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Abstract:

With a Matlab programming we will find the chromatic number for all Latin
squares of order smaller than 7. Previously, a manual algorithm for color-
ing the Latin square was provided. This algoritm determined the chromatic
number of some special classes of Latin squares such as Cyclic or Dihedral,
so, we tried to speed up the process of this algorithm with a programming.
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1. Introduction

A Latin square of order n is an n X n array of symbols such that each
symbol occurs once in each row and once in each column. Let (G, o) be a
finite group of order n. A Cayley table for G is an n x n matrix, denoted
by Lg, where the cell (i,7) contains the group element g; o g;, for some
fixed enumeration G = {gg,...,gn—1}. It is easy to see that Lg is a Latin
square. If G is a cyclic group, then L¢g is called a circulant Latin square
[1].

A partial transversal of L as a collection of cells which intersects each
row, each column, and each symbol class at most once. A transversal of L
is a partial transversal of size n.

Let L be a Latin square of order n, The chormatic number of L, denoted
by x(L), is the minimum number of partial transversal of L which together
cover the cells of L.

All groups with transversal have chromatic number equal to their order
and for groups of order n which have no transversal, the chromatic number
can not be n or n+ 1 [2].

Theorem 1.1. We have
1. x(G) = |G| for every group G of odd order.

2. For every group G of order n, either x(G) =mn or x(G) > n+2. [1]

To compute the chromatic number of Latin square, the author has writ-
ten an algorithm and proved that the Cayley table of some groups of order
n, which has no transversal, has a chromatic number equal to n + 2. [5]

The group of symmetries of an n-sided regular polygon for n > 1 with
rotations and reflections is called Dihedral group and is denoted by D,.
The order of the Dihedral group is 2n. D, is a non-abelian group for n > 2
[4,6].

It has been shown before [2] that D,, group (for even n) has transver-
sal. So the Latin square resulted from it’s Cayley table is colored with 2n
(=group order).

Also Coloring the Cayley table of D,, group for prime and odd, has been
previously done by researchers. they look for partial transversals to use the
minimum number of colors, and it has been shown, if n > 3 (n is prime)
then x(Lp,) = 2n + 2. [3]

Although the algorithm mentioned [5] was the reliable way to color
Latin square obtained from group D, for all n and other groups such as


rvidal
Cuadro de texto
934


Programming with MATLAB to color latin squares 935

29 X z4 and the Cyclic Latin square for even n, but for coloring Latin square
of the high order, using this algorithm needs more accuracy and time.

So for accelerating the process of implementing the algorithm, we de-
cided to write a suitable program for this algorithm and we chose matlab.

Matlab computing software is a powerful and intelligent computer al-
gebraic system for performing numerical calculations. This programming
language, is an interacting environment for numeral computing and pro-
gramming. [2]

Its name is chosen from a combination of the words matrix and labo-
ratory. This name indicates the matrix-based approach of the program in
which even single numbers are considered as a 1 x 1 matrix. Also a string
like ”matrix laboratory” are saved as a matrix with one row and several
columns. Its columns are as many as phrase characters.

Description of the coloring program

The reason for choosing matlab is that its inputs can be a matrix. Through
Excel software, high-order matrices can be given as input.

Its enough to consider the Cayley table of the group as a matrix .but
the input data in matlab should be a matrix with numerical entries. In this
case, we need to convert the Cayley table entries to numbers.

In D,, group we shold consider the matrix entries as follows:

D, group members are as R; or S; so we consider the first position on
the left as the number 1 instead of R; symbol and number 2 instead of .S;
symbol.

In the second position numbers 0 to n — 1 instead of index of R; or S;.

In the third position, numbers 1 to 2n + 2 instead of color number in
coloring D).


rvidal
Cuadro de texto
935


936 A. Shokri, M. Golriz and M. Alaeiyan

Sor R index of R; or S; color number

We see that as the matrix order increases, the position of the color
number and index may be a two-digit number or even more. For example,
if we consider the Cayley table of D3 group:

Ry | Ry | Ro | So | 51| 52
Ri | Ry | Ry | S1 | S2 | So
Ry | Ry | Ri| S2 | So | S1
So SQ Sl RO R2 Rl
S1 ] So | S2| Ri| Ry | Re
So | S1| So | Ra | R1 | Ry

Table 1.1:

The input matrix will be as follows:

10| 11| 12 | 20 | 21 | 22
111121021 |22 |20
12110 | 11|22 |20 | 21
201222111012 | 11
21120221110 12
2212120121110

Table 1.2:

In this way, the Cayley table of D3 group is colored as follows:
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101 | 114 | 126 | 202 | 218 | 225

112 | 121 | 107 | 215 | 226 | 203

123 | 108 | 115 | 221 | 204 | 212

207 | 222 | 214 | 103 | 125 | 111

216 | 205 | 223 | 117 | 102 | 124

224 | 217 | 201 | 128 | 113 | 106
Table 1.3:

For coloring 3 x 3 matrix which is generally shown as follows:

a1l a2 ais
a21 a2 a23
a31 as2 as3

We want to color the matrix with 3 colors, each colored cell is shown
with a number as a color number mark.

11 Aarz2 a3
Q21 Q22 A23
31 Aazz G33
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At high order this color allocation may not be possible and the number
of processes and colors may increase.

coloring flowchart

@11 Q12 - Aip
g1 Q22 -+ d2n
Ap1 An2 - Ann
/i,j)
row \ column
coloring flowchart in general matrix first stage: choose (1, K)- - - - put 1
second stage: choose (2,t) if k =t then go to second stage

if a1, = ay then go to second stage
otherwise put 1 instead of ay

if no cell is found, go to stage 1 and start agin

By completing step n, we will generally have a partial transversal.

According to the above mentioned flowchart, The number of modes for
selecting cells in general
First stage n!

Second stage (n — 2)!
Third stage (n — 4)!

The number of modes for selecting cells for D,, is 2n!. In other words for
example D15 for selecting cells in first stage, there are 30 modes.To explain
the program process, first we consider this Latin squares of order 4 or 4 x 4
matrix:
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411123
114132
213141
312114
Table 1.4:

First we color first line with 4 colors then we start from left column and
we color each cell from top to bottom according to the coloring conditions
and in order of color numbers.

41312

3 1

21114
Table 1.5:

If we color the columns one by one from left to right:

Table 1.6:

In fact the colored matrix has been colored in the standard way. But
coloring isn’t always that simple we consider this example:

Initially, the program starts coloring by default, as in the first case.
But this matrix is not colored with above mentioned method. In second
method we try to increase the scatter. Like previous mode we color the
first row with 6 colors (= Matrix order). at this stage unlike the previous
method, we assign each color from the left column from top to bottom and
next column from bottom to the top.
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112134516
213]1]5(|6]|4
3112|645
4165|1132
5141612113
61541321
Table 1.7:

Then we go to the next color. In fact here we use partial transversal.
Another difference in this coloring mode is the uniform distribution of scat-
ters of the cells. It means in colors with odd numbers we move from the
first left column from top to bottom and we go forward in a spiral. In colors
with even numbers we move from the last right column from bottom to the
top and go forward in a spiral.

s
| U | W DN+~

2131115614
31112161415
416151132
5141612113
65413 2]|1

Table 1.8:
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Table 1.9:

When finished we should check that in each column and row we should’nt
have more than two uncolored cells this checks the cells with this condition:

[ip, jpl=find(G==0);

n=numel (G(:,1));

for kind=1:n
FFi=find (ip==kind) ;
[ui,ujl=size(FFi);
Ui(kind)=ui;
FFj=find (jp==kind) ;
[ui,ujl=size(FFj);
Uj (kind)=ui;

end

UU=[Ui,Uj];

dddd=find (UU>=3) ;

Which is named with two function in this program

TWO
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Table 1.10:

11122 33|44 |55 | 66
23 1341|1552 |61]48
3516 |21 | 68|42 |53
47 165 | 58 | 13| 36 | 24
56 |43 162 |25 |14 | 31
64 | 51 | 46 | 37 | 28 | 12

Table 1.11:

So this program colors all Latin squares up to order 6. All Latin squares
are colored, whether they have transversal or partial transversal.

We hope that in the future researchers will be Upgrade this program-
ming.
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