 53 1
v = | %(t, $)u(s) ds:/o (g—gs)u(s) ds+/t u(s)ds, vt € [0, 1].
Then
1g3 6
1 v’(O):/O (3—58+1)u(5)d8>9

L(KX*) cOCcC int(Kx).
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Finally, lemma 2.15 guarantees existence of a unique positive eigenvalue of
L and we have u;t = 0k, . O

Let introduce the following notations

9 =limsup (max M) f°° =lim sup (max M)

u—0 0<t<1 u U—00 0<t<1 U

Theorem 3.10. The problem (3.11) admits a positive solution whenever
one of the following conditions:

(3.17) o <pe<f°

Proof. Let L: E — FE be the operator defined by (3.16). It is easy to
see that L is an increasing and strict set contraction operator.

Since L (K) C Ky, it follows from iv) Remark 2.13 that

pt =0k

where Kx is the cone defined in the proof of Lemma 3.9.

Let F: K — K, the Nemytskii operator defined for v € K by Fu(z) =
f(x,u(z)). We present the proof of Theorem 3.10 in the case where (3.17)
holds. Hypothesis (3.17) implies that there exists € > 0, small enough such
that

(x +€)u— Hu < Fu < (uy —€)u+c¢ for allu e K

where Hu(x) = max { f(z,u(x)) — fOu(z),0} . So, we get:
alLu— LHu <Tu<pLu+ Bgc for allu € K,

where By = 2, a = (i +€) and 8 = (px —€) .

We introduce the following notation:
h(u) = a Lu — LHu, g(u) = Lu+ cM
So we have
h(u) <Tu < g(u) for allu € K
Using the fact that H(u) = o (||u]|) near 0, we may show that A'(0) is
the derivative of h along K at zero, and ¢'(0) is the derivative of g along
K at oo such that

% g (00)[u] = é h'(0)[u] = Lu, Vu € K.
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With this aim, let v € K, there exists w > 0 such that

(3.18) () = R O)ful]| = | LHul < w | Hu] .
Therefore, we have:
h(w) = K(e)[lll - [Hull
ueK, ||ul|—0 [l = ul—o0 |ull

This means that

1) — ' (0)[ul]]

im =0.
ueK, ||ul|—0 [[ull
Therefore, we have:
lo@) — gl _ . eM
weK, ||uf—-+oo [l [l —-+oo [|ull

Clearly that h/(0),¢'(00) € Ck(FE) and 97;(0) = ap;! and r(g'(0)) =
Buyt. So from the choice of a, and 3, we have

r(g'(00)) <1< 9?3,(0).

We deduce from the Theorem 3.3 existence results for positive solution
to the bvp (3.11). O
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